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A semigroup with only one idempotent
is called unipotent [2). In this note
we shall investigate the construction
of unipotent inversible semigroup
(defined as below). After all the
study of such a semigroup will be
reduced to that of a zero-semigroup (3]o

Lemma 1. A semigroup is unipotent
if and only if it contains the greatest
group f 4J

Proof, Suppose that a semigroup S
has its greatest group <j , and S con-
tains idempotents e and f . Then,
since ieί and {j ) are groups in s ,
we see that {e\<z $ and ίfίc ̂  c and
f are idempotents contained in ^ ,

Hence e*f S is unipotent. Con-
versely, if S is unipotent, S has
at least one group as a subsemigroup.
Let \§J (oC€-r)be the set of all groups
in S Since every Q * has the idem-
potent e of S in common, the semi-
group <ΞJ generated by all <*„ t<*€-p) is
proved to be a group. It is easy to
see that § is greatest.

When a unipotent semigroup S , for
example, is finite, the greatest
group $ is represented as <τ = 5e where
e is an idempotent. What is the
necessary and sufficient condition in
order that Se is the greatest group
of S ?

Let S be a unipotent semigroup
with an idempotent c If, for any
& * S , there exists ^ S such that
dl^

 e
 (̂ A=e;, S is called right (left)

inversible, and ^ is a right (left)
inverse of Λ. . Of course 4 depends
on α . Then since e is a right (left)
zerόid C 5] of S , a unipotent right
(left) inversible semigroup is equiva-
lent to a unipotent semigroup with
zeroids (5I The following lemmas
follow immediately from the general
theories of a semigroup with zeroids.

Lemma 2
β
 Let ^ be a unipotent

semigroup. The following conditions

are equivalent.
(1) S is right inversible.
(2) S is left inversible.
(3) Se is a group.
(4) €-S is a group.

We need no distinction between
right inversibleness and left inversi-
blenesse If 6s is right or left
inversible, it is said to be inversi-
ble.

Lemma 3« Let S be a unipotent
inversible semigroup, and § be its
greatest group,

(1) $=:Se-<iS
(2) ^ isa two-sided ideal of 5

as well as the least one-sided
ideal of S .

(3) e commutes with every χ« S
 o

(4) S is homomorphic on <̂  by the
mapping ψw = χ.e = tx .

We denote by Z the difference
semigroup of S modulo <̂  C6j. Z
a zero-semigroup.

is

Now we shall discuss the structure
of a semigroup with zeroids in prepa-
ration for the theory of a unipotent
inversible semigroup.

Let S be a semigroup having
zeroids, and U be its group of
zeroids. Since U is a two-sided
ideal, we can consider the difference
semigroup M of 5 modulo U and M
is a semigroup with a zero. Converse-^
ly, if we are given arbitrarily a
semigroup IM with a zero and a group
U disjoint from W , there exists
always at least one ramified homomor-
phism

c
7

J
f- of M into U , e.̂ .

;
 the

mapping of all non-zero elements of
M into the unit of U « Consequently
we have the following lemma ̂  .

Lemma 4 Given a semigroup M with
a zero 0 , and a non-trivial group U
which is disjoint from M , and given
a ramified homomorphism t of M into
U , we can construct uniquely a semi-
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group S with zeroids such that __
(1) S is_the union of U and M

where M is the set of all non-
zero elements of M

(2) ϋ is the group of zeroids of

£ and is an ideal of S
 β

(3) M is the differenc semigroup
of S modulo U

 #

(4) Ϋ is the ramified homomor-
phism of M into U .

In the case that a group is trivial,
i e.

?
a group formed by only one ele-

ment e , S is isomorphic with M
the lemma is trivial.

Thus the semigroup S with zeroids
is determined in this fashion by § ,
iM and 4« , We denote by x 3 the
product of x and y in <̂  , by x * 3
in M 0 Then the product *a in, S
is defined as:

f * 3
1

-χw J
0 \

The mapping •$-
defined as follows

(1) f^x
(2) {<*)=fo

if
if
if
if
if

of

X 6

X <

x <?

»v

if
if

Q > 5 €
 T •

M l y e 5"

^ € M and
y €- M and

o n t o <3r

X f M

is

It is easy to see that ί is a
homomorphism of S onto <q and ̂  is
a contraction of i to H We may
say that a semigroup £ with zeroids
is determined by $

}
 M and -j and

y is written as S « ($, M , f) where
the product is given as

if at least one of x
and 3 belongs to <τ ,
or if x , jj e- 7Λ and
x * M = o .

if

x *

and

Now S is unipotent if and only
if M is a zero-semigroup. Then M
is called the characteristic zero-
semigroup of the unipotent semigroup
S By applying Lemma 4 to this case,
we get immediately the following
theorem.

* Theorem 1« A non-trivial group Oj- >
a zero-semigroup Z disjoint from <τ ,

and a homomorphism f above mentioned
determine uniquely a unipotent in-
versible semigroup £ such that

S= στ,M)»
 that is t 0 sav

>

(1) S « C^Z,
(2) Q is the greatest group of S

and is an ideal of S ,
(3) Z is the characteristic zero-

semigroup of S ,
(4) ί is a homomorphism of S onto

Finally we shall take in question
the condition for two semigroups,
which are thus obtained, to be iso-
morphic •

Theorem 2 There are two unipotent
inversible semigroups S, and S

s
 0

S, * ($,, z., ί) is isomorphic with S,* ($
X)
 z

s>

j) if and only if there exists a
one-to-one mapping <r of £, onto Ŝ
such that

(1) ,̂ is isomorphic with <τ
x
 by ιr,

(2) z, is isomorphic with Z
a
 by

the modified mapping <r> defined
as below,

(3) W " ^

Here the modified mapping β 'is a
mapping of z, on Z

t
 such that

where o, and o
z
 are

zeros of z., and
respectively,

o, Φ x, e Z, ,

Proof. Suppose that $, is iso-
morphic with S

a
 . Let <r be the iso-

morphism of $, onto S3, : $, $ x, — *
o-(χ,)e S

x
 Since «~ maps the idem-

potent e, * S\ to the idempotent e
r
eS,

it is easily seen that Q, « S,e, is
isomorphic with Q

α
 = J,e

i
 by <r . Also

(2) is clear, for <r makes an element
of S,~ Gf^^ correspond to one of S

a
~ Q

2

We shall show (3). By the definition
of the product, for every *

(
 * s, ,

<rcx,e,)

* trC . e,)

on the other hand,

5 ( - J («*<*.>).
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From the assumption that o-^e,)^ <κ*,)

Hence we have ^f^}*", i e ̂  f-
<Γ
"}

<r
.

Consequently, suppose that a
mapping cr exists, then we shall
prove that «-ίκ, $,)=* β-̂ ,) σ-(y

v
) for

At first, if x, a, *<τι,

ty>) by the defi-
nition of the pro-
duct,

w h i l e <*•<>,) β ̂ ,)
^f^O^fcy)

 b
y the definition

and (3). Since j-i*) and f<w lie in
(5, , it follows from (l) that

Therefore we have

Secondly, if x
t
f, φ (ί, i.e.,

a n d
 χ

»
χ
y,=*

i
θ

l >
 β- (χ,^

(
)
 β
 irίx,x

3l
)

a n d °-<χ,)<rίy,) = <r «•> x β-( j,>

because «-«,>*»•<%) 4 o
1#
 Since « (χ,«̂ )

^s r ^ x H ^ b y (2), we have <r c
X | % )

=5 φ-ίat,)«r-ĉ) Thus we have proved that
cr is an isomorphism of S, onto S

z
 .

Remark* Theorem 2 is also valid
for a semigroup 5 with zeroids

β

In order to complete the study of
unipotent inversible semigroups, we
require the determination of the
structure of zero-semigroups, which
we shall call in question in another
article <>

lW\ The greatest group Q- of S is
the group <τ contained in S such
that <r, c $ for every group <?, c S
Of course, the subset ^«) formed
by only an idempotent element is
considered as a group.
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synthetically by using Clifford
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s
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12} We once called it one-idempotent.
c3l By a zero-semigroup we mean a

unipotent semigroup whose idem-
potent is a two-sided zero®
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