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THE STRUCTURE OF COMPOUNDED TRIVARIATE
POISSON DISTRIBUTION

By WEN-GI LIANG

§1. Summary.

The compounded Poisson distribution in bivariate case is discussed in
Kocherlakota [1], the method of introduction is compounding bivariate Poisson
distribution P(zrA) with a randomized parameter r. The author claimed that
many distributions such as Poisson distribution itself, negative binomial and
Hermite distribution etc are derived from the distribution.

The purpose of this paper is to generalize the method to trivariate case so
as to get a uniform treatment of trivariate distributions, to get the structure
of the distribution in detail and to get a clue of a generalization to multivariate
distribution.

The compounded Poisson distribution is a family of distributions and it
includes Poisson distribution itself. We could say the distribution is one kind
of generalized Poisson. See, another generalization, Kawamura [2]. Also we
will represent a differential formula of p. g.f. of the distribution and recurrence
relations of p.d..

§2. Notations and Definitions.

7: compounding random variable, —oo<t<oco.

g(t): probability density function (p.d.f.) of z or probability distribution
(p.d.) of 7.

M(0): moment generating function (m.g.f.) of 7

M(()):E(e"’):Sg(r)e”’dr
or =3 g(r)e’".

A=(Ay, Aoy As, As, A5, A, A;): a parameter vector of trivariate Poisson distri-
bution, 4,20 (/=1, 2, ---, 7).

P(A): trivariate Poisson distribution with parameter 2.

11(Z,, Z,, Z,): probability generating function (p. g.f.) of trivariate Poisson
distribution P(zR).
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I(Z,, Z,, Z;): p.g.f. of compounded trivariate Poisson distribution.
frs.=PX=r, Y=s, Z=t) where r, s, t=0 integers
: probability distribution of compound trivariate Poisson distribution.

§3. The structure of compounded trivariate Poisson distribution.

Consider a trivariate Poisson distribution P(zl) for fixed nonnegative value
7. Then P(zA) has a p.g.f.

II(Z,, Z,, Z)=exp{t[A(Z,— 1)+ 2 Z,— 1)+ 2A(Zs— 1)+ A(Z , Z,—1)
FA(Z\Zy— 1)+ A(Z . Z,— 1)+ 242, Z,Z—1)]}.

Let us define r a random variable with a p.d.f. g(zr) or p.d. g(r.)
(=1, 2, ---). And consider a mixed distribution of trivariate Poisson distribution

SP(z-Z)g(r)dz- or > P(r;A)g(r,). We call this “a trivariate compounded Poisson

distribution”. P.g.f. of the distribution becomes
(2, Zs, Z0=(11{Z,, Z,, Z)g(o)dr.

That is, the p.g.f. of an expected p.g.f. concerning trivariate Poisson dis-
tribution P(zA). The distribution is the theme of this paper. In the later
section it will be shown the compounded Poisson distribution consists many
distributions such as Poisson distribution itself, negative binomial, Hermite and
Neyman Type A etc.

Using the moment generating function (m.g.f.) of 7: M(0)= E(e’")=

Sg(r)ef”dz', we can derive the p.g.f. of the compounded Poisson distribution

as following theorem.

THEOREM 1. The p.g.f. of compounded Poisson distribution is given by the
m.g.f. M(8) of t replacing 0 by u=2A,(Z,—1)+2(Z,—1)+A(Z;—1)+2A(Z,Z,—1)
+25(2123_1)+15(2223“1)+27(212223_1)-

Proof. II(Zy, Zu, Za>=§g<r>n,<zl, Z,, Zo)dr

———Sg(r)exp(ru)dz'
=M(u). ]

Furthermore we have a differential formula for the p.g.f. of the distri-
bution. The formula helps us considerably many as deriving the probability
density and analysis of the structure of the distribution.
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Let us use the notations T',, T',, for abbreviation as the differential operator
of trivariate function u with respect to Z,, Z,, Z; as following

2 2
= (=123 Tymgea=ie— =129,

T w78z, 9272,

THEOREM 2. Let II(Z,, Z,, Z) be the p.g.f. of the compounded Poisson dis-
tribution. Then we have a differential formula of the distribution gP(TZ)g(z')dr

ar+s+t

m”(zn Zs, Zs)

ristel (£ a0)
=3 M G THT T T T T 58277 (3-2-1)
iaa a,!- a;!
Where v, s and t are non-negative integers and [c] means the set of vectors
(a,y, a,, -, a,) satisfying a,+a,+as+a,=r, ay-+a,+as+a,=s, a;+as+a+a,=t
and a, is non-negative integer for i=1,2, ---, 7.

Proof. Let us proceed to prove by the induction for », s and ¢. In the
first step we should check the validity of the formula for r=s=t=1 and
assuming that validity of it for some 7, s,t=1 and if we could check the
validity of it for r+1, s, t or », s+1, ¢t or r, s, t-+1 then the induction will
be completed as followings.

(I) In the case of r=s=t=1. Left side of formula (3-2-1) becomes

M”'T1T2T3+M”T1T23+M”T2T13+M”T3T12+M,27

and it consists with right side of the formula. This is the first step of the
induction.
(Ir) Differentiate both sides of the formula by Z,, we get

aT+3+t+l
WZ_@H(Z“ Zs, Zs)
1514l % ay
L L WA T P Y (1)
212 - a)l
#1st! (&) _
+= MY=t T T e TgsT 50 T 5T A3 (2)

a!(a,—a,! - a,!

a,+a,+a+a,=r
a,+a,+as+a;=s
a;+as;+a,+aq.+t
a,=21, a,20 (1=1,3,4,--,7) non-negative integers

rlslt!

1
£ a0 .
al' az‘ (as—l)' a4' e a 1 M(l_l )(u)TilngzTgs 1T1%4T1%5+1T2%62$7 (3)
: : : : 74

+2
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a,t+a,+as+a,=r
a+a,+as+a,=s
ast+as+agt+a,=t
a;=1, a,=z0 (=1, 2,4, ---,7) non-negative integers

7

1ql ! =
rst M<1=1“’><u>TﬁngszsT&«msT;se-lzav“ (4)

a,! - a5l (ag—1)! a;!

a;t+a,+as+a,=r
a,+a,+a+a,=s
astas+agta,=t
as=1, a,=0 (k=1,2,--,5,7) non-negative integers.

+2

Let us denote four terms of the right side (1)~(4), then we have

ar+s+t+1

mﬂ(zu Zy, Zy)=1)+2)+(3)+4). (3-2-2)
1 2 3
Put a,+1=A, then we have
1s!f)
) == (A —Iﬁ'st;tl' ceeal M(A1+a2+”+a7)(u)TfingzTg3T1%4T1a35Tza361?7
1 LN/ 22 7

Ai+a+as+a,=r+1

art+a,+agta,=s

as+as+as+a,=t

A;=1, a, =20 (=2,3, ---,7) (non-negative integers.

Put A,=a, then we have

1511 z
W =375 (Ev)  roereradar s (1)
10 0t U
a,+a,+as+a,=r+1
Gy t+as+a¢+a.=s
as+as+ast+a.=t
a,=20 (=1, 2, ---,7) non-negative integers
151! z
D (B0 oimerar ot g (1"
1+ 7+

a;+as+as+a,=r+1

a,t+a,+agt+a.=s

a;+as+as+a.=t

a,=0, a,=0 (=2, 3, ---,7) non-negative integers.

Let us put two terms of the right side as above (1)=(1")—(1”), we can
easily check (1”)=0 and we have
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1
a,r!s!t! T a,
)] =2ﬁ“M(l" )<u>Ti”ngTg“‘Tl%“Tlasst%slff’
T g,

a+a+as+a,=r+1

a;+a,+as+a,=s

a3+as+as+a,=t

a, =20 (z=1,2,--,7) non-negative integers.

[c']

Put a,—1=A,, a,+1=A, then we have

rlslt! (a+dptag+dgtagtagtar)

@) =X AT el (A —Dladada) w
X T 1T @2 esT asT esT 6301

ay+a,+as+a,=r+1

a,+a,+a¢t+a.=s

a;+astasta,=t

ai, A, as, as, a, a,20, A,=1 non-negative integers.

Put A,=a,, A,=a, then we have

7
st T a
artsttl (o) perara gt g @)

(2) ZZ 111! * (l»,!
a,+a,+as+a,=r+1

a+a,+a+a,=s

a;+as+as+a,=t

a, =20 (1=1,2,---,7) non-negative integers

']

1
arlstt! Z ay
2 el MBS rerera g g @)
1. 7

a-+a+as+a,=r+1

a,+a,+ag+a,=s

as;+as+as+a,=t

a,=0, a,20 (7=1, 2, 3,5,6,7) non-negative integers.

Let us put similarly as (1), (2)=(2)—(2”), we can easily check (2”)=0 as
(1")=0 and we have

7
a,r!stt! za
@ =2 ai—a“vM(‘:‘ o THTETS T 4T 4T 087,
2o al

In the same way we have

1

asr!sty! (2

O =F ool &) rerarerad et aas
1s e

and
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7
a.r!s!t! T a,
=3 15 B rerere T T,
1. 7.
Then we have

sttt

2T I II(Z,, Z,, Z;)=(1)+(2)+(3)+(4)

_5 (01+a4+asi.+a7)r!s!t! Al

pl e o THTETHT T 5T 807
1. 7.

Dttt (20)
a! - aq!
a1+a,+a5+a,=r+1
a,+a,+ag+a,=s
as+as+ag+a;=t
a, =20 (=1, 2, ---, 7) non-negative integers.

> o TETETET 4T 5T 50057 (3-2-3)

Lc']

In the same way by differentiation of the equation (3-2-3) with respect to
Z, and Z;, we can get following equation

ar+s+t+3
DU sHDI D! (E)
MY
41! A 07!
a+ta+as+a,=r+1
G:+as+as+a,=s+1
as+as+as+a,=t+1
a,=20 (=1, 2, ---, 7) non-negative integers.

IKZ,, Z,, Z,)

=2

o THT§2T T 3T §5T 539437 (3-2-4)

We can conclude that the validity of differential formula by the induction
for r, s and t just completed. |

We can calculate the probability distribution of the compounded Poisson
distribution by the formula in theorem 2.

THEOREM 3. Let f(r, s, t) be a probability distribution of the compounded
Poisson distribution. Then we can represent

1 grtstt 0z, 7. 7
S8 ="ram azazez: 1 en 26 29|, 0
L ()
=2 MN=Y 7y AFIAG2AGBAT1AESAG6 AT
£el (21! a7!

7
for every mom-negative integers r, s and t where u=— 3 4,.
=1

1
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§4. Examples of the compounded Poisson distribution.
EX.1. If compounding value satisfies 7=k (constant) then we have
p.d.f. of 7 : g(r)=g(k)=1,
m.g.f. of r: M(0)=r§g(z')e"’=e’“’,
p.g.f. of compounded trivariate Poisson distribution :
I(Z,, Z,, Zy)=e**=M(u).

Put 6= é a, then we have M®(u)=Fk%** and
1=1

£, 5, D= 3 e b bR (kAP

taa,! - a;!

This is a trivariate Poisson distribution with parameter kA2 where
Zz(lly 22) Tty 27)’

EX.2. If compounding value r has a X* distribution of freedom 2a then
we have

o2 o

0 <0,

p.d.f. of z : g(n)=

m.g.f. of z: M(ﬁ):gg(r)e‘“dz'

=Sﬁ51“"(%)aexi—h(% — 0)1'] dr
(L) (& -0) Ty (o)

Xexp[——(% — 0)1-] dr
(-2

p.g.f. of compounded Poisson distribution :

I(Z,, Zo, Z)=(1—"5) "=M).
a
Put élalzb, — é_,:zt:u then we have

-b

M"”(u):(-—%)b(-—a)(—a—l) (—a—b+1>(1—-;’liu)'“
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=(ZY atat D) - (atb—D(1—2u) "
() By
and
fir, s, 0= [J a,! - a7l\ @ >DF§5¥(:)b)/1__ ) o ),1a12a9,__ PL

It is called trivariate Negative Binomial distribution.

EX.3. If compounding value = has a Gaussian distribution, then we have

1 — 2
p.d.f. of 7 : g(o)= Vor o eXp(— (120;;) ),

: (1 e[ T 0
m.g.f. of r: Mw)_S«/Z_n_anp[ 24° ]e dr

S s

a6*
=exp(u0+5-),
p.g.f. of compounded Poisson distribution becomes :

2
1(Z,, Z,, Z)=exp(pu+ - u®)=Mu).
2

Put z"{ a,=b, — gz,=» then we have M®(u)=M(u)Pyu) where Pyu) is a
polynomial of degree b. Then we have

1 a a a
[, s, D=2 mM(v)Po(V)Zl 1232 - 237,
It is called a trivariate Hermite distribution, see KOCHERLAKOTA [1].

EX.4. If compounding value z has a Poisson distribution, then we have

p.d.f. of 7 : g(t)=%e“ =0,

m.g.f. of 7: M(0)=S%e"-e"’dt

—2eb
_ 2(e0-1)S (zea)re e
=¢ —_—
7!

0-
—pACe 1)’
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p.g.f. of compounded Poisson distribution :
II(Z,, Z,, Z)=exp[A(e*—1)]=Mu).
Put ga‘:b’ — é A,=v then we have M®(u)=exp[A(e*—1)]-my(u) where

my(u) is the degree b moment of Poisson distribution P(de*) then we have

fir 5, D= 5 —— L exp[Ae—1)Tmo(w)as1g - 237
fa a, - aq!

where m,(v) is the power b moment of Poisson distribution P(4e¢*). It is called
a trivariate Neyman Type A distribution.

EX.5. If compounding value r has a Inverse-Gaussian distribution, then
we have

A \1l2 P
p.d. f. of 7 : g(‘l‘)=(§r‘;s‘> exp[——z—!?—r—(z'—y)z] T>0,
m. g.f. of z:
M(0)=§g(‘r)e"’dz'

1/2

exp[— —2-12—1_-(7—#)2+01']d1'.

27:1'

(e
S(zm >’” o2
I

Il

;;20 z'z)]dr

2212 0)1/2

2# 1/2 172
2 0)

[ ] T e E0"
X{[( 2212 0)”27.']2—2( 2§2 0)1/22'”_’_#2
_2[1—(1— Z’f: 0)”2]7;1} 4( —%‘io)”zr
252 0)1/2] -

p.g.f. of compounded Poisson distribution :

=exp %[1 -

(Z,, Zs, Z3)= exp—[ (1— )”z]zM(u).

7 7
Put 21’ a,=b, — Z‘{/L=u then we have
1= 1=
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MO w)=Mu)p :2;,‘,: C,,(_g_y(l__ 2212 u)"b/2—k/2’

where C, is a constant value. Then we have

B 1 bb-l _!i_ k _ 2#2 ~ble-k/2 2r 90 "
f(r, s, t)—[%mM(XJ)[J kgoc,,( i ) (1 g p) 81782 ... 297,

It is called a trivariate Poisson Inverse-Gaussian distribution.

§5. Discussion.

We can derive recurrence relations of the probability distribution
following theorem. It will help us to calculate the probability distribution.

THEOREM 4. Let’s assume r=1, s=1, t=1, then we have

1) sAifree=0+DAef rirs-1,0F(—5+DAS r 51,0+ + DA f ra15-1, 01
—S$Asf v 5,01 H(r—s+ DA f 7 so1,0-1-

2) Phef s =(s+DASf rot sar e (S—7+DAS ot o, e H(SH DA f vt 51,01
—1Af ris. i1 H(S—r+ DA f rov50-1-

3) tAS rs=r+DAS rir s H—t+DAsf 501+ DA f rerso1, 01
—tAf 7510t —t+DAf £ so1,01

4) rfr s =C+DAS ot s o+ E—7+DAf o e HEFDAS ot 5o
— 1 f rroer i+ =7+ DA f rorers

8) thef rse=(s+DAS 1 st1,0-1+(S—t+1)Asf v 5.0-1H(S+1)Asf vt 541,01
—tfr-v 50 H(s—t+ DA f 11501

6) SAsfr.se=0+1DAS r 51,000+ E—=5+D)AS v -1, FEFDAS 7151041
—SAsf r-1,5,0 +E—5+DAf rovsonne -

39

as

The author will represent a paper concerning the relations of the com-

pounded Poisson distribution in near future. The proof of this theorem will
included in the next paper.

§6. Acnowledgement.

The author expresses his hearty thanks to Professor K. Kawamura for his

be

kind and continuous guidance during the progress of this work. Not only that,

he helps the author understand Japanese texts, papers and spends much of his

valuable time to look after personal problems as well. The author knows
word to express his gratitude to him.

no



40 WEN-GI LIANG

REFERENCES

[1] S. KocHERLAKOTA, On the compounded bivariate Poisson distribution: A unified
treatment. Annals of Institute of Mathematical Statistics, vol. 40 (1988), no. 1,
61-76.

[2] K.Kawamura, A generalization of multivariate Poisson distribution, Kodai Math.
Jour. 3 (1980), 429-441.

DEPARTMENT OF MATHEMATICS
ToKYO INSTITUTE OF TECHNOLOGY





