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Abstract

We continue to study the metrical structure of complete Riemannian manifolds
which admit a smooth function f with ||Vf|| = 1 for the gradient vector Vf. We again
show that Ricci curvatures controll such metric structure considerably appealing to
recent Cheeger-Colding’s methods.

1. Introduction

Let (M,g) be a complete connected smooth Riemannian manifold of di-
mension m and f: M — R a smooth function satisfying

(1.1) IVl =1,

where Vf denotes the gradient vector field of /. We denote by ¢, s € R the flow
generated by Vf, and set Z = f~!(0). Then for any p € Z, the curve c : s+ ¢,(p)
is a geodesic such that dy(Z,f~'(s)) = L(cljp,q) = s = f(c(s)). Namely, the map
®: X =RxZ— M defined by ®(s,z) := ¢,z is a difftomorphism. Now sup-
pose the Ricci curvature Ricys of M satisfies

(1.2) Ricy (Vf,Vf) = —(m — 1)9,
where J is a nonnegative constant. In the previous paper ([S-1]) we showed

THEOREM. For the Laplacian Af = —g'V,V,f of f we have
(1.3) |Af] < (m — 1)d.
Moreover, if 6 =0, ie, Ricy(Vf,Vf) >0, then f is an affine function and
®: X — M is an isometry, where Z := f~1(0) is endowed with the totally geodesic
induced Riemannian metric, and X = R x Z means the Riemannian product.

Next suppose 6 =1 and |Afl=m—1. Then ®:X — M is an isometry,
where X is endowed with a warped product metric R xy Z with y(f) = exp(%1?).
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RIEMANNIAN MANIFOLDS 103

Moreover, f is a Busemann function defined by asymptotic rays t+ (t,p) (or,

In fact, in [S-1] we have assumed that Ricy > —(m — 1)J instead of
(1.2). However, the proof presented there works under the assumption
(1.2). See also [S-2] for the case where we take a general warped product as a
model.

Now in the present note first we ask what happens for the case where
Ricy (Vf,Vf) is almost nonnegative. Recently, in their very important papers
([C-1,2,3], [C-C-1,2]) J. Cheeger and T. H. Colding gave new powerful methods
to study the structure of complete Riemannian manifolds whose Ricci curvatures
are bounded below. In the following we apply their ideas to our rather restricted
situation.

We set ¥ =07, ie, ¥(p) = (f(p),n(p)) with 9r(p(n(p)) = p, where
n(p) = ¢_s(»)(p) is the foot of the perpendicular of p on Z along a trajectory of

’f. Then we get

THEOREM 1.1. Let M be a complete connected Riemannian manifold of
dimension m admitting a smooth function f : M — R with ||Vf|| = 1. Suppose the
Ricci curvature of M satisfies Ricyr > —(m — 1)k and Ricy (Vf,Vf) = —(m — 1)9,
where 0, K are positive constants. Then for any x >0, ¢ >0 and R > 0, there
exists T =1(m,x,&x,R) >0 such that if 0 <J < 7 then the following holds:

Let Br(p; M) denote the distance ball in M centered at p e Z. There exists a
distance d, on Z defined by (2.30) which is almost totally geodesic when restricted

to ZNBr(p; M) in the sense that
(1.4) du(z,2) <dy(z,7) <dy(z,7) +e,
' Yy < Te(Z; M) forany z,Z' € Z N Br(p; M),

where vy,, is a minimal geodesic in M joining z to z' and T, (Z; M) is the e-tubular
neighborhood of Z. Now let dy, be the Riemannian product metric on X :=
R x(Z;dy). Then ¥ :="|g (). : Br(p; M) — X satisfies

(1.5) |dar (x, X') = dx,, (¥ (x), ¥(x'))] <,
and for any y € Br((0,p);dx ) = X there exists an x € Br(p; M) such that
(L6) dx (0, ¥(x) <.
In particular, for the Gromov-Hausdorff distance we get
(L.7) deu(Br(p; M), Br(p;dx ) < &
In fact, Theorem 1.1 holds under the assumption that Ricpy > —(m — 1)x,

Ricy (Vf,Vf) = —(m — 1) on Bi(p; M), and that

1 J 2 252
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with e.g., R = 16R for given R > 0. If we assume that Ricy > —(m — 1)d, (1.7)
follows from a far more general result Theorem 6.62 of [C-C-1]. However, 1
would like to emphasize that in our restricted situation it is possible to apply
geometric part of Cheeger-Colding’s method directly to our function f and the
proof presented here, which also motivates the following Theorem 1.2, is con-
siderably simpler. In fact, we do not need analytic argument of Cheeger-Colding
aproximating distance functions via harmonic functions. In the following we
follow the notations of [C-C-1] in principle. However, note that the sign of the
Laplacian Af is different from that of Cheeger-Colding’s papers.

Next we are concerned with the case where the Ricci curvature of M satisfies

(1.8) Ricyr = —(m— 1)k, Ricy(Vf,Vf) = —-(m—1)—9¢
on Bi(p; M), and that |Af| is almost equal to m — 1 in the sense that

1

1.9 Vol B(p- M) J
(1.9) vol Bx(p; M) ) py(p; )

[Af + (m —1)|dv, < 6%

Then we get

THEOREM 1.2. Let M be a connected complete Riemannian manifold of
dimension m admitting a smooth function f with ||Vf||=1. Then for any
(1>)x>0, >0 and R >0, there exists t = t(m,x,&,x,R) > 0 such that if (1.8)
and (1.9) hold for 0 <d <t with e.g. R=30R, then we have the following:

There exists a distance d, on Z defined by (2.30) which is close to the distance
on Z obtained from the induced metric. Let dy,, be the distance on X which is the
warped product distance R xy (Z,d,) defined by (3.23) with Y(t) = exp(t1).
Then ¥ := ¥|g, a1, P € Z =F"(0) satisfies

(1.10) lda (x, %) — dx (¥ (x), ¥(X))| < ¥(e|x|R)

and for any y € Br(p; (X,dx,)) there exists an x € Br(p; M) such that
(1.11) dx,,(»,¥(x)) <¥(elx|R).

In particular, for the Gromov-Hausdorff distance we get

(1.12) don(Br(p; M), Br(p; (X, dx))) < ¥(e|x|R),

where Y (e|y | R) means that for fixed R >0 we have Y(e|x|R) | 0 as x | 0 and
taking ¢ =¢(x) | 0.

In §2 we give a proof of Theorem 1.1, and in §3 we give a proof of Theorem
1.2. As mentioned above our proof much owes to Cheeger-Colding’s ideas
([C-C-1]), and our results may be regarded as test cases which verify the power of
their methods. The author would like to thank Tobias. H. Colding for some
helpful conversations and the referee for some valuable suggestions.
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2. Almost nonnegative Ricci curvature case

Let (M,g) be a complete connected Riemannian manifold of dimension
m. Suppose we have a smooth function f : M — R with ||Vf|| = 1, where Vf
denotes the gradient vector field of f. Now let ¢, be the flow generated by
Vf. Then for any pe M, s+>¢,(p) is defined for all se R and is a geodesic
realizing the distance between levels of f. Hence the map ®: X :=RxZ - M
with Z = f~1(0) defined by ®(s,z) := ¢,(z) is a diffeomorphism. Note that at
any point ®(s,z) € M, tangent vectors D@, ,)(0,u) = Dpu and D® ,)(9/0s,0) =
Vf(®(s,z)) are orthogonal to each other. We denote by n: M — Z the map
composed of ¥ := ®~! and the standard projection R x Z — Z.

Now suppose that the Ricci curvature Ricy of M satisfies

(2.1) Ricy (Vf,Vf) = —(m — 1),

where J is a nonnegative constant. Then we showed in the previous paper ([S])
that the Laplacian Af of f satisfies |Af| < (m — 1)d everywhere. If § =0, then f
is an affine function in the sense that f oy is an affine function for any geodesic
y in M, and ® is an isometry between M and the Riemannian product
X : =R xZ — M where Z is endowed with the totally geodesic induced metric.

Now we ask whether @ is close to an isometry in some appropriate sense
when 6 > 0 is small. First to explain our motivation we consider the special case
where Af varies only little in the direction of the gradient of f in the sense that

(2.2) Vi(Af) <9,
and see that @ is close to an isometry in Lipschitz sense. In fact, recall the
Bochner formula:

(2.3) %Mwmﬁ=<vmvmo—Rmemvm—HD%W,

where D*u denotes the Hessian of u. Applying this especially to f, for which
IIVf]l =1 and (2.2) hold, we have

(2.4) ID*|)* < mé.

Since D?f restricted to any level of fis the second fundamental form of the level,
(2.4) geometrically means that levels of f are almost totally geodesic. Then it
follows that for ue UM, pe Z

d
l % <D¢su? D¢su> = 2|<VVfD¢su7 D¢Su>l

= 2|D*f(Do,u, Dpu)| < 2Vmd{Dosu, Dou).
Integrating the above inequality we get

exp(—Vmds) < || Dp,(u)|| < exp(vVmds),

and for the operator norm of D®; : T(s X — To(s,z)M, it follows that
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(2.5) exp(—vmds) < ||DD, .|| < exp(Vmds).

Therefore, we have the following result.

ProPOSITION 2.1. Suppose M and f with ||Vf| =1 satisfy (2.1) and (2.2).
Then for any ¢ >0 and any R > 0 there exists T = t(¢,m,R) >0 such that if
0<d<tin (2.1) and (2.2), then we get for ® restricted to Br((0,p);X) < X,
PEZ

(2.6) (1 —&)dx(x,y) < du(®(x), @(»)) < (1 + &) dx(x, ),

where Z = f~1(0) is endowed with the induced metric and X = R x Z is the
Riemannian product. Furthermore, levels of f are almost totally geodesic in the
sense of (2.4).

In fact, we get Proposition 2.1 under the assumption that (2.1), (2.2) hold on
a larger concentric ball Bgr(p; M). Of course the assumption (2.2) is geo-
metrically not nice, and we turn to the original problem, namely, consider M
admitting a function f with ||Vf|| = 1, whose Ricci curvature satisfies

2.7 Ricy > —(m — 1)k, Ricy(Vf,Vf) = —(m — 1),

where k, 0 are positive constants. We assume that d < 1, x > 1 in (2.7). Recall
that a map ¥: X — Y between metric spaces X, Y is called an e-Hausdorff
approximation if we have

|dy (¥P(x),¥(x')) —dx(x,x')| <e forx,x eX,
Y = T.(¥(X)),

where we set T,(¥(X)) :={ye Y|d(y,¥(X)) <e}. We say that the Gromov-
Hausdorff distance dgy(X,Y) < ¢ if there exists an e-Hausdorff approximation
¥Y:X-Y.

In the following we show that for any R>0 and £>0, ¥:=
®~!': M — R x Z is roughly an e-Hausdorff approximation when restricted to a
distance ball Br(p; M), if 6 > 0 is sufficiently small and Z is endowed with a

distance which is close to the induced metric in some sense.
We begin with the following lemma.

LEMMA 2.2. There exists C = C(m,k,R) > 0 such that for pe M we have

1

@8) vol Br(p)

J | D21\ dv, < C6.
Br(p)

Proof. By the Bochner formula (2.3) and the assumption (2.1) we get

(2.9) 1D*f1* = <Vf, VAL — Ricar(VS, Vf)
< Vf,VAS) + (m —1)6.
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Now take a cut off function ¢ : M — [0,1] such that

(210) ¢ i BR(p) = 17 Supp¢ < BZR(p)7 ||V¢“a |A¢| < c(m,x, R)
(see [C-C-1], Theorem 6.33). Then we have
| opnian < | pon ARy 15[y,
Byr(p) Byr(p) Byr(p)
Since
$<VSf, VALY = div(pAfVf) — <V, VIOAS + $(Af)

holds, it follows from the Green formula that

1 J 20112 ! J fI1?
_r Df|"dvy < ———— Dyiray
Vol Br(P) Jx(p) 171" dve VOl Br(P) J pyw(p) ALTIE s

) ~ vol Bar(p)

< (m = DS{supll V4| + (m — 1)3 + 1} L

" (2R)
" (R)’

—K

< (m-1)0Ci(m,k, R)

where v, (r) denotes the volume of distance r-ball in the simply connected space
form of constant curvature —x, and we have used the Bishop-Gromov volume
comparison theorem. This completes the proof of the lemma. O

Modifying the proof above slightly we get the following:

Remark. (2.8) holds under a weaker assumption that
Ricyr = —(m— 1)k, Ricy(Vf,Vf) = —(m—1)0 on Byr(p; M),
and
1
vol Byr(p; M) J Bor(piM)

Now to compare M with the Riemannian product space X = R x Z we
recall some fundamental metrical properties of X:

IAf|Fdv, < (m — 1)

(211) dx((r1,z1), (r2,22)) = \/(rz — )’ +dz(z1,2)
=:p(r1ar2)dZ(zlaZZ))'
Then we have the triangle inequality
p(ri,r3,01 + v2) < p(r1,r2,01) + p(r2, 13, 02),

where equality holds choosing 7, suitably. Letr:RxZ - R, n: Rx Z — Z be
canonical projections. Suppose x,, y € Rx Z (i=1,2) satisfy z(x;) =z(y,),
n(x,) = n(y,). Then we have
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(212)  dx(p,.p,) = \dr(x,5)* + (00,) - 1) - () - rx))*

=: Q(r(x1),1(»,), 1(X2), (1), dx (%1, X))

and
P(rla"ZaU) = Q(07r1707r27v)'

Now if Z is a Riemannian manifold and y(s) = (r(s),c(s)), 0 <s</, is a
geodesic of X = R x Z parametrized by arclength, then 0(s) := £ (j(s),0/0r) is
constant, and we have

s
r(y(s)) =ro+ (r1 — ro); =: U(s)(= «(s; ro,11,1))

cosf(s) = &'(s) ==, 8(s) =: O(ro,m, 1),

where we set ro =r(0), ry=r(l). Note that r, § only depend on / and the
boundary condition rg, #;, and do not depend on Riemannian metrics on Z.

Now we turn to our Riemannian manifold M. For a minimal geodesic y,, ,,
joining y; to y, in M parametrized by arclength, we set

(2.13) U(s)(= U(5; 91,92)) = F Dy ya 5)).
Then we easily see that

U'(5) = VS, Fyy, () =1 cos b(s),  O(s) = O(s; y1,2)
{ U"(5) = D (Fy,,(5), Py (5))-

Now we want to compare %(s) with %(s)(:= %(s;ro,r1,1)) setting ro =f(y1) =
#0), r1=f(y2) =%(l), I =d(y1,y2). First we assume that

(2.14)

!
(2.15) J |%" (s)| ds < é&.
0
Recall that
2'(5)=0, 2()=""
%0)=0), ()=
Then from
|%'(s) — ' (0)] < J |U%"(s)|ds <& (0<s<])
0
we get
/ r—rp 1 ! / /
U0)—e < =—I—J”Zl(s)dss%(0)+32,
0
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namely,

rn—n

\%'(0) -

Therefore, it follows that
(2.16) %' (s) — U (5)| <22, |U(s) — U(s5)| < 2e25.

Now to compare %(s) and %(s) for general y, , we recall the following
result which follows directly from [C-C-1], Theorem 2.11, and converts (2.8) into
the corresponding statement on a family of minimal geodesics. Such an idea was
first introduced by T. H. Colding to get an L,-Toponogov comparison theorem
for manifolds with Ricci curvatures bounded below, and has many important
applications ([C-1,2,3]).

LemMma 2.3. Suppose that

1

(2.17) (7]

J | D?f|| dvy < ég.
Bar, (P

Then there exists C(m,x,R1) > 0 such that the following holds:
1
(vol Bag, (p))’ Lml (p)xBar, (1)
< C(m,x, Ri)ay,
where we set | =d(y1,y2). Note that sz()'iylyz(s),;)ylyz(s)) =U"(s;y1,2).

/
(2.18) vy, L 1D | 0 3y, (s) ds

To be precise, in (2.18) we should integrate over the set B < Byg,(p) X
Byg,(p) of full measure such that for any (y1,y;) € B there exists a unique
minimal geodesic y,,,, parametrized by arclength. Also note that from Lemma
2.2 with Cauchy-Schwarz inequality, the assumption (2.17) holds for any 4R; > 0
taking 6 =d(m,x, R;) in (2.1) sufficiently small.

This lemma roughly means that for almost all y; € By, ( p) and y; € By, (p)
we have fo |%" (s; 1,y2)| ds < &2, where “almost all” means “except for a set of
very small volume”. To be more precise, we denote by D,,(»1), y1 € Byr,(p), the
set of points y, € Byg (p) such that there exists a unique mlmmal geodesic y,, ,,
joining y; to y, parametrized by arclength, and that fo |%" (s)| ds < &
(" (s) :== U"(s;y1,y2)) holds. Note that y,,, < Byg,(p). Next we set

e 1= {¥1 € Bar, () | VOl D, (y1) 2 (1 — &2)vol Bag, (p)}-
Then from the lemma above it easily follows that for any & > 0 there exists
7 = 7(¢2,m,k, R;) > 0 such that if 0 < ¢ < 7 and

1 j 2
_— Df| dv, < &
vol Byg, (P) Bur, (P) “ ” ’
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holds, we have
(2.19) vol Q;, = (1 — &)vol Bag, (p).
Note that for y; € Q.,, ¥2 € Ds,(y1) we have
|%(s) — U(s)| < 225, |U'(s) — U (5)] < 22
for %(s) :== U(s;y1,y2) by (2.15), (2.16). Summing up we get the following:

LeMMA 2.4. For any & > 0 there exists © = t(&,m,k,Ry) > 0 such that if

1

- 2
VOIB4R1 (p) JBml ) “D f“ dVg <é& ((217))

holds for 0 < ¢ < t, then we have for y| € Q,, ¥2 € D;,(31)

I/ (Pyry (5)) — (55 f (1), S (2), D] < 22,

(2.20) [cos 8(s; y1,y2) — cos O(f (31),f (12), 1] < 2¢2,

l)
JO |cos 8(s; y1,¥2) — cos O(f (11),f (¥2),1)| ds < 8exRy,

where we again set | = d(yy,y»).
Note that for any fixed y € Q,,, from (2.15) and (2.16) we get for almost all
z € Bor,(p)
%' (d(v,2);,2) = 2 (d(»,2);f (¥),(2),d(»,2))| < 2e2,
namely,
1
vol Byg, (p) JzeBml )

< 16&Ry,

(2.21) N (5y,2) = U (Lf(3).f(2), 1) dvg

where we set / =d(y,z). Here also note that |%'(s)|, |%'(s)| < 1.
Now we give our version of [C-C-1], Proposition 2.80.

LemMMA 2.5. For any ¢ > 0 there exists { = {(e,m,x,R;) > 0 such that if

1 I )
—_— Df|dvy < & 2.17
B ) i 12100 <01 (@17)

holds for 0 < & < {, then we have

(2.22) |dar(¥1,y2) = QUf (1), f (1),f (32),f (¥2), dae (1, X2))| < &
for any x1, x2, y1, y2 € Br,(p) with f(yi) —f(x;) = d(x,y:) (i =1,2).
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Since we follow the proof of Proposition 2.80 of [C-C-1] in principle, we give
a sketch. Considering a minimal geodesic y, ,, which is contained in
Byr,(p; M), it suffices to show our claim in the case of x; = y; =x. Seti=y, ,
and first assume that xe Q,, A< D,(x). Then setting I(s):= d(x,A(s)),
d :=d(x,y;) we have

cos O(I(s); x, A(s)) = ' (I(s); x, A(s))
and

I(s)
J | %" (t; x,A(s))| dt < &.
0

It follows from (2.20) and cos®(f(x),f(A(s)),1(s)) = (f(A(s)) —f(x))/I(s) =
(s+a)/l(s) with a:=f(x;) - f(x) that for any & >0

cos B(1(s); x, A(s)) — 12| < 265,

(2.23) 75

if we take & > 0 sufficiently small.
On the other hand, in the model space R x Z take x, x,, Y, such that

rx) =f(x), r(x)=,f(x2), r(y2)=1(2)
d(xy,y,) =d =1(y,) —r(x;), d(x,x,)=10).

Let 4 be a radial geodesic joining x, to y,, and set I(s) := d(x, A(s)). Note that
1(0) = 1(0) = dp(x,x2) and we have

1) = /(s +ay 482, 1) ="

with @? + b* = [(0)>. Then note that
I(d) = du(x,y2) and [(d) = Q(f(x),f(x),f(x2),f (¥2), dm(x, x2)).
Now from the first variation formula we have
I'(s) = cos 0(I(s); x, A(s)), I'(s) = cos O(f(x),f(A(s)), L(s))-

Then it follows from (2.23) that |I(s)I'(s) — I'(s)I(s)| = |I(s)/'(s) — (s +a)| <
2e5(s+1(0)). Integrating this inequality we get

@) — [(d)] < &2 (1<0>d + ";)
Therefore,
(2.24) 1(d) — 1(d)] < ¥(e2| Ry),

where (e, | R;) means that for fixed R; >0, Y(ez|R1) | 0 as & | 0.
Now in general case we need some approximation argument. Let
X=Xx1 =1, X2, y2 € Bg,(p). We may assume that d(x;,y;) >n for a fixed
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sufficiently small # > 0. Taking & >0 sufficiently small we may choose
y€Bi(x) N Qp, g€ Bp(x2), we By(y2) nDys(q) by virtue of (2.19) and the
Bishop-Gromov volume comparison theorem. Set

A= Yaws I(s) = d(y,As)), d=d(q,w).

Now applying Theorem 2.11 of [C-C-1] to (2.21) as in Lemma 2.3, we may
assume in the above that

d
(2.25) L 1)1 (1(s); 9, A(5)) — 2 (H(s);:f (), (M), 1(s)) | ds < 7,

where %'(1(s);/ (¥),.f (A(9)), 1(s)) = cos ©(f (¥),f (4(s)), () = (f(A(s)) = F(»))/1(s)
in this case. On the other hand, since w € D,3(¢), noting that d > 7 — 27* and
(2.16) we have

[f(A(9)) = (f(x2) +5)| < 225+ 577,
{ 11 = CA(s), V/((5)))] < 262+ S
Then we set a(s) := L(jryl(s)(l(s)),i(s)) and note that /'(s) = cosa(s) and
|cos a(s) — ' (I(s); y, A(s))| < |Als) = VA (A < 2v/ez + 27
It follows from (2.25) that

d
(2.26) J I(s)|cos a(s) — cos O(f (#).f (4(s)), I(s))| ds

0
< W(Sz,’”Rl)a

where Y(e,n|R;) |0 as &, 7|0 for fixed Ry >0. Considering the same
situation in the model space X with /(0) =/(0) etc. as before, we have

d
(227) L I(5)]cos a(s) — cos O(f (), £ (A(s)), L(s)) | ds

< Y(e2,n| Ry),

where we also denote f(y) =r(y) etc. Here note that
l(s) cos O(f(»),f (A(s)), () — L(s) cos O(f (p),1 (A(s)), L())]
= [f(A(s)) = f(4(s))| < Y(e2,m| Ry).
Now by the first variation formula we get
2 ~ (6 = I(s) cosa(s) — I(s) cosex(s)

almost everywhere for 0 < s < /. Then integrating the equation above as before
we complete the proof of Lemma 2.5. O
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We note that (2.22) holds under the condition that |f(y;) — f(x,)| = d(x,, ;).

Now we turn to the proof of Theorem 1.1. Recall that we have a diffeo-
morphism ¥ : M — X = R x Z with Z = f~1(0) defined by ¥(x) = (f(x),n(x))
with x = x)(n(x)) Note that Z is connected. We restrict ¥ to a distance
ball Bg( p, M), pe Z. First we consider the induced distance dz on Z from djy,
ie., dz(z,2') = du(z,7'), and let X be endowed with the product metric dy (see
(2.11)). Then noting that dy(¥(x),¥(x)) = Q(0, f(x),0, f(X),dz(n(x),n(x’)))
and 7(x), n(x') € Bor(p), for any ¢ > 0 we get from Lemma 2.5 with R; = 2R

(2.28) |da(x, %) — dy (P(x), P(X))] < &

if we take ¢; sufficiently small. Next we see that the above induced distance dy
on Z is close to the distance defined from the induced Riemannian metric on Z
and is almost totally geodesic.

Indeed, for z, z/ € ZN Br(p; M) take a minimal geodesic y = y,, : [0,/] - M
in M with [ =dy(z,2'). Then in view of (2.16), |f(y(s))| should be small. In
fact, for any 0 <s <! we set w= n(y(s)) and get

dM(Z’ W) + dM(W7 Z,) = dM(Z’Zl) = dM(Zv Y(S)) + dM(y(s)a Zl)
From (2.12), (2.22) it follows that

du(z,9(5) = \Jdue(z ) + £ ((s)) —
due(Z,9(5)) = \Jdua (2, W) + £ (9(s))?

Then adding these two inequalities we easily obtain

(2.29) I/ (7)) = dm((s), Z) < 2v/e(e + R) =: &3,
namely, y = T,,(Z). Next take a subdivision {y(s;);s; =il/N,i=0,...,N} of y,
and note that n(y(s;)) € Bsg(p). Then from Lemma 2.5 with R; = 4R we obtain

/

Az (m(y(s1)), 7(p(s5i+1))) < &+ dpe(y(s:), ¥(si21)) = &+ .-

It follows that

N-1

3" dz(a(y(s), x(o(si41)) < dz(z,7) + Ne.
1=0

Now for y >0 we define a metric d, on Z by

Ni—-1

(2.30) dy(z,7) := inf{ > dz(z,zi) |2 € Z (i=0,...,N - 1),
1=0

20 = Z,ZN, = 5,3Z(Zz>21+1) < X}-
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Then for any y > 0, choose ¢ >0 and a positive integer N := N(x,R) so that
e+ (2R/N) < x. It follows that dz(n(y(s:),n(y(si+1))) < x, and

{ dz(z,7) < dy(2,7) < dz(z,7) + &

(2.31)
Ve & T84 (Z; M)

with & := max{e;, Ne}. Because of (2.31) we call d, an almost e4-totally
geodesic metric. Then we endow X with the product metric dy , = dg x d,, and
from (2.28) we get

(2.32) [dae(x,x") — dx ,(¥(x), ¥(x')| < e+ ¢4 := s,

for x, xX' € Bg(p; M). For the above distance dy, on X, if R <dx,(p,y) <
R + &5, then considering a minimal geodesic in M joining p to ®(y) and noting
(2.32) we see that there exists )’ € Br(p;(X,dx,)) with dx,(y,)) < 4es. We
may also easily verify that for any y € Br(p; (X,dx,)) there exists x € Br(p; M)
with

(2.33) dy,, (v, ¥(x)) < 2es.

Then modifying ¥ slightly we see that dgy(Br(p; M), Br(p;(X,dx,)) < es.
Note that & may be arbitrarily small if we take e=¢(x,R) sufficiently
small. This completes the proof of Theorem 1.1. O

Note that in the proof above we only need that the Ricci curvature con-
ditions Ricyr > —(m — 1)k, Ricp(Vf,Vf) = —(m—1)0 and (2.8) hold on suffi-
ciently large concentric distance ball Bi(p; M) of radius R, e.g. R=16R,
compared with Bgr(p; M).

Finally, we give an application. Let {((M,,p;),f;)} be a sequence of pairs of
pointed complete connected Riemannian m-manifolds (M,,p;) and smooth
functions f; on M, with ||Vf;|| = 1 such that p; € £,!(0) and their Ricci curvatures
satisfy Ricy, > —(m — 1)k, Ricy,(Vf;, Vf;) = —(m — 1)6;. Suppose J; | 0. Then
for fixed R >0, {Bgr(p;; M,)} are uniformly compact in the sense of Gromov
([G])) and so is {Bgr(p;;(Z.,d,))} with above chosen y, — 0. From Gromov
precompactness theorem we may assume that {(Z,,p;)} converges to a pointed
metric space (Z,p) in the pointed Gromov-Hausdorff topology taking a sub-
sequence if necessary. It follows that {(M,,p;)} converge to (X =R x Z,p) by
Theorem 1.1. Note that we may choose Hausdorff approximations ¥, : M, —
X, =R x Z, so that f;=r,o¥,, where r,: X, > R denotes the canonical pro-
jections. This roughly means that f; converge to r: X — R, the canonical
projection to the first factor R of the product X. Therefore we have the
following:

Remark 2.6. In the situation above any pointed Gromov-Hausdorff limit X
of {(M,,p;)} splits X =R x Z as a direct product of metric spaces. Further-
more, f; converge to the function r: X — R in the sense above.
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3. Proof of Theorem 1.2

First we remark the following elementary fact.

LemMA 3.1. Let (M,g) be a complete connected Riemannian manifold
admitting a function f with |Vf|| = 1. Let Z : f~1(0) be endowed with the induced
Riemannian metric. Then M is isometric to a warped product metric R xy Z with
¥(0) =1 so that f corresponds to the canonical projection onto the first factor if
and only if there exists a function k : R — R such that

(3.1) Df = (kof){g—df ®df},
where k, Y are related by k(s) = /' (s)/y(s) or Y(s) = exp (f(; k(t)dt).
Proof. Suppose M is isometric to R xy Z in the above way. Then for any
ue U,Z, pe Z we get
<D¢sua D¢su> = lpz(s)<u’u>'
Differentiating this equation with respect to s, we obtain

2 _Ve
Df(D¢sua D¢su) - !/I(S) <D¢sua D¢su>-

Since Vf is orthogonal to Dg.u and belongs to the null space of the Hessian D?f,
it follows that

D, () = W{g —-df ®df}.

Conversely, suppose D*f = (kof){g—df ® df}. Then we get for ue U,Z,
pe”Z

V' (s)
¥

Doy Dogay X0

% log{Dou, Dpuy =2
and therefore
{Dyu, Dpu) = exp (2 J:) k(1) dt) = ()%, ud.
This completes the proof of the Lemma. O
For instance, if £ =0 we have the Riemannian direct product M =R x Z,

and if |k| =1 then M =R x, Z with y(t) =exp(+¢). Also note that

Af
(3.2) kof_—m_l.
Now let (M,g) be a complete connected Riemannian manifold of dimension
m with Ricy (Vf,Vf) > —(m —1), where f: M — R is a smooth function with
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IVf]l =1. Then we recall that |Af| <m—1, and |Af| =m—1 holds if and
only if M is isometric to a warped product X = R xy Z, where Z = f~1(0) is
endowed with the induced Riemannian metric and Y (¢) = exp(+¢). Now in the
present section we ask what happens if Ricy(Vf,Vf) = —-(m—1) -5 (0<d < 1)
and |Af]| is close to m — 1. First we assume a rather strong condition

(3.3) Af £+ (m—-1)|<d, Vf(Af) <.
Then by the Bochner formula we get
(3.4) o7+ 2L - ar@an)| = 1oy - &28

(Af )

= —Ricy (Vf, Vf) + <Vf,

<26+(m—1){1—((Af) 2}<5(5.

m—1)
For ue U,M, pe Z, it follows that
D’f(Dou, Dp,u) _ 1'
(Dp,u, Dpuy
Dpu  Dou Af
D? +——(g-df ®d }( e )'+2}—i—1l
s oo D i\ 1Dl ool )| 2l —1
< V6,
and therefore integrating the inequality above we obtain
exp(+s) - exp(—4Vés) < ||Do.u|| < exp(=+s) - exp(4Vds),
namely, for the operator norm of D® : T(; )X — To( )M
exp(—4Vds) < |1 DD, || < exp(4Vs),

where X = R x Z is endowed with the warped product metric with warping
function Y (#) = exp(+1), and Z is endowed with the induced metric. Thus we
proved

4 1og<Dp,u, Doy ¥ 2| —2

PropPosITION 3.2. Suppose M and f with ||Vf| = 1 satisfy Ricy(Vf,Vf) >
—(m—1)—06 and (3.3). Then for any ¢>0 and any R >0 there exists
T =1(¢,m,R) > 0 such that if 0 <J <z, then for ® restricted to Br(p;X) = X,
pe€Z we have

(3-5) (1 —¢&)dx(x,y) < du(P(x), ®()) < (1+¢)dx(x,y),

where X = R xy Z is a warped product metric with Y(t) =exp(tt) and the
induced metric on Z. Furthermore, levels of f are almost totally umbilical in the
sense of (3.4).
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In fact, to get (3.5) it suffices to assume that Ricy (Vf,Vf) > —(m—1) -4
and (3.3) hold on a larger concentric distance ball Byr(p; M).

Again, the assumption (3.3) is geometrically not nice, and now we consider
complete connected Riemannian m-manifold M admitting a function f with
IVl = 1 which satisfies

(3.6) Ricyy > —(m— 1)k, Ricy(Vf,Vf)=—-(m—-1)-6
on Br(p; M) and

)
vol Bor(p; M) J g, (p;m)

In the following we take plus sign Af + (m — 1) in the integrand of (3.7) which
corresponds to the case where the model space is the warped product space
R xy Z with warping function Y (f) =expt. Af — (m—1) in (3.7) corresponds
to the case with (#) = exp(—t). Now we show the following lemma.

(3.7) IAf + (m—1)[*dv, <&

Lemma 3.3. Suppose that (3.6), (3.7) hold on Byr(p; M), pe M. Then we
have

1

3.8 —J
(3.8) vol Br(p; M) Bg(p; M)

ID*f — (g — df ® df)|I* dv, < C3,

where C = C(m,k, R) is a positive constant.

Proof. Take a function f such that Af =1 —m on Byr(p; M). Now from
the Bochner formula we obtain

D |1* = —Rica (Vf, V) + KVAS,Vf> <m — 1 +8+ VAS,Vf>.
Then taking a cut off function ¢ as in (2.10) we get
GVAS, VY = g<V(Af — Af), V>
= div(A(f — F)Vf) — A(f =)V, V> + ALA(S - f).

Now note that we have

J |Af_Af|dvg$5voleR(P§M)’
Bar(p; M)

J |Af|? dvy < 2{6* + (m — 1)*} vol Bar(p; M)
Byr(p; M)

by (3.7). It follows from the Green theorem, Cauchy-Schwarz inequality and
Bishop-Gromov volume comparison theorem that
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j HIDM I — (m — 1)} dvy <
Byr(p; M)

j HLCVAL, VIS + 5} dv,
Byr(p; M)

< dvol Byr(p; M) + ¢1(m, k, R)\/volBZR(p; M) j |Af — Af|2 dv,
Byr(p)

< dcy(m, k, R) vol Bor(p; M) < dc(m, k, R) vol Br(p; M)
as in Lemma 2.2, and hence

1
Vol Ba(o 30 D*f — (g —df ®df)|I’d
TR 1) Ly 12~ 0= 4 @ AN

1 J 5 )
S 5 Be(o D*f — (g —df ®df)|*dv
VOI BR(p7 M) BZR(p;M) ¢” f (g f f)” 9
1 J 5 o2 -
= D —(m-=1)+2(Af —Af)}dv
ST oy U = (m = 1)+ 201 = A7)},
< C(m,x, R)J.
This completes the proof of the Lemma. 0

Now let y =y,,,, be a minimal geodesic joining y; to y; in M parametrized
by arclength. As in (2.13) we set %(s) = %(s; y1,y2) :=f(y(s)), and get (2.14).
We want to compare %(s) with the corresponding %(s) satisfying the same
boundary condition in the model space X = R x, Z, where y(t) =expt and
Z = f71(0) is endowed with a Riemannian metric. Note that for f(x) = r(x),
the projection onto the first factor, we obtain -

(3.9) Af=1-m, Df=g-df ®df,

where g denotes the warped product metric on X with warping function y.
Again as in the previous section, for some function p : R* x Rt x Rt — R* we
may write

(3.10) dx((r1,z1), (r2, 22)) = p(r1,r2,dz(z1, 22)).

Next suppose that x, y eX (i=1,2) satisfy =n(x))=z(y,), z(x)=z(p,)-
Then we may write the distance function dy in the form

(3.11) dx(y,,¥,) = Qr(x1),1(p,), 1(x2), 1(3,), dx (X1, X3)).-
See e.g., [C-C-1] for general warped product case. In our special case, we have

exp(r +12)

(3.12) cosh p(ry,r2,0) = 7

v+ cosh(r, — ry)

and
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(3.13)  coshdx(p,,y,) = coshdx(xy,x,) exp(r(y,) +r(y,) — r(x;) — r(xp))
= sinh(r(y,) — r(x,)) exp(r(p,) — r(x1))

— sinh(r(p,) — r(x,)) exp(z(y,) — r(x2))-
Then it easily follows that for z;, z, € Z

dz(z1,2) = 2sinh——dX(221’ 2),
(3.14) dy(z1,22)
p(rl,rz,Zsinhi%—) = 0(0,r1,0,7r,dx(z1,22)).

We briefly explain how to get (3.12), (3.13).
Let y:[0,/] > X be a geodesic in X. We set x(s):=%'(s), where

U(s) = f(y(s)). Then we have

x(s) = DS (3(5),7(5) = 1 = X(s).
Solving this equation under the boundary condition ry = %(0), r = %)
(Irr —rol < 1), we get
expro sinh(/ — s) + exp7; sinhs
(3.15) (s)(= U(s;ro,r1, 1)) = log Sinhi

=:f(s;7r0,71,1),
__expricoshs — exprocosh(/ —s)
~ expr;sinh s + exprg sinh(/ — s)

=:cos 0(s), O(s) =: O(s;ro,11,1).

Then (3.13) may be obtained by solving the corresponding differential
equations for the warped product case using (3.15), (3.16) (see (3.21) below).
Note that this formula is nothing but the one for the hyperbolic plane
H? = R xy R with y(f) = exp¢, since these differential equations do not depend
on particular Z. To show (3.12) it suffices to consider in H> = R x;, R. We
write a geodesic y(s), 0 < s </, in H? parametrized by arclength joining (r{,z;)
to (r2,z) in the form y(s) = (f(s),y(s)) € R xy R. Observe that

19(5) | & = exp(—2(s))1/1 — % (s)*.
Then we get

dz(z1,22) = sinhl\/2exp(r; + r2) cosh/ — (exp(2r1) + exp(2r,))

(3.16) (s)

y J ! ds
o (expry sinh(/ — 5) + expr, sinh s)?

= m \/2exp (r; + r2) coshl — (exp(2r) + exp(2r2)),

from which (3.12) follows.
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Then the formulas (3.12), (3.13), (3,14) determine the warped product
distance on X with tp]st) =expt, once a distance is given on Z. Also note that

for fixed ry, ry, {vi},_, there exist ry,...,ry_1 such that

N-1 N
Zp(rl’rt+1avi+l)=p rO)rN>Zvi .
1=0 =1

Now we compare %(s)=U(s;y1,y2) with U(s) = U(s;ro,r1,]) setting
ro=f()=%0), n=f(2) =%(), I =d(y1,y,). First we assume that

l
(3.17) L " (s) + (A (s))? — 1] ds < e.

Setting B(s) := %" (s) + (4'(s))> — 1 and y(s) := exp%(s), y(s) := exp%(s),
we have

V'(s) = (B(s) + Dy(s), Y'(s) =p(s), »(0) =p(0), y(I)=y().

Note that since |%'(s)|, |%'(s)] <1 we have uniform bounds |%(s)|, |%(s)| <
C(l,ro), 0<s<l Now we set z=y—y and get z'(s) = z(s) + a(s) with
a(s) = B(s)y(s). Note that z(0) =z(I) =0. It follows that

l !
Jo{z’(s)2 +2(5)} ds = 2(1)z(1) — 2(0)2(0) — JO 2(s)(s) ds
<¥(e2|ro,l) (< Y(e2| R1)).

From the above we easily see that |z(s)| is small enough and |Z/(s) — 2/(0)] <
V(e2| Ry). It follows that |Z/(s)| is also small, namely we get

(3.18) % (s) — U (s)|, |%(s) — U(s)| < Y(e2| Ry).
Now to compare %(s) with %(s) for general y, , we again appeal to [C-C-1],
Theorem 2.11 and get

LemMMA 3.4. Suppose that

1
Yol Ban () D*f — (g —df ®df)||dvy < 1.
vol By, (p) JB4R,(p) IDf =g = df @df)ldv <

(3.19)
Then there exists C(m,k,R;) > 0 such that
1
(vol Bzg, (p))*

< C(m, K, Ry )81

]
(3.20) J dvg@gj " (s) + U (s) — 1] ds
Bar, (p)xBar, (p)

0

holds, where we set U(s) = U(s;y1,y2) and | = dy(y1,y2).

Again note that from Lemma 3.3, (3.19) holds for any 4R; > 0 taking
0 =0(m,k, R;) in (3.8) sufficiently small.
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Then we may argue as before with corresponding changes in Lemma 2.5 to
get the following Lemma 3.5. For instance, I(s) in this case is given by

(3.21) cosh [(s) = cosh[(0) exp s — exp(f(x) — f(x2)) sinhs
instead of I(s) =1/ (s + a)* +b2. Indeed, (3.21) may be obtained by solving the
differential equation
I'(s) sinh I(s) = cos O(I(s); £ (x),f (x2) + s,1(s)) sinh [(s)
= cosh [(s) — exp(f(x) — f(x2)) exp(~s).
We consider

d
J sinh [(s)|%'(1(s); 3, A(5)) — ' (5)(U(s);.f (), (A(9)), (s)) | ds <

0
instead of (2.25). Note also that

U(s,f(q),f (W), d) = log expf(q) - sinh(d s—mslz;- expf(w) - sinhs,

U (U(s);f (9),f (A5)), I(s5)) = cos O(I(s); 1 (),/ (A(5)), I(s))

_ expf(A(s)) - cosh(s) — expf(y)
expf(A(s)) - sinh (s) ’

and that

I(s) = cosa(s), a(s) = L (B (I(s)),Als))
holds almost everywhere with

|cosa(s) — %' (I(s); 3, A(5))| < ¥(e2,7m| Ry).
Then setting w(s) := cosh/(s) — cosh/(s) and recalling that

cos®(I(s); /(). (4(s)), I(s)) sinh (s) = cosh (s) — exp(f () - f(4(s))) ete.,

we obtain
w'(s) — w(s) = sinh(s)(cos a(s) — cos O(/(s);f (#).f (A(s)), 1(s)))
— sinh [(s)(cos a(s) — cos O(L(s);f (»)./ (4(5)), L(5)))
—exp(f (y) —f(4(5))) + exp(f (p) — S (4(s)))
almost everywhere. It follows that
[[ w9~ w1 s < ytean R

with w(0) =0 as before. Considering exp(—s)w(s) we obtain |w(d)| <
V(e2,m| R1) by integration, and therefore |/(d) — I(d)| < ¥ (&2,7| R1).
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LemMA 3.5. For any ¢ > 0 there exists { = {(e,m,k,Ry) > 0 such that if

1

- 2, _
vol Byr, (p) JBm, » 1D = (g —df ®df)lldvy <1 ((3.19))

holds for 0 < & < {, then we have
(3.22) ldy (1, y2) — Q(f (x1),f (1), f (x2),f (2), dm (%1, %2))| < &
for any x,, yi € Bp,(p) with |f(y:) —f(x)| = d(x,,y:) (i=1,2).

Now for small (1 >)y > 0 we define a distance d, on Z by (2.30). Then on
X we define a distance dy, by

(3.23) dx,y((r,2), (¥, 7)) = p(r,7, d\(2,7)),

which is in fact a warped product distance with warping function y(¢) = exp¢.
Here note that

(3.24) p(r,”,du(z,2')) < 0(0,r,0,7,dy(z,7'))

dy(z,7)° r+r
A

Sp(ra rladM(Z)Z,)) +

holds if dy(z,7') <1 by (3.14).
Now our aim is to show that
(3:25) |dar (x,X') — dx , (¥(x), ¥(X'))| < ¥(e| x| R)

for x, X' € Bg(p; M), where ¢ >0 in (3.22) may become arbitrary small if we
choose ¢ in (3.8) sufficiently small. For that purpose we take a minimal geodesic
y =9, Of M parametrized by arclength and a subdivision {y(s;);s; =il/N,
i=0,...,N} of y, where we set /=d(x,x’). Note that y(s;) € Bar(p; M),
n(y(s;)) € Bsr(p; M). Then applying Lemma 3.5 with R; = 4R we obtain

|dat (n(y(s:)), (p(si41))) — Q(f (¥(5:)), 0,1 (¥(si+1)), 0, daa (v(s:), ¥(si1)))| < &.
Taking a sufficiently large N := N(x,R) it follows that

(3.26) du (n(y(s1)), 2(y(si41))) < x-

Note that dy(n(y(si)), n(y(sit1))) = du(n(y(si)), m(y(six1))). Then from Lemma
3.5 and (3.26) we obtain

N-1
(327) du(x,%) =Y du(y(s)), (si+1))

1=0
N-1

> 3 0(0.£ (1)), 0,0 ((si41)) dae (2(r(s2)), m(5041))) — &N

1=0

N-1
> P (().f (#si01)), dy(m(y(s), w(3(5:41)))) — N

1=0

v
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N-1
=Y dy ( (f((5)), 2((52))), (f (P(5:41)), 7(¥(5:41)))) — &N
1=0

> dy,(¥(x), ¥(x)) — &N,
where ¢eN may be arbitrarily small if we take ¢ > 0 sufficiently small. On the
other hand, for x, x' € Br(p; M) set (r,z) := ¥(x), (¥,7') := ¥(x'). Then from
the definition of the distance d, there exist points z;(i=0,...,N;) € Z with
20 =z, zy, =z such that

Ni—-1

0< Z dM Zuzt+1) - (Z Zl) <g, dM(ZnZH-l) <X
1=0

Then there exist points (r,,z,) e R X Z (i=0,...,N;) with ro =r, ry, = # such that

Ny-1 N;—1
Z p(r,,r,+1,dM(z,,z,+1)) = p<r,’/; Z dM(ZnZt-H)) .

1=0 1=0
We set x, = ®(r,,z,), namely, (r,,z,) = W¥(x,). It follows from (3.12) that

dy (¥ (x)‘I‘x))—ZdXx (%), ¥ (xe41))

where C=C(R) is a positive constant. Note that |rj] <2R+ Cg,
z, € Bar(p; M), x, € Bir(p; M). Then Lemma 3.5 with (3.24) implies that

< Ceg,

dM(xnxt+1) - dX,)(((ru 21)7 (rt+1azt+l)) <e+ C1X3,

where C; = Ci(R) is a positive constant.
Now we give an estimate of Ny. Noting that dy(z,,z,41) + dy(zi41,2i42) = 1
we have

2d,(z,7') = (N1 — 1)y — 2.
Set v:=dy(z,Z/). Then from (3.27) we get
p(r,7,v) = dx (¥ (x), ¥(x')) <2R+
taking ¢ > 0 small. Hence noting that coshp(r,”,v) > (1*/2) +1 we obtain

v< 2sinh 2070 g 2REX
2 2

It follows that

4sinh(R+ x) + 2¢

X

N < + 1.

Therefore, we have
N1
Ay (%, %) < Y du(x,%41) < dy (F(3), ¥ (X)) + (N1 + C)e + 1 Co(R)
1=0

< dX,x(‘P(x)’ \P('xj)) + lﬁ(e IX ' R)’
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where C, = C,(R) is a positive constant and for fixed R > 0, y(e|x| R) becomes
arbitrary small if we take first y > 0 small and then choose & = &(y) > 0 further
small. In the arguments above note that it suffices to assume that (1.8), (1.9)
hold on a sufficiently large concentric distance ball Bz(p; M) of radius R, e.g.
R =30R, compared with the given Bg(p; M). We may proceed with the re-
maining argument as in the proof of Theorem 1.1, and the proof of Theorem 1.2
is complete. O

Remark 3.6. Let {((M,,p;),f;)} be a sequence of pairs of m-dimensional
complete connected pointed Riemannian manifolds M, and smooth functions f;
on M, with ||V£|| =1 and ||Af;| — (m — 1)| < 6;, where p; € Z, := £!(0) and their
Ricci curvatures satisfy Ricys, > —(m — 1)k, Ricp, (Vf,Vf) = —(m — 1) —J;. Sup-
0; 1 0. Then as before we may assume that {((Z,,d,,),p:)} with above x;(| 0)
converges to a pointed metric space (Z,p) in the pointed Gromov-Hausdorff
topology taking a subsequence if necessary. It follows that {(M,,p;)} converge
to X = R xy Z with y(f) = exp(+1¢) by Theorem 1.2. Therefore, any pointed
Gromov-Hausdorff limit X of {(M,,p:)} splits X = R xy Z as a warped product
metric space.

We also note that we may give a similar version of Theorem 1.2 for the case
where we take a general warped product space R x, Z with convex ¥ as the
model ([S-2]).
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