NOTE ON UNIPOTENT INVERSIBLZ SEMIGROUPS(1)

By Takayuki TANMURA

A semigroup with only one idempotent
is called unipotent [2]. In this note
we shall investigate the construction
of unipotent inversible semigroup
(defined as below)., After all the
study of such a semigroup will be
reduced to that of a zero-semigroup [ 3).

Lemma 1. A semigroup is unipotent
if and only if it contains the greatest
group [ 4].

Proof, Suppose that a semigroup S
has its greatest grouwp G, and S con-
tains idempotents e and f§ . Then,
gince {ej and {f} are groups in s ,
we see that teyc G and iflc g ; e and
# are idempotents contained in g .
Hence e={ ; S is unipotent. Con-
versely, if § 1is unipotent, § has
at least one group as a subsemigroup.
Let {G, («er)be the set of all groups
in s . Since every G, has the idem-
potent e of S in common, the semi-
group G generated by all G, (xep)is
proved to be a group. It is easy to
see that G 1is greatest.

When a unipotent semigroup § , for
example, is finite, the greatest
group G is represented as G =Se where
e is an idempotent., What is the
necessary and sufficient condition in
order that Se 1is the greatest group
of &2

Let § be a unipotent semigroup
with an idempotent ¢ . If, for any
ae¢ S, there exists ¢¢S such that
ad=e (ba=e)y, S 1is called right (left)
inversible, and ¢ is a right (left)
inverse of a« ., Of course 4 depends
on a . Then since e is a right (left)
zeroid (5] of S, a unipotent right
(left) inversible semigroup is equiva-
lent to a unipotent semigroup with
zeroids (5]. The following lemmas
follow immediately from the general
theories of a semigroup with zeroids.

Lemma 2. Let § be a unipotent
semigroup. The following conditions
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are equivalent,
(1) S is right inversible,
(2) S 1is left inversible,
(3) Se is a group.
(4) eS is a group.

We need no distinction between
right inversibleness and left inversi-
bleness. If & is right or left
inversible, it is said to be inversi-
ble,

Lemma 3. Let $ be a unipotent
inversible semigroup, and § be its
greatest group.

(l) G =Se= eS

(2) & is a two-sided ideal of S

as well as the least one-sided
ideal of S .
(3) e commutes with every x¢ S,
(4) S 1is homomorphic on G by the

mapping P = xe=CX 4

We denote by Z the difference
semigroup of $ modulo G [6]., Z is
a zero-semigroup.

Now we shall discuss the structure
of a semigroup with zeroids in prepa-
ration for the theory of a unipotent
inversible semigroup.

Let S be a semigroup having
zeroids, and U be its group of
zeroids, Since U is a two-sided
ideal, we can consider the difference
semigroup M of § modulo U ; and M
is a semigroup with a zero. Converse-4
ly, if we are given arbitrarily a
semigroup ™M with a zero and a group
U disjoint from M, there exists
always at least one ramified homomor-
phism'7ly of ™M into U, e.g, the
mapping of all non-zero elements of
™M into the unit of U . Consequently
we have the following lemma (77,

Lemma 4. Given a semigroup M with
a zero 0, and a non-trivial group U
which is disjoint from M , and given
a ramified homomorphism + of M into
U, we can construct uniquely a semi-



group S with zeroids such that
(1) S 4is the union of U and M
where M is the set of all non-
. zero elements of M,
(2) U is the group of zeroids of
S and is an ideal of S,
{3) ™M 4is the differenc semigroup
of S modulo U,
(4) v is the ramified homomor-
phism of M into U .

In the case that a group is trivial,
i.e.,a group farmed by only one ele-
ment ¢ , § 1s isomorphic with M ;
the lemma is trivial.

Thus the semigroup S with zeroids
is determined in this fashion by ¢,
M and V. We denote by x-y the
product of x and 4 in §, by x«y

in M. Then the product =y in S
is defined as:
%Y if xe G, y¢G,
j vy If xeg, yew,
X‘3 =

vory if xeqm, yea,
\ veo ey 1f xye M and x=Y4=o,
xxy if
The mapping 4 of § onto G is
defined as follows.
(1) fou=x
(2 foo=poo

It is easy to see that f is a
homomorphism of § onto G and v is
a contraction of { to M. We may
say that a semigroup § with zeroids
is determined by ¢ ™M and { ; and
& is written as S =(§,™,$) where
the product is given as

if xeg,
if xem™,

if at least one of x

Foo 3oy and y belongs to G,
or if L, ye™M and
XY= xay=0,
( X<y if x, ye ™M and

XxyF o,

Now 8 is unipotent if and only
if M is a zero-semigroup. Then M
is called the characteristic zero-
semigroup of the unipotent semigroup
S+ By applying Lemma 4 to this case,
we get immediately the following
theorem.

Y Theorem 1. A non-trivial group G ,
a zero-semigroup Z disjoint from ¢,

vye ™ and xxy*o.
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and a homomorphism f above mentioned
determine uniquely a unipotent in-
versible semigroup § such that

S= (6, 2,4 that is to say,

(1) s GV 2,

(2) G is the greatest group of S
and is an ideal of S,

(3) z is the characteristic zero-
semigroup of S ,

(4) 4§ 4is a homomorphism of S onto

6 .

Finally we shall take in question
the condition for two semigroups,
which are thus obtained, to be igo-
morphic.

Theorem 2, There are two unipotent
inversible semigroups S, and S .
S,=(&,2,F) is isomorphic with S,= (¢, 2,
3) if and only if there exists a
one-to-one mapping ¢ of S, onto Sy
such that

(1) G, is isomorphic with G, by &,

(2) 2, is isomorphic with Z, by

the modified mapping o' defined
as below,

(3) $=e9e

Here the modified mapping ¢'is a
mapping of z, on Z, such that

0, and O, are
zeros of 2, and 2,
respectively,

ato,) = 0y where

ol =TO)if o +x, € Z, |

Suppose that S, is iso-
morphic with S, . Let « be the iso-
morphism of S, onto S.: §,92% —>
c(x)eS, « Since &« maps the idem-
potent e e S, to the idempotent e.e€ S,
it is easily seen that G, = Se 1is
isomorphic with G, =S,e, by = o Also
(2) is clear, for & makes an element
of S.- 610) correspond to one of S,- G, .
We shall show (3). By the definition
of the product, for every =x,¢¢

s xe) = o (fa). fe)
= e (fon.e) = o (fm),
on the other hand,
o~ (x,) 6(8) = 3 (r(x,)) . g(r(e,))
=3 (cow) - 3(&;)
=g(ot) e, = g (&),

Proof.
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From the assumption that o(xe)= ow,):

e (fon) = g (Tan).

Hence we have «f=ge, i.e., 4= a-“gc-,

Consequently, suppose that a
mapping o« exists, then we shall

prove that T y)= o) oty,) far
X, o€ Si.
At first, if oy, €@,
T (uy) = o ( fow-fg0) by the defi-
nition of the pro=-

duct,
while o) TY,) e_g(,-(,,,).:(c-(y,))=
=(vfw)(sw) by the definition
and (3). Since 4o and fw 1lie in
G, » it follows fram (1) that

e (foy-fig) = (o) (o fw).
Therefore we have o0 y) =0 ®)oly).

Secondly, if «xy, ¢ @ i.e.,
and I,ig,:t-o,, (ny,) = 6, xy,)
and Ty 6Ly, = ¢ Ol x 00y,
because o) xoty) %0, Since ey,
= w0 xoty) by (2), we have oy,
= o(,)e(y). Thus we have proved that
o is an isomorphism of S, onto S, .

Remark. Theorem 2 is also valid
for a semigroup S with zeroids.

In order to complete the study of
unipotent inversible semigroups, we
require the determination of the
structure of zero-semigroups, which
we shall call in question in ancther
article.
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