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Dedicated to Professor Shiing-Shen Chern on his 77th birthday
By TOMINOSUKE OTSUKI

§0. Introduction. This is a continuation of Part (IX) ([22]) with the same
title by the present author which proved the following conjecture is true for
2.4<n<4.5 and exactly the final one of the series (I)-(X). He will show that
this conjecture is also true for 2<n<2.4 in the present paper by developing a
new method which is applicable for all values of n=>2.4. As stated at the end
of the previous one, the principle used until now could not hold for 2<n<2.38.
We shall also use the same notation in the previous papers (I)-(IX). Any geo-
desic of the 2-dimensional Riemannian manifolds OZ defined on the unit disk
u*+12<1 of the uv-plane by the metric:

ds*=1—u*—*)"*{(1—v¥)d u*+2uvd udv+(1—u?)dv?*}

has the support function x(¢#) which is a solution of the non linear differential
equation of order 2([6]):

d®x  sdx\¢
VAN A haddd) .2 2__1)—
(E) n(l—x) 7 +(dt)+(1 ) (nx?—1)=0
When the parameter n>1, any non-constant solution x(f) of (E) such that
x%4x"*<1 is periodic and its period T is given by the improper integral ([10]):

zy dx
zo xvV(n—x){x(n—x)""1—c}’

where x,=n{min x(¢)}?, x,=n{max x(1)}?, 0<x,<1<x;<n and c=x,(n—x,)"!
=x,(n—x,)""L

©.1) T =¢§?S

CONJECTURE C. The period T as a function of v=(x,—1)/(n—1) and n is
monotone decreasing with respect to n(>2) for any fixed r(0<z<1).

§1. Preliminaries.

Setting T=£Q2(r, n), we have the formulas
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39(2', n) —_ '\/C— 1 (1_x>\/mc
on - Z(B"‘C)nx/FSzo x¥(n—zx)" Vix, x,)dx

((7.4) and Proposition 3 in (III) and (1.12), (1.16) in (IX)), where B=(n—1)""!
and

(L.1)

12 Vr, 2 =EYIERE 30— )

X? XFy(X) (5 5

4+ EVIERD 300 Hxdh =) +9(X),

13) Fia)=—BP{&)+(n—2)""P2),
(1.4) Py(z2)=Q2n+1)z2"—22n*+5n—4)z+(4n—1)(4n—3),
1.5) P(z2)=—(n—1)2+@2n*—Tn+8)z*+(n—3)(dn—1)z+3n(2n—1),

_ zv/n—z ~ et
(1.6) ﬂ(z)—m{"BQx(z)—Hn—Z) Q:(2)},
(L.7) Qu(2)=—@n*+2n—3)z+(@4n—1)4n—3),
(1.8) Qo(2)=(n—1)2n—3)2"+@n*—10n+3)z+3n2n—1),
(L.9) @=log (n—2)+ 5 =1 1)12 P@=2(n—2)""",

and X=X,(x), 0<x<1<X<n, defined by ¢(x)=¢(X).
By Lemma 8.1 in (III), we know the following:

Fact 1. For 0<x<l1, V(x, x,) is increasing with respect to x, in X, (x)<
x,.<n;
FACT 2. We have

n(dn®—10n+3)
R CT) V=X, (%)
near x=0, which implies V(x, X,(x)) is negative near x=0, when 2<n<
(54++/13)/4=2.151387819 --- ((8.10) in IID);

(1.10) %V(x, Xa(x))= Xa(x){140(n— Xa(x))}

Fact 3. We have

n(2n—1)(n?— )
6(n 1)2x/

near x=1, which implies V(x, X,(x)) is negative near x=1, when 2<n<
(14++/13)/2=2.302775638 --- ((8.22) in (III)).

1—x){1+010—x)}

(L.1D) 2V, X()=

We have shown that Conjecture C is true for 2.4<n<o by proving that
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V(x, Xu(x))>0 for 0<x<1 by Fact 1 in (I)~(IX).
alive for 2<n<2.4 by the following

Now, we show that it is still

PROPOSITION 1.

092(z, n)
“on n=2<0 for 0<x<1.

Proof. By (1.3)-(1.9) we have B=1 and

Py(z)=5z"—28z+135, Pyz)=—2422>—T7z+18,

Fy(2)=—Py(2)+@2—2)Pyz)=(2—1)*,
Quz)=—172+35,  Qy(2)=z*—z+18,
(2)=—2z42—2,
1

—0:(2)+2—2)@y(2)=—(2—1)°,

K@)~ ix)=log 2= j~;+

and
_x2=xf 2—x 1 1
Vi, x)= 1—x ll 2—x, x+x1}
X:2—X 2—X
+ 22 E flog 5= —~—+ }-I-x\/Z—x —XvV2=X.

Since we have X=2—x, x,=2—x,, we have

x? Z;x {logz—-x ———I— 1 }

V(xy xl):’: 1_ Xo Z—xo
(Z—x)«/‘ 1
4 ez VI {1o ;;—2—;+2 x}+x\/2—x —@—2WE
A/ x(2—x) 2—x l1—x x l—x
=V on(log =2 4@ (log T —5 ) |
and hence
(1.12) WM, m)) Ve ) Vi2=x)—c
. on n=2 44/2(1—¢) Jzy (x(2—x))*/2
x[x(10g 2% — ; ) +2— w1 (log £ — = )ux
1] 0
_ Ve 2204/ x(2—x)—c —x 1—x,
TAVA0= c)SI0 (x@— )7 3'2(1°g PR ) Lo

Putting x,=1—a, and x=1+¢, we obtain
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1_x°)dx

2_x°

(1.13) I(a)= Sioxo\(/;é(zz'—xx);anc 3/2

(e vVa =7 1-t a
_S-a aA—1ye (mg 1I—a 1+a>‘”
where 0<a<1. It is sufficient to prove I(a)>0.
Since we have

{\/12 t( +?iz)} 1- )3’2(10g1 a lia)’

we obtain from (1. 13)

TR g B S L
a 1 1—t 2
:Zsovaf—ﬁ{«/r—‘(l 81— +1i§)
«/l+t(l 1+t+?iZ)}dt

by the integration by parts.
Setting for a fixed a (0<a<1)

_ 2+a .
(1.15) fB:=1= t(l e tire “TO for —ast<a,
we prove that
(1.16) f@>f(—1) for small ¢>0.

Since we have

= (1._1_t>2(log 1— ?ile 1—a 1+ a>

and

=i L+ 2 e L 20

which implies (1.16).
Next we prove that

(1.17) f@)>f(—a).

Since we have

_ L (2tay (1o
f(a)_m(l—i-a and  f(— a)_1+a\

1+a 24a\?
a+l+a)
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and so f(a)>f(—a) is equivalent to

2+a(\/1+a 1)>logii—z for 0<a<1.

1+a
Setting b=(14+a)/(1—a) and
24a I+a 1+a 3b+1
1+a(\/ ogy—, =g, (Vb-D—logb,
we have b>1 for 0<a<1 and
g()=0,

2'(b)= 4%(~/F—1>2<3«/b‘+2)>0 for b>1,

which implies (1.17).
Last, we prove

(1.18) fO>f(=t) for 0<i<a.

If this inequality does not hold, there exist 0<¢, <t,<a such that

f@)=f(—t) and f'@)+f(—4)=0

and

ft)=f(—t) and f'(t.)+f'(—1)=0.

Since we obtain easily from (1.15)

2 (1o +2+a)

U BIPANE By
7= =g5(log =) — (o8 =g F1ig

1 v 14+t 2+4a 1+t 2+4a
(1+t)2\l°g1—a+1+a) (1+t)2(1 +1+a)

which can be written at t=t¢, and ¢, as

_2nly 41—t 2+4a
T (A—0)(141) (log +1+a> :
where
1—t  24a A+40¥24+1—1)?
)i =log T+ = Uit

Regarding A(t), we have

1
h(O):logI—_—a—ﬁ‘i?>0

and

3/2
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which can be written as

148w 3, 1
2u T T

=j2£u-(u‘/2—1)(u2+u3/2+4u+u”2+1),

where u=(1—1t)/(1+t). Since 0<u<1 for 0<t<1, we have A’(#)<0 for 0<t<1.
Hence h(t) is decreasing in 0<t<a and

_24a_ (4 r4(l—arr

ha=11, Vita =6la).
Regarding G(a), we have
G(0)=0
and
won L 3 [I—a | 1/1—a\sn
ClO=—{TFay 1+2\/l+a +2(l+a>

:—%(l—b”z)(S—b"2+b—b3/2),
where b=(1—a)/(14+a) and 0<b<1 for 0<a<1l. Hence we obtain
G'(a)<0 and G(a)<0 for 0<a<l.
Thus we see that there exists a unique ¢t=7y(a) such that
A)>0  for 0Zt<y(a)
h()<0 for r(a)<t<a.
Since we have A(#,)<0 and A(t,)=0, it must be

ti=t,=7(a),
and hence there

f=f(—t) and f'O+f'(—t)=0,
from which we obtain

1+ {1 1}

LIS 3/2 __4\3/2 - =
logl_t {A+ne+Q1—1) }\/l—t Jivi

at t=t,=t,. Using v=(1+1)/(1—t)=x*% we have
1 1 1+t
3/2 _4\3/2 _ -\ -
(A0 +A=0"H i) —Tog

_ 2 1y
=50 +1)(1 vw) log v
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_ [(x—l)(x“-i-l)

A+ D) —log x] .

Since we have easily

E=DGEHD v =D
D 108 %) = GG R A D)

and 1<x<oo for 0<t<1, it must be

1 1 141
{(l+t)3/2+(1—t)3/2}{ﬁ—ﬁ} >logjy  for 0<i<I,

which implies a contradiction for ¢, and ¢{,. Thus we obtain (1.18), which im-
plies I(a)>0. Q.E.D.

In the following, we shall use the methods appeared in the proof of Pro-
position 1.

§2. The fundamental principle. By (7.10) in (III), we have

_ x*M(x, x,) X*N(X, x1)
(2.1) V(X, xl)— (l_x)5\/n_x +(X”—1)5'\/H—X,
where
(2.2) NGz, x1):=(n—2)Fy(2){A(2)—A(x:)} +3(z—1)* fo(2)
—2n(z—1)*{ B—¢(2)},
2.3) fo(2):=@n—1—2)B—(n—2)"""{n—z+(n—1)z%},
L n—1

2.4) Az):=log (n—2z)+ P
and X=X,(x) for 0<x<1. Since we have

N anes 1—x _ X-1

' (x)=nl—x)n—x) and =) dx= Xn=%) dX,
we obtain
_{* A=x)vd(x)—c

@.5) I—SIOWV(L x)dx

=Szl\/¢(x)_‘0N<x; x1) dx
zo(x—=1)(n—x)yr1e 77"

Regarding N(x, x,), we know that Fy(z), fo(z) and B—¢(z) are of order 4, 3
and 2 in z—1 at z=1 by (8.14) and (8.17) in (Ill) and Lemma 4.1 in (I), respec-
tively, and hence the integrand of the right hand side of (2.5) is real analytic
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at x=1. Therefore we set

= N(t, x)dt
2. =\ AUBE
(2.6) M(x, x,) Sl(t__l)4(n_t)n+1/z
and hence by the integration by parts we have
n

I=[V@FR—cM(x, x)]5— _S”‘M

G2 V7w M(x, x,)dx

__nal—x)n—x)""*
- ZS%_————.\@_—(X)__C M(x, x)dx.

Since we have

del(l—x)(n—x)"‘2
1 AV P(x)—c
=SI;(I—X)(n——)(')"'2
1 VP(X)—c¢
_:*Sﬂﬂo(l—X)(n—X)"‘2
1 V(x)—c
____Sl (I—x)n—x)""*
= VP(x)—c

M(x, x)dx

M(X, x)dX

X(n—X) 1—x

MX, %)~ 1 =)

dx

M(X.- xl)dx ’

we obtain

_n(t A—x)(n—x)""*
@) f—zLo Vo —c

From this formula, we see that if we can prove

(#) M(Xa(x), x)—M(x, x)>0  for x,<x<1,

{M(X, x1)—M(x, x,)}dx .

then we obtain I>0. When n=2, we can easily check that

2 1—t 2
M(X, x,)—M(x, x.,)= (log l_a+112)

V1—t
2 14+t 2+a
—7r (08 T )
where a=1—x,, t=1—x, and so (#) corresponds to (1.18).

Now, we set

2.9) o(x, x,) :=M(Xu(x), x.)—M(x, x1)=Sf(t—_%%f_l>t—c;t+l—,2

where X=X,(x).

Lemma 2.1. i) p(1, x,)=0,
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i) p(x, x)>0 and \, for x<1 near x=1.
Proof. 1) is evident. By (8.14), (8.17) in (IIl), near =1 we have

N@, x)=(n—t){At)—i(x1)}

{M +O(1—t)}(l—-t)4

6(n—1)
ni2n—1)B s
—{FE = +oa-nfa—
n(n—1)""? s
+2n{——~2——+0<1—t)}<1—t)
and hence
N, x,) _n(n*—n+1)B s 1 _
G—Dn—t)"""2~  6(n—1) {4@) X(xl)}——(n_t)n_l/z +01—t)
_n(n*—n+1) s _
—W{Z(D A(x)}+01—1).
For sufficiently small ¢>0, we obtain

_pil -
o1, 2= LA -Ka)HXA— )~ — )}

I 00

Since we have

2(n—2)
3(n—1)

X(1—e)=1+¢e+ et -

by (8.12) in (III),

(n*—n+1) -
o(l—¢, xl>=%%:%;,—2-{z<1>—z<xl>}

4(n—2)
3(n—1)

n—2 1,
x2e(l+ g =gy e+ )5 | + ] xow,
which implies p(1—¢, x,)>0 for sufficiently small ¢>0 and p(x, x,)\,near x=1,
because
A= A(x:)>0
by Lemma 7.1 in (III). Q.E.D.

This lemma corresponds to (1.16) for n=2.
Next, we get
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zy N(x, x,)dx
- (x__l)4(n__x)n+1/2

(2.10) 8(x0) :=p(xo, %1) =S

and want to show that g(x,)>0 which corresponds to (1.17) for n=2. From
the evaluation of N(¢, x,) in the proof of Lemma 2.1, we can easily see that

2.11) lim1 2(x0)=0.
o
From (2.10), we have
,( )_@i{ N(xl’ x!) _ N(xO; xl)
B g (L= D=2y P (I—xo)(n—xa) 7
0x.(=1 1 ON(x, x,)
3—}%8:0()6—1)4(11—95)"“/2 ox 4F

1=z xn—x) N(x1, %)
xoln—x0) x1—1  (x;—1)(n—x,)"*/2

. N(xo, x1) . 1—2x, .xl(n_xl)
(I=xo) (n—x)"*1%  xo(n~—x,) x—1

Sﬁ (n—x)Fy(x) (x,—l){n+(n—l)x1}dx
2 (x=D(n—x)"""2  (n—Dxi(n—x,)

by means of
di(x) _ (x—1{n+(n—1)x}

dx (n—1x%(n—x)

Since we have

1—xy  x(n—xy) 1
xo(n—2x,)  x1—1  (x,—DY(n—x)"*2

_1—x . x?
T xln—xo)"  (x1—1)(n—x,)?

by xon—x0)"'=x:(n—x,)""', we obtain

) =— 1—x, [ *IN (%1, x1) XN (%0, X1) ]
g x)= x(n—x)" L(x,—1vVn—x;,  (1—x0)°vVn—x,
_ 1—x, n+(n—1)xlgrx Fy(x)dx
(n—1)xo(n—x,) X1 zo(x—1)n—x)*7'7?
i.e.
’ . l—xO
(2.12) g'(x0)= x——%<n_x0)n V%o, %1)

— 1—x, n+(n—1)x1Sr1 Fy(x)dx
(n—l)xo(n-‘Xo) X1 10(75—1)4(71—)6)"'”2 .
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LEMMA 2.2. When n=2.4, we have
g'(x0)<0 for 0<x,<1.

Proof. Since we proved the inequality V(x,, x,)>0 for n=84 in (IV), for
16<n<84 in (V), for 9.7<n<16 in (VI), for 5<n<9.7 in (VII), for 4.5<n<51in
(VIII), for 2.4=<n=<4.5 in (IX) and we have Fy(x)>0 for 0<x<n, x+1, with
n=2 by Proposition 1 in (II), we obtain

(2.13) g'(x0)<0  for 0<x,<1 with n=2.4.

From (2.12), we see that g'(x,)<0 is equivalent to
{n+(n—1)x1}(n—x1)”"gx: Fy(x)dx

n—1 zo(x—1)(n—x)""112

—V(x,, )<

and so

o, M=, W< BVEZIEED (502 )

+ <"_"*)"'l("”’n_r'i“l)g:(x—ll)?((;)—d;"-m '

By Lemma 7.1 in (Il) and Lemma 2.1 in (IV), we have

A(x0)—A(x,)= nilgzx(x—l){n—l-(n—l)x}dx

zo x¥(n—=x)
and
_ 1 a{BOy(x)—(n—x)""'Qu(x)}dx
7%, M=%, ")_2(71—1)&;o (—1)v/n—x ’
where
(2.14) Oy(2)=[An*+2n—3)z*—8(n—1)(n*+5n—3)z

+3(16n°*—40n2+4-24n—3)z+2n(dn—1)(4n—3),
(2.15) 0.2)=(n—1)2n—1)2n—3)z*+2n—3)(2n*—13n+8)z*
+3(8n°*—26n2+-21n—3)z*+n(28n*—52n+15)z+6n22n—1).

Using these in the above inequality and introducing

BOy(x)—(n—x)"*Q(x)
2(n—D(x—1)*vVn—x

L xVn—xF(x,) x—1 (x+ n )
' n—1

(I—x,)° x*(n—x)

(2.16) G(x, %, n):=

. \n-1 LA Fy(x)
+(n xl) (xl“l'n_ll(x_l)4(n_x)n—1/2’
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g'(x,)<0 is equivalent to
@.17) j::S"Gu, xo, n)dx>0.
zo
We can prove that

S”“G(x, X0, 2dx>0  for 0<xo<1.
Zo

Now looking over the expression of G(x, x,, n), we divide the above inte-
gral J into the three parts as follows:

J=htktTs,
__x%'\/n—XOFg(xO) z1 x—l _n_-
(2.18) J=EE Sxoxz(n_x)(x+n_l>dx

_ x3v/n—xoFy(x0) n—x 1 (1 1
- (1—x,)° {log n—x;. n—1\x, x, }

1 z1 1 ~ -1/
@1 k=g p) oy (B0~ Qu)dx
=77(x17 n)—v(xO’ n)’
et no\(e Fy(x)dx
(2.20) Ji=(n—x1) (x1+n—1)szo (x—D(n—x)"1% *

In order to make easy the handling of J, we use the parameter y=x—1, then
we obtain by Lemma 2.2 in (IX)

(2.21) Qs(1+9)= éll an)y*,

where
a,=72n*—180n2+144n—36=36(n—1)*(2n—1),

a,=32n*—172n*+206n—66=2(n—1)(16n2—70n+33),
a,=—8n*—20n’+70n—33, a;=4n*+2n—3

and
2.22) Qul+y)= B bim)y',
where

by=T2n°—180n*+144n—36=36(n—1)*Q2n—1),
by=104n%—352n"4350n—102=2(n—1)(52n*—124n+51),
b,=60n°—246n>+4-294n—99=3(20n°—82n2+98n—33),
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by;=20n"—80n*+991n—36 ,
b,=4n*—12n*+11n—3=(n—1)4n*—8n+3).

Analogously, we have for P,(x) and Pi(x)

P(14+y)=12(n—1y—2(n—1)2n+5)y +(2n+1)y*,

2.23
@29 { P(14+y)=12(n—1)*4+2(n—1)4dn—11)y+(2n*—10n+11)y —(n—1)y®.

Regarding J, and J;, we have the following Lemmas 2.3—Lemma 2.6, which
will be proved in another paper ([24]).

LEMMA 2.3. Regarding Q:(14+y) we have the following :

1) Qs(1+y)is N\ in —1<y<0 and \, in 0<y<n—1 with 2£n<3.5,
and >0 for —1<y<n—1 with 2£n=5++/13)/4,
and >0 for —1<y=<1 and <0 at y=n—1 with (5++/13)/4<n<3.5;

i QI is 2 in —1<y<0
and positive for —1=<y<0, tends to +o as y——0 with 2<n<2.65,
and N,/ in 0<y<n—1, positive for 0<y<n—1,
tends to +oo as y—+0 or yon—1 with 2€n<G++/13)/4,
and N\, in 0<y<n—1, positive for 0<y<l1,
tends to +o as y—+0 and — as y—n—1.
with (5++/13)/4<n=<2.65 (see Fig. I).

3(1+y) z
le —9’—1
y
—1] 0 1\ [n—-1
| y
-1 0 n—1
2< <5+«/13 5+«/13<n§z65
4 4
Fig. 1.

LEMl\gA 2.4. Regarding O,(1+) we have the following :
i) Q.14»)>0 for —1<y<n—1 with n=2;
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ii) 3%(1——%)”—3/2 0.(14y)is /in —1<y<0, \,in 0<y<n—1, positive for
—1=<y<n—1, +#0, tends to 4+ as y—0, with 2=<n<2.5.

LEMMA 2.5. Regarding P,(14y) we have the following :

i) as a quadratic polynomial of y, its y-coordinate of symmetric axis
(n—1)@2n+5)/@2n+1)>n—1 with n=2, it takes its values 12(n—1)* at y=0 and
(n—1)*(3—2n) at y=n—1;

P(1+y)

(1—_* n-1/2

as y——0, and \ in 0<y<n—1 with n=2.

ii) is in —1<y <0, positive for —1=<y<0, tends to +

LEMMA 2.6. Regarding Ps(14+y) we have the following:
i) P(14y) is \, in —1<y<n—1, positive for —1<y<n—1 with 2En=<
2.722;
_P(+y)
V-

and N,/ in 0<y<n—1, tends to +o as y——+0 or y—n—1 with 2<n<2.64.

is / in —1<y<0, tends to + as y——0,

Now, regarding the integral J; and J; we have

_(n=1ysrren-i Qy(l4+y)dy (11
G | My e s B S

(n—x)"~! no1 P(l+y)dy -1 Py(1+y)dy
o+ i
A 1)[ S (=) S le——]

in which the integrands in the brackets all tend to +oco as y—0. Therefore
in order to evaluate J, and J; we need the following lemmas, which will be

proved also in [24].

and

Ji=

LEMMA 2.7. Regarding ], we have

1.01 1 ~ el S
foe ey 1B~y Q) dx

>%(n—1)"“’2(b'~b) +—;—(n—1)"'2n(2n—1)(n2—n—3)
X (v/7=0.99—/n=1.01)+ i(n_m—l

x{v/m=0.99(n— o)y a=L01(n—p )b’}
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where
b=bs for 2<n=<2.24, b=bs for 2.24<n<2.40 and b'=b,,

L n—2 _(n——2)(3—n) -
be=bi— o Ty =1y Gizogs) o
(n—2)3—n)d—n) 1
T 241y (b‘ ”2+10000b" ~350000 %)
_ (n—=2)3—n)4—n)(5—n) b
120(n—1)" 0
by=b,— n—2 b (n—2)(3~n)bz_(n—2)(3—n)(4—n)

2n—D """ 6(n—1)y 24(n—1)°

(n—2)3—n)4—n)5—n)
120(n—1)*

b7=(n;—lfl>n—2b‘ n— 1)<n 101)3 n(”3+ 5b:)

% 1.00016 X b, —

bo:

_(n=2)@—n)/ n—1 3
6n—1¢ \n— Tor) (b +ggt 5000b>><”
(n—2)3—n)d—n)
T 241y Gi=ton)  kxbs
_(n—2)(3—n)(4~n)(5—n)( -
120(n—1)* n—1.01

1 1 1 1
X (bo 35 bs g be g bs Figads)

k=1 for 2<n<2.2413 .-+,
1.002 for 2.2413 .- <n<2.32,
1.0034 for 2.32=<n<24,

n—1.01\¢-»
h=(=1) " for 25n<2.2413 -,
1 for 2.2413.-- <n<2.4.

LemMMA 2.8. Reading [, we have

1.01 Fy(x)dx n(n*—n+1) n—1 \/2
So_ss (1—x)‘(n—x)"“’2> 21v/n—1 {1_(71—0.99 }

. n n—1 \n-s/2
T24(n——1)5/"(n—3/2){(11-—1.01 ’1} Xbys,
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where
b10=3.9202n*—11.7800017°415.680498n?

—11.74029972+3.919002 for n=2.

PROPOSITION 2. Regarding p(x, x,) defined by (2.9) we have

o(xq, 2,)>0 for 0<x,<1<x,<n, x,=Xu(xo)
with n=2.

Proof. By (2.11), it is sufficient to show
g'(x)<0  for 0<x,<1,

which is held by Lemma 2.1 for n=2.4. For 2<n<2.4, we proved this in-
equality by showing that (2.17) holds by means of numerical evaluation of J by
computors in which we computed Ji, J; and J, for 0.01<x,<0.99 and 2=<n=<2.41
with step 1/100 and obtained />0 for these values of x, and n, from which
we see that this inequality holds for 0<x,<1 and 2<n=<2.4 in general, by
taking the properties of ], J;, s by Lemma 2.3—Lemma 2.8 into consideration.
Q.E.D.

As the next step, we wish to prove p(x, x,)>0 for x,<x<1, which corre-
sponds to (1.18) in the proof of Proposition 1. If this inequality does not hold,
then there exist &, & such that x,<& <6,<1,

P(Sl» x1)=P($z, x1)=0,
and
dp(x, x1) 0p(x, x1)
L = > =
o <0 at x=§, and o =0 at x=§&,

by Lemma 2.1 and Proposition 2. From (2.1) and (2.9) we obtain

0p(x, x1) __ N(X, x1) X N(x, x)
dx (X=D*n—=X)"*2 9x (1—x)(n—x)*+/2

Ll XNGKx) L xMx)
DTrEro] ko ety o s e ]
_ 1—x [XZN(X, x1) n x2N(x, %) ]
T o n—x)PL(X—=1PvVn—X ' (l—x)Pv/n—x1’
i.e.
(2.24) ap(g;"‘): xg(ln__"x),,V(x, x)  for 0<x<1,

by (7.10) in (IlI). Hence, the above inequalities for &, and &, become
(2.25) V(& x,)20 and V(&, x)=0.
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Therefore, if we can prove that

aV(x, x1) >0

(2.26) P

for x,<x<1,

then it implies that
&=¢& and V(&, x,)=0
and
o(x, x)>0 for x,<x<§& and &<x<1,

which also implies I>0 by (2.7) and (2.9). In the following we shall try to
prove (2.26).

§3. aV(x, x,)/0x.

LEMMA 3.1. Setting x=1—t and X,(x)=1+s near x=1, we have

2n—2) , , 4n—2y
3n—1)" T 9(n—1y

3.1 s=t+ P,

Proof. From x(n—x)"'=X(n—X)""!, we have

A=n(1+-) " =1+s(1-25)"

i.e.

" e n(n—2) po n(n—2)(n—3) H
2(n—1) 3(n—1) 8(n—1)°

n(n—2) s n(n—2)(n—3)

3(n—1y7° 8(n—1)°

1

. n
2n—1°

By (8.12) in (Ill), we can put

=1 2+ s4+ cee

2(n—2)
3(n—1)

s=t+ 2 4-bt* 4 -

and substituting this expression into the above equality we obtain easily

po Hn—2p
T 9(n—12"
Q.E.D.
LEMMA 3.2. Near x=1, we have
1 _ a(n*—n+1)C _ n(n—2)(n*—n+1)C
3.2) BV = i 9(n—1)7
n{144Qn =D+ (n 0t 1@ 128+ I8NCY

216(n—1)%*
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where C=log (n—1)+1—12(x)=2(1)—i(x,)>0.

Proof. Setting x=1—t and X=X,(x)=1+s, we obtain

1 _n(n? n+1) n(n—2)(6n* —7n+7)
0= ' T sotm—1y
nn—2)n—3)dn'~6n+5) ,
+ 120(n—17 £t

by an analogous computation as the one in §8 of (III), and
n2n—1) , n(n—2)3n—1)

1 4 .ee
2 L S R et | L
1 ., n(n—=2) .
F B9} =t g
x* 1 g 4n—3 8n’—8n+3 ,,
ety o L L o R ¥
1 2

AQ—H=log(n—1)+1+ Sn—1y 12— 3(n_1)3t + -

Hence, we obtain

#®N(x, %) 1 ¢ 4n—3 8n*—8n+3 ,
Bl—mvn—s - va—T U\ 2m=0)'" 8am—1¢ '+ }

% [n —tl+t{n(g(2n—_nl—;—1)+ n(n—zg)((finni—l;n +7)t

L nln= 2>(1n2—0—(?;1>(4rlz; 5y ey . L st
—§G2:ﬁ’3+ ...}_le((Znn:ll))_ "(";,f)fsl’;z_l)f 5o
+2”{2(nn~1) + 3’.1((1;1—_12)Z t }]

1 Jl 4dn— 3H_8n2—8n+3
V=1 2n—1) 8(n—1y

[n(nz—n+1)C n(6n’—9n*+11n—4)C | n

p)

6t 60(n—1) "2n—1)
n(dn—>5) n(n—2)(4n3—6n2+9n—1)C
izt et 20(n—17 )i+ ] ’

i.e.

363
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Vn—1x:N(x, x;) _n(n*—n+1)C n

Bl—xy"n—x _ 6t Tom=1)

_ n(14n*—26n*+24n—11)C _{n(2n-—1) n(n®*—n+1)C
60(n—1) 3(n—1)* 48(n—1)*
We obtain analogously

Vn—=IX’N(X, x,)_n(n’—n+1C  n
B(X—1¥+v/n—X ~ 6s 2(n—1)

n(14n®—26n+4+24n—11)C _{n(Zn—l) Ln(nz—n-i—l)C} .
60(n—1) 3(n—1)2 " 48(n—1)

Therefore, using (3.1) and (2.1) we obtain
vVn—1 _n(n*—n+1C/1 1
VEZL Vs, 1) =" (54

(3.3)

i

3.3y

+

n@2n—1) n(n*—n+1)C
- 6t {2 3(n—l)t Q(n_l)zt + }

n2n—1) nn*—n+1)C
_{3(n—1)2+ B(n—1y jr+ -

:n(nz—n-i-l)C n(n—2)(n*—n-+1)C

3t 9(n—1)
_ n{144(2n—1)+(n2—n+1)(32n2—128n+137)C}t
216(n—1 T
which implies this lemma. Q.E.D.

LEMMA 3.3. We have for 1-<x;<n
i) IirlnoV(x, x1)=+oc0 with n>1;
z-1- B 2
% with n>1;
and (1—x)V(x, x,) is 7 at x=1 with >2;

. 0p(x, x;) _ n(n*—n+1)C
ey |

ii) lirlrfo(l—x)V(x, xX)=

<0,

where C=2(1)—i(x,)=log ,’f_— i (:1——1)1)5 >0.
1

Proof. 1) and ii) are evident from Lemma 3.2. Next, from (2.24) we obtain
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do(x, x1) _ 1

B, g = Gt A ARV )
_ n(n*—n4+1)C
== T3 1yE <0.

Q.E.D.
Now, we compute oV (x, x,)/0x. Regarding the functions in (1.2), we have

xzx/n——-—x)’_ x{4n+(6n—>5)x—5x%}
1—xy /7 2(01—x)+vn—=x ’

Fy(x)=—2B{@2n+1)x—Q2n*+5n—4)} —(n—x)""*Q4(x),

where
Q:(x)=2n*(n+2)+n(n—13)x+2(n*—n*—n+4)x*—(n—1)(n+2)x*
((3.1) and (3.2) in (VID)),

(x=D{n+(n—1)x}

== Datn—n)

(Lemma 7.1 in (IlI)), from which we obtain

22/ n—xFy(x) 5 5 !
3.4) (“—‘(1—_5)—5_{3(?5)_1(«\71)})

_ An+m—Dx}Fy(x) | xW(x, n){A(x)—A(x)}
T(n—=1D1—x)vn—=x 20—x)vn—x

where

3.5) W(x, n):=—BWx, n)+(n—x)"""Wy(x, n)(=W(x)),

(3.6) Wx, n):=4n(dn—1)(4n—3)+(72n*—236n%+146n—15)x
—(16n°+76n*—190n+71)x%+4-(16n°+14n—33)x*
—@n+1Dx (=W (x)),

3.7 Ws(x, n):=12n*2n—1)+3n(16n*—36n+9)x
+3(12n*—50n%+-52n —5)x2+(8n*—70n%4130n—71) x*
+(4n*—18n*+44n—33)x*—(n—1)2n—1)x*(=W4(x)).

By Lemma 2.1 in (IX) we have

1

2n—1D(1—x)vn—x {Béa(x, n)"‘(n_x)n-lQ~4(x, n)},

n'(x, n)=
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Gs(x, n)=2n{dn—1)4n—3)+3(16n*—40n*+24n—3)x
—8(n—1)(n*+5n—3)x*+@An*+2n—3)x*(=Qy(x)),

Qu(x, n)=6n*2n—1)+n(28n*—52n+15)x
+38n®—26n2+-21n—3)x*+(2n—3)2n2—13n+8)x*

+(n—1)2n—1)2n—3)x (=0u(x))
and hence

, _a _ An+(n—1x} Fy(x)
Vi )= G Ve )= G Iy v —z

W) —ix)} BOR)—(n—2)"10(x)
2(1—x)v/n—x 2n—1)(A—x)*vn—=x

_,_[ {n+(n—DX}Fy(X)  XWX{AX)—A(x1)}

-

=D (X—Dvn—X T 2AX—Tpvn—X

_B@(X)—(n—X)”-‘@(X)] -z X(n—X)
2n—1)(X—-1)vVn—X lx(n—x) X-—-1 °

Carefully arranging the right hand side, we obtain the following important
formula :

x(n—x)dV(x, x,) _x*v/n—xW(x, n)

(3.8) - o T iy {A(x)—2(x,)}

" xvVn—xS(x, n) +|X2x/n—XVV(X, n)
2(n—1)(1—x)® 2(X—-1)

Xvn—XS(X, n)
2(n—1)(X-1y ~’

where X=X,(x) and

{A(X)—A(x)}

+

3.9) S(x, n):=—BSy(x, n)+(n—x)""1Sy(x, n)(=S(x)),

(3.10) Sy(x, n) :=4n(dn—1)4n—3)+3(24n*—68n*+42n—5)x
—2(8n*+20n*—15n+20)x*+(8n*—5)x*(=S(x)),

(3.11) Si(x, n):=12n*2n—1)+3n(16n*—32n+9)x
+3(12n*—42n*+37n—5)x2+(8n*—52n%+87n—40) x*
+(n—1)4n*—10n+5)x*.

Looking over the right hand side of (3.8), we see that if we have

(3.12) W(x, n)>0  for 0<x<n, x#1,
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then it is increasing with respect to x;, since

_ (t—=Din+(®m—1x,}
(n—Dxi(n—=x,)

Furthermore, if (3.12) holds, we shall obtain

aV(x, x1)
0x >

1'(x1)= <0 for 1<x|<n .

0

by proving that

3.13)  (x, n)::—"z—‘/—’é—l__"—z[)/;(x’——"){ﬂ)(n(x))—i(x)}

xv/n—xS(x, n) |, Xa/n—XS(X, n)
(n—1)(A—x)° (n—1)(X—-1)

+ >0 for 0<x<1.

Remark. By Lemma 4.1 in (IX), A(X,(x))—A(x) is decreasing in 0<x<1
and positive there and

lim AXu(x)—A(x)=o0,  AXu(1))—41)=0.

§4. Some properties of W(x, n).
LEMMA 4.1. W(0, n)>0 for n=2.

Proof. From (3.5), (3.6) and (3.7) we have
W, n)=—4Bn(4n—1)(4n—3)+12n"*'2n—1),

and we shall prove the following inequality :

(T . Wn—1)dn—3) >
(4.1) enii=(-"7)" >h(n):= Snnop  for n=2.
We see easily that (4.1) holds for n=2 and as n— and e,., and h(n) are in-
creasing in 2<n<oco. If (4.1) does not hold, there exist n, and n; such that
2<m=n,<oo,
en-1=h(n) at n=n,, n, and

n 1 _n 32n°—32n+10 1

g = S T @n—Dn—Ddn—3 n "M
= at n=mn,.
On the other hand, since we have
n 1 1 1 6n?—3n—1
g = T T T < ema—y "L
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we consider the inequality :

6n°—3n—1 32n*—32n+10
6n*(n—1) — (2n—1)4n—1)4n-3)’

which is equivalent to
8n°*—24n%+13n—3=0,

We see easily that this cubic inequality in n holds for n=2.4, which implies
n,<2.4. By numerical computation we have the following data:

€1 h(n)
2 2 35/18=1.94

2.1 2.036616---  39.96/3x2.1x3.2=1.982142.-
2.2 2.069615---  45.24/3x2.2x3.4=2.016042--
2.3 2.099519---  50.84/3x2.3x3.6=2.046698---
2.4 2.126750---  56.76/3x2.4x3.8=2.074561.--

which show that e,-;>h(n) for 2<n<2.4, and so 2.4<n,. Thus, we reach a
contradiction and (4.1) has to hold. Q.E.D.

LEmMMA 4.2. W(n, n)>0 for n>3/2.

Proof. From (3.5) and (3.6) we have

W(n, ny=—BW (n, n)=Bn(n—1)}2n—3)>0 for n>3/2.
Q.E.D.

LEMMA 4.3. Near x=1, we have
W(x, n)=%n(n2—n+1)(x—l)“+ U
Proof. Setting x=1+4y, we obtain from (3.6) and (3.7)
4.2) W(1+y, n)=120n*+20(n—1)*2n—13)y
—4(n—1)4n*+11n—44)y*+(16n°4+-6n—37)y*—(2n+1)y*,
4.3) Wi(l+y, n)=120(n—1)*+20(n—1)*(8n—19)y
+4(n—1)(21n*—101n+109)y*+3(8n°—54n°+112n—71)y*
+(n—2)4n*—20n+19)y*—(n—1)(2n—1)y°,

Hence, we obtain
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AWy, m=—W 14y, m+(1—-2) W1+, n)
B Y, n)= 4 y,n ( n—']. 5 Yy, n

— . n—2 ., (n—2)(n—3)
(n—=2)(n—=3)n—4) ,
1y Y L)
zfﬁz—grl_+1>y4+...,
which implies this lemma. Q.E.D.

LEMMA 4.4. Wi(x, n)>0 for 0Zx=<n with n=2.
Proof. Since we have (3.7) and (4.3)
s { Wx0)=12n*@2n—1), Ws1)=120(n—1)*,
We(n)=2n"—7n°4+9n°—5n*+n*=n*(n—1)*2n—1),

which are all positive for n>1. Therefore, we shall show that W(x)>0 for
0<x<n with n=2. For simplicity, setting

a,=n*@2n—1), a;,=n(16n*—36n49)
[a2=12n3-—50n2+52n—5=(2n——5)(6n2—10n+1) R

49 Ia3=8n3——70n2+130n—71 . a,=4n*—18n*+44n—33,
as=(n—1)2n—1)=2n"-3n+1,

we have

4.6) Welx, n)=12a,+3a;x+3a,x*+a;x*+a,x*—asx®

First, we consider the quadratic polynomial of x:
%W§3’(x):as+4a4x——10a5x2 ,
We have a;>0 for n>1 and a,>0 for n=2, and easily can show
0<2t<n  for n=2.
5a;
We have

4.7 D(n) :=(its discriminant)/8=2a%+5a,a;
=32n°—208n°+532n*—13067n°+3238n2—40937 41823
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and D'(n) is \,/ in 2<n<oco, and D'(2)=-285 D’'(3)=-—55 and D'(3.1)=
647.65392. Hence D(n) is \," in 2<n<c. Since we have

D(2)=45, D(2.11)=3.8156---, D(2.12)=-—0.9263 ---,
D(3.39)=—16.1886 ---, D(3.40)=28.1905 -,

hence
D(n)>0 for 2<n<2.11 --- and 3.39 - <n<oo,

D(n)<0 for 2.11 --- <n<3.39 ---.

We see that ai(n) is \” in 2<n<oo and a4(2)=—27, a4(6.4)=—9.048, a4(6.5)
=13.5 and hence

ay(n)<0 for 2<n<6.4--- and
as(n)>0 for n>6.4--- and
W& (n)=—6dn*+34n*—96n°+2n+71)<0 for n=2.

i) Case 2<mn<2.11---. From the above argument, the cubic polynomial
of x:

—;—W{;”(x)=3az+3a3x+6a4x2—10(15958

is \,\, in 0<x<n. Since ayn)<0 for 2<n<2.5, we consider its value at
the root 7 of W{(x)=0:

T=204+«/2(204a4+50305)
10a; ’

which becomes
5—2—[4a2+15asa4a5+75a2a§+«/2—(203+5a3a4)3’2] )
5

and, using that a,(n) is Y\, in a<n<4, we can prove the quantity in the brackets
is negative for 2<n<2.11---. Thus, we see that W;"(x)<0 for 0=<x<n and so
the graph of Wy(x) 1s convex upward and so (4.4) implies Wy(x)>0 for 0= x<n.

ii) Case 2.11 --- <n<3.39 --- (D(n)<0). W (x)<0 for —co<x<+co and so
Ws”(x) is N\ in 0<x<n. When 2.11-.- <n<2.5 W;"(x)<0 for 0<x=<n and so
we have Wi(x)>0. When 2.5<n<3.39-, Wix) is /\, or  in 0<x<n.
Since we have

Wi0)=3a,>0 for n=2,
Wi(n)=6n°—33n°+33n*+6n*—9n2—3n
=3n(n—1*2n*—7n*~5n—1)
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and 2x2°—7n?—5n—1 is N\ in 2<n<co, —23 at n=2, —1.1583--- at n=
4.13, 0.2386:-- at n=4.14. Therefore Wi(n)<0 for 2<n<4.13--.. Hence we
see that Wy(x) is ™\, in 0<x<n with 2.5<7<3.39 --- and so (4.4) implies also
Wis(x)>0 for 0Zx<Zn.

iii) Case 3.39 .- Sn<oo, Wy"(x) is \ "\, or M\, in 0<x<n with 3.39 ---
<n<6.4-- or 6.4 .- <n<oo respectively. We have

Ws"(0)=6a,>0 for n>2.5,
and
Ws"(n)=2(4dn°—54n*+80n°+42n*—57n—15) is \, /" in 2<n<o0, <0

for 2=n<11.7--- and >0 for n>11.7 ---.

Now, for the case 3.39--- <n=<6.4---, we consider the value of W;”(x) at the
other root of W{»(x)=0:

5= 20— ~/2(2ai+5a5a5)
10a; ’

which becomes

%[4a2+15a3a4a5+75a2a§—«/7(2a§+5a3a4)3’2] .
5

Since we have that
4ai+15a,a.a5+75a.a%
=256n°—2496n°+13440n"—47976n°+111984n°—208542n*
+368072n°—490365n% 43644971 — 108978 ,

which is  in 3.3<n<, and D(n) is 7 in 3.1<n<c, and computed the
values of 4a3+15a,a,a;+75a,a2 and +/ 2 D*? for 3.39<n<6.5 with step 1/100,
we obtain

4a3+15a,a,a5+75a.a3—~/2 D¥*>0 for 3.39 .- <n=<6.5.

Therefore, Wi{(x)=3a,+6a,x+3asx*+4a,x*—5asx*is /N in 0<x<n. We have
a,>0 for n=2. Therefore Wy(x) is ™\, or 7 in 0<x<n, which implies Wy(x)
>0 for 0=x<n by (4.4).

Last, we consider the case 6.4 - <n<co. In this case W "(x) is ™\ in
0<x<n and W;7(0)>0. Hence Wi(x) is /™, or /in 0<x<n. We have W{0)
>0 and Wi{(n)>0. Therefore Wix)>0 for 0=<x<n, which implies Wx)>0
for 0<x<n by (4.4). Thus, we have proved

Wex, n)>0 for 0 x<n with n=2.
Q.E.D.

LEMMA 4.5. We have
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W(x, n)=—BW,x, n)+(n—x)""‘Wx, n)>0
for 0x<n, x+1, with n=2.

Proof. If the above inequality does not hold, then there exist &, &, and
71, B2 such that

0<6:26:<1 and 1<y =9:.<n
4.8) WE)=W(n)=0, i=L,2,
W'(EN<0, W'(&)=0 and W'(5)=0, W’(5)=0,

by Lemma 4.1—Lemma 4.3. By Lemma 4.4, the last conditions are equivalent

to
(n—DW ()W 5(x)—(n— x )W ()W 5(x)—W i (£)W 5(x))

20 at x=$1, 7]1 and é() at xzsz, 772.
Now, for simplicity, setting

by=n(dn—1)4n—3), b,;=72n°*-236n°+146n—15,

4.9) b,=16n*+76n*—190n+71, by;=16n*414n—33,
b4=2n+1 )

we have

(4.10) W4(x, n):4b0+b1x_b2x2+b3x3'—b4x4 .

From (4.5), (4.6) and (4.9), (4.10), we obtain

(n—=DWWs—(n—x)W.Wi;—WWs)

=12{4(n—1)bsas—n(boa;—b,ao)} +12{nbya,+(n—2)b.a,
—2n(boas+bsae)} x+3{4(n+1)boas+(n—1)bya;—4(n—3)b.a,
—4nboas—n(bia,+bya,)+12nbsa,} x2+ {4(n+2)boas
+3nb,a,—3(n—2)bya,+12(n—4)bsa,—2n(8bya,+b,a;—3bsa;
+24b,a,} x>+ {4(n+3)boas+(n+1)b,a;—3(n—1)bsa,
+3(n—3)bsa,—12(n—5)b,a,+n(20b,as—3b,a,+b.as+3bsa.
—9b,a,)} x*+{—4(n+4)boas+(n+2)bya,—nbya;+3(n—2)bsa,
—3(n—4)b,a,+2n2b,as+b,a,—3b,as)} x5+ {—(n+3)b,as
—(n+4+Dbsa,+(n—1bsa;—3(n—3)b,a,—n(3b.as+bsa,
+b,a3)} x84+ {(n+2)b.as+nbsa,—(n—2)b,as+2nbsas} x”
+{—(n+1Dbsa;—(n—1)b,a,—nb,as} x*+nb,asx®
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=n(n—1)[96n*2n*—2n+3)—96n*6n*+5n+8)x
+2n(240n* +672n°+60n"+ 11407 4-351) x>
+(1607°—20807*—4007n° —2444n*—2388n —225)x*
—2(240n°—480n*—500n°—608n°— 15851 —403) x*
+(288n°+192n*—608n°—2607n>—2200n —1135) x°
—(64n°+-320n*—40n°+152n*—930n —820)x ¢
+(96n*4-80n°+140n*—212n—335)x"
—(40n°+16n*+2n—70)x*+(4n*—1)x°]
=n(n—1)(x—1)Wx, n),
where
(4.10) Wx, n): =cex®—csx’+cox*—csx®*+6¢,x2+192¢,x—96¢, ,
ce=4n*—1, c¢;=40n*+4n*+2n—67,
¢,=96n*—40n3+116n%*—2182—131,
4.11) c;=64n°+32n*—40n*—212n*—282n—225,
¢;=n(16n*—32n*—68n*+4n—117),
c;=n*3n*—2n+4), co=n*2n*—2n+3).

From the above argument, the last relations of (4.8) can be replaced by
(4.12) Weé)=0, We6:)=0 and W(9)=0, W(5.)=0.
In the following, we shall prove the inequality :

Wex, n)<0 for 0<x<n with n=2.

We see easily the following :

We0)=—9%c,<0  for n>0,

(4.13) {
We(n)=—n*4n*—20n*+39n*—37n*+17n—3)<0  for n=2.

First, we consider the quadratic polynomial of x:

2171Wé‘”(x)::15c(;xz—5c5)c—i—c4 .
We see easily that ¢,>0 for n>1/2, ¢, is / in 2<n<oo, =1113, and 5¢;/

(2% 15¢e)=cs/6cs>n for n=2, and
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W (n)=24(15¢csn®—5¢sn+c,)
=—24(44n*+60n°—91n2—117n+131)<0 for n=2.

Therefore, the cubic polynomial of x:
—é—Wé”(x)zZOcex"’——10£5x2+4c4x—c3

is /N, in 0<x<n. We see easily that ¢;is /" in 2<n<co, 2603, hence W0)
<0, and
WP (n)=6(20c,n*—10csn®+4c,n—cs)

=—6(232n*—464n*—10n%+242n—225)<0 for n=2,
since 232n*—464n*—10n%+242n—225 is / in 2<n<oo, =219 for n=2. Then,

we have

Wé”(%l)=%(13566n3—90c5n2+48c4n——1663)

:%(524n5—2792n4+5893n3-—1042n2—1776n—|—3600),
which is / in 2<n<oco, =(3/8)x15120=5670 for n=2. Therefore, the poly-

nomial of x of 4th order:

%W(’(x)z 15¢,x*—10csx°3+6¢,x%—3csx +6¢

is \,"\, in 0<x<n. We can easily prove that
W4"(0)=12¢,<0  for 2<n<3.40 --- and
>0 for 340 <n<oo,

since 16n°—32n*—68n*+4n*—117n is \, " in 2<n<oo, —762 at n=2, —30.8393 ---
at 3.4, 1.6173 --- at 3.41. Then, we have

W (n)=2(15¢¢n*—10c;n*+6¢,n*—3csn+6¢,)

=2n(44n°—280n*+589n°—410n*+84n—27)>0 for n=2,
and
We"(1)=2(15¢,—10¢5+6¢,—3cs+6¢,)

=—16(12n°—36n*+116n°—172n*+148n—68)<<0 for n=2.
Therefore, the polynomial of x of 5th order:
Wi(x)=6cex®—bcsxt+4cix®—3c;x2+12¢,x+192¢,

is \\/ in 1<x<n with n=2, and \, in 0<x<1 when 2<n<3.40---, and ™\
in 0<x<1 when 3.40 - <n<oo. We have



PROPERTY OF GEODESICS 375
€0)=192¢,>0  for n>0,
Wi1)=480(n*—3n*+4n*—3n+1)
=480(n—1)*(n*—n+1)>0 for n>1,
Win)=16n"—84n°+184n°—141n*—14n3+4+39n?
=n*(n—1)(16n*—52n*+64n+39)>0  for n>1.

Thus, we see that Wi(x)>0 for 0<x<1 with n=2, and hence Wx)<0 for
0=x<1 with n=2 by (4.13).

Next, we consider the interval 1<x<n. W)(x) takes its minimum in 1=<x
=n at the root @ of W ”(x)=0. Since we have

1 5n 1
—_ (3) — 5 4 3
6 w§ (——6 )———(1.2)3(42.36871 —333.6967*+693.287n

—85.3441n2—267.264n+388.8)>0 for n=2,
we obtain

W (x)>0 for %néxé%n

from the facts stated above. Then, we have

%WG” (1 + i%n) =—16.074n°+96.61n°—96.4215n*—390.25n°+-809.061"

—868.1n+544 \ in 2<n<o, <0  for n=2,
which implies

3
—_— >
1+10n<a for n=2.

We have also
—1—W ” (1—}-1):—l(360n“~—2792715+3481n‘+9218n3——24084n2
2°° 3 27
+22491n—14688>0 for 2<n<4.93 ---

<0 for 4.93 :-- <n<oo,
which implies

a<1+% for 2<n<4.93 -,
n
1+§<a for n>4.93 ...
We have 14+n/3<5n/6 for n=2 and

%Wé”(l—l—%n):17.36n5+82n“—335.14n3+497.3n2—383.2n+351
is /7 in 2<n<co, =760.2 for n=2.
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Hence we have

W& (x)>0 for 1+ %ng é—g-n with n=2.

When 2<n<4.93 ---, taking account of these facts we have
’ ’ 3 ” i _]; __i
Wi@zWi(1+{gn)+W." (1+{gn)x (31— 1n)
! 3 "
=Wil+i5 )+ We (1+10 n)
=—1l5(143.1792n7—281.55n“—640.8648115—1025.2475n‘

+10571.26n°—18697.45n2+16160n—7200) is ™\
in 2<n<o0, >0 for 2<n<2.62 .-
and <0 for 2.62 .-+ <n<4.93 -,

which implies
Wix)>0 for 1<x<n with 2£n<2.62 -,

and so
We(x)<0 for 1<x<n with 2£<n<2.62 ---

Next, we have
Wg(l —I-%n): —(8.47368n"—12.33n°—49.15242n°—94.3665n*

+758.688n°—1304.37n%4-1113.6n—480) ,

which is \| in 2.7<n<eo, <0 for 2.711--- <n<oo. Therefore, for n>2.711---
we consider the root 8 of Wi(x)=0 in 1<x<a and the graph of Wy(x) as
shown in Fig. 2. The =x-sections of the tangent lines at (1, W¢1)) and

(14+@3/10)n, W(14-(3/10)n)) are

3
W) 3 Wi(l+ign)
1—pmqy and  Ign——— =
«(1) Wé(l-l—mn)
respectively. The condition:
3
Wil w (1+1o")

W= w1+ 3n)
is equivalent to

We(l)Ws(1+ )<W6(1+ {We(l)-l-%nW{,-(l)} .
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y
y
y=Wix) { 0
3
1+I(—)n
1 J n
0| ,gw %

Fig. 2.
Since we have
We(1)=—160(n—1)*(n*—n+1), Wil1)=480(n—1)*(n*—n-+1),

the above condition becomes
3 3
30W6(1+16n> g(lO—n)W6(1+mn> .
Computing carefully we obtain
3 3\ g
(10—n)W6(1+T6n)——30W6(1+1—0n>—n xE(n),

where
F(n)=39.8142n"—66.12481°—469.99275n542853.7548n*

—7804.674n°+-10341.24n*—7957.5n 43264 ,

which is 7 in 2.7<n<oo, =3797.356219 for n=2.7. Therefore, the above con-
dition is satisfied for n=2.7. Hence, we obtain

W(x)<0 for 1<x<n with n>2.711 .-,

Finally, on the rest interval 2.62.-- <n<2.711---, we can show W(x)<0 for
1<x=<n by means of numerical computations by computors as before. Thus,
we have proved

Wex, n)<0 for 0=x<n with n=2,
which contradicts to (4.12). Q.E.D.
LEMMA 4.6. W(x, n) is \, in 0<x<1 with n=2.

Proof. For simplicity, setting n=m+1, x=1+y, we obtain from (4.2) and
4.3)



378 TOMINOSUKE OTSUKI

W (14 3)=120m*+20m?*(2m—11)y —4m(4dm*+19m—29) y*
+(16m2+38m—15)y3—(2m+3)y*,
Wis(1+ y)=120m*+20m?*8m—11)y +4m(21m?—59m+29) y*
+3(8m*—30m®4-28m—>5) y*+(4m*—16m*+15m—3) y*
—m(2m+1)y®.
By Lemma 4.3, we have

WOH)=W'1)=w"(1)=Ww*(1)=0,
and hence

W’(l+y):%y*W“’(l+0y), 0<0<1.
From W(1+y)=—BW,1+y)+(m—y)"W(1+y), we obtain
1 _ _l m-4
§W<4>(1+J’)-—24(2m+3)+(1 m)
Y\ e LAY 6(m—1) A
x{(1-2)Ywio—4(1- 2)we+ 22 (1-2)

dm—1)(m—2)/.  y\.,, , (m—1)(m—2)(m—3)
— S (W P LS

—24(2m+3)+ %(1— 2)" " Bmt(m—2)(m+-2)
—4m3*(8m*+29m®+54m®+4m—59)y
+4m*(m+2)(21m*+43m®+68m?+68m —38) y?
—m(m—+2)(m+3)(40m*+114m*+110m°*+123m—33) y*

 Hm+2)(m+3)(m+4)(dm* +28m°+19m®+12m—3) y*
—m(m+2)(m+3)(m~+4)(m+5)2m+1)y°}.
Since the polynomials of m:
8m*+29m*+54m*+4m—>59, 21m*+43m®+68m?+68m—38,
40m*+114m*+110m2+123m—33, dm*+28m*+19m*+12m—3
are all positive for m=1, we see easily that ,
W®A+3)>0  for —1<y<0 with m=2.

When 1=<m<2, we have
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y m-—4
o<(1—7;) <1 for y<0,
and hence for —1<y<0
1 1 P\m-4
— “ (1 —=
SWO(1+9)>24@m 43+ - (1-2)

X8m*(m—2)(m+2)?
>24(2m+3)+8(m—2)(m+2)*

=8(m*+2m?*+2m-+1)>0.
Thus, we have proved

W'(x, n)<0 for 0<x<1 with n=2.
Q.E.D.

PROPOSITION 3. W(x, n) is positive for 0<x<n, x+#1 and decreasing in
0<x<1 with n=2.

§5. Some properties of S(x, n).
In this section, setting
{ a,=n(4n—1)4n—3), a,=24n*—68n2+42n—5,

(5.1)
a,=8n*+20n*—51n+20, a,=8n%*—5

and
bo=n%*2n—1), b;=n(16n>—32n+9),

(5.2) b,=12n*—42n*+37n—>5, b;=8n*—52n*+4-87n—40,

by=(n—1)4n*—10n+15)=4n*—14n*+15n—5,
we have
Ss(x, n)=4a,+3a,x—2a,x*+asx*?,

(5.3) Si(x, n)=12b,+3b,x +3bo x>+ by x>+ by x*
S(x, n)=—BSy(x, n)+(n—x)""1S,(x, n).
LEMMA 5.1. S0, n)>0 and S(n, n)>0 for n=2.
Proof. We have first
S0, n)=—4Ba,+12n""'b,
=—4Bn(4n—1)4n—3)+12n"*'(2n—1)

(An—1)4n—3)

3n@2n—1) }>O for n=2

=12n2(2n—1)B{en_1—
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by (4.1). Next, we have
S(n, n)=—DBSy(n, n)=B8n*—32n*+43n*—22n%+3n)

=Bn(n—1)*8n?*—16n+3)>0 for n=2.
Q.E.D.

LEMMA 5.2. Near x=1, we have

_'Bn(2n—1)(n*—n+5)

S(x, n)= =D (x—=1)t+ -+
Proof. Setting x=1+y, we obtain from (5.1)-(5.3)
(5.4) Ss(1+y, n)=60(n—1)*2n—1)+10(n—1)(4n*—22n+11)y
—(167°+16n%—102n+55)y*+(8n*—5)y?,
(5.5) Si(1+y, n)=60(n—1)*2n—1)+10(n—1)(162*—40n+17)y

+3(28n°*—122n%+154n—55)y*
+3(8n°*—36n°4+49n—20)y°
+(n—1)4n®*—10n+5)y*.
Hence, we obtain
n—2 yz__(n——Z)(n—B) .
2(n—1) 6(n—1)

1
ES(H—y, n)=—S1+y, n)+{1—y+

(n—2)(n—3)Y(n—4) ,
+ 24(71_1)3 y + "'}XS4(1+3’, n)

_n@n—1)(n—n+5) ,

which implies this lemma. Q.E.D.

LEmMMA 5.3. S,(x, n)>0 for 0=Zx<n with n=2.
Proof. From (5.2) and (5.5) we obtain
S, (0)=122*2n—1)>0  for n>1/2,
5.6 IS4(1)=60(n—1)2(2n——1)>0 for n>1,
Si(n)=4n"—6n—n*+4n*—n®
] =n¥n—1)*4n?+2n—1)>0 for n>1.

We consider the quadratic polynomial of x:

%Sq"(x)=2b4x2+b3x+bg .
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We have its discriminant
(5.7 D(n)=b3—8b,b,
=—(320n°—1856n°4-3232n*—136n°>—5049n°4-4880n — 1400)

which is ™\, in 2<n<, 124 at n=2 and

D(2.424)=0.5304 ---,  D(2.425)=—1.9072 -,
and hence D(n)<0 for n>2.42 ---. Therefore, we have

S/ (x)>0 for —co<x<oo with n>2.42-.-.

Next, we see that

by 8n°—52n*4-87n—40

b~ dn—D)An—10nt5) 5 1 2<n<eo,

because
{8n3—52n2-|—87n—40}'_3(32714—152n3+266n2—200n+55)
(n—1)(4n*—10n+5)) — (n—12(4n®*—10n+5)?
We consider the condition:
bs

> be 4nb,+b;<0,

>0 for n=2.

which is equivalent to
16n*—48n*+8n+67n—40<0.

Since the left hand side is " in 2<n<, we see that this condition is equi-
valent to 2<n<2.04 ---. Then, we consider the condition:

by

—E<1, 1. €. 4b4+b3>0,

which is equivalent to
24n*—108n%+147n—60>0 .

Since the left hand side is  in 2<n< oo, we see that this condition is equi-
valent to n>2.33 ---.
On the other hand, we have

S.7(0)=6b,=6(12n*—42n*+37n—>5) " in 2<n<oo,
<0 *for 2=n<2.16--- and
>0  for n>2.16 -
Sy”(n)=6(8n*—20n*—10n°+35n2—3n—>5),7 in 2<n< o,
<0 for 2£n<2.24-- and
>0  for n>2.24 ...

and
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Taking account of these facts, we consider our subject in the following
cases.

i) Case 2=<n=<2.16---.

We see easily S,”(x)<0 for 0=<x<n. Therefore the graph of S,(x) is con-
vex upward and so (5.6) implies

S.(x)>0 for 0=x=<n.
ii) Case 2.16 -+ <n=<2.24 ---.

Si(x)=3b,+6b,x +3b;x2+4b,x® is N\, in 0<x<n.
We have
S4(0)=3b,=3n(16n*>—321n+9)>0 for n=2,

Sin)=16n°—32n°—24n*+37n*+6n>—3n
=n(n—1)(16n*—16n°—40n*—3n+3),
and 16n*—16n*—40n>—3n+3 is /7 in 2<n< o,
<0  for 2<n<2.17--- and
>0  for n>2.17 ---.

Therefore S,(x) is ™\, or " in 0<x<n. Then, (5.6) also implies S,(x)>0 for
0=x<n.

iii) Case 2.42--- <n<o (i.e. D(n)<0).

Si(x)is /' in —oo<n<oo and so Si(x)>0 for x=0, hence S,(x) is ' in
0<x<n, and S,(x)>0 for 0=x=<n by (5.6).

iv) Case 2.24 --- <n<2.42 ---.

Si(x) is N\, in 0<x<n.
Let a be the root of S,”(x)=0:

—'bﬂ + \/b3b3—8b2b4
4b, )

In this range of n, evaluating a(n) by computor, we presumed itfas

a(n)=

17.9-Tn<a(n)<18.1—7n for 2.2<n<2.42 -,
and we have

—615—54”(17.9—7n)=392n5—3432.8n“+11569.28713

—18561.28n%+4-13992.67n—3925.1 is "\,
in 2.2<n<24 and  in 2.4<n<co,

<0 for 2.2<n<2.422 ---
and
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-615—54"(18.1—7n)=392n5—3455.2n4+11706.88713
—18857.28n*+14254n—4005.1 is ™\, "
in 2.2<n<2.4 and / in 2.4<n<oo,
>0 for n=2.2.

Hence we obtain

17.9—7Tn<a(n) for 2.2=<n<2.422 --- ,
(5.8)

a(n)<18.1—7n for 2.25n<2.42 ---

(here, 2.42 --- means the root of D(n)=0). Regarding the symmetric axis of
the quadratic polynomial 2b,x2+bsx-+b,, the condition :

3__ 2 .
by 8n°—52n*4-87n—40 <17.9—7n

T 4b,  An—1)(4n*—10n+5)

is equivalent to
112n*—686.4n°+1474.7n*—1301n+4398<0.

\r\ y=Si(x)
3 Nl’\//i/ -

The left hand side is " in 2.2<n<2.4 and / in 2.4<n<co, and negative
for 2.2<n=<2.43. Hence we see that

(5.9) _Zblfu <17.9—7n  for 2.2=n=2.43.
4

Since we have
S1(17.9—7n)=—5488n°+-62484.8n°—289752.96 n*
+695978.824 n°*—904952.944 n%+596602.357 — 153692.98 ,
taking account of (5.8) and (5.9), we obtain
Sia)>Si(17.9—7n)+0.2%S,”(17.9—7n)
=—5488n°4-62955.2n°—293872.32n*+709861.961*
—927226.48n*4-613393.47n—158403.1 :=u(n).

Since p™®(n)<0 for 2.2d<n<co, and p”(n)<0 for 2.24<n<c, hence wu(n) is
N\ in 2.24<n<co. Since p(2.24)=50.32 -+ and p(2.42)=197.31 -+, and so u(n)
>0 for 2.24<n<2.42, which implies Si(a)>0. Since S;(0)=3b,>0, we have
Si(x)>0 for 0=x=<n. Hence, we obtain also
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Si(x)>0 for 0Zx<n.

Regarding the rest very narrow range 2.42<n<2.42--- (the root of D(n)=0),
we can drow the same result by numerical treatment by computor. Thus, we
have proved

Si(x, n)>0 for 0<x<n with n=2.

Q.E.D.

PROPOSITION 4. We have

S(x, n)=—BSs(x, n)+(n—x)*"1S,(x, n)>0
for 0=x<n, x+1 with n=2.

Proof. If the above inequality does not hold, then there exist &, & and 7,
7. such that

0<£,<8,<1 and 1< <p<n
(5.10) SE)=S(n)=0, =12,
S'(60=0, , S(€:)=0 and S/(9)=0, S'(5.)=0

by Lemma 5.1 and Lemrha 5.2. By Lemr}ja 5.3, the lastconditions are equi-
valent to
(n—1)S5(x)S(x)—(n— x)(Ss(x)Si(x)—Sx(x)S(x))

=20 at x=§&, 7, and =0 at x=&, 7.

By (5.1)-(5.3), working out the computation very carefully, we obtain
(n—1)SsSs—(n—x)(SsSi—S5Ss)
=n(n—1)[n*(192n*—192n+192)

—n?(576n°—192n%—288n1+624)x
+n(480n*+768n°—16801°4-720n +-660) x*
+(1607°—16007+-12407°+1540n°—1550n —225) x*
—(480n°—11207n*—680n°+2720n*—640n—700)x*
+(288n°—288n*—1032n°+ 10807 +780n—750)x°
—(64n°+32n*—392n° 416145801 —300)x°
+(32n*—80n°4-20n2-+50n—25)x7]
=n(n—1)(x—1*T(x, n),

where

(5.11) T (x, n)=cyx"—c3x°+12¢,x2+48¢,x—192¢, ,
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¢,=32n*—80n*+20n%4+50n—25,
Jc3=64n5—64n“—152n3——44n2+430n——225,
1 cr=n(8n*—16n°—28n*+96n—55),
¢:=n?8n*—18n+13), co=n*(n*—n+1).

(5.12)

From the above relation, the last relations of (5.10) are equivalent to

(6.13) Ty€D=0, Ty(&)=20 and Ty (n)=0, T(7)=0.

In the following, we shall prove the inequality :
T(x, n)<0 for 0<x<n with n=2.
We see easily the following :
T,(0)=—192¢,<0  for n>0,
5.14) JT4(1):—40(4715—12n‘—|—33n3—46n2+26n—5)
=—40(n—12n—1)2n*—3n*+11n—5)<0 for n>1,
lT,,(n):—n3(n—1)(32n4—48n3—28n2+22n—3)<0 for n=2,

and ¢,=32n*—80n+20n2+50n—25 is 7 in 2<n<oo, =27 for n=2. Now, we
consider the quadratic polynomial of x:

%T4”(x)=2c4x2—csx +4c, .
Since we have
¢;=n8n*—16n*—28n2+96n—55) " in 2<n<x,
=50 for n=2,
—613—T4”(1)=—32n5+64n"—120n3+468n2—550n+175

N in 2<n<eo, £—13 for n=2,

—é—T/(n):——n(64n4——128n3—32n2+96n——5)

N\ in 2<n<oo, £—118 for n=2,
we see that 7,”(x)<0 for 1=x=<n and
Tix)=4c,x*—3csx*+24 ¢, x+48¢,
AN in 0<x<1

and \ in 1<x<n with n=2.
Then, we have
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T1(0)=48¢,=48n*8n*—18n+13)>0 for n=2,
T4(1)=5(64n*—280n°4-628n>—482n+115)
/1 2<n< o, 22235 for n=2,
Ti(n)=—n*64n*—64n*—152n°—44n*—50n+21)
\, in 2<n<oo, >0 for 2<n<2.24 ---
and <0  for n>2.24 ---.

(5.15)

Therefore, we have
Tix)>0 for 0<x<1 with n=2,

and hence
T,(x)<0 for 0<x<1 with n=2

by (5.14). When 2<n=<2.24--, we see that
Tix)>0 for 1<x<n
and T,(x)is 7 in 1<x<n. Thus we obtain
T.(x)<0 for 1x<n.
When 2.24 --- <n<co, we see that
T(x) M\ in 1<x<n and convex upward .

Let a, and @, be the x-coordinate sections of the tangent lines of the graph

of T«(x) at (1, T,(1)) and (n, Ty(n)), respectively. Since
_ _T4(1) _ _T4(n)
w=lmmay ST Ty

we have

o T4<n)_ T,1)
M Ty TLD)
_ n(n—1)(32n*—48n*—28n*+22n—3)
T 64n°—64n*—152n° —44n2—50n+21

8(n—1)4n*'—8n*4+25n*~21n-+5)
64n*—280n°+628n°—482n4-115

_n—l[_ 32n*—96n°—88n*—44n+-21
2 64n°—64n*—152n°—44n%—50n+21

152n°—228n*+146n—35 ]
64n*—280n°+628n—482n4-115] "

Since the denominators of the both fractional expressions in the brackets are

—(n—1)

+ —(n—1)

+
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positive for n>2.24 ---, the condition: a,=a, is equivalent to

(64n°—64n*—152n*—44n°—50n+21)(152n°—228n°+146n—35)
—(64n*'—280n°+628n*—482n4-115)(32n*—96n°—88n*—44n4-21)=0,

i.e.
128018 —1536n"—6752n°+11712n°—4312n*

+2604n°—5804n°+3333n—525=0,

whose left hand side is  in 2<n<c, 8493 at n=2. Hence, we see that
a,>a, for n>2.24 ---, which implies

T.(x)<0 for ISx=<n.

thus, we have proved T,(x)<0 for 0=<x<n with n=2. Therefore (5.13) con-
tradicts this fact, which implies this proposition. Q.E.D.

The following proposition will be proved also in [24].

PROPOSITION 5. S(x, n) is decreasing in 0<x<1 with n=2 and increasing
in 1<x<n with 2€n<(11++/77)/4=4.9437410 ---.

§6. Proof of Main Theorem.

All the facts expected to obtain dV(x, x,)/0x>0 described at the end of §3

are satisfied by Propositions 3, 4 and 5 for 2<n<(114+/77)/4.
Regarding ¥(x, n) defined by (3.13), we have

_ _xvVn—x (n—Dx 5 5
Wix, my= ] = S A=K W, )

+S(x, n)+()1(.”")5 XVn—Xo x n)

—1/ x/n—x
_ xvVn—x
—(“n_l)(l_x)sq)(x, n,
where X=X,(x) and
_ (n=Dx o
6.1) D(x, n)= A=z {A(X)— ()W (x, n)

+50e, M2 ) (C25) s, m.

In the following, we shall prove @(x, n)>0 for 0<x<l with 2=n<

(114++/77)/4 by means of numerical evaluation by computors partially, which
implies our Main Theorem.
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LEMMA 6.1. We have
(i) lim @(x, n)=co,
(ii) D(x, n) is \, 0 near x=1.
Proof. (i) Since we have
AX)—A(x)
1/x

1 n(l—x) (1 1
= 1}93 —l/xz(n——l)x(n—x)\jf__;>

_ n(l—x) x\__ 1
i o o x)(l X)_n—l

by Lemma 4.1 in (IX), we obtain

Ll_{r()l 2{AX)—Ax)}= li_.m0

. n—x\n-3/2
1;90 D(x, n)=—W(, n)+S(0, n)+S(n, n)hm( X) =co.

(ii) By Lemma 7.1 in (III) we have

A(x)=i1)— 2?" 11)2(:: 1+ 3(—6’11;52( —1°+

Setting x=1—t and X=1+4s, we obtain

- H)=— 5 2—r2>+—3‘6—"+2<s3+ta>+

2(n— (n—1)*
. 2n—1 A(n—-2) , 6n+2 s .
=T o= 1)2(3(71 Dt )+ iy Gt
2 3
T3l T
by Lemma 3.1. Therefore, by Lemma 4.3 and Lemma 5.2 we obtain
—__ — __ﬁ__é 2__ 5
O(x, n)=—(n—1) STy 3 'R
Bn(2n—1)(n*—n+5) ,
+( 6(n—1) tht )
Bn@n—1)n*—n+5) ,
+( 6(n—1) s),
which implies (ii). Q.E.D.

Since we have lim,.,A(X)—A(x)=co by Lemma 4.1 in (IX), we arrange the
following lemma to make easy evaluations at the both ends of 0=<x<1.
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LEMMA 6.2. We have

xZ{Z(X)—Z(x)}<nk_”1x(l—x)3 for 0<x<1,

where X=X,(x), kn=n/2 for n=3 and =n*/3(n—1) for 2=<n<3.

Proof. Considering the following expression :

2 {AX)—A(x)} _ AX)—A(x)
T—x) Ly oo
#1—x) La-x

and noticing Cauchy’s mean value theorem and a formula in the proof of
Lemma 4.1 in (IX) we consider

_ n(l=x) (_1_ L)
(m—Dx(n—x)\X x/_ n 1 X—x
1 “n—1 (n—x)@x+DX 1—x°
—Zi+3-2x n (n—x)2x+1) x

By Proposition 4 in (IV), (X—1)/(1—x) is \, 1 as x—1, therefore the above ex-
pression

n? i 1 < n? ) 1

n—1 (n—x)2x+1DX “n—1 (n—x)2x+1)2—x) "

On the other hand, the cubic polynomial of x:

<

(n—x)2x+1)2—x)=2n+Bn—2)x—2n+3)x*+2x°

is ™\, in 0<x<1 and equal to 2n at x=0and 3(n—1) at x=1. Therefore, we
obtain

2 {AX)—A(x)} <k

2(1—x) n—1 for 0<x<1.

Q.E.D.

Remark. Regarding the expressions in @(x, n), we have the following

facts.
(i) m is /" in O<x<1,
(ii) AX)—A(x) is \, in 0<x<1, from o to 0
(Lemma 4.1 in (IX));
—x

. . 1 .
(iii) X1 is /' in 0<x<1, from — to 1;

n—1

n-3/2

@iv) (::xX is \, in 0<x<1, from « to 1.

We computed the values of @(x, n) for 0<x <1 and 2<n<(11++/77)/4 with
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step 1/100 by a personal computor, fully taking account of Propositions 3, 4, 5,
Lemmas 6.1, 6.2 and the above Remark, and obtained the inequality

D(x, n)>0

for these values of x and n, from which we can have the same inequality for
all pairs of x and n of the above intervals of x and n, thus we have proved
the following

PROPOSITION 6. We have

Y(x, n)>0  for 0<x<1 and 2§n§£‘i#.

By means of the arguments developed in §2 and §3, we have proved the
following

PROPOSITION 7. Regarding p(x, x,) defined by (2.9) we have

olx, x0>0  for x=X7(e)=x<1 with 25n< TV

Thus, we have proved Main Theorem, combining the results in (IV)-(IX).

MAIN THEOREM. The period T as a function of t=(x,—1)/(n—1) and n is
monotone decreasing with respect to n(=2) for any fixed r(0<r<1).
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