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Introduction.

The ordinal power of partially
ordered sets, which will be men-
tioned later on, has been defined
by G.Birkhoff (11 . But the usual
definition contains some essential
diif'iculty, and on account of it,
some restrictive condition on in-
dex set is necessary for this de-
finition.

The object of the present note
is to give some other definition
of the ordinal power, which is a
slight extension of usual one,
yet is adoptable without any re-
striction on the sets concerned.

In / I , a new definition is
introduced.

ties.
is devoted to some identi-

In /3, a new definition of
the lexicographic prod\ict is given,
and we shall consider especially
the case when the factor sets are
homogeneous o

Concerning applications of
that definition, see the author's
next paper (3) «

ii Definitions,

With respect to the partially
ordereα set (abbr. poset), the
chain, the dual, the descending
chain condition, and other terns
concerning partially ordered sets,
we use the usual definitions (cf.
(21 ), unless different defini-
tions are mentioned.

The following definitions are
usually given.

Definition 1^ The ordinal sum
X 6 Y of two posets X and Y is
the set of all x * X and y € Y,
where x < x1 in X and y < yf in
Y preserve their original meaning,
and x < y for all x e X and y e Y,

The ordinal product X Y is
the set of all pairs (x, y), x * X,
y € Y, where (x, y) 4: (x», y») is
defined to mean that either x< x»,
or x » x' and y 4 y'

Deίinition 1
!
, The ordinal

power
 X
Y consists of all functions

y = f(x) from X to Y, where f « g
means that for every x such that
f(

χ
) £ g{x), there exists an x

f
< x

such that f(x» ) < g(x» ) .

The definitions of ordinal sura

and ordinal product are always
adequate, and the following iden-
tities are known:

associative law:

(X Φ Y) θ Z = X Φ (Y Φ Z),

(X o Y) o z = X o (V o Z);

right distributive law:

(X Φ Y) 0 z « (X o Z) e (yo 2).

But this definition for the
ordinal power is often inadequate.
Indeed, let 2 be the 2nd ordinal nun-
bβr, and let J be the chain
or all integers with natural
order, then

 J
2 is not a poset,

that is, the order defined by de-
finition l

f
, satisfies neither the

antisymmetric law nor the transi-
tive law. G.Birkhoff showed that
the definition has meaning if and
only if X satisfies the descending
chain condition, unless Y is to-
tally disordered. ( 1} , ta; , C43 .

To avoid this difficulty, and
the restrictions on the index
set, a new definition of the ordi-
nal power will now be intrpduced.

Definition 2, Let X and Y be
posets, and y

0
 ~ΈΓe a fixed element

(arbitrary chosen) of Y. The
ordinal power

 X
Y <. y

0
 > consists

of all functions f{x) = y iron X
to Y 'such that the set {x I f(χ)
φ. y

β
 t satisfies the descending

chain condition' ( {x I ?} means
the set of all elements which
satisfy the condition P ), where
the order is as usίίal, that is,
f ^ g means that for every x such
that f(x) < g(x), there exists an
element x

f
 < x such that f(x

f
)

()

This restriction on the func-
tions of

 x
"ϊ"<y

β
> excludes the

restrictions on the original sets.
In fact, this definition is always
proper^ as we shall see later.

The set { x j f(x) 5* y*} be
denoted by Mf , and the set (x j
f(x) £ g(x) ) by M

ί;
g> (throughout

this paper we use those notations),
then M ^ & C M f ^ Mg , so Mf,g sa-
tisfies' the descending chain con-
dition as well as Mf and Mg ,
because the family of all subsets
which satisfy the descending chain
condition, is an Ideal in the
Eoolean algebra of all subsets of
X, as easily seen.

The set of all minimal elements
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of a set M is denoted by min(M).
Then f 4 g is equivalent to the
fact that f(x) < g(x) for every
x 6 ( )

2, Some identities.

We shall see that the following
identities hold:

In fact, if f(x) < g(x) for
every x * minfM^g ), and f(x

1
)

ί g(x
f
) for some x

f
 e X, then

there is an x" 6 min(Mί,g ) such
that x" < x», on account of the
descending chain condition of
Mf.g , and for this x" , f(x

M
)<

g(x"). Conversely, if f(x")<
g(x") for some x

M
 e minCMf.g- ),

then f(x
n
) $ g(x

M
) and for every

x' < x
lf
 , f(x') = g(x

f
), that is,

f(x') < g(x'), so f $ g.

Now we shall see that the
order in

 X
Y < y

0
> satisfies the

axioms of order•

The reflexive law:— There is
no element x € X such that f(x)£
Γ(x), so f < f.

The antjsymnetric law:— If
f ^ g and g ̂  f, then f = g. In
fact, unless f = g then the set
Mf.g is non-void, f $ g implies
that for every x € min(Mi.g* ),
f(x) < g(x), but g 4 Γ implies
the opposite order* This is a
contradiction*

The transitive law:— Let f ̂  g,
and g < h. Because f(x) = g(x)
and g(x) = h(x) implies f(x) =
k(x), Mf.h e Mf,g^Mg" h So, if
f(x

f
) ̂  h(x'), then there exists

an x
M
< x' such that x" * min(Mi,£

w

Mg h ) =• min(min(M ί
f
g ) ̂  min(Mg,h )

).' Ooviously f(x
tι
) < h( x") for

this x" < x
f
.

This definition of the ordinal
power seems somewhat artificial.
But it is not so unnatural as it
appears, because the following
consideration is possible.

Let M be a subset' of a poset
X, and satisfy the descending
chain condition. Let <77ΣM be
the subset of *Y < y

β
> which

consists of all functions such
that f(x) = y for every x ** Mo
Then Tϊlri is isonorphlc to

 M
 Y,

which has meaning in the old
definition. The family A of
all subsets M with the descending
chain condition, is a distributive
lattice with the order of set-
inclusion The family Δ ~ [TKM]
whose element is a set of functions
in

 X
Y < y

β
> such that they takes

the constant value y« outside some
M « A , is also a distributive
lattice with the order of set-
inclusion and is isomorphic to A .
Those lattice may not be complete,
but if we complete them by cut,
the greatest elements will corre-
spond to each other, the one

is X, and the other is nothing
but

 X
Y < y

β
> , and is not the

set of all functions from X to Y.

I) Z < z
o
> = Z < z

β
>

II) *(
Y
Z < Zo>)

y
Z < Zo> ,

Z< z
β
> ,

where fo&
 Y

Z <z«> is such a
function that for every y e v,
f

o
(y) = z

0
.

Proof of I):

Let f G *
θ V
 Z < z

o
> . We denote

f by fx , when we regard f as a
function from X to Z, and for Y
similarly by L\

 β
 The set Mf

«[u€ XΦ Y | f(u) * z J and so the
sets Mf

x
 = (x €X I fκ(x) Φ z*j and

Mfv -(ye YJ f*(5r)* z.} satisfy
the descending chain condition,
that is, f

x
 e *Z < z

o
> and ft 6

Y
Z < z«) , and f is a couple of
those functions, so f t

 x
 Z < z,> °

Y
Z < Zo>

Conversely, if f
κ
 *

 X
Z < z,>

and fΪ * *Z < z
 β
> , then the func-

tion f from X $ Y to Z such that
f(x) = fχ(x) for x * X, and f(y)»
i'v(y) for y e Y is contained inx

 *Z<z.> .
Now let f = (f

x
, ίV) and g

-(gx, £γ)
 b e
 contained in

 X
Z < z

β
>

Y
Z <z

β
> , and let f 4 g in this

ordinal product. This is equi-
valent to the fact that f

x
 < g

x
,

or fK s.
 g χ
 , f

y
 <

 g ϊ
, that ia,

either f(x) < g(x) for all x t
min(Mf

x
 , g, ) , or ί\(x) ~ g^:x)

for all x t X and i\\j) < g^ίy)
for all y e minίMf^,^^ ). If
we consider the function f from
X Φ Y to Z, suc.n that f(x)

sfx(x) for all x € X, and f(y)
sfϊίy) f°

Γ
 all y 6 Y, the above

statement is equivalent to the
fact that either f(x) < g(x) for
all x e min(?.Ί

f
 g ^ X) , or f(x)

*g(x) for all x e X, and f(y) < g(y)
for all y e nin(M

έι
 g ̂ Y) , that

is, f(u) <̂  g(u) for all u 6 min
(Mf,g ). This is nothing but
the definition of f 4 g in **

r
Z<z.>.

Proof of II):

Let
 X

(
y
Z < Zo> ) <fo> ^ § ,

then for x € X, $ (x) eyz<z.> .
ΪVΘ denote '$ (x) by $

x
 , which

is a function from Y to Z. So
for a y t Y, §

x
(y) e Z. This

shows that $ is a function from
the set product (X, Y) to Z.

Now the set M$ = {xj f
x
 ^ f

β
j

satisfies the descending chain
condition, and if f

x
 s f

β
 ,

then $
x
 (y) s 2o for all

y 6 Y, and if §
Λ
 ψ t\

 t
 then

the set M
f χ s

 {y j 5
χ
(y) ̂

 z#
j

satisfies the descending chain
condition. So the set M»J = {(x,
y) ( fκ(y)iέ z») satisfies the

- 20 -



descending chain condit ion in
X o y, that is, $ * * ° * Z < z

o
> .

Conversely, if -f 6 *** z <z«> ,
then the set M'* = { (x, y) | -$• (x,
y) f z .} satisfies the descen-
ding chain condition. So the set
Mf- = (x *

 x
 I (

χ
> 7) * z.for some

y t Y } , being the homomorphic
image of M

f
§ , does also.

The function -j (x, y) with a Γixed
x, is considered as a function
from Y to 2, which we denote by
ijr

 x
 . The above statement im-

plies that the set M-% = {xji'x* f
o
j

satisfies the descending chain
condition.

Still more, the set M^= { y |
5* (y) ?t Zo for a fixed x e
l!j } , being a subset of M'j ,
must satisfy the descending chain
condition. So γ

x
 € y Z < z

 β
>

and f * *(
Y
Z <Zo> ) <fo> .

Now let §4 if in *(*Z<z.> )<f
#
>

, then for any x in raln(M$ ,f)
(Mf,i = jx \ fx ̂  ίx) satis-

fies the descending chain condi-
tion) $ x < -Jx , that is, for
an;- y in min(M s Λ )

Uf*,ϊ» - (y| $* (yi * «χ U)}>
5κ(y) < *κ(y) But the ele-

ment (χ, y) in which x * min(M$ ,-$)
an<ί y * min(Mf* , f

x
 ) is a

minimal element of M
f
 $,-$ «{ (x, y)|

fxty)^ i:\iy)} > and moreover it
ranges over all mln(M» $ ,^ )•

After all, 5 < Ϋ in * (*Z
<Zo> )<fo> implies f»(y)<i

x
(y)

for every (x.:,. y) e min(M'$ ,^ ),
which means f 4-J.ln

 x
°
r
 Z<z

o
> .

C o n v e r s e l y , l e t 5 4 Ϋ i n
j ς o γ Z < z > . We denote f ( x , y )

^ f x (y)> where $ x i s a
f u n c t i o n from Y t o Z $ ^ ^ i n
* # γ Z < z > i m p l i e s f x ( y ) < i x ^

f o r any ( x , y) e min(Mf { , $ )
( M « f , * = 1 ( x , y ) l ? x ( y ) t i

If we f ix some x, such
that (x, y) e πin(M' f , f ) i'or
some y, then the above condit ion
means" t h a t f x (y) < i x (y) for
any y 6 rain(M ? χ , ^ x ) . This
implies ? χ 4 ί x in y Z < z 0 > .
If x t min(M $ , ^ ) (M f , $

= ( x I Z» * * x) ) , then Cx, y)
€min(M» i , 3 ) for sone y * Y,

so the above r e l a t i o n implies f -̂J
in *(*Z <Zo> ) <fo> . ±'his
completes the proof.

I3» The homogeneous case.

The new definition of ordinal
power is very convenient, because
any restriction on the original
sets is unnecessary, but on the
other hand, it has an Inconvenient
point that the type of resultant
system of an ordinal power depends
on the choice of a fixed element
in the base poset In fact, let

S
τ
 be tha chain of real numbers,

which are equal to or greater than
zero, and let J be the chain of
integers, then

 J
S*<o> has a

least element f such that f(n)= 0
for all n €• J, but ? S* < 1 > has
no least element.

However, this difficulty is
avoidable in special cases.
Indeed, when X in *Y<y o> itself
satisfies the descending chain
condition, any function from X to
Y is admissible regardless of the
choice of a fixed element in Y,
and in this case, the new defini-
tion of the ordinal power is equi-
valent to the old one.

On the other hand, if the
base poset Y is homogeneous, then
the type of resultant system of
*Y < yc> does not depend on the
choice of y

β
 * y, regardless of

the type of X.

As to this fact, we will take
a more general standpoint.

Definition 3^ Let X be a
poset, and for each x * X, there
be a corresponding pcset Y*

 β

Let y©* be a fixed eltinent in
Yx . The lexicographic product

TTx Yx < y«*> is defined as
the set of all functions which
select for each x β X, a y =
f(x) € Yx , and 'nake the sets
{x I f(x) Φ y

o x
} = Mi satisfy the

descending chain condition',
where f * g means that for every
x 6 X sucn that f(x) 4 £sί

χ
)# there

exists an x' < x such that i'ίx')

< g(x').

It is all the same as in the
case of ordinal power, that,
based on this definition, the
axioms of the order are satisfied,
and that f 4 g is equivalent to
the fact that f(x) < g(x) for all
x € min(M f , g ), Mi,ί being tne
set { x j f(x) # g(χ) } .

Especially, let Y
x
 = Y and

v
«x - y

o

 l o r a 1 1
 x € X, then TfxYx

<y *> is reduced to xY<y*>,
So, we will study espe-

cially the case of lexicographic
product in the following lines.

Definition 4_̂_ Let Y be a poset,
and yo , y, * y. y0 is called
transitive to y, , if and only if
there exists an automorphism f
of Y which naps yo to y, . If any
two elements of Y are mutually
transitive, then we call the set
Y homogeneous.

Lemma I, TT* Yx < ye*> and
TΓ*Yχ < 7ικ> are isomorphic

to each other, if every γ
oχ
 is

transitive to y
/ χ
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Proof. For each x, there exi-
sts an automorphism f

x
 of Yx

such that 9x(y
O
χ) * 7/χ Let

f e 7T* Yx < y**> , and consider
the function g of X such that g(x)
=: 9χ f(x). If f(x) - Jox, then
,Ϊ(X) ΪS y

/ x
 and vice versa. So,

:hθ set M'ί = { x 1 β(x) ̂  y/χ}
= Mf=tx| f(x)* y.*} satisfies
the descending chain condition,
and so g e TTx Yx < y,

x
>

If we nap f *Tί
x
 γ

x
 < y

OJt
> to

g e 77* Y* < y/κ> so that g(xj
= y

x
f(x), then it is obvious that

this mapping is one-to-one and
order-preserving, because every
9

X
 is an automorphism of Y* ,

So TΓxYx < y
β
*> is isomorphic

to TΓxYx < y ,χ >

Lemna II. TΓ* Y
x
 < y«,

 x
 >

coincides wi^h TT * Y * <y,
x
>

if the set N - { x I y
o χ
 + y

/ x
)

satisfies the descending chain
condition.

Proof. Let f e Πx Yx < y.*> ,
then the set Mf = { x I f (x) f y,

x
}

satisfies the descending chain
condition. On the other hand,
the set N

 β
 { x J y

 x
^ y,x} satis-

fies the descending chain condi-
tion, so does the set M'ί
rjx I f(x; ψ y,χ J c Mi ̂ N also.
This implies f * 77* Yx < y,*>

We can see 77* Yx < y
β X
> z>

TT
x
Yχ < 7/*> all the same, and this
completes the proof.

The above two lemmas can be
stated together as follows.

Theorem Γj_ Tf
x
 Y

κ
 < y

β
*> is

isornorphic to TΓ
X
 Y

x
 < y

/ x
> , if

the set of x € X, su»ch that y
c κ

is not transitive to y
l%
 in Y

κ
 ,

satisfies the descending chain
condition.

Corollary 1^ If the set of all
x € X, such that Yx are not homo-
geneous, satisfies the descending
chain condition, then the type
of Tfx Yx < y<»χ> does not depend
on the choice of the fixed elements

Corollary II. If Y is homoge-
neous, then tKT~type of

 x
Y < y , ;

doos not depend on the choice of
ft fixed element y

β
 .

Theorem II. If all Y
x
 are ho-

mogeneous, then
is homogeneous.

Yx <:

Proof. Let f, g e Π
x
 Y*<y.

s
>.

Then the set Mf g * { x |
g(x)} satisfies the

descending chain condition. Now,
for every Y

x
 is homogeneous, we

can take automorphisms fx of Yx
such that <p

x
(f(x)) = g(x). The

set Mf of all x such that &
is not an identical mapping, sa-
tisfies the descending chain con-
dition. Consider the following
mapping of TTx Yx < y

β>
<> :

$ (h) = k for h « 7T
x
Yx < y«,

x
> ,

where k(x)= 9x (h(x))

Then k 6- 77κYx < y
o x
 > , because

the Mil = f x I h(x) ψ y
Λ
χ ) and the

set My satisfy the descending
chain condition, so does the set
MK » { X | k(x) ψ γ

oχ
)C M

ή
^ M

φ

also.

It is obvious that J is one-
to-one, and order-preserving, be-
cause each f

x
 is an automorphism

or Yx

Still more, J (f) = g by the
definition of § . So any two
elements f,g « TΓxYx < y

o x
> are

mutually transitive, that is, the
resultant system is homogeneous.

Finally, we note the following
obvious fact.

Theorem I I I . If X and a l l Yx

are chains, then 7JK Yx < yβχ;>
i s a chain.

In the case of corollary I,
II, if only the type of the resul-
tant system comes Into question,
we can omit writing the Γixed ele-
ments of the factor posets On
account or it, the new definitions
of ordinal power and lexicographic
product seem useful especially in
this homogeneous case*

vVith the application of the
definitions and theorems of the
present paper, the author continued
his study on the type-problem of
some homogeneous chain, which will
be given in a subsequent paper.
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