NOTES ON AN OPEN RIEMANN SURFACE (II)

By Tadashi KURODA

In this note, we shall give the
proofs of well-known results on
an open Riemann surface. In
author's previous paper (47 we
discussed the existence o1t bounded
harmonic functions on an open Rie-
mann surrace. In the present paper
we shall discuss the existence of
harmonic tunctions whose Dirichlet
integral is finite.

F° be an open abstract
Riemann surrace, [ be its ideal
boundary and F.(n=0,1.---) be an
exhaustion of F , that is, F,
is a compact subdomain of F~ such
that F'»C F:'wt ("‘0111"‘ ) ’ L.),, Fn =f
and the boundary [, of F, con-
sists of a tinite number of ana-
lytic closed curves. We denote by
gf} the class of non-compact do-
mains G on F whose non-empty
relative boundary consists of
an enumerable number of analytic
curves which are compact or non-
compact and do not cluster in F .
Putting F, AG = Gn, Fun C = Ca
and [ A G=H,, G 1is not empty
for all sutticlently large m (2 M.)
and is bounded by C, and H, .
Ne can consider that the sequence
H,(n = ng,m.+t, )  clusters to the
ideal boundary [ (C [") of G .

2. Suppose that G 1s a do-

main on ' belonging to the class
« It in G there exist no

non~constant harmonic function
whose Dirichlet integral on G 1is
finite and which equals to zero
on C , then we shall say that
G Dbelongs to the class C, .
We shall prove

1. Let

Theorem 1 (Bader-Parreau (2] ).
Suppose that, for two domains G
and @’ which belong to G , @
is contained in G . Ir &G does
not belong to the class ¢, ,
then G° does not belong to c, .

Proof. From the assumption
there exists a non-constant harmo-
nic runction wcp) whose Diri-
chlet integral Dg(w) over &
is finite and which equals to zero
on C . By Mori's lemma (5] ,
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we may assume that |ul <1
Let V be a continuous function
in G’ which equals to w(f) in
G and to zero in G'- G .
Then obviously

DG_I(V) = Dq(u') < oo

be the harmonic tunc-
tion in G’ such that v.=u on
H, and va=0 on H.-H and
on C . Then by the Dirichlet
principle we have

Next let vVa

Since jul< 1 , We get IV.li<i,
Hence we can choose a sultable
subsequence {va} (k=1,2,~-) such
that thls sequence converges to
the harmonic function v in G’

unitormly in the wider sense. For
< we get
D&'mi (Vo) £ D&fu ( Un .

From above three formulae we ob-
tain

DG:'L"('U'“E) 5_ Dq, (v) < oo,

Making first % e and next
R — o , 1t follows that

D&,(\r) < oo,

Moreover u(p) 5 v(p) at any
point ¢ in G , since, by the
maximum principle, wip) s v, (p)
at the point o G. . On the
other hand v(p) = 0 on ¢ .
Hence wv(p) is non-constant.
Thus our theorem is established.

We may say that the ideal boun-
dary I" is (u,D) -removable if
there exist no harmonic function
whose Dirichlet integral over [
is frinite and which is non-ccn-
stant. The class of Riemann sur-
faces with (uw, D )-removable boun-
dary is identical to the class
Owp in Ahltors' sense (1] .



The class Que in his sense

is equivalent to the class of

Riemann surfaces with (u, ™M )-

removable boundary, which was dis-

cussed in author's previous paper
41 .

By the same method as the above
proot', we can show the following

Theorem 2 (Bader-parreau (2] ,

Mori [5] ). The ideal boundary

of F° is not (u, D )-removable, 1if
and only if there exist two do-
mains G and G’ on belonging
to 0} such that these both domains
do not belong to the class C, and
have no point in common.

Proot'. First we shall prove
the necessity. By our assumption
there exists a non-constant har-
monic function w(p) whose
Dirichlet integral on F is fini-
te. Taking an inner point . of

F' , we choose two components
G’ and G° whose points ¢ sa-
tisfy the condition utp) > u(p,)
in @ or utpr< uip) in G res-
pectively. Then it 1s easy to
see that these two domains G’
and @’ do not belong to the class
Cp
Next we shall prove the suf'fi-
ciency. Since G’ does not belong
to ¢p , there oxists a non-
constant harmonic function u(p)
whose Dirichlet integral over G
is finite and which equals to zero
on the relative boundary (' of
G’ . Again by Nori's lemma
we may suppose that |uj <1t o
Hence the domain &’ does not be-
long to the class c, and this
htg.'ds also to the other domain

Let V be the continuous func-
tion which equals to w 1in ’
and to zero in F -G’ . Obvious-
ly

- w
De (V) = Dg (W)

Ne denote by v. the harmonic
function which equals to w on
Hy (= G’A ) and to zero on

C, ~ Ha . Then by the Diri-
chiet principle we have

D (Va) £ Dy (V).

Since |ui< i , we can fina a
suitable subsequence { Va, ]|
(#=t2,--) which converges to the
harmonic function v uniformly
in the wider sense. For 4<% ,
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P,

() 2 De (Vo).
[
Hence it follows that

DF' ([th) = Dq,/(u“) <o,
b

Making first ® 2o  and next

#5000 , we obtain

DF(V) < oo,

Moreover it is immediate that

vzuw > o at the point P. in

G’ where utf)>o0 , ror vazu
in G, . On the other hand,
using the fact that G” and hence
F-G' (> &”) do not belong to
the class C., , we can easily
see that L, . Hence

/U =0
the function « %.s non-constant.
Thus the prootf of our theorem
is complete.

By the same manner as stated
already in (4] , we can get the
following

Theorem 3 (Mori [3] ). Let
F'  have (u.D )-removable boun-
dary, G ©be any domain on it be-
longing to the class 9} and w
be any non-constant harmonic
function in &G whose Dirichlet
integral over G 1is finite.
There at least one of the maximum
principle and minimum principle
holds good, i.6., Lim . u 3 u
or Lu_ u 2z u« .

3. In general the fol.owing
is well-known (c.r. Kuroaa (3] ).

Theorem. (Nevanlinna (6] ).
It the Riemann surface has a null
boundary, its ideal boundary is
(u, D )=-removable,

In the case of a Riemann sur-
face with rinite genus we can prove

Theorem ¢4 (Nevanlinna (7] ).
Let F° be a Riemann surtface with
finite genus. If EF has & null
boundary, its ideal boundary [
is (4, D )-removable. Therelore,
in the case of F with finite
genus, F° has a null boundary if
and only it I 1is (u, D )-remo-
vable.

Proof. We shall show that

there exists a non-constant harmo-
nic function on F whose Dirichlet
integral over ¥ 1is finite, it W
has a positive boundary. Since

the genus of F° 1is trinite, the
ideal boundary has the real sense.
Hence we can find two closed sub-



sets [; and [, such that these
are disjoint each other and both
have positive absolute harmonic
measures. We put F‘ = FUC-(LVR).
Let FCFhRC .+ CFnC be an ex-
haustion of F* such that the
boundary ot F, consists of two

classes H, and " ot closed
analytic curves on F* and H,,
s, + » Hana,=-  converges to [, and
Ha,Hw.ﬂ,,,-~ converges to [,
0f course Fﬂ(n-\.ap-~) is com-
pact in * We denote by w’/

the odd number among M and wn+i ,
by m" the even number among m
and M+t and by wn the harmo-
nic measure of H, in F, B
Then we can easily see that for

m >m

DF“(W..‘ wm) = D
awm
-2 fH S 44 .

(w ) +D (“’m)

Further it 1s easy to see that

J bm...u J __m“ = («o“)
whence it follows that
D (u - wm) € Dy L0n) = Dy (wa)

(%)

é DF*(WQ\) _DFM(wm) .

On the other hand we can choose

a suitable subsequence
(f=t2, ) such that this sequence
converges to & harmonic tunction

w on F*  unirormly in the
wider sense. Applying (, ) for
this sequence, we see that the
Dirichlet integral Dg( w) of

w over FF* is finite. More-
over it 1s immediate that w |is
non-constant. Thus our assertion
is proved.

w,\"']

4. The rollowlng is still
open:

Does a domain & of the class
belong to the class ¢, 1t
G- belongs to the class Cp ?

The converse of the above was
proved by«Mori [5] using the
method owing to Virtanen [8] and
was refered to as Mori's lemma in
this note.
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