ON SOME BOUNDARY VALUE PROBLEM IN AN ANNULUS
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In this paper, we shall give a
method to solve a boundary value
problem in an annulus. Consider an

annulus
N 1<izI <R,

whose boundary consists of two circles
&t 2eof® e,: Z-Re*®

’

Let By={E,,} and E,={ Eapjbe sets
of enumerable open circular arcs
having no common parts on &, and C,,
respectively, and let their comple-
mentary sets be Ex— <y - Es and E_2
=C~Ea We assume that E, and g
are of capacity zero, We divide
{E;s}, i=1,2, into two classes, {4;,}
and stnf , in an arbitrary way.

Problem I: To construct a function
) which is harmonic in the an-
nulus i , and satisfies the following
boundary conditions:

<@
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for 2% on {A_m,’]
i -,lii)"ﬁﬁl = %Al(&)
o for Re!® on {Azn}
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L Frg'® = By(®)
L for ¢i® on {Bln}

Gm $orei®) = B.(®)
>R for RQ«& on {B:»}

where A(M and B (6) are the given
functlons bounded and continuous on
respective sets,

Now we replace our problem I in an
annulus with an equivalent one in a
half plane. For that purpose, we cut
the annulus along the negative real
axis, namely we restrict § to vary
within the interval (~m, T ). Let

this annulus with the cut be N*. By

’

V

the conformal mapping

() t=xp{inkyz/LyR},

the annulus K * is mapped onto the
domain

D: <§< P V>0,
where t= §oif = W+ iV and P

"Q‘f(m'}”- This domain D has two
kinds of boundaries:
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i) Segments of real axis,
V=0, L sugP

P
...Pgu
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which correspond to the circular

boundaries of ¥,

ii) Two upper semi-circles
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K V>0
P
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which correspond to the upper and lower
banks of the cut respectively.

V>0

/
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By the conformal mapping (2), our
problem is transformed into the
following one.

Problem II: To find a function
F@) which is harmonic in ) and
satisfies the following boundary con-
ditions:

1°, At the boundary points lying
on the real axis, the boundary values
of the function itself and of its
normal derivative are equal to the
values corresponding to the original
ones, respectively,
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‘ foru=§ on {q,“} ,
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(3% for U= ~f on {Q,,,/j}

o, Fiei®) = B, (— kR byf)
¢>0
for U=f on {’G-m}
,%;F(fm) =8, (*—Qagkﬁogf)
for U=~§ on {-@an}

where {Q;n} and !#;n} are the
images of {A;} and { B, , re-
spectively, by the mapp:fng (2).

2°, On the semi-circular bounda-
ries, Fe) has the same behavior at
the congruent points, i.e.

“ R Pets )= r<-w> i
>F(f¢9) )F(fa‘@)
S = fiw $ 22
S%P? A $>4p °f

for any ¢ with 0 <¥<Tw,

To solve the problem II, we prolon-
gate F(;t) harmonically throughout
the whole upper half plane of t .

This prolongation may be performed as
follows. We consider the dilatation
T: ti=kt , and its powers
']-IM, (WPO » 1 ,i'z s oaw)o Then,
the whole upper half plane may be
filled up with the images of the
fundamental domain p by P%, We

can define a function G&) in the
whole upper half plane by the relation

(5) GeTyY= Get) |, (M=tl ke, -

and G{t)= Ft) in the fundamental
domain. In fact, the function de-
fined in such a way gives our re-
quired prolongation since the boundary
condition 2* holds,

Thus our problem has been trans-
formed into the following one in a
half plane as we intended:

Problem III: To construet a
function @#) which is harmonic
in the upper half plane and satisfies
the boundary conditions:
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Lo SR 4 - Lasplay)
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3G P™ 5e%) !
] %;“,;;;-m- = Aol g R by £

for u=f on {ag]|
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wm=o0, t1, *2,
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To solve the problem III, we
proceed in several steps B

Let A (&) be an arbitrary con-
tinuous fhnction on {#m} which is
bounded and satisfies the condition

1 -

n 7 A;(f) + 4 (»—lo&Rw)mw
) 1 }
Ci=d 2)
Denote by{é}} the sets {@qu}

together with its congruent intervals
by the transformations T, similarly,
by {K;} the set {f} and its
congruent intervals.® We then define a

function ,( tel) on{L § and {K}
such that ¢

oLy (P™5)= A~ 3laR Ly 5)
forU=f on Jay,t
Ly (P78 )= Ay~ gty R by S )
forU=~§ on {aq}
Ly (£7F)= ’Al(f)
foru= 9 on {4} )
oy (P§)=A.C5)
for Y=~ on {.g_“}
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In the first step, we shall deal
with the special case where the sets
{2} are reduced to null set, that
is, the Neumann problem:

Problem III*: To find a function
G 4(*) which is harmonic in the
upper half plane and satisfies the
boundary conditions
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This problem may be solved as
follows, First, we solve a Dirichlet
problem, which is to find a function
G2 (t) harmonic in the upper half
plane, and satisfies the boundary
condit ions

Qi G, ($eif)=dy () ,
TR
Line Gy (Pe8)= Lo (F) |
Fare

Since the bounded continuous functions
Agcp) are defined on the whole real
axls except for the set of points of
capacity zero, this problem can be
solved by a well known way. We define
again another function G;3@t) by

4
Qa(t)""j‘ Gra(Feif) °Lf .

(d0)
/2
We see easily
P
(11) Rm =°L1<3’) 4};;;3%“6@),

and moreover

1 .2
12) 4&32?( 2% )¢=7C/.z .

As the right-hand member of (12) is
a function of alone, we denote it

by 4(f). Next, we solve an ordinary
differential equation

:l& -

a solution of which is obtained by

¢ W
Gu)== [ A [ Sgerds
1

which obviously satisfies the relation
4 @n(.f)z — 3(? )y ¢ Therefore

4Gy +tGe)=0
Moreover )erq./ 2$=0 . Remembering of
the relation (11), we thus get the

solution of the problem IIT* as
follows

U3) GI=G3) + Gucb)

Now we proceed to the second step.
Define a function # ) by the re-
lation

BCpms)= B, (~bsR55)

Let ¥;($) be the value of the

< & W
function Gyt) oni;] . We shall
solve a Dirichlet problem to find a
function Ge @) , harmonic in the
whole £ -plane except for {k;}
On the both sides of {Kj} e
should satisfy the boundiry condltions

L ‘¢ = {iwm <
99_;";@&(?-@‘) hwcrf(f’ef’)

= $(H—
R By <6
g:;tt%(h )~M_R$$(fe

7w,

By the symmetry character, we readily
see
2% ¢’ "

Finally, construct a function

q'(t)": G-l(t) + G‘s(t) ’

which is evidently the solution of our
problem III, Consequently, by merely
transforming the variable, we have
obtained a representation for our
original problem I.

=0

The uniqueness of our problem could
be shown in the almost same way as L.
Myrberg did for the problem in the
unit circle,
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