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ON THE GOLDBACH PROBLEM IN ALGEBRAIC NUMBER
FIELDS AND THE POSITIVITY OF THE SINGULAR

INTEGRAL

TAKUMI NODA

Abstract

We show the positivity of the singular integral which arises in the Goldbach problem in

algebaic number fields.

Introduction

In this paper our main purpose is to show the positivity of the singular
integral under a sufficient condition. The singular integral is the generalized
Dirichlet integral which appears in the coefficient of asymptotic formula in the
Waring problem and the Goldbach problem in algebraic number fields (see
Y. Wang [14]).

In §1 and §2 we shall define a singular integral which arises in the Goldbach
problem in algebraic number fields and show the positivity as Theorem 1. Here
we notice that the positivity is not trivial if the algebraic number field K has the
complex conjugates. In §3 and §4 we shall derive an asymptotic formula as
Theorem 2 following the generalized Vinogradov-Vaughan method introduced
by Mitsui ([4], [5]). The asymptotic formula is a generalization of Sultanova [10]
and Theorem 1 shows that the leading term of this formula has a positive
coefficient.

1. Statement of results

Let K be an algebraic number field of degree n. Let KSq^ (# = 1, 2, . . . , rj)
be the real conjugates of K and I&\ Kip+ri) (p = rt + 1, . . . , rt + r2) be the
complex conjugates of K with K(p+n) = K^K Let b denote the different of K and
D = N(b) (norm of b) the absolute value of the discriminant of K. Further, h
denotes the ideal class number of K and R the regulator of K. Let γ be a number
of K and put bγ = 6/α with integral ideals α and b such that (α, 6) = 1. We write
this relation by γ —» α.
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GOLDBACH PROBLEM 9

Let μ be a number of K; μ also denotes an n-dimensional complex vector
(μ(1), μ(2), . . . , μ{n)) with μ(/) e # ( 0 (I = 1, 2, . . . , n). More generally we consider
any π-dimensional complex vector ξf= (§ l s |2» •» £«) with real ξq (q = 1, 2,
. . . , r{) and complex ^+/-2 = ξp (p = rx + 1, . . . , rx + r2). We denote the set of ξ

by Erun. For ξ E Erur\ we write

Ml) = ft S, 5(g) = Σ § and £(£) = ί W »

Let jc(|) denote the n-dimensional real vector x(ξ) = (Xi(ξ)> ^2(?)9 . ^«(D)
with Xq{ξ) = ξψ Xp(ξ) = (ξp + lp)/2 and Xp+r2(ξ) = ( ^ - ?P)/2V=T. We denote
the map from Erun into Rn such that the image of ξ is x(ξ) by φ.

Let D(ί) (t>0) be a set of ξ E E r i r 2 such that 0 < ξ q < ί (<gr = 1, . . . , rλ) and
Iξpl ^ t (P = n + 1, , n + r2). Regarding ^ ( ξ ) , . . . , ^ ( ξ ) as variables we
define an integral

ί
D(l)

where fc is a positive rational integer, zξk = (zilί, . . . , z π ^) with z E EΓ1Γ2 and
Λ(S) = !»!(§) ••• lOΓ^g).

In the following we let μ be a totally positive integer and ak = (a£\ <42), . . . ,
4w )) (/: = 1, 2, . . . , s) be a point of £Γl5Γ2 which satisfy the condition:

<#> E R, aψ > 0 (/ = 1, 2, . . . , n; k = 1, 2, . . . , 5),

0 < flf) < aψ < < β ω < 1 < 1 + c(/> = αf") + aψ + + ^>

with a positive constant c( ί). We define a singular integral as follows:

Ψ1(μ{λ1, λ2, . . . , λ,) = 2̂ 2 V^" ί Π Φi (λ**) £(-μz)ώ(z)

J R" k=\

with

λjfe = akμ (Λ = 1, 2, . . . , 5).
We shall prove the following theorem:

THEOREM 1. There is a positive constant cx which depends on aft (7 = 1,
2, . . . , n; k = 1, 2, . . . , s) such that

Ψ1(μ;λ1λ2j ...,
N(μY

In this paper we call an integer ω of K a prime number, if the principal ideal
(ω) is a prime ideal. Let Ω(λk) be a set of prime numbers ωk of K such that
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?>| (p = n + 1, .. . , n + r2).

We define a sum /?(μ; λi, λ2, . . . , λs) as follows:

R(μ; λu λ2, . . . , λ5) = Σ log N(ωt) log N(ωs),
μ=ωι+ +ωs, ωkE.Ω(λk)

where the sum is taken over all the s-tuples (ωu a^, . . . , ωs) of prime numbers
such that

μ = ωi + α>2 + + ωs, ωΛ E Ω(Afc) (fc = 1, 2, . . . , s).

Then we have

THEOREM 2. Le/ μ be a totally positive integer of K and s be a rational
integer with s > 3. Then

; λt, λ2, . . . , λs) = — <5G{μ) Π N(ak)N(μY

^ = max { |λ<°| }(!<,<„), W =2n+r2πr2hRIω\[D with ω the number of the
roots of unity in K and SG(μ) is the singular series which is written as an infinite
product:

2. Singular integral

First, we recall a fundamental lemma for Φ/c(z).

LEMMA 1 ([5] Theorem 4.6.1, [14] Lemma 5.3). For k > 2 we have

Φk(z) « Π min(l, |zy|-ί).
ι=l

In the case k=l, we have
n+r2

Φy(z) « Π min(l, Izyl-1).
1=1

Ifs >2k

I \Φk(z)\sdx(z)

is convergent.
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We now prove the positivity of a singular integral with a linear restriction on
the integral Φfc(z).

Proof of Theorem 1. Ψ\{μ\ λl9 λ2, . . . , λs) is written as follows:

(2.1) Ψ1(μ;λ1,λ2, ...,A,)

= ^ ? ft ί Π { f cxp(2πiλ^zgξq)dXg(ξq)} exp(-2;riμ<«>
O 2 ^ = 1 J _oo k=l IJ 0 J

x " I ! 2 Γ Γ Π ί ί ί cxp(2πi(λ^ zpξp +
^ = ^ + 1 J -ooJ -co A:=l U J |ξ , |<l

We consider the factors of product Π<?and Π P on the right hand side of (2.1).

Firstly, the factor of product Π P is

(2.2) Γ Π f f1 exp(2πiλP zqξq)dξg} exp(-2mμ™ zq)dZ

μKH' J ~oo fc=i U o ^

= - π Γ ί Γ f1 e2mz^ &+*>6+-+*>« di^fe • dξs\
μ ( q } J _=c U o J o J

J . . . e 2 * ^ « + « i + - ^ d u ^ d m ••• d u λ
μ(i) f[ a(q) J -» t-J o J o J o J

Then, putting w = MX + + us, we have

r i f f e2πiz«wduidu2 • • • dus-idw] e-2mz'dzq

μ(<?) Π W °° AM

k=l

j [ \ dut .. dusλ <?™<»dw

Π <#> ('}μ{q) Π <
A : = l

where A^q) and 5 ( 9 ) are defined as follows:
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= UUUU2, . . . , 1 1 , - 1 ,
0 < M l <
0 < w <
0 < w -

0 < M l <
0 < w -

+ +

< /7O7) Ί

as J

Now we put

= ί
Then we have /^ )(w) = 0 for w<0 or w>a{q)+- +a\q) and ^ (iv) is a
continuous function of w. Therefore, applying the theory of Fourier integrals,
we find that (2.2) is equal to

(2.3) 1
μiq) Π

A : = l

1 i f f F\?\w)e2πiZqWdw\ e-2mz«%1dzg
Π <# } ~~ ~°°

(i).

In a similar way, the factor of product Y[p is

(2.4) ί ί Π { ί f exp(2jπ(Λ^> zpξp +
J -00 J -00 k=\ I J J \ξp\<l

μO>hp))dXp(z)dXp+r2(z)

J —aoj —00 v. J —σoJ —0

1

Π aPa

r, V)e2πi{uU+vV)dUdv\

X

G<"> ( 1 , 0),

where

G<P> (I/, V) = | o w ώc l 6

is a 2(5 — l)-fold integral with

dxs^dyidy2 • • • dys-t
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X2-, . . ., χ\ + yl^ (a
(U-Xι

By (2.1), (2.3) and (2.4) we obtain

(2.5) ^ ( μ ; λ1? h,, ..., λs) =

π
k=l

U + yU
+ (V + yt

n n+r2

Π ffl (1) Π
"=1

y s _ i ) 2

(1, 0).

Here Jf̂ > (1) and G{q) (1.0) denote the volumes of domains B^ and D ^ } in (s - 1)
and 2{s — l)-dimensional euclidian space, where B^ and D^ are given as
follows:

0 < M l < a<P\ . . . , 0 < w,_χ < αs

(i\]
0 < l - W l « , - l ^ ^ > J'

l , Λ: 2 , . . . ύ + ή* {a^f, ..., xU + yU s ( e
( 1 - x j - - Xs-tf + ( y i + ••• + y , _

We shall show the existence of domains B{q) and Dψ) such that B{q) C ^ ,
D ^ C D$f) and that the volumes of B{q^ and D ^ are positive in each euclidian
space. We now consider two cases to define B{q\

Case 1. a{q) + aψ> + • • + a^ < 1. Let us define

u2, ... < u, ^ i = 1, 2, . . . , s - 1)},

where

- 1)).

Case 2. 1 < α̂ > + a^> + + e$i Let us define

u2, ..., ( i = 1, 2, . . . , ί - 1)

with

where we take positive constants 4 9 ) (i = 1, 2, . . . , s — 1) which satisfy following
conditions:
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It is easy to see that such constants s\q) exist for all q = l, 2, . . . , rx and
B[q) C B$)q) in each case. Then we have

(2.6)

Now we consider two cases to define ^
Case 1. Suppose 24 9 > ^ c(<7). Let us define

Π(P) = ϊχi> x^ > χs-i df> - sδ^lίs - 1) < *, < ^ P ) - ό̂ > 1
f lΛ Λ Λ 0 < y < ό^>/(5 1) 0' = 1, 2, . . . , s - 1)] '

where

0 < y, < ό^>/(5 - 1) 0'

For z = (xi, x2> > ^-i> yi. ^2, , ys-i) ^ ^ ^ }

? the coordinates xu

y l 9 . . . , y5_! satisfy the condition

(2.7) Λ^ + yj < ( α ^ ) 2 0' = 1, 2, . . . , s - 1).

In order to show z E D$\ we shall prove

(2.8) (1 - Xl - X2 - • • • - XS^)2 +(y1+y2+ ... + y^f < ( α ^ ) 2 .

We consider two cases to show (2.8).
First, we take the point z = (xi, X2, ..., 4s-i, y\, y2, • • •, ys-i) G Dψ* with

x; = α<">- δf\ yj=δ^/(s - 1) (/= 1, 2, . . . , s - 1).
Then we have

(1 - xι - x2 - ••• - xs-ι)2 + (yi + y2 + + ys-ύ2

= {βJP> - C<P> + (s - 1 ) 0 < P > } 2 + ( δ ^ > ) 2

- (s - l)δ^} + {cfri - (s - l ) ^ } 2 + (δ^)2

- (ί - l ) δ ^ } + {<*> - (s - l ) ό ^ } 2 + (ό<">)2

^ + {(s - I) 2 + 1} ( ό w ) 2

< (W,
where the last inequality is followed by using ό ( p ) < c(p)/2s.

Secondly, we take the point z = (*i, x2> , ^5-1, yu yτ, ? Λ-i) E ^ ^ }

with jc7 = a^ - sδ^/is - 1), y, = δ^/(s - 1) 0' = h 2, . . . , s - 1). In a similar
way we can see that the condition (2.8) is satisfied also on this point. Therefore
the condition (2.8) is satisfied on all points of Dψ\

Case 2. Suppose c ( p ) > loff^. Let ίf^ be positive constants which satisfy the
following conditions:
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We define

with

0 =s j ; , <

+ 1),

Under the condition c(/>) > 2α^p) such constants ^ί>) exist for all p = rx + 1, .
rx + r2 and we see that Dψ) C D^>. Then we have

(2.9) D^ (1, 0) > ί w dxt • dxs.

By (2.5), (2.6) and (2.9) we have

<fΊ(μ; λl5 λz, . . . , λj) > —

π
n

Now we consider the constant cλ defined by

ft
Π N(ak)

k=\

q=\ Vι=\

which allow us to establish Theorem 1.

3. Farey dissection

Let {δu δ2, . . . , δn} be a basis of b" 1 . We put

Zj = xλδψ + x2fψ + + χn%> (j = 1, 2, . . . , Λ )

for real numbers JC1? JC2, . . . , xn and define a set is of z = (zi, Z2? -> zn) as
follows:

E = \z Zj=Σ JcfδW, - 1/2 < x, < 1/2 0" = 1» 2, . . . , π) ]

Let // and T be real numbers such that

H > 2DT and T > 1,
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and let Γbe a set of numbers y of K such that y E E and γ^> a with N(a) < Γ".
/I

In the following we let yx be a number of # and N (max(|z|, T)) = Π max(|z/|,

Γ).
Now we define divisions of E in two ways.

(i) For every y E Γ with y - ^ α w e define a subset £ r of E by

£ y = {z E £ I 3y! s y (mod b" 1) such that N(max(//|z - yi|, Γ"1)) <

and put

E° = E- U^rEr

(ii) F o r every y £ f with y —» α we define a subset 2? r of is by

3yi = y (mod b"1) such that
ΰ r - \ z ^ E \Zj - yφ\ <

and put

B = E

h that \
= 1, 2, . . . , π)J

These division of E depend on the pair (H, T). We shall call these divisions
Farey dissection of E with respect to (H, T). The Farey dissection (i) was
introduced by Siegel [8] and the Farey dissection (ii) by Mitsui ([4] §4).

Now we take positive constants σ, σ1? c^, u and v such that

σ > 5, σ2 > v, u — 1 > σ,

min(a! — v, Oγ — v + vln — 1) > σ + w + v/n,

min(θ2, v/n, σx — 1, (u — v)ln — 1) > α + 2,

min(θ2, v/n, σ! - 1) - 2r - 20 > 4σ (r = Γi + r2 - 1).

We put

N = max{|λW| }(!</<„>

and

(3.1) // = M(log ΛΓ)σi, Γ = (log N)01.

The following Lemma 2 was proved by Siegel and Lemma 3 is due to Mitsui.

LEMMA 2(Siegel [9]). // γ\ and γ2 belong to Γ and γx Φγ2, then we have

EΆnEγ2 = 0.

LEMMA 3(Mistui [4] §4). We have

and if y2 and γ2 belong to Γ and yx Φ γ2, then we have

IJγ 3 /Sy, D CZ ill
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BYI n BΎ2 = 0 .

4. Asymptotic formula

Let μ be a totally positive integer of K with sufficiently large norm N(μ). For
z E £ we put

(4.1) S(z; A*) = Σ E(ωkz)log N(ωk) (k = 1, 2, . . . , s).

Then the integral

(4.2) P ί 2 Π S(z; A*)£(- μz)dx1dx2 - - dxn

= T1 VD ί Π 5(z; AΛ)iB(- μ^)dx(z)
J φ(E) k=l

is equal to R(μ; λi, λ2, . . . , A5). To get an asymptotic formula ofR(μ; λ\,λι, . . .
λ5) we shall quote the estimate of 5(z; λΛ) in Mitsui [5]. In the case of rational
field, we can find the estimate in Vaughan [11].

First, for any totally positive unit η we have

R(ημ; ηλu ηλ2, .. ., ηλs) = R(μ; λ1? λ2, . . . , λs).

The theory of units allow us to take a totally positive unit rj0 satisfying

cW(v)i < \η$ μ(ί)\ < c"N{v)^ ( £ = 1 , 2 , . . . , n).

Taking r;oμ instead of μ, we shall assume that μ in (4.1) satisfies the inequalities

c'N(vf < \μ(ί)\ < c"N(v)n (i = 1, 2, . . . , n).

Then ΛΓ=max{|λ^/)| }(!</<„) is sufficiently large and the inequalities

cN < \λφ\ <iV (i = 1,2, . . . , π; A: = 1,2, . . . , J )

are satisfied.

LEMMA 4. Lei z be a point of E. For a positive constant b we put

φiBo) = {*(*) E Rn\ \Zi\ ^ (log N)b/N (i = 1, 2, . . . , «)}

we have

(4.3) 2^V5" f Π Ψ1(λkz)E(-μz)dx(z)
J φ(B0) k=l

= ^x(μ; λ l9 A2, . . . , A,) + O(l/ΛT0og

Proof. By Lemma 1 we have
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n+r2

Ψi(λkz) « Π min(l, \λψztι)
J~ n+n

ΓΊ min(iV,

Hence

Ψi(μ; Ax, λ2, . . . , λs) -2 ' 2 VD \ U Ψχ(

s

ΓT W*(kkZ)E(
1 Rn~φ{B0)
ί Π ^i(A^)£(

J Rn-<KB0) * = 1

ί ίrff2 min(N, Izyl"1)]' dx(z).
J R"-ώ(Bn) l y = l J

Here, we see

Γ ' I " 1 s

roc r2π

min(7V, Ir]"1)5 rdθdr «
J (log NY>/N JO

Nis-2)

thus we obtain (4.3).

Under the notations of §3, we quote the following Theorems:

THEOREM A([4] Theorem 5.1, [5] Theorem 6.6.2). If z belongs to £°,

S(z, λ) « *"
(log N)σ

THEOREM B([5] Theorem 6.2.1). Let γ0 be a number of K such that

Yo = y (mod b" 1 ),

| 7 _ yCOl < τn~1/M (ί = 1 2 n}

Then for z £ Bγ (γ -* α),

b = (n - l)σ2 + σx, fl > 6,

μ(α) = Σ ^(r), φ(ίϊ) = Σ E(pγ) with p E α.
y^>tt, r^inod b " 1 γ-^ α, γ m o d b " 1



GOLDBACH PROBLEM 19

Now we prove the Theorem 2.

Proof of Theorem 2. By the Farey dissection of E defined in §3, we have

(4.4) R(μ; λu λ,, ..., λs) = 2" yjD { ί + Σ f }

Π S(z; λk)E(-μz)dx(z).

We shall estimate the right hand side of (4.4) on φ(B°) and φ(Br) (γ E Γ)
respectively;

Let us consider the integral on φ(B°). By Theorem A we have

; λl9 λ2, . . . , λs) = 2r2λ/D ί Π S(z; λk)E(-μz)dx(z).

Applying ParsevaΓs identity and the prime ideal theorem, we find that this
quantity is equal to

(log
Σ log2 N(ω)

Thus we have

(4.5) 2-Vδ" ί ή S ( z ; . _ Γ , .. n
J φ(#>) k=\ (lOg

Now we look at the integral on φ(Bγ) (γ G Γ). By Theorem B we have

(4.6) 2r*VD \ Π 5(z; λΛ)£(

Ύ2\ίΏ U (dY s f s

By putting z instead of z — y0 and applying the estimate

.. (log N)bn

J <
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on the error term, we see that this is equal to

Ίr2\ Y
 s f s

JL Π N(λk)E(-μγ) Π Φ1(λk(z))E(-μz)dx(z)
W<p(a)s k=i J φ(Bγ) k=i

+ O(Ms-1>n/(logiV)

with

φ(Bγ) = {x(z) e Rn I \Zj\ ̂  (log N)b/N (j = 1, 2, . . . , *)}.
Taking summation of the both sides of (4.6) over all γ G Γ, and together with
the estimate

Σ 1 « Σ N(a) ^ T2n,
γ<ΞΓ N(a) ^ Tn

we have

(4.7) Σ 2r2λfD ί Π S(z; h)E{-μz)dx{z)
γtΞΓ J φ(Bγ) k=l

= ^ Π NΛ) Σ ΪΓS^-W) ί Π Φ!

By Lemma 4, we find the right hand side of (4.7) is

(4.8)

with

α > 6(π + 1) + 1 -

Now we apply the following property of the singular series @G(μ) (see Rademacher
[7], Mitsui ([4] § 10)):

(4.9) (SG(μ) = ΣI^s Σ E(-μγ)
a φ(a) rer,ymod b-1

5 d »-» £ ( " W > + °V(log M)™'2)-

By (4.4), (4.5), (4.8) and (4.9) we finally obtain

/v(jU; Aj, X2v j As)
1 Λ / /v^-D"

= ™ ®G(μ)Ψi(μ; λi, λ2, . . . , λ,) Π Mλ f c)Ws fc=i ^(log N) 5

fli, #2> ? Λ,,) T ^ _1 /jyC*-"1)'1 \
@G(H) II N(ak)N(μ)s + 6>( 7).

Ws k=i \(log NY /
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This completes the proof of Theorem 2. D
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