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SUMMARY

In a series of successive papers we
have developed a unified theory of
inheritance from a probabilistic view-
point, They have been mainly concerned
with the distributions in an ordinary
population. In succession, we now
deal with analogous problems in a
population which consists of families
involving several types of consan-
guineous marriages,

We consider again a single inherited
character which consists of any number
of multiple alleles at one diploid
locus and of which the inheritance is
subject to Mendelian law. Our main
purpose is then to study the distri-
butions of genotypes in several defi-
nite combinations, lineal or col-
lateral, which consist of individuals
in families possibly involving consan-
guineous marriages chosen at random
from a population under consideration.

By making use of relative frequen-~
cies of genes as basic quantities, we
derive systematically the formulas ex-
pressing probabilities of several
combinations, It is well clarified
how the correlations between genotypes
of family-members are affected by
intervention of consanguineous
marriages. On the other hand, many
notable phenomena are elucidated.
Especially, the distribution of
genotypes in a generation immediate
after any consanguineous marriage
deviates from an equilibrium state
in such a manner that the frequency
of any homozygous type increases while
that of any heterozygous one decreases.

This fact will illustrate a cause of
a deviation observed on a distribution
in an isolated population.

Introduction, In a series of suc-
cessive papers 5 we have developed a
unified theory of inheritance from a
probabilistic view-point, It has been
the purpose of these papers to investi-
gate the phenomenon of inheritance
based upon a general mode which is
supposed to be subject to Mendelian
law and then to apply the results to
some practical problems on forensic
medicine. One of the main problems

has been concerned in determining the
distributions of genotypes in several
definite combinations of individuals
chosen at random from a population of
a given equilibrium state. The mother-
child cambination, among others, has
played a distinguished role. This
concept is, as its own name shows, a
combination consisting of an individu-
al and its immediate descendant. It
will be plausible, for instance, to
attempt to generalize the concept to a
lineal combination consisting of an
individual and its distant descendant
after any definite number of generations.

The main purpose of the present
repor’t.2 is to discuss further problems
of determining the distributions of
genotypes in several definite cambi-
nations, lineal or collateral, con-
sisting-of members in a family possi-
bly involving consanguineous marriages.
A population in consideration is again
supposed to be in an equilibrium state
unless the contrary is stated., It is
further supposed that panmixia takes
place at any generation except when
consanguineous marriages are appointed.

Now we consider again a single
inherited character which consists of
m multiple alleles at one diploid
locus denoted by A; (i=1,..., m) and



of which the inheritance is subject to
Mendelian law. According to circum-
stances, introducing an abbreviated
notation Abj =A;A;, we make an
agreement that A "represents an
identical object with ALJ- . There
are therefore m (m+1)/20 possible
genotypes, m homozygous and m (m-1)/2
heterozygous, which are denoted re-
spectively by A, (i=1,...,m) and
A (L,J'::i,...,m; +<§) and together
by 'Aaja (a, fasi, cee, M ash).

We now designate by 4., or often
merely by 4 provided no confusion can
arise, the relative frequency of the
gene A, in a population under con-
gideration. The frequency of the
genotype Ad, is then, in view of the
assumption of an equilibrium, re-
presented by

KLL: 59 A"J :ZFVB
(*’)j zl;-“:m; A',<j),

These basic quantities must, of course,
satisfy the f\mdamegtal relations
Sby=1, ZA=(Zp,)=1 where the
first and the second summations extend
over b=1,--, ™. and &, b=1,..,m; ash,
respectively. We notice here in pas-
sing that, also in the following lines,
the different Latin suffices except
those indicating the running types in
summation are supposed, in principle,
to designate the different genes,

1. Simple lineal combinations.
The probability of mother-child combi-
nation T= TC, discussed in a previous
paperB' is now generalized to that of
a combination consisting of an indi-
vidual A, and its mth descendant
Ai*] which will be designated by
TC, (3f; §m) = Ap W, (ff; £M) o
The reduced probability K, satisfies
a recurrence equation

Ko (85 5=, 4(ap; ab) i (oubs §7),

the running type in summation being
Ay (e b=1...,m; azb) . It is

shown that the probability is expressed
by the formula

e —m+1
Ko @fs SPD=A, +2 Q@(i; &)
where the quantity Q(-:K1~Am) is

independent of the generation-number
M. and its explicit values are given
as follows:

Qi; )= c(1-0),  Qik; fO=HK(1-24),

Q(M., k.K,): - Kl, Q(LL, 11,1(): —21‘/1{7

QUifs ii)=7i0-20), Qs & )= 5it—4ig)
Q(‘j; ~K)=%K(1*4L), Q—({LKK)" K’;

Qe hHO)=-2hH,

The proof of the formula can be per-
formed by induction#) by actually
verifying an identity

ZQ(&{S; ab) 1 (ah; )
=2 QEp; ab) Qab; £7)

=3 Qup; o),

An asymptotic behavior of X, as
N~>o0 can be readily deduced from
its expression derived above. There
holds, in fact, a limit relation
K, p; ﬁ’q)::Ai (m—>00) stating that
a consanguinazus correlation between
the types of an individual and of its
m th descendant becomes negligible for
a sufficiently large m .

Let next a pair of individuals with
assigned types (Adﬁ, Ays) be given,
the order of members being taken into
account. We then denote by £ (p,7S;
£7) the probability that the pair is
accompanied by an mth descendant A,
The values of €= ¢, have been already
availed in a previous papers), The
probability in question is given by a
recurrence formula

8%(0({5, 'YS; gryD
::Z E(ol@) 'yg} (LL)K —i(a‘t); g'r))'

It is shown that the probability is
expressible in the form

6%(0((3’ 7‘{; g"’) =A~gn+£“+1£(°‘ﬂ,')’g; §"])
valid for m.2 2, The factor £ in the



residual term is then defined. by
EGp78 ) =23 £(8,785ab)0(ab; $7) .
Its values can be determined by actual
camputation while they are omitted
here for economy reason of space. An
asymptotic behavior of £, as m-oe
is obvious; namely, we get 8,,_(&?,')/5; £7)
'9A§,,] (m>o0),

2. Simple collateral combinations.
By generalizing the probability of
brethren combination ¢ =07, dis-
cussed 1n a previous paper®/, we now
introduce that of a combination con-
sisting of fkth and Y th collateral
descendants , and 2y s Te-
spectively, originated from the same
couple, which will be designated by
Oy (3My, §2M,) « It can be proved
that there holds an identical relation

O;w @1’]1; ga.”:’x)-”—"tpvﬂ(?f’hs £M.)

provided f+V> 2, while it should be
remembered that o, 1s not identical
with 7C,., The last relation shows, in
particular, that the dependence of o,
with +V >2 on the generation-
numbers is subject merely to their

sum IL-H’.

3. Simple mother-descendants
combinations. We designate, in

general, by 1T V(&P}gini:gz")z.)EAd
-Kf,_,(dp; §M1.4)the probability of a.fs
combination consisting of an indi-
vidual Aa(«x and its Mth and V th
collateral 'descendants A, ., and
A, m, » respectively, originated
from the same spouse of Ao\(s'

Three systems will be distinguished
according to rt:V:—i, fk>i.—=v or
p=1<y and fb,v>l . The lowest
system C=C,, has already been
treated in a previous paper?! as the
probability of mother-children combi-
nation., Based on an evident Quasi-

symmetry relation TC,,(s; £, £,7,)
= TC,, 6;5,M,5,N), it suffices to deal

with rihe former of the second system.
The reduced probability is then defined
by a recurrence equation

Ky O3 570,500 =2 Clps 7, 00 K, (abs 507,
and is expressible in the form
Koy Cps 51, 5,a)
:K("t(% gi"?i)Amf Z_VWC""PB £iM15 8aMa)e

The quantity W in the residual term

is then defined by W(ef; "y, 5.".)
::4"2 K(dp, §17}L) Qil) QC&L} g ’qz,)' Its
values can be determined zby actual
computation, while they are omitted
here, The validity of the formula may
be ensured by induction by directly
verifying an identity

2. WGP 51y, ab) I abs 5,7,)
::%_W(d{j} ?17]1 s gz"]z)-

The formula for the last generic
system is expressed in the form

CMCRAIRAS)
=Agn Ay, A, Qlpssny)
F2T R QU T 6 )

While the explicit values of T are
omitted here, the validity of the
formula may be proved by means of a
recurrence equation

K’w, Ol £71,%7,)
=2 Kyt @5 b 50 K (abs 5,7,),
together with the identities
TWep; ab, £, 0K Ceb; £17,)
= 3, T@p; ab, 57,0 0h; §1,)
= TEp; &7, 872D

It should be noted that the formula
for generic system dees not involve one
for the second system as a particular

case. In fact, W@‘FJ 51, ) is
not identical with 2fk§ QG‘(*;? m)
+ TEp; 4,7, 1270 1l :

L. Ancestors-descendant combi~
nations through intermediate marriages.
Suppose that two individuals A
Ayg are accompanied by their F{’th and
Vth descendants A,y and A, , re-
spectively, and that these descendants
are married and originate themselves
an mth descendant A, . Let the
probability of a triple consisting of
Aa‘f“ A,s and Ay be then designated




vy Ay A (4, 74;8)« . The
probabﬁit;r of }ga'x':énts’-des'c’eqndant

combination, treated in 1, may be
regarded to correspond t.o the lowest
cage pb=y=0: €4p;,=€, . In case
of higher generation-numbera sy we
state here merely the final formulas:

8’4.0;1 (g, 74;47)

=x(75; s+ TCE@p 76 1),
8{40;,‘ (L, 755 %7)

=K, (V5 5+2 " _"C(dp, 123 4),

(m>1),

ﬁ«v; 1 @B, 75 9)

=qu+£ Faepsm)+2 Q05 §n)

+ 271D, @p, 76; §),

B m (4, 75557)

‘A +2 'h.+1{ Z‘F'Q(.({,; 1)

+ z"am,- M} (m>1),

The defining equations for C,, C and
D, will be readily written down,
Their explicit values can be obtained
by actual camputation, while they are
omitted here,

5. Mother-descendant combinations
through a single consanguineous
marriage. Up to the last paragraph,
any consanguineous marriage has never
yet been implicated. We now begin to
attack the problems concerning a
consanguineous marriage. Let pth and
Y th descendants originated collaterally
from a mother A,, and her same spouse
be married consanguineously and then
originate themselves an m th descendant

+ Our present purpose is to
detemine the probability of combi-
nation (A‘,, A, ) which will be
designated by = 1

Ty (s gn)EAder-v;n(dP} 1),
Distinguishing two cases according

to m=1{ and m.>1, we get the de-
fining equations

Kluv;i("‘f‘i )
=2 Kf"( ap; ab,cl)e (ab, ed; §7)),
K,uv,-n(“[’i §1)
=-2xr,3, @ ab) K, _y(ab; §)
which yield the final formulas

K’w;t(dfi )
=ArL, Q@85 s+ Teps 1),

qu., P; i)
—A +L —MiQ(‘*[%;?’}) (n>1)

valid for any ’in, yz1 ; here we
put

L.r =2t 27,

The values of T(@f; §m)=2{Kyy (©f 7
_:(:(B:l;:p; arodfééﬂout as 1}'111{:::'

,‘\—r+v—

TG i)=4 (e, T R)=-3K0-%),
T Ht0=Fhar),  TlasMO=5 K,
Taj;i0) =%(1“2‘+1 )y Ta; Lj)=ﬁ:(i—2i-y+zg )
Tjsit)=- K-, T 10~ Lk,
ThO=3hk.

More generally, the reduced proba-
bility defined by

' Ku,w 65 §7)
= 2.0, (op; ab)p, (oh; £1)

can be determined 1n the following
forms:

Kzlfw,-t("‘f’f' )
—-—-Amu"‘Lr,Q(ap; 5

+2‘*K(§n)+z‘l"\ SEp$1),



;P §1)

—f-mt l

—Aﬂ+ Q@(’; M (m>1),

The values of the q\mnt.ities defined
by R(EM=1 and
@F,i"ﬂ 23 tap,du) T(a.l, §~)) are set

out as follows:
RE)=2i(t~4),
Slabstiy=30-iX2-2), S(ei; ik)=-Lk(1-20),
S(sKH0=-$(-2K), S h0=hK,
S(ij,-m-_-é-(i—:m’; S(ijiij)’:‘i(“j—lr{j),

R@=-ij;

(0=~ K(1-45), S(gjm).—.ij_‘,(a_m,

S(td, h)=hK .

We now propose to explain a meaning
of the quantity

Lr,az Fy oY
introduced above, from a view-point of
genetics, As shown, the probability
Kf" (m>1) of mother-descendant
i:ination distant after a consan-
guineoua marriage is expressed in the
form

Ko ity =Rt L, £ Qp5 3.

On the other hand, the probability

K .+ of mother-descendant. combination
without any consanguineous marriage has
been established in the form

Ko s i =Ry 27" Qi 390,

The comparison of these formulas will
well interpret a meaning of the factor

yo In fact, we introduce a posi-
tive number ¢ = 9?"" by

27 =L

P
or

=gty = 108(Z+ 2)/ 108 2.
The probability K,y .

brought into the form K,
+2-(P+HQpi5n) which 6o

is then

A5 =

=A
coincide 1

formally with X ot a(p §m) , though
the number p is, (1) general, 1. e,
unless I"'— y , not equal to an integer.

By reason of their own meanings ex-
plained jusl above, we may call the
number P,y an equivalent generation-
number the factor Ly» a con-
tracting factor. As readily shown,
there holds

llin(lw,v)—i =

<

=

b,

é. lother-descendant combinations

through several consanguineous
marriages. We have discussed in the

preceding paragraph the mother-des=-
cendant combinations through a single
consanguineous marriage. We now
attempt to generalize the problem to
the case where several consanguineous
marriages intervene between a mother
and her descendant., Our present
purpose is thus to determine the
probability of a combination which
consists of an original individual
A,n and of its descendant A...,
conaa.nguineous marr:l.ages interjacent
between them occurring t times,
designated, with an easily compre-
hensible routine notation, by

qcf‘z"xj [ Fe¥e ;'nt(dﬁ L)

=R Ky s m &5 57

or briefly, provided no confusion can
arise, by

(f'vv:"") ( P f"’)_ PK(r,y m.) (dP: g",)

By definition, the reduced probability
is given by

Kooy @5 87
—Z ﬁ K Py "‘z( z_iﬁz.l,a-zbz)

with a‘n_o(p and apb= 57, where the
summation extends over all the posaible
sets of t—1 genotypes A, 4 (r=1,..
+-1). It satisfies therefdre a
recurrence equation

Km0 @5 87)

llax(lu,v)-—l.

=2 Ky, 3 b)py, (a5 S,



In a special case where the Mm's
are all equal to unity, it can be
proved by induction that there holds
the formula

Kc,»/-i) @p; 57)
= Ay, +2 75ALQeps )
T4, REP+25, Dp; 574200 T 57);

A :ILLI+))1“1}
t
A =TTt ™),
t yet
t~{ _t
—_ -A,—2
W=2 T 27%77,
=1 g=yrd
Q/———tzﬂ,i,[ﬁh ‘ﬁ' 2-—}\4—2.
i3 -x—:;i 1b:x+i ’
t
= -A=2
wr A
L= 02

the formula remains valid even for
t:] provided an empty sum is under-
gtood Lo be equal to zero. On the
cther hand, we get the formula

oy ) =A 27 1, Q0 7);
t
No=2 "

which remains valid regardless of the
values of the M 's with i2y<t
provided merely fn_ >1.8

The probability of the form
i \ @p; §1) with m 21 for
LY ) l( V' )
<§<t And % °(p,j‘ca.n also be
treated in a similar manner.

We now proceed to illustrate a very
notable phenomenon concerning the
distribution of genotypes in a genera-
tion after consanguineous marriages.
Up to now we have dealt with several
mo‘rher -Jescendant combinations

A )M of which the probabilities
me d@s:wmted by

TC... (s %q;)::Adﬁ)C... ©p; 57,

respectively. For each combination;

if we eliminate mother's type by
summing up over whole possible range,
then we obtain the probability of
descendant Ag, alone, i, e, the
relative frequency of genotype Ai

in the generation of descendant, which
will be designated by

A 5= (ab; §7)
:—‘:'ZA&% K...(ab; £,

In case of a simple mother-de-

scendant combination, with probabilitygr ,

without intervention of any consan-
guineous marriage, it is given by

A Gp=Sim, b i) =A,,.

This shows that the distribution of
A§ in the generation of descendant
thenlcoincides just with one in the
original generation.

We next consider the mother-des-
cendant combination <A°‘F’ A s 1% .
The distribution in the generatim of
descendant is then given by

A%V;i)t(gqi)

=A g+ 4 rw) R(5m);
t-{ t
_ -A L
=2, ol
T=0A4=7+{
In case (3‘{,, mother-descendant combi- L
nation s A )y, withn >
we get simpi’r ¥ (f" Vi t ’

The probability of the form

Azl vsplv; D, 81) with M >4 can also

reated’ similarly.

We can thus assert the following
proposition: The distribution of
genotypes deviates in a generation
immediate after any consanguineous
marriage, while the deviation disap-
pears in a generation distant after a
consanguineous marriage. The deviation
of frequency of genotype Ajgn in the
former case amounts to R.(i,"q) multi-
plied by a definite positive factor
4(U +W, ) depending only on the
generation-numbers. Consequently,
the frequency of Ag,, in the genera-



tion of descendant increases or de-
creases according to whether it is
homozygous or heterozygous. Thus, we
are led to a conjecture concerning
practical observations. Suppose, in
fact, there exists a population which
is isolated hereditarily from its
neighboring populations and in which
consanguineous marriages take place to
a considerable extent. If one ob-
serves frequencies on an inherited
character in the population, it will
then be found out that the frequencies
of homozygous and heterozygous types
are more than and less than those ex-
pected from the supposition of an
equilibrium state, respectively.
Moreover, the deviation is proba-
bilistically given quantitatively as
above,

Asymptotic behaviors of Keuym),
as each among fty, Y, and 7, tends
to infinity, can be readily deduced
from its expression derived above,
We here supplement an asymptotic
behavior of Kuy;1), as t->00,
which depends on the choice of a
sequence {pvi= {fy,V},_;. The
following result can be deduced:
Introducing the notations defined by

A= 1im =1lim

A }—%Ar; A zom X3
4 - 4

_\{:27\1-2 1 v = ZA”'*i,

for which there hold evidently the
inequalities 1<A £ A<o0, 05U T
<4/7, we can assert that there hold
the estimations °

AguRe@s 1n

t->o0

(rw} Dt@(f; )

<$iim
t>00 K(rl-v;i)t

<A r3RG,

©p; o)

A +TRG 11m »
4 TR SR Ky M i)
< 1im i

tro0

qusn, Bf34§)
éﬁify&(g).
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