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1. Let ft*) be a function of
L

t
(-κ>τc) 9 and suppose that fte)

belongs to L^r on a subinterval £#,<£)
of {-7C, re) , f >/ . We consider about
the convergence in mean (L?) over
C <*.,£) of the Fourier series of
It is well known that if (*,£) coin-
cides with (-7t

f
 rt) } then the Fourier

series of j-ί* ) converges to fίx ) in
mean Lr over (.-K.TL) .

Thus if we define A6O as unity in
£a, .£) and o outside of («,£}, then
the Fourier series of -f~(^)\ίτc) which
is of Lγ(~'?

t
'.7L) converges in mean ̂

 r
)

to f(x)\tz) over (-&, 71) , and conse-
quently converges in mean ( Lr) to
on (*,*&) . Since 6̂OX,£O and
is identical in (a,£)

 9
 the Fourier

series of /fcoΛCsO and of j W> are
uniformly equiconvergent in (a+£,^-l)

f

ε being a positive number arbitrarily
amall but fixed. Hence the Fourier
series of fix) converges in mean (L.

r
)

to ix") in

But the Fourier series of j-cx ) does
not necessarily converge in mean (L±r)
on (a,&)

 t
 wnich is implied in the

fact that will be stated later. ( 3.

(3.5)) And thus we shall consider
additional conditions on the behaviors
of /CP at vicinities of τC^a. and
1.—Λ. for the mean convergence (L ?)
in (&,£).

Also we consider the similar problem
in the theory of Fourier transforms.
For the sake of convenience we first
treat the Fourier transform case.
Though we can treat the Fourier series
case by similar arguments, we shall
deduce it from theorems for Fourier
transforms.

Theorem 1. Let

If there exist constants
and S

z
 such tnat

.^ Oίt*),(2.2) /
'ΰ

for small t , where ^ > /-̂  then
r —

(2.3)

Here we denote

(2.4)

/

jU*~ f IK
 rt
&o/^* = o.

tJ+«> J
A

J-H

f(t) and ψlt) beiry. Fourier trans-
forms of 4(t) and
spectively.

(2-5)

and \to)»l in outside of

From Theorem 2 the following theorem

is obtained immediately.

Theorem 2. Let. ίί.

.
and, further (2.1) and (2.2) holds for

,( >/--£> thai

as. Λ ^Λ?^ where
transform of

Since

is the Fourier
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converges in mean
and particularly

converges in mean
in C<U ^J) , </Ό9 being the

Fourier transform of λ £*;>/£*;)> and
Theorem i shows Theorem 2 »

pf^ Ί^ejprβjg^ 1_ We may assume

( Lr) to
/ A T , p

ft I ft/ y^'t* *%
A*

without loss of generality that ΛS«
x#^ & (£?*)• Then the Fourier trans-
form of >jC*> is

!»**• Λ,Λ.

K t
 y

and the Fourier transform ψ Ct) of

Thus we hav©

(2.6) I
fN

(2.7) « - I, + 1,̂

say . Let Λ («o y* (,« j\ί
t
f)^ I for

»^ otherwise.
Then the Fourier transform of t^ζu.') is

Thus we can write

and hence

(2.Ϊ)

Since

which is / in £--4, 1),"® l>ave for

π.

'00

A* 1i έoz
*t

T

We shall now prove that the interchange
of the order of limit and integration
is legitimate. Fix the value of x for
a moment such that

If
then the integral

-
converges boundβdly (with respect to
). Thus if /x/ΦA, then

(2.9)
γ

We take a positive number
that

such

z



and

(2.9) J

where £ is any assigned positive
number. Then

^>/^/>7

say. In J, ,

/
L
Γ'

And

-Γ r
/

t

12.11)

say, ̂  being aero, since the inte-
gr and is an odd function. We have

(2.12)
•ί y

-r'

The former integral of (2.12) is
further

say, remembering
which is

T-τ

_
+ 0

for small y « The same estimation
will be obtained for the last integral
of (2.12). Hence

(2.14)

for sπiall y for fixed x ,
Putting (2.13) into Jf , we get

= 0

Hence by (2.9)ι there exists a
constant £ (which may depend on X )
such that

(2.14) \J,\<. Ct

Next we estimate J* . iYe devide
the integral containing J as follows?

\j

* I ί Jj f/ty) e
 CI
*J*

Ύ,T
I Jf* Jj,

say, where is chosen so that



δ being any given positive number*
The similar arguments as in the esti-
mation of J, show that

C being a ccnatant ̂' In JV ,
every integral in (2.13) is clearly
convergent bound adly to zero as
τ,τ'~>°* t since lx
Noticing / / > *

 w

(2.16)

T,
T =
s

(2.15) and (2.16) show that

Thus putting (2.16), (2.1?)
and combining with (2*9), we get,
since £ is arbitrary,

A Γ

τ'>ιtι> T
for ίx/^ L . This means that the
change of order of limit and inte-
gration in (2

0
β) can be permissible.

Thus we get

„ ~£
7Γ

\ it/HA*, n ί-

-Ί
Now since

,
Aυ

7Γ

have, for -

(2.19) ^

say.

Let cΓ be any positive number such
that (Γ < 2. 4 and put

7
(2 20)

 =
y-

say. The integrand of JΓ is absolute-
ly integrable and

Thus for-/<χ< , by Ri«mιannr-Lebesque
theorem

Xx/t^ix J7/Λ -= £)
/v^ββ

holds boundedly and consequently for
every

Now we consider the integral

// _ / λ*<T //v

y "~Ί7Γ
/ ,b <J

and so that

/

/L
r-



ik.
= ύ

where j
7
 and V be chosen so that

< έ <
Then

and

<Γ/zA _

/" ^

^•i ~'>
noticing

(2.22) ί\

-JL
Hence we have

- C Λ
. Hence we get

lnS

•k,
ί

k,

+c / ικl

Ί-f-i^-Sii
y - X

by (2.22). We shall estimate the
first term. Now let G-M>Ό be any
function. By Holder's inequality, we

—•» /

Λ,

—A,
Taking

we have

Λ

*k

k f i t - 0

J Ax. (I L cLi j
-A, Λ <y~χ U

A, >•-/

from vίϊiich it results

v-/

If v»e put
v— A.

= / l f t ί *

*JlfW-s*l<*y

Λ. f then by (2.1)

And thus the right side of (2
β
24)

becomes, by integration by parts,

Λ Of -/ •*• T^

Cί ^ C
k,

^ C

Hence putting this result into (2.23),
we have
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-λ
 7

Combining with (2.21) and putting into
(2.20) we get

Λ

Since £ is arbitrary, we finally get

under the assumption (2.2), ws also
have, by similar reasoning,

Or we have

~ 0

Similarly we have

These results prove Theorem 2.

3. In this section we consider the
Fourier series case« Aa we have stated
in $ 1, we deduce corresponding theorems
for Theorem 1 and 2*

Theorem 3» Let -fax,) e L,>f-τr,κ); -f^jxoo
and periodic with period ZTC , and
-ffzjeU). in a subinterval (&,&) of
^R /TE) # r bein^ not less than /> *
I£c<>/~ r̂ and there exist constants
S frπά s

2
 such that

(3a)

small t
 9
 and jgβ put

^rx) - s^ rχ; - 5/v u;̂
where vS^ ίx̂ ) is the partial sums of
the Fourier series of λίxj -J-(TL)
(λdχ)

=
 i , in ΓσTT)* = 0, otherwise),

then

Theorem 4« Let
and periodic with period are and
•f MeLγ, in a subinterval ra,£; of
f-τr,7c), A ^ v o If «>/-:£ and (3.1)
and (3.2) hold, then

(3.4) in f
$ ̂  J

Since by similar arguments, we can
deduce these theorems from Ήiβorem 1
and 2, we shall prove Theorem 4 only*

Proof of Theorem 4 We may suppose
without loss of generality that <*<-£
and #:: -4, έ « ̂  » Let

Γ
 ^ otherwise,

Then the Fourier transform <

• Thus we have

and we put

where <:
n
 is the Pouri r coefficients

of

Then m hav®

±A/J

Now

©very

and

L <? (-oθj oo) for

such that / ̂  ̂  f /
 β
 For

„ in every finite interval
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έ d / ItctJΓAti-CΣi

ίC/?/Vχ)' 1 -

Hence we may assume, without loss of
generality that i$f?±2. © Hence

xW" has the Fourier transform
φ (t) and we can easily see that

For if the Fourier transform of

/
e F(τ) then

transform ψ^(
Yoυnp theorem shows that

the Foίirier
9 and by Hausdorff

J
A/

Jί
where f/ρ fi//>'= / and if />*/ , then

x
 ;
=: oo &**<* ̂ ®̂ ̂ •

e
^
t
 -βidβ means

Γ "*"

β
 Letting /v ̂ oo , the

rir.ht hand side becomes ( C bθiw a
constant independent of A/ )

C
TC

t

^ (C Λ
A/

r /ώ^/)*:^
I ft of — -o

Hence 9̂ /̂ J converges in mean
to Prβ , **

and hence Prf) is identical almost
βveryivher© with Φ^ d)

Now it is easily verified that if
f(x-) satisfies the conditions (3̂ 1)
and (3.2), then j w*z£*ί!L~ also

satisfies (3*1) and (3*2) with
3 ^thίί , ^ £~1̂ 1 in place of

χ respectively. Thus putting
of ^x; in

Theorem 2, ( α=.-,

f o ~ N Λ A^
(3o; ί ] D

J ' κ*fl
"~ A*

But since if
transform of

snce j^ r
ftπ, ifj

9
 vjo nave

(9 .

be the Fourier
, then

converges
a.

in mean L
r
 to

(3 3) shows that

(3.4) On, (

But since we have

~Λ/
Λ/

= /^Σ,ft,i Γ•A/

,^^xι^l?C/y

, ' ίTΛ/Γ^'-'

it results

Γy
"A,

* *. - <."X £

^ ~/z ~Λ^
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which tends τ,o zero by (3«4) and this
proves our theorem.

gβ_ shall mention here -chat Theorems
Sand 6 are ceas« to be true if «

This is shown by considering the
owing example: let

=• o, t

-tir

(3*5)

for o <x<ττ
t

Then we have

and we can prove that

does no'c tend to zero, We do not
concern details here.

(l) C may be different on each
occurrence.

(2;) If the ri^ht hand side is finite,
then so does the left. Strictly,
we should take the integral con-
cerning * over (-̂ , k~& ) and let
f tend to f 0
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