ON BOUNDARY VALUE PROBLEMS FOR A RECTANGLE

By Yusaku KQMATU

Introduction.

1.

st a series of preceding papersl),
2),3) we have dealt with the trans-
ference between boundary value problems,
Dirichlet's and Neumann's problems,
for same damains of simple configu-
ration. The leading idea of these
papers is to reduce either of the
problems to another by means of an
elementary operation after suitably
modifying the boundary functions. The
method has been, indeed, once availed
by Myrberg for the unit circle.4

On the other hand, we have dis-
cussed a boundary value problem of
mixed type for simply-connected
domains and derived an explicit
integral representation for the so-
lution of the problem in case of a

rectangle,’

The purpose of the present paper is
to show that the method of transference
applies also to the mixed problem for
a rectangle, by establishing a con-
nection between this problem and an
associated Dirichlet problem. In
particular, an alternative way of
deriving the formula will be implied
for the solution of the mixed boundary
value problem,

2. Theorems.

We now state our theorems explaining
how the transference between the
boundary value problems under con-—
sideration is to be performed,

Theorem 1 concerns the transference
from a mixed problem to Dirichlet
problem, while theorem 2 concerns the
transference of inverse order,

Theorem 1. Let, in the z=x+iy~

plane, a Dirichlet problem for a
basic rectangle

R lpg<x <0, 0<y<m

with the boundary condition

wW@t)=Me), - ullgq+it)=N(t)
(o<t <),

Ul =Ps), wl(s+im)=QL

(lg%<s< 0)

be proposed, M (t), N(t), P;s) and
@Q(s) being supposed bounded and con-
tinuous in their respective intervals
of definition. Solve by w (%) (with
bounded 2W'(Z)/3Y) an associated
mixed boundary value problem with
the boundary condition

W(it) j& at t Jc
<) )ty w(lgy+i )..ON(t)aLt
(0<t<m),
%“(s) =PG), 3y srim=-Q©

Ug g<s< 0),

2/2Y designating the differentiation
along inward normal. The solution
w(z) of the original Dirichlet
problem is then given by

AW(Z)
U(Z)= 29 .
Proof. Harmonicity of «(z) follows

immediately from that of w(z). It is
also immediate that the boundary con-
dition for #(%) along the horizontal
sides X =3 and z=S+i (lgq<s<0)
is fulfilled. That the boundary con-
dition for «(x) along the vertical
sides Z=it and Z=lgq+it (0<t<m)
is also fulfilled may be shown as
follows, Let W,(z) be a function
bounded and harmonic in the half-
plane x<(0 and satisfying the boundary



condition

t
'W;(Lt)=JM(t)¢,t (0<t<m),
0

W, (it) =0 (t<0 and <t)
The function W(Z)—W,(Z) then
possesses the vanishing boundary

value along the side Z=it (0<t<m)
and hence it is prolongable harmoni-
cally across this segment. In parti-
cular, there holds a relation

2
%
as Z tends to LL (0<t<m)along any
path within R.. On the other hand®/,

w,(z) 1is representable by means of
Poisson formula in the form

T
"";(2)=—7—‘££w;at) FJT’:-W“ (x=x+iy),

Differentiation with respect to Y
leads to

(W) ~w, ()0

e _ L (T 3 x
24 %L%(“t)a} x‘+(t-g)’~aw
2

L (e

whence follows, after integration by
parts,

&
—_—dL
x4 (t-4)* ’

X
(-4 )

x*
1 > ) x
1 aw,Gt at
'n:i 2t x’+(t-‘;)’~ *

AW, (2) 1

T e W, (i (=03

The last term, the minus sign in-
clusive, being a Poisson integral for
the left half-plane with boundary
value Ju(it)/st=M(t) for 0<t<m (and
W, (it)/st =0 otherwise), it approaches
Mct) as 2 tends to <€ (0<t<m)
along any path within R , while the
integrated part then approaches zero,
Consequently, we conclude that, as
24t (0<t<nt) , there holds

wix)= 3:“,%%1 >M),

Quite similarly, we can conclude that,
as z»lg%u,t (0<t<m), there holds

1 (2)-> Nt

It would be noted that, in the
mixed boundary value problem for
(%), its boundary functions along
the vertical sides may be modified by
any additive constants. In fact,
addition of constants R, and %, to
the boundary functions along the sides
2=it and z=lgq+it (O<t<m),
respectively, produces merely an
additive quantity & +(R,—%)%/lgq
for w(z) which has no effect upon
2W(R)/2Y

For later purpose, it will be
convenient to replace the transferring
equation contained in theorem 1 by an
equivalent camplex form. Let f(%) and
f.{z) be analytic functions whose real
parts coincide with w«(z) and w(%),
respectively, Then the equation «(z)
=aw(z)/a} is equivalent to

Fe=iKm)-ie,

@ being a real constant, Further-
more, the last-stated camplex form
leads to a brief formulation of a
rather interesting procedure which
inverts the relationship involved in
theorem 1.

Theorem 2, Let a mixed boundary
value problem for the rectangle R
with the boundary condition

w(it)=M(t), w(lgqﬁét)——-N(t)

(0<t <m),

a;;,’*—rCS) =Pes), TS+ =QE
(lg<L<s <0)

be proposed, where M(t) and N(t) are
both supposed to possess bounded con-
tinuous derivatives in (<t<m while
P(s) and Qqs) are supposed merely
bounded and continuous inlgg <s <0 ,
Solve by w(x)=R&RF(z), F(x) being
analytic, an associated Dirichlet
problem with the boundary condition

wGit)=M(t), u(lg1+it)=N'(t)
(0 <t <),

() =Pcs), wu(s+im)=-QW



(lg1< s<0),

The solution W(x)= R A(%) of the
original mixed boundary value problem
is then given by

z /
ﬁ(z):—LLf(z> dz +ax+b+ity

a and t being real constamts to be
determined suitably according to the
choice of an arbitrary additive imagi-
nary constant in f(X) and of an
arbitrary point 2,6 R and £ an
inessential real constant.

Proof, Harmonicity as well as
boundedness of w(Z)=RA&)is immedi-
ate, Differentiation of the equation
in the theorem leads to

2@ =-ifmr+a,

whence follows, by separating the
imaginary parts of both members,

W(Z)

Ty = R
Consequently, there hold the limit
relations

2
o= %(s)r_ w(s =),
W
W(S’O-L'rc):-—%r-(s-’—iﬂc)
= —U(SHATT) = Q.(S)
(lg 9<s <0 bR

On the other hand, by separating the
real parts of both members of the
equation itself in the theorem, we
obtain

’w(acﬂ#)
y ‘ x

=f %f(xﬂ})d.g +J Jf(xnyo)at'x,
%o x,

+ox+4,

where we put Z,=x +4{4 . Consequent-
ly, we get the limit relations

w(it)
t 0
:‘J Mt)dt +J Jf(xngo)&ou £
4 Xo

=M)-My )+ L: JHCx+ Ly by

w(lgq+it)

ftN’( )d,t+j1g?] (x+ Y 2
= t +u +

s s Fle+ydx a']ﬁf'

=N®-N,)+ L]%"jf(xugo Yot alpq+f
o (o<t <m.

Thus, it is enough to determine 4 and
4 such that they satisfy linear equa~
tions

0
4 =M~ J‘% J;F(x:—i-i,go)d.x,
a.].g 1+{— =N(‘j,°) —J]gq’Jf(x'rL;o) dx,

Based on its own nature, we have
supposed in the last theorem that the
boundary functions M(t) and N(t) are
continuously differentiable, It seems
practically superfluous when one con-
siders the mixed boundary value pro-
blem alone, As shown below, this re-
striction is, indeed, aomissible,

3. Explicit formulas,

Explicit formulas for the solutions
of both kinds of boundary value pro-
blems under consideration can be and
really have been already derived by
attacking them separately. We now
proceed to transfer either of the
formulas into another.

Let R(2)=w(®=)+iW(X) be an
analytic function regular and bounded
in the rectangle

R: 1g1/<x<0, 0<y <1 (z—:x—n‘,})
and satisfying the same boundary con-

dition of the mixed type as stated in
theorem 1, i, e,

t t
W(it)= oM(t)dt, w(]gui,t):JoN(t)d,t
(o<t <),
By ="Ps), W (s 4im)=—Q9
(lg<L<s<o),
M), N(), Ps) and Q(s) being

supposed bounded and continuous in
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their respective intervals of defi-
nition,

Based on a formula derived in a
previous pa.per7 , there holds an
integral representation

ﬁ(z)
ﬂ%’c "'_“ Z j(W(&t)—W(lg%+mtDM
*Jf SGV_(SH%{(%L@&)
L Ig%
+%fw(ct)(§(¢z+t)+€(‘;z*t))dt
0

'—if Y Gzt )+ T -t
n W(lgz{/—fr,‘,t)(%aZ'f‘ )+ 34.2

+J\ m( ) O"(A.Z—A,S)

O"(«,Z'f' S)

+J -——~(s+ m)lgo_(’“z Sy §+Lc
0'(4,7,4'4,5) 4
18-1/

where the notations from Weierstrassian
theory of elliptic functions refer to
those with primitive periods

Rwy=2m,  2u0,=-2ilgy,

and ¢ denotes any real constant.
inserting the boundary values, the
representation become§, after integ-
ration by parts,

4C)
=~{ 151 (f(%t)(M(t)—N(t))dI

*f s (Pesy- Q(s))at.s>

%(thum)fM(t)d,t
f Mwl gzt t>

(4, ~-t)
)

By

‘%(mefN(tmt

T, (Z+1)
JN( )1g B(L,'Z—t)

+J P(S)]goaz—;,s)“
1%?/

T(LZ+LS)

11 -

Gx(iZ‘LS)
go'i(i,zﬂs)

- L;/Q(s)l

AS} +4C,

Differentiation with respect to £
leads to

/(=)
!71:
=—fM(t)(Saz+t)— T(ix-t)dt

FE 1.
+ L N (S Gz+t)= g, (ez-T)dl

0

“f Pes) (3 (u2—49) = Q(Lr+ LS NAS
]
g%

*‘.”jo Q(S)(éi(LZ-Ls%(L(LZmS))st
lg‘L

—_— a’O’

where 4, designates a real constant
defined by

a'O

3 ™
:-i“h ( f (et (MO-N ) bt
“1

0
+J 5 (Bs)- Qesy) ots)
21!

™
”1”]4 (M(6)-N) dt

=== (Mo-N@)dt
[

™
+ —21?5 (jt(M(t)—N(t))aUt
L ()

- j Os (P Q(g)&s)
lgg

but the actual value of A, is ines~
sential for our present purpose since
it will be mixed up into a new arbi-
trary constant.

Thus, in view of theorem 1, the
solution w(z)= R $(zx) of a Dirichlet
problem with boundary condition

w(it)=M(t), u(lgi-(—i,t):ti(t)

(0<t <),
s> =Ps), USHTI=QS)

(lg%(S <0)



is given by f(z)=(A(z) except an
additive inessential purely imaginary
constant, for which we have derived
the expression

ac(z)
== {— f M@® Gzt -5 iz-t)dt

- 3£ N5, (cx+t)-8,(z-t)dt

‘Jo Pes)(Gliz—is) =G(iz+isHds

14/
+{" Qe ( §1(L2—Ls)—§1(iz+i,s))ats}
Igq,
~iA,
A bveing any real constant.

We now turn our attention to the
problem of inverting the procedure
explained above which will be rather
interesting. Let f(z)= w(x)+i&®)
be an analytic function regular and
bounded in the rectangle K and satis-
fying the boundary condition

w(@=M(t), wlpq+it)=N't)
(6<t <),

wW=Pls), (s +iT)=-Qs)

(Igg,< s <0)

M/(t) and N'(t) denoting the deriva~
tives of M(t) and N(t), respective-
ly, and being supposed, together with
P(s) and Q.(s), bounded and continu-
ouse in their respective intervals of
definition. The solution w(z)=®&§(X)
is given by a formula

f(Z)
—— fM’(w(;(,,m) g (z-tydt

-zf Nty (3,(iz+t)- Gy (ix-thdt
0

—jo Pes)(g(iz-i9 =G (iZ+4iS)d4s
Iq

—§ QUG (Lx~i9)=5(L+is ))aLs}
Jgt

-12 -

with which we now start.8)
Integration with respect to 2

leads to
x| $(z)ax=- gt+i)
f i M() a(t—-4i7%)

+I N 1g Gltrin)

at

t-4% )

o'(;,s ..z)

* f() ¢(L5+L!)

a,(is-12)

o Ly Pt asiindecd
L“Q( ngusﬁz)u’

whence further follows, by integration
by parts,

’ﬂ:fzf(z) 4z
[
= ["M@ (§(t+in)- S(t-izndt
(]

- f N (&t +iz) = Sy(t-izd)dt

g (is-4i2)

+"j‘ Pes )lgo‘(,,s+ o
I

+a Q(s) l 01(65 "bz)
J]\g-b 1(&5'*4_7.)
~i M) (2nz+210)-MO)T

+Nem) 272},
Thus, in view of theorem 2, the
solution w(z)=RA(x) of a mixed

boundary value problem with boundary
condition
w(it)=M(t), wagwt)-—-N(t)

(0 <t <),

g;,"i'<s) =P(s), %—‘;i(s +L1) = Q.(5)

(lgeL<s<o)

is given by the relation

z /
R(r)=— 'L:f(z.)dz+a.z+@+ R

0., ¢ and 4’ being real constants,
and we have thus derived the ex-
pression



() .
=qic {-ﬁo M )(Q(Lz+t)+ S(iz-tNat

T
'"L'J N (5 Gz t)+3(z-t )k
+j Pc )lg_c'(bz—bs)

T (L2+1S)
(iz~- A-S)
+J YR
Q )]go' ) (LX+i8) }
+Az+B +iB)
where A and B are real constants to
be determined suitably and B’ is an
inessential real constant,

Now, it is readily shown that there
hold the limit equations

RA(-0+it)
=M(t)+B,

Rﬁ(lﬁ-ro +it)
=N)

L
T D(M(t)~N(t))dt

0
——%&3 j s(P(s) +Qes) ds
leg,

tAlgq + B,

Hence the constants A and B are
determined such as

A= qc ”1% { J (M@®)-N@)dt

+f s(B(s)*QCS))d.S},
B=0. %

Consequently, we obtain the desired
formula in the final form

h(z) i
=222 (["mer-wena

205
gy T\
+j' S(P(s)+Q,(s))d.s)
P4

-13 -

1 T

T_r M®) (5iz+t)+ Qliz—t)dt
‘“fN (£)(3, i+t + 3 (ix-tydt
+ J‘ Pesy lg T iz~ »s)

G'(A.'Z.'H.S)

O'i(A.Z Ls)

+
j Q(s)]gqazﬁw

As}nc,
C being any real constant.

4.

The formula obtained at the end of
the preceding section has been derived,
indeed, under supposition that M(t)
and N(t) are boundedly and continuous-
ly differentiable in 0<t <, How=
ever, as previously remarked, it re-
mains valid provided these boundary
functions are merely supposed to be
bounded and continuous there,

Supplementary remarks.

In fact, by Weierstrass' theorem,
any given functions M@®@) and N(®)
bounded and continuous in the open
interval 0<t<T can be approximated
there by polynamials uniformly in the
wider sense., Let & be any assigned
positive number, and M.(t) and N (t)
be approximating polynomials such that
there hold for £t =m-6

lMe(t)—M(t)l }
<

[N, )~ N®w|

and moreover that M _(t) and N, (t)
are bounded for (< t£<qc unifomly
with respect to €. Let further W (%)
designate the solution of the approxi-
mate problem obtained by replacing
M) and N(t) by M (t) and N (t),
respectively., The function . (z,) wW(Z)
possessing the vanishing normal deriva-
tive along the sides. Jx=0 and Jz=1c,

3< Rz <0 , it is prolongable har-
monically throughout the strip lgq<®Z
<0, —oo<Jz< oo, Moreover, there
holds an estimation

[ - wzd|< £+ KX (x; &)

where K designates an upper bound of

IM () =M ()| + INg(t)=N(t)| which is
independent of & ‘and ')&{z ;€) the har-
monic measure of four segments 05 Jzs¢
and T~¢ =Jx27, R2=0 and Rz=lyq.



Since, as ¢50, X(z;&) tends to zero
uniformly in the wider sense in R,,
w(x) is approximated by w;(z) also
uniformly in the wider sense in R..
Consequently, we thus conclude that
the expression for W(Z) remains valid
provided the boundary functions are
merely supposed to be bounded and con-
tinuous in their interval of defi-
nition,

Finally we state a further supple-
mentary remark. For the sake of
brevity, we have restricted ourselves
throughout the present paper to the
case where the boundary functions
under consideration are bounded and
continuous. However, an inverse
problem may be considered. In fact,
every integral representation dealt
with in the present paper defines a
harmonic function provided these
boundary functions are integrable in
their respective intervals of defi-
nition. It will be readily shown that
every function thus defined satisfies
a respective boundary condition almost
everywhere at any rate and further
surely at every point of continuity.
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