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A CLASS OF TWISTED BRAIDED GROUPS*
ZHENGMING JIAO AND SHUANHONG WANG

1. Introduction

As a dual concept of quasitriangular Hopf algebra, the coquasitriangular
Hopf algebra was introduced by Larson and Towber [1] in 1991. In 1993, some
properties of coquasitriangular Hopf algebra were studied by Doi [2]. In special,
a class of coquasitriangular Hopf algebra construction (47,6) was discovered.
Recently Doi and Takeuchi [3] investigated a class of 47 type Hopf algebra B <,
H which is a special case of Majid’s double crossproduct Br< H [4], [5]. So Doi’s
coquasitriangular Hopf algebra construction (4°,4) is an important significant
coquasitriangular Hopf algebra. While Majid has introduced the braided group
over coquasitriangular Hopf algebra in monoidal categories [6]. It is known
that every coquasitriangular Hopf algebra A4 can be converted by a process of
transmutation into a braided group A4.

In this paper, we work with an invertible bilinear o on 4 where 4 is a Hopf
algebra. In section 2, we introduce the concept of T-Hopf algebra where T :
A®A— A® A is a bilinear map. Then we show that A4, with the invertible
2-cocycle o (2], [3], [7] is a T,-Hopf algebra where 7, : A ® 4 — A ® A is defined

by
a®b— Za(alS(as),blS(b5))b3 ® aga_l(sz(b4),a2S(a4))

which is different from that of [2].

Next in section 3, we give some necessary lemmas. In section 4, we show
that if 4 is a commutative Hopf algebra, then A, can be obtained as a braided
group A°. We work over a fixed field £ and follow Sweedler’s book [10] for
terminology on coalgebras, bialgebras and Hopf algebras. Let C be a coalgebra,
the sigma notation

Alc) = ch ® ey

for all c e C will be used frequently later. The antipode of a Hopf algebra will
be denoted by S. We mainly refer to [2] and [3].
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2. The T,-Hopf algebras A4,

In this section we will give the definition of the T,-Hopf algebra and
construct a T,-Hopf algebra A4,.

Let 4 be a bialgebra and let ¢ be an invertible bilinear form on A, here
“invertible” means ¢ has an inverse in the dual algebra (4 ® 4)*. We say that
o is a 2-cocycle if [2], [3], [7):

<1> Za(xl,yl)a(xzyz,z) = ZO’(yl,Zl)O'(X, yZZZ)

Let 67! is the convolution inverse of o, then we easily have [1, Theorem
1.6(a)]:
@ S o v D)o () = S0 mz o (0, 22)

We next define a coquasitriangular Hopf algebra [2] to be a pair (4,0),
where 4 is a Hopf algebra over k and o is a bilinear form on A satisfying the
followings:

(BRI) a(xy, Z) = ZO'(X, l) (y» 22)
(BR2) a(x, yz) = 3 0(x1,z)0(x2, )
(BR3) o(1,x) = 1) = &(x);

(x,
(BR4) 3 o(x1, y))x27,
for all x,y,z e A.
The o satisfying condition (BR3) is called a normal bilinear form on A.
It is not hard to see that the following is true.

LemMMa 2.1.  Assume that o 1s an invertible 2-cocycle bilinear form on A, then
we have the followngs:

(1) (xy, =30 (xl,yl a(yy,21)0(x2, y322);
() XyZ ZG’ (yl’zl (x17y2) (X2y3,22)’
(g Yxp,z) =X 07 (x1, yiz1)07 (12, 22)0(x2, 3);

4) o7 '(x, yz =Y 0 (ayy, z1)07 (32, 12)a (3, 22)
for all x,y,ze€ A.

Lemma 2.2 ([2, Theorem 1.6(b), (c)]). Let A be a Hopf algebra with a
normal invertible 2-cocycle o, then:
(1) Define A° = A as a coalgebra and

X-y= Z O'(Xl, yl)xzyza_l (X3, y3)7

S7(x) =) o(x1,8(x2))S(x3)a™" (S(xa), x5)-

Then A° 1s a Hopf algebra.
(i) If A is commutative as an algebra, then (A°,6) is a symmetric coquasi-
triangular Hopf algebra, where G is defined by

5(x,y) = Y _ oy, x1)07" (x2, 12)-
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DerINITION 2.3, Let (H,my,Ay) be an algebra and a coalgebra (not
necessary bialgebra). Let T: H® H — H® H be a linear map such that
(H® H, -7) is an algebra, where

(@®b) 1 (c®d)=mpmE)IRTRXN@®b®c®d).

H is called a twist T-bialgebra if Ay is a algebra homomorphism. Furthermore,
if there is an antipode for H, then H is called a twist 7-Hopf algebra.

ExampPLE 2.4. Let H be any Hopf algebra, and t: H ® H — H® H is the
classical twist, then H is a twist t-Hopf algebra.

A left H-comodule coalgebra C means (C,A, g p) where (C,A¢) is a
coalgebra and p: C — H® C,p(c) = Y. c) ® ¢!, for all ce C is the comodule
structure map such that

1) Z C(I)E(C‘(z)) = 8(0);
i) Y@ @, =YVl @ c? ® .

In [9], Molnar has affirmed that (H,Cog) forms a left H-comodule co-
algebra [9, (2.5)(a)], where Cop is a coadjoint action on H and is assigned to
Cop(h) = > hi1S(hs) ® h,. Now we can obtain a class of twist 7-Hopf algebra.

PROPOSITION 2.5. Let A be a Hopf algebra with a normal invertible 2-cocycle
o and

(2.5.1) o(xyz,mnt) = o(yxz,nmt) = o(xzy, mtn)
for all x,y,z,m,n,t € A, then there is a T,-bialgebra A, defined by

As(a) = o7 (@S(a3),asS(as)) (a2 ® as);
asb="Y o(aS(as),b15(b3))(aby);
T, AQA— AQ A,
T,(a®b) = o' (b25(bs), @25(as)) (b3 ® a3)a(a1S(as), brS(bs)).
Furthermore, if S* =1 then A, is a T,-Hopf algebra, and it's antipode is S.
Proof. 1. Coassociative law.
(I ® As)As(a)
=Y o (@ S(a3),asS(an))o™" (asS(ar), asS(an))(a2 ® as ® ay)
=Y o N (@1S(a3),asS(as)asS(a3))o ™ (asS(ar), aoS(ar2)) (a2 ® as ® any)
=Y o7 (@S(as),a:5(a9))07" (a1 S(as)as S (ar0), a1 S(ar3))
(a3 ® ag ® arp) (by <(23)
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= Za‘" (a28(as), asS(a7))o~" (a1S(as), asS(an)) (a3 ® as ® ay)
— (A, ® DA, (a).
2. Associative law.
(agb)sc

a(a1S(as), b1 S(bs))o(azbrS(ashs), c1S(c3)) (asbscy)
o(a1S(as), b1S(bs))o(aS(as)bsS(bs), c1S(c3))(asbscz)  (by (2.5.1))
(a15(as)

(a3),

o(a1S(a3), b2S(b4)c2S(ca))o(b1S(bs), c1.8(cs))(arbses) (by <1>)
(@15(a3), brcaS(baca))o(b1S(bs), 1S (cs)) (arbses) (by (2.5.1))
— (b o).
3. A, is an algebra homomorphism.
As(a - b)
=Y o(a1S(as),b1S(bs))o~" (a2b2S(asbs), ashsS(arbr))(ashs ® acbs)
=" o(a1S(as)asS(a10), b1 S(bs)beS (b10))
o~ (a2S(as)b2S (ba), a1S(as)b7S (bo) ) (ashs ® agbs) (by (2.5.1))
=Y o' ((@S(as)),, (a6S(ar)),)o((asS(ar)),, (b1S(bs)beS (bio)),)
a((a15(as)),, (a6S(a10))3(b1S(bs)beS(br0));)a((a25(aa)),, (625(b4))s)
o ((a25(as)),, (625(b4)), (a78(a5)b7S (bs)))
o ((b2S(ba)),, (@15(a9)b7S(by)),) (a3b3 ® ashs) (by (1),(3))
=Y o7 (@1S(as), (a10S(a14)),)o((@10S(a14))5, (b1S(bo)b10S(b14)),)
o(a2S(as), (b25(bs))(a10S(a14))3(b105(b14)),)o(asS (as), (b4S(bs)),)
o (a38(ar), (b3S(b7))(a11S(a13)), (b11S(b13)),)
o' ((baS(b6)),, (a118(a13)),(b11S(b13)),) (asbs ® arzbiz) (by (2.5.1))
=Yo7 (a1S(as), m10S(ar))o (a1 S(ar7), b1 S(bob1oS(b1s))
a(a2S(as), (b2S(bs))(a125(ai6)) (b11S(b17)))a(asS(as), (baS(bs)),)
o (a3S(ar), (B35(b7))(a13S(a15)) (0125 (b16)))
o' ((baS(bs))1, (a14S(a1s)) (b13S(b15))) (ashs ® aisbra)

>
2
2
2
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=Yo7 (@S(as),asS(a12))o(arS(an), biS(b7)bsS(b12))o(a2S(as)), b3S (bs))
o (b2S(bs), asS(a10)byS(b11))(azbs ® aghio)
=Y "o (@1S(as),asS(a12))o ((b1S(b7))y, (bsS(b12)))a((a7S(an))y,
(518(b7)),)0((a78(a11)),(b1S(67))5, (b S(b12)),)0(a2S(as), b3S(bs))
o ((b2S(b6)), (asS(aw)),, (beS(b11)) )" (528 (bs)),, (asS(aro)),)
o((agS(aw))s, (baS(b11)),)(asbs ® aghro) (by (2),(4)
=Y o7 (@S(as),asS(aig))o ™ ((B1S(b7)),, (bsS(b12)),)o(arS(ar7), (b1S(b7)),)
a((asS(ai6))(b1S(b7))s3, (b3 S(b12));)0(a2S (as), b3S (bs))
o' ((a9S(a15)) (b28(b6)), 5 (boS(B11)) 1) ((b25(B6)), @108 (a1a))
o(anS(an), (bsS(b11)),)(asbs ® apsbio) (by (2.5.1))
=Y "o N(a1S(as), asS(a1s))a~" (b1S(b13), b14S(b22))
(a78(a17),b2S(b12))o((asS(ais))(b3S(b11)), bisS(ba1))a(a2S(aa), beS(bs))
o ((asS(ar5))(b4S(b10)), bi6S(b20))a " (bsS(bs), a10S(a1a))
o(aS(aiz), b178(b19))(azbr ® ainbis)
=Yo7 (@S(as),asS(a14))o " (b1S(bo), b10S(b14))
a(a:S(a13), b2S(bs))a(arS(as), bsS(bg))
o' (b38(b7), asS(arz))o(asS(air), b11S(b13))(asbs ® aiobiy)
=Y o7 (@1S(as),asS(a12))o " (b1S(by), (b10S(h12))
o(a7S(an),b2S(bg))o (a8 (as), b4S(bs))
o' (b3S(b7), asS(ar0))(asbs @ ag - bi1)
=Yo7 (@1S(a3),asS(a10))o " (b1S(b7), bsS (o))
a(asS(ag), b8 (bs))a (b3S(bs), asS(as))(az -» bs ® a7 -4 bo)
=Y o7 (@1S(a3),asS(as))o™" (b1S(b3), b4S(bs))[(a2 ® as) -1, (b2 ® bs)]
=As(a) 1, Ag(b).
If $2 =1, then we have
o (I ® S)Aq(a)
= "o (@S(a3),a4S(a6)) (a2 - S(as))
= Z o7 (a1S(as), asS(a0)a(azS(as), a8 (as))(azS(as))
= ¢(a).
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In a similar manner, we can show that
‘o(S ® I)Aa(a) = 8(61).
This completes the proof of Proposition 2.5.

Remark 2.6. Let A4 be any Hopf algebra with trivial normal invertible
2-cocycle 0 = ¢e4p4, then A = A, as Hopf algebra and T, becomes a classical
twist.

We have the following important result.

COROLLARY 2.7. Let A be a commutatwe Hopf algebra with a normal
invertible 2-cocycle o, then A, is T,-Hopf algebra.

Proof. Invoking of [8, 1.5.12], we see that S? = 1. It is obvious that the
Corollary 2.7 is true.

3. Some lemmas

In [2], we can see that if ¢ is a normal invertible 2-cocycle map on A, then
(4,0) is not necessary a coquasitriangular Hopf algebra. In the same manner as
[2], we can show that [2, Theorem 1.3] is true for a normal invertible 2-cocycle o.
List it following as a Lemma:

LemMa 3.1. Let A be a Hopf algebra with a normal invertible 2-cocycle a on
A. We set

Ma) = o(a1,S(a))

for all ae A. Then 1 is convolution invertible with
i@ =) o7 (S(@), a).

LemMMA 3.2. Let A be a Hopf algebra with a normal invertible 2-cocycle o,
then we have

A7Nab) = a7 (by)AT (@2)a(as, ba)a(S(b1), S(a))
for all a,be A.

Proof. We compute as following:
AN ab) =" o7 (S(b1)S(a), azb2)
= > a7 (S(b2), S(as)asbs)o™" (S(az), asba)a(S(by), S(ar)) (by (3))
=Y 0 (S(b2), b3)o ! (S(a2), asba)a(S(b1), S(ar))
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=Y 07 (S(b2), b3)a7! (S(a3)as, ba)
o~ (S(az), as)a(as, bs)a(S(br), S(ar)) (by (4))
=07 (S(b2), b3)07 (S(a2), a3)a(as, ba)a(S(b), S(ar))
=Y 47 (b2)A " (@2)a(as, b3)a(S(B1), S(@)).-

Let 4 be Hopf algebra, .# denote the category of left A-comodule. We
have

Lemma 3.3 (6, Theorem 4.1]). Let (A,0) be a coquasitriangular Hopf
algebra. Then there is a braided group A in the category M. As a coalgebra,
A coincides with A. The algebra structure and the antipode are transmuted to

a-b= Za(bls(b3)a5(az))alb2,
S(b) =" o(S(bs)S>(b2), b1)S(B3)-
By [2], we can obtain that

LeMMA 34. Let (A,0) be a coquasitriangular Hopf algebra, then we have
a-b= Z a(bs,a2)o(b1, S(az))a1 by,
S(b) =Y a(S(be)bs, b1) A" (b2)A(bs)S(bs).

LemMma 3.5. Let A be a Hopf algebra with a normal invertible 2-cocycle o.
Then there is an isomorphism ¥ : A° — A, defined by

- Za‘l(alS(a3),a4)az

and ¥ is an A°-comodule homomorphism, where all comodule structure maps are
always coadjoint actions [9)].

Proof. Firstly, we have
=Y ol @S(a), a)a
> o7 (a1, S(as)ar)o ! (S(as), as)o(as, S(as))as (by (3))
= Za(al, S(a3))a2,1_1(a4).
It is easy to show that ¥ is invertible with
¥ 1(a Za (a1), S(aq))azA(as3).

To check that ¥ is an A4°-comodule homomorphism, we calculate that
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(I ® ¥)Coy-(a)
= 2611 . S"(a3) ® lP(az)
= a(as,S(as))o™" (S(as), a7)(@15(as) @ ¥(a))

Zo(al,S(ag))o (a3, S(az))a(as, S(as))a" (S(ar), an)(a28(as) ® ¥ (as))
> o(ar, S(as))o™" (a3, S(as))A(as) A (a9) (028 (a7) @ ¥ (as))

= o(ar,S(an))o (a3, S(as))A(as) A (ar2)

o(as, S(ae))A (a7)(a2S(a10) ® as)

=Y a(ar, S(as))a™" (a3, S(ar))o(as, S(as))4" (@) (@S (as) ® as)

= Z (a1, S(as))A™" (as)(a2S(as) ® a3)
= Coy-¥(a).

LeMMA 3.6. Let A be a Hopf algebra with a normal invertible 2-cocycle a.
Then ¥ (same as in Lemma 3.5) is a coalgebra homomorphism.

Proof We compute
= Z o~ (a1S(as), a0)o ™" (a2 (as), asS(a7)) (a3 ® as)
=Y "o N (a1S(as)asS(aw), an)o " (a28(as), a7S(as)) (a3 ® as)
=Y o7 (a1S(a3),a4S(as)as)a ™" (asS(az), aro) (@2 @ as)
= Z0_1(015(03)»44)0’1(055(07),08)(@ ® ag)
— (¥ ®¥)A(a).

4. Braided group A°

Throughout this section, 4 is always a commutative Hopf algebra with
a normal invertible 2-cocycle 6. Lemma 2.2 says that (47,6) is a coquasi-
triangular Hopf algebra. In this section we will show that the braided group
A% = A,.

LEMMA 4.1. Let A be a commutative Hopf algebra with a normal invertible
2-cocycle . Then W :A° — A, (defined as in Lemma 3.5) is an algebra
homomorphism.
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Proof. For all a,be A, we have
W(a:b) = Y 5lbr - S7(bs), S7(a2))¥(a - b2)
=" 6(b1 - S7(bro), 5% (as))a(ar, ba)o™ (as, be)a(azbs, S(ashs))
A7 (b7)2~" (as)a(az, bs)a(S(be), S(as))asbs
=Y " &(bi - S°(bn), S"(as))a(asbs, S(b7))a(a3baS(bs), S(as))
a(az,by)a(ar, by)a (as, bio) A~ (as) A" (bs)asbs (by <1))
=Y 5(b1,8%(a10))5(S” (bn1), S°(a9))o(azbs, S(b7))o(asbaS (bs), S(as))
a(ar,bo)a(ar, by)o™" (as, b10)A~" (a)A~" (bs)asbs (by (BR1))
=" &(b1,S5°(as))é(bs, ar)a(azbs, S(b7))a(asbaS(bs), S(as))
o(ay, b2) A" (as) A" (bg)asbs (by definition of S7)
=" 6(b1, S(aw))o(as, S(a))a(by, a)a~" (S(an), ar2)o(azbs, S(b7))
o(azbaS(bs), S(as))o(ar, b2)A " (ag)A~ (bs)ashs  (by definition of S°)
= (b1, S(a9))5(by, ar) AMag) A~ (ar0)a(azbs, S(b7))
a(azbaS(be), S(as))a(ar, b2)A™" (ag)A~" (bs)asbs
= 6(b1,S(a11))6(bi1,as)o™" (as, bro)a(ar, bo)A(ar) A~ (ar2)
a(arhs, S(b7))o(asbaS(bs), S(as))o(ar, bz) A~ (as) A~ (bs)asbs
=" 5(b1,S(as))5(bs, as)a " (a3, ba)

Mas)i™" (ar)o(ar, b2) ¥ (azbs) (by definition of P)
=Y " a(S(ar),b1)a" (b2, S(as))5(bs, au)

o (a3,b5)/1(a5) ~(ag)a(ay, b3)¥ (azbs) (by definition of &)
= a(s (b2, S(a7))a(as, bs)o ™" (b1, as)

o (a;,bs)l(a6)l Hao)o(ay, b3)¥ (azhs) (by definition of &)
= o(S(as), b1) *l(bz,S(as))ﬂ_l(bs,03)1(04)1_1(07)0(%ba)‘l’(azb4)
=Y a(S(ar),b1)a" (b2, S(an))o™ (bro, as)(ar, b3)

Ma)A~ (013)0(1?4&2, S(ag))a(bsasS(as), S(b7))o(by, as)
A‘l(bg)ﬂ_l(a7)b6a4 (by definition of ¥ and the commutativety)
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=" a(S(aw), b1)o (bs, S(as))o(ar, b3)A(as) A" (1)
0(b402,5(06))0(b5a35(05) S(b7))4~" (bs)A™" (a7)beas
=>"a(s o~ (b2, S(an))a(ar, b3)2™" (as)
o(baay, S(as))a(bsazS(as), S(b7))A~" (bg)bsay
= a(S(as), b1)a" (b2, S(a7))a(ar, baS(as))A™ (a0)a(bs, S(as))
o(bsa,S(as), S(b7))l_1(bg)b6a3 (by <1> and the commutativety)
=" 0(S(as), b1)o(ar, b28(as)) A" (a7)0(b3a2S(as), S(bs)) A" (bs)baas
=" a(S(as), br)a(ar, S(as)b2) A~ (a7)

o(ayS(as)bs, S(bs)) A~ (be)azbs (by the commutativety)
= Z O'(a], S(d7))0’(sz(a6), by )’1_1 (a3)
a(asS(as)ba, S(ba))A~" (bs)aabs (by <1))

=Y o(a,S(as))o((a2S(as)),, b1)2”" (as)
0((a25(aa)),b2, S (b)) A" (bs)asbs
=Y " olar, S(as))o(arS(as), b2S(bs))
27" (ae)a(br, S(bs))A™" (bs)ashs (by <1))
= Za(al, S(a3))A" as)(az - by)o(b1, S(b3)) A~ (bs)
=¥(a) -, ¥(b).

Note that the braided group 4 has the structure of a T-Hopf algebra relative
to the braiding T in the category .#, where T is defined by

T:-A®A— AR A;
T(a®b) =Y (b ® am)a(aS(as),b1S(bs)).
Therefore, we can show:

Lemma 4.2. Let A be a commutative Hopf algebra with a normal invertible
2-cocycle a. Then ¥ : A° — A, (defined as in Lemma 3.5) preserves the twist
map.

Proof. For all a,be A, we have
YRY)T(a®b)
=Y (¥ ®¥)(b2 ® az)5(a1 - $7(a3),b1 - S7(b3))



98 ZHENGMING JIAO AND SHUANHONG WANG

=Y (¥ ®¥)(b2 ® a2)5(as - S(as), bi - S(bs))

o(as, S(as))o~(S(ag),ar)o(bs, S(bs))a~ (S(bs),b7)  (by definition of S°)
=) (¥ ® ¥)(bs ® as)6(a2S(as), b2S(bs))

o(ar, S(as))o" (a3, S(az))a(br, S(b9))a~" (b3, (b))

a(as, S(as))o~" (S(aw), ai1)a(bs, S(be))o~" (S(bio),b11) (by definition of -)
= (bs ® as)a(bs, S(be))A~" (b1)o(as, S(as))A~" (a7)

6(axS(an), b2S(b11))a(a, S(an))o~" (a3, S(a))o(by, S(b12))a~ (b3, S(bo))

o(as, S(as))o~ ' (S(a13), aa)o(bs, S(bo))a~ (S(b13), b14) (by definition of W)
= "(bs ® as)a(ba, S(be))o(as, S(as))5(a2S as), bS (b))

a(ar,S(as))a™" (a3, S(a7))a(br, S(b9))a™" (b3, S(b7))

o' (S(aw),a1)o" (S(bio), b11) (by the invertibility of A)

= (b3 ® a3)6(a2S(as), b8 (bs))o (a1, S(as))a(br, S(bs))A~" (a6) ™" (be)

= (b4 ® as)a(a2S(as), b5 (b))~ (b3S (bs), a3 S(as))

o(ai, S(ar))a(by, S(b7))A~" (ag) A~ (bs) (by definition of &)
=T,(Y®¥)(a®b)

as required. This finishes our proof.

Note that both 4° and A4, are Hopf algebra, by [7], the bialgebra map ¥
between 4? and A4, is automatically a Hopf algebra map. Therefore, we have
established the main result in this paper.

THEOREM 4.3. Let A be a commutative Hopf algebra with a normal invertible
2-cocycle 0, A be T,-Hopf algebra and A° be the braided group of (4°,6). Then
A° =~ A, as T-Hopf algebras.
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