ON THE SINGULARITIES OF THE DIFFERENTIAL EQUATION
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§1
1. In this section we shall con~
sider the differential equation
(1) +f(w 2+ gly) = Plx),

where f(y) and g(y) are polynomials
of degree n and m respectively, i.e.,

~ﬂw=dy#1f1"~+c
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and
I =afspfi—v ¥,

o %0

and P(x) is a regular and single-
valued function of x in certain
neighborhood D of x* on the x-plane,
If we put dy/dx =z, we have a
simultaneous equation

4
ax=*

@

dz
= =Pw-fpz- 3y

Since the right hand side of it is
regular 1n certain domain containing
(x*, y*, 2%) in virtue of the hypo-
theses, there exists the one and only
one regular solution through the point
(x*, y*, z*)., If we continue the so-
lution along a curve C, we may en-
counter a singular point or tend to
the point at infinity. Hence the
analytic continuation carries out a
problem of singularities. In the
sequel we shall exclusively consider
a problem of isolated singularities
which will appear as essential singu-
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larities, poles or branch points.
And we always exclude the cases where
n=0and m=0 or 1.

We suppose that we can continue a
solution y = y(x) of (1) along any
curve C up to a point x,, but not
beyond it. Further we suppose that,
if we approach to x, along C, y._.y(x)
tendsto o0, Then, the point X = Xo
18 an isolated singularity and it may
be a branch point. Then, we e a
change of variable x - xo=1t" if x,
is finite and x= t—X if x5 = c0 ,
where k is a positive integer not
equal to zero and t is a local para-
meter which uniformize the solution in
a neighborhood of x,. Then, it
follows from the equatlon (1) that

& kel )y
LE s (it - £L)

+ 42 g0 — &7 +” f/z.,ﬂ' )

if X = Xo= tk, and
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t t‘ﬁ*l
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if x =t7%, According to the hypo-

theses, the solution of (2) is of the

form o

=3 at”
y=~-f J

(&)
A,.+0, rzl.

Substituting (4) into (2), we obtain

Yorer) G oo
e



ntl

(4-1)X & kYA
(5) * 1772 —- tnn)gfz-ﬁ *
K -
+ fra.zfuz +oo = fzth ’)f{1°+tf‘}
o .

In order to determine the highest
negative power in (5), we put

A=r+ 2, B=nr+r+2-k,

C=mr - 2k + 2,

Then,
B-Ax=nr -k,
B-C=(n-m+1)r+ k.

i) If nzZm-~1, i.e,, if B » C,
we must have B= A, i.e,, k= nr since
the right hand side of (5) is regular
at t =0, We shall show that r=1
and k=n if n2m - 1. In fact,
since B > C, we have

ﬁfft—% -E128) 4 44 fg) + O =0,

in the neighborhood of t = O. Then,
the circumstances of the singularity
t = 0 are squivalent to the equation

/Y k-l 24 %1
1L EL 2t * ) =0,

Dividing this equation by k2t2(k-1)
and returning to the original vari-
ables, we have

A S
=t flﬁ)% =0.

Integrating this equation and choosing

a suitable branch, we obtain a solution

o0 , B4
7= &t

a"/ *0)
from which we obtain k= n and r= 1.

If k is not equal to a multiple
of n, the following two cases will
otcur.

iji) B=C > A, By multiplying tA,
we obtain

it i+ 28 g # 00 =0

Then, returning to the original vari-
ables, the above equation is equivalent

to
it
"4 4 4 s19)—0
at x=x5. If m> n+ 1, integrating

this equation, we have 2

o0 4 w-x-/
7 =v§/ A, (z-%,)

2, +0.

Hence, we obtain k= m - n - 1 and
r=2ifm-n-11is odd and k= (m
-n-1)/2andr=13if m-n-1 is
even,

tB, we obtain

IB( % - %‘-’-% + &1 Z(H}{y)w‘ On=0

Then, returning to the original vari-
ables, we obtain

By multiplying

2
d4d
— ¢ =
Py Jtp =0
at x =x,. This equation corresponds

to the case n= 0 and a= 0, Inte-
grating this equation we have a so-

lution w 2p
/’ -

’“Z Qy [z’za)u‘
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Hence, we have k = (m - 1)/2 and r= 1
if m is odd and k=m - 1 and r= 2 if
m is even, Then, we have the following

Theorem 1. We suppose that in the
equation (1) £(y) and g(y) are the
polynomials of degree n and m re-
spectively and P(x) is a regular and
single-valued function in a certain
domain D, Further we suppose that we
can continue analytically a solution
of (1) up to a finite point x, along
any curve from a point, at whgch the
solution is regular, but not beyond
Xoe I1f the solution tends to 0o as
we approach to x,, there exists a
solution of (1) of such a form that
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Y=Y Alz-2)"
i) V=~y

ifnzm-1,
2y

s

0o -
i) 7=2 a,(x-x) i

V-

ifn(m-l,

Remark: If P(x) is accidentally
uniformized by a local parameter t, it
is unnecessary that P(x) is regular
and single-valued, That is, P(x) may
be multiple-valued and may have x = x,
or x== 00 as a pole or branch point,
In the following theorems, this remark
will remain valid,

2, Now, we consider the case, k=1,
that is, x=x_ is a pole, but not a
branch point. "Then, we have

BeA=nr-1,

BeC=(n-m+1l)r+ 1.

By the same reason as above, we
have the following

Theorem 2. In order that xg is not

a branch point, but a pole, it is
necessary and sufficient that

n22
1) {

m=n+ 2

n=1
11) {
m=0,1,2, 3, &

n=20
111){
m=2, 3

§2

In this section we consider the
equation

4y,
(6) Sot 2% + y0)= Peo
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and

LY ALy Ny)

(7) d.xz X a 12 .PC ).

We suppose that the hypotheses in
8 1 concerning f(y), g(y) and P(x) are
satisfied. Then, there exists a so-
lution regular and single-valued in
certain neighborhood of x =0 with an
exception of x= O,

1. At the outset, we suppose that
x =0 is not a branch point, but a
pole of the solution. Then, the so-
lution is of the form

7= s a, x”,
(8) Y=-r

A,+0, r2i,

Substituting (8) into (6), we obtain

y(r+1) &y .
X 2
T4 a_n-f-l

- + -
Lﬂf+1"+2

m
+ XLy ..
xmr‘

= Plx).
As in §1, we put
A=r+ 2, B=nr+ r+ 2,
C: mr.
Then, we have
B-A=nr,
B-C=2+(n+1-mr,
We distinguish two cases:

i) B - A= 0. Then, we have n=0
since r 2 1. It follows fran B~ C2 O
that 2 + (1 - m)r 2 0, i.e., (m - L)r
£ 2.

Hence we have
m= 2 {m=2 {m=3
?

{r:l,

ii) B-A>O0, Then,n21, r21
and B-C=0, i.e., (m=n = 15r=2,
Then, it is necessary that m - n - 1
> 0 in order that x == 0 is a pole.
Since r 2 1, we obtain

=2 =1 .



m=n-+ 2 m=n+ 3

{ » { r=1 .

iji) If n> O, n=m- 1l and r is
finite, we have n = 0, which is a con-
tragiction, Hence, r = o0 if n> O
and n=m - 1, that s, x=0 is an
essential singularity.

r=2

Theorem 3. In order that in the
equation (6) x = 0 is not a branch
point, but a pole, it is necessary and
sufficient that

n=0 n=0 n=0
1){ i {
m=2, m= 2, m=3,
ny o n>»0
11) ’ {
=n+2,{m=n+ 3.

Corollary 1.
x =0 1s an essential singularity.

Corollary 2.
x =0 is a regular point.

2, We suppose that x =0 1is a
branch point, If we make a change of
variable x = tK , vwhere k is a positive
integer and t is a local parameter
which uniformize the solution of (6),
the equation (6) leads to

Lb | RHG) A+ Ay
at® t at

(9)
+ %2 ZZ(MM) =B i ®).

The solution are supposed to be of the
form ey

= a, >
7 \?;-r rx ’
a.+0, rzl,

Substituting it into (9), we obtain
Hr+e)l-y

e o

7
EQQy ...
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(A1) Ay
1742

m
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Ifn>0andn=m~—1,

Ifn0and nd m -1,
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As in § 1, we put
A=r+ 2, B=nr+r+ 2,
C=mr - 2k + 2.

Then,

B-A=nr,

B—C:(n-m+l)r+ 2%,

i) B~ A> 0, i.e., n 2 1.
we have B - C =0,

Then,

%=(m-n-1)r,

Since k 21, we obtainm > n+ 1. We
shall show that r =1 or 2. In fact,
multiplying tA, we obtain

tﬂ/.éﬂé‘lii

4944 +£z{2m”)j(3))+ 0(0:.0_

Then, the circumstances of the singu-
larity t == O are equivalent to the
equation

tA/_)t@_ﬂZ%# +_£zt2(t-/)f/7))= 0.

Returning to the original variables,
we obtain

9) %4

X dx

+ FF)=0.

Integrating this equation, there
exists a solution such that
5:0 i "zv
= ~R-]
F=z,4x

,
23 #0.

Hence, we obtain k =(m -~ n ~ 1)/2 and
r=]ifm-n-1lisevenand k=m
~N-landr=23ifm~n-1 is odd.

Ifn21and m g n+ 1, then there
exists no solutions having the point
x=0 as a pole or branch point.

ii) B~ A=0, i.e., n=20. Then,

B2C., If f(y)= a+ 0O, we consider
the equation

d*y a

Probira ;%-f 3(9) = P(x),



This equation may have a logarithmic
branch point at x = O if we choose a
suitable a,

If a=0, i.e., if f(y)= 0, we
consider the equation
u; 4 iy = P,
Then, there exists a solution of such
a form that

2y
x 1
a,
7 VZ—] 4 2
a +o0.

Hence, we have k =(m - 1)/2 and r =1
if m is odd and k=m - 1 and r= 2 if
m is even.

Theorem 4, In order that in the
equation (6) x =0 is a branch point,
it is necessary and sufficient that
m> n+ 1. Then, there exists a so-
lution of suchooa form that

2V
=2 a,xm,
V=~
a, +o.
if n > O.

If n =0 and f(y)$ 0, x = O may be
a logarithmic branch point.

If n= 0 and f(y)= 0, there exists
a solution of such a form that

? Z av :.V

==
a, 0.
Corollary 1. Ifn)> Oandn=m-=~ 1,
x= 0 is an essential singularity.

Corollary 2, If n >0 andn) m-1,
t=0 is a regular point.

3, We consider the equation (7).
If we make a change of variable x =
exp t, we have

(10) 44 +/ﬂw—1)—+?zw "t Fle*)

Hence, we can apply the same method in
§1 to the equation (10) and obtain
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the analogous results. If we return
to the original equation (6), there
exists a logarithmic branch point,

§3

In this section we shall consider
the properties at the point at infinity.

1. Since the point at infinity x
= oo corresponds to the point t= O
by x = t~K, the properties of x =o0
are reduced to those of t= 0, We
consider the equation

a2y
(11) oy + f(ﬁ)

+ J(¢)=0.
By mak%ng use of a change of variable
x =17, we have

(12) d7+/¢+1 £f/é'))jz

)
+}7—‘27;:z;" =0,

We suppose that we can analytically
continue a solution from a regular
point along any curve C up to t =0,
but not beyond it, and if we approach
to t = 0 along C the solution tends to

00 « Then, t =0 will be a pole. We
suppose the solution is of such a form
that

X v
F=2 apt
Y=y
(13)
@ +0, rz1.
Substituting (13) into (12), we obtain
rlr+2)a-r
n+i

It Ay |, rk0dy
tr+2 t'lr+r+2+ﬁ

m
As in § 1, we put

A=r+2, B=nr+r+2+Kk,
C=nmr+ 2k + 2,

Then,



B-A=nr+k,
B-C=(n-m+1)r -k,

Since k 2 1, we have B - C= 0, i.e.,

k = (n - m + 1)r, which show that n> m
-~ 1 is necessary in order that t = 0 is

to be a pole. By multiplying th , we
obtain

Al £4Y) 4 2

-2 ) +or) -

Hence, the circumstances at t = 0 is
equivalent, to the equation

Al // it/

Returning to the original variables,
we obtain

HI)5e + 3(9) =0

Integrating this equation, we have the

solution of the form v
a H-pr+/
y V-_Z-zoo X ’
ai=+o0.

which shows k=n-m+ 1l and r=1.
Hence, if t =0 1is not a branch point,
but a pole, it is necessary and suf-
ficient that n=m.

Theorem 5. We suppose that in the
equation (10) the hypotheses in § 1

concerning f(y) and g(y) are satisfied,

Further we suppose that we can ana-
lytically continue a solution along
any curve C up to x =00 and the so-
lution tends to oo if we approach to
x = 00 along C. Then, it is neces-
sary and sufficient n> m - 1 in order
that x = 00 1is not an essential
singularity, but a pole or branch
point.

If n>m - 1, there exists a so-
lution of such a form that

é av n-~ m+l

V=~00
a] F0.
Corollary 1. If x=o00 1is not a

branch point, but a pole, it is neces-
sary and sufficient that n=m,
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Corollary 2, If n=m - 1, there
exists a solution having x =oc0o a@&s
an essential singularity.

Corollary 3. If n{m=1, £=0
is a regular point,

2,
(14)

Now, we consider the equation

&
LI FOH ) g0

uge of a change of vari-

By makin
ﬁ , We have

able x =<1t~

/- d 2
LY, BI-8H0 % %_0

5) g2ty

If a solution is of such a form that

7= Zaf

Y a-~y

a +o, rz/,

we substitute it into (15) and obtain,
as in §1,

Y(x1)a,
fr-}z t*o--
_xt)ay __argal!
t¥f2 yridEfz T
. sg e —0.

PRI TiRez T
As in § 1, we put
A=r+2, B=nr+ r+ 2,

C=mr+ 2k+ 2.
Then,
B-A=nr,
B-C=(n-m+1)r -2
i) B-A>O0, i,e., nzl, r2gl,
Then, (n - m + 1)r = 2k. Hence it

necessary that n > m - 1 since k > O,
By multiplying tA, we have

A Flg) 44 (d,
P -ud‘t‘ +-t-'_z-(%—"”_’_) + 0=

Returning to the original variables,
the circumstances at x =00 is
equivalent. to



FY) A
x ax | Jy)=0

Integrating this ejquation, w;vobtain
—_— Z ay’ I n-m+1

Y0 2
a’ +0.

Hence, we have k == (n = m + 1)/2 and
r=113ifn-m+1 is even, and k=n
em+land r=24if n -m+4 1 is odd,

ii) B-A=0, {,e., n=0and r
21, Then, B2 C, i.e., 2k £(1 - m)X
ro Since k2 1 and r z 1, we obtain
m = 0, the case which we exclude,

Theorem 6. We suppose that the
hypotheses in Theorem 5 are satisfied.
Then, it 1s necessary and sufficient
that n > m - 1. Then, there exists a
solution of such a. form that

7 Z a amu
v

V=-=00 »

4, +0,

Corollary 1. If n=m -1, x=00
is an essential singularity.

Corollary 2. If n{m-1, t=0
is a regular point.

3. We consider the case k=1,
that is, x =00 1is not a branch
point, but a pole. Then,

n>o0,

Since r is a positive integer larger
than O, we have

1) (nem+)r=

n=m n=m+1l
{ r=2, { r=1
ii) n=0, i.e,, (m=-21)rg 2
Then, we obtain
m= 2 m=3

{\HI:Z
!‘=1, {
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Theorem 7. In order that x =0
is not a branch point, but a pole, it
is necessary and sufficient that the
following relations hold goods:

ny»o0 n)0
i) { {

n=n, n=m+ 1

n=20 n=0 n=20
ii){ {

22’ m=2, m=3 .

Corollary 1. If n=m - 1, x=00
is an essential singularity.

Corollary 2, If n{m=~1, z_p
is a regular point.
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