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ON THREEFOLDS WITH K3 = 2py— 6
PaoLa SupiNO

Abstract

It is known that if X is an n-dimensional normal variety, and D a nef and big
Cartier divisor on it such that the associated map ¢, is generically finite then D" >
2(h°(X,0x (D)) —n). We study the case in which the equality holds for n =3 and
D = Ky is the canonical divisor.

We also produce a bound for the admissible degree of the canonical map of a
threefold, when it is supposed to be generically finite.

1. Introduction

It is well known that if X is a surface of general type then K3 > 2p,(X) — 4.
Moreover, if the equality K3 = 2p,(X) — 4 holds, then by Castelnuovo-Enriques
theorem the canonical map is generically finite (see [2]). These surfaces have
been classified by Horikawa in [5]: they are canonical double cover of scrolls
in P7~!'. The purpose of this paper is to study the analogous cases in higher
dimensions.

Using Clifford theorem on curves, it has been proved in [7] the following
theorem.

THEOREM 1.1. Let X be a normal n-fold of general type, with at most
canonical singularities. Suppose Ky is nef and dim ¢y (X)=n. Then Ky >
2py(X) —2n.  Moreover, if the equality holds and n = 2, then Ky is Cartier, the
canonical system is base-point-free and ¢y, is a generically finite morphism of
degree two on normal varieties of minimal degree in proX)-1,

In this paper we study the cases Ky = 2p, —2n = 2,4 for every n > 3, and
the case n = 3, that is K = 2py — 6, for every K3. The Castelnuovo-Enriques
theorem is no longer true in higher dimension, as the examples in [7] show.
Hence, we need to require the hypothesis that the canonical map is generi-
cally finite. In particular, we work out the cases in which the image of ¢y is
singular. We also show the nonuniqueness of irreducible components of the
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moduli space to which the families of threefolds with canonical morphism of
degree 2 belong.

1.1. Notations and Conventions. Everything works on the complex number
field. All varieties are normal and complete unless otherwise stated.

We denote by X a smooth minimal algebraic threefold of general type. We
say that X is pluriregular if h'(Oy) = h*(0x) =0. We denote by wy the can-
onical sheaf of X, by Ky a canonical divisor on X, and by ¢,  or simply by
¢ the rational map defined by the complete canonical system on X, which by
theorem 1.1 will be everywhere defined. We briefly refer to it as the canonical
morphism.

We recall that the existence of the moduli space of canonically polarized
smooth threefolds with Hilbert polynomial /(z) := y(w%) = t(2t — 1)(t — 1)a/12 +
(1 =2¢)(1—b) is given in [11]. The subset .#,, of points representing pluri-
regular smooth minimal threefolds X with K3 =a and p,(X) =, is an open
inside the moduli space and is a coarse moduli space. .#2, will denote the
locus in .4, of points representing threefolds whose canonical map is a finite
morphism of degree 2.

A morphism p: X — Y between varieties is called a double cover if is flat
and finite and the function field of X is an extension of degree 2 of the function
field of Y. In this case o.(0y) is a locally free Oy-sheaf of rank 2.

When ¥ is a locally free sheaf of rank r over a variety Y, P(%) denotes the
P '-bundle over Y given by Proj(Sym %), # denotes the tautological bundle
Opig(1) over P(%) and ¢, the map defined by #.

In particular if ¥ = P!, 4 splits as a direct sum of r linear bundles that
can be ordered by increasing degrees. Thus up to tensorize ¥ by an appro-
priate line bundle, P(¥) is isomorphic to P(Upi(a;) @ --- ® Opi(a,)) where the
integers a; <ay <---<a, can be supposed to be nonnegative. The r-tuple
(a1,az,...,a,) is called the fype of the bundle. In this case P(%) is denoted by
W = W(ai,ay,...,a,) and the image of W under ¢, is a rational normal scroll of
type (ai,az,...,a,), denoted by W. This is a variety of minimal degree in the
projective space. If a; =0 then W is a cone. The natural projection from W
to P' is denoted by 7 and the general fiber by F.

We generally use H to denote the hyperplane section.

For a real number « we denote by (x)" the maximum between o« and 0.

1.2. The degree of the canonical map. In analogy with the case of sur-
faces it is interesting to find the bound of the admissible degree for the canonical
map of a threefold, when it is supposed to be generically finite. We prove the
following result.

THEOREM 1.2. Let X be a minimal threefold of general type with
h?(Ox) — h'(Ox) > 2 and with generically finite canonical map ¢y .

If og, (X) has geometric genus O then deg pg, <72. If ¢g (X) has geo-
metric genus py(X) then deg gpx, <24. No other case occurs.
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Proof. Let 6 =deg pg (X) and d = deg ¢, clearly one has p, >4 and
0 < dé < K3. By Miyaoka-Yau inequality (see [8]) one also has

0< Ky < —72x(0x).
If the canonical image has geometric genus 0 then 6 > p,(X) — 3, thus
d(pg(X) =3) <do < 72[py(X) — 1 = (h*(Cx) — h'(Ox))]
which implies
d < 72[py(X) — 1 = (h*(Ox) = h'(Ox))]/(py(X) = 3).

Since by hypothesis #%(Ox) — h'(Ox) = 2 one has d < 72.
If the canonical image has geometric genus p,(X) then by [4], section 2, it
has to be

0 = dim g, (X) codim g (X) +2 = 3(py(X) —4) +2 > 3(py(X) —4).

The same kind of computation as above shows that in this case d < 24.
No other case can occur for the geometric genus of the canonical image, by
theorem 3.4 in [2]. O

Remark. One could replace the hypothesis h?(Cy) —h'(Ox) =2 with
the inequality /*(Cx) —h'(Ux) > 1 — p,, which is always verified according to
Miyaoka-Yau inequality. Then —y(Cx) <2(p, —1). Hence one gets d < 432
in the first case, and d < 192 in the second. Therefore under the hypothesis
h*(Ox) — h'(Ox) =2 of the theorem a sharper estimate is obtained. Note that
the bound for d decreases rapidly when p, increases.

The same computation shows that if h?(0y) —h'(Ox) >0 then d <216
in the first case, and d <96 in the second, achieved respectively for p, =4
and p, =5. Again, the bound for 4 decreases in the two cases to 72 and 24
asymptotically with p,.

1.3. Double covers. Let X and Y be nonsingular n-dimensional varieties,
and f: X — Y be a finite morphism of degree two. By definition, the ramifi-
cation locus of f in X is a divisor R such that the so-called Hurwitz formula
Ky = f*Ky + [R] holds. The divisor B= f,(R) in Y is called the branch locus.

A divisor B of a variety Y is said to be even if there exists a linear bundle
& such that O(B) is linearly equivalent to £®2. Let O(B) = #®? be an even
divisor of Y without multiple components. It is possible to define the double
cover of Y branched along B as a divisor X’ of P(Oy @ ). When b =0 is the
equation of B in the open subset U of Y and z is the coordinate of the fiber C
of the natural projection P(Oy @ &) — Y, X’ is locally given by the equation
b=z? in the open subset U x C (cf. [6]). Then, denoting by o the finite
morphism X' — Y, one has 0.0y = Oy @ ¥*. From the fact that B does not
contain multiple components, it follows that X’ has at most codimension 2
singularities.

Indeed, if X' and Y are nonsingular then B is the branch locus of ¢ ac-
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cording to the above definition. Moreover, one has the following useful pro-
jection formula

(1.1) 0:(Ox) =0y R L @ Oy(—log B).

We recall that if yj,...,y, are local coordinates for Y and b =0 is the local
equation of B, @y(—log B) is the sheaf locally generated by (b(d/0b), 0/0ya, ...,
0/0y,) (see [9]). The residue exact sequence

(1.2) 0— Q) —Ql(log B)—* — O — 0

holds, where the map s has the value g|; on the germ gdb/b + 0.

If one wants to allow X' to be singular and preserve the Hurwitz formula,
some details need to be considered.

Following [5], we say that a curve C has no infinitely near triple points if

(i) C has no singular points of multiplicity greater than 3;

(ii) after a quadratic transformation centered at a singular point the strict
transform has no singular points with multiplicity greater than 2.

In general, we say that a variety B has no infinitely near triple points if it has
no singular points of multiplicity greater than 3, and after a blow up centered at
its singular locus, the strict transform has no singular points with multiplicity
greater than 2. We recall theorem 7.2 in Chapter III of [1].

THEOREM 1.3. Let 0: X' — Y be a double cover with X normal and Y a
nonsingular surface, branched over the even reduced divisor B. Let ¥ be the line
bundle on Y satisfying P92 = Oy (B), which determines the covering. Consider
o: X" — X' the resolution of X' by a sequence of blowing up morphisms. Then
there is a divisor Z >0 on X', with Supp Z contained in the union of the ex-
ceptional locus for o, such that

(1.3) vy = (n0) (0y ® L) ® Oy (—Z).

Moreover, Z =0 if and only is B has no infinitely near triple points.
One can ecasily generalize this result in any dimension.

THEOREM 1.4. The above theorem holds for Y nonsingular variety of di-
mension n > 2.

Proof. We prove the statement for any dimension by reduction to the
sectional surface H"~2, where H is a very ample divisor on Y.

Firstly, note that by applying 1.3 and the adjunction formula to the general
intersection of n — 2 divisors of |Oy(H)| one can show that the formula (1.3)
holds in any dimension. It remains to be shown the last part of the statement.

Suppose that Z = 0, and let P be a point in B, then the intersection of n — 2
general divisors of |H| passing through P is a smooth surface £. By 1.3, BNX
has no infinitely near triple points. Therefore P is at most a triple point for B.
Suppose that P a triple point for B and that after a blow up centered at P the
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strict transform of B has a triple point Q in correspondence of P. Consider
n — 2 general divisors in |H| passing through P and tangent to the vector which
corresponds to the point Q. Let X be the intersection of these divisors. Then X
is smooth at P but BNX has infinitely near triple points by construction. This
contradicts 1.3. Therefore the strict transform of B cannot have a triple point.

Conversely, suppose that B has no infinitely near triple points and consider
the resolution of the double cover ¢ : X’ — X' induced by a chain of successive
blow-ups which resolves the singularities of B.

If the locus of the triple points of B is nonempty we can suppose that
the first blow up of the chain, namely wx: Y7 — Y is done along the locus of
triple points of B. Let E be the exceptional locus of x and B; be the strict
transform of B. Let o1 : X{ — Y be the double cover branched along B;, and
let o;: X{ — X{ be a resolution of X/. Let Z; be such that g = (0101)"
(wy, ® £1) ® Oy(—Z;), which exists in consequence of the first part of the
theorem.

We want to show that for any triple point in B there exists no component of
Z1 whose image by uo;0; contains such a point. Let then P be a triple point of
B and X be the intersection of n — 2 general divisors in |0y (H)| passing through
P. Let X be the strict transform of £ by . Then B;NX; has at most double
points, because B has no infinitely near triple points by hypothesis. Hence, by
1.3 Z;N(p101)"(Z1) = 0. Thus inside E one has (g101)(Z1)NE; = 0. Therefore
(n0101)(Z)) cannot contain P. This means that no component of Z;, hence of
Z, has as image a triple point of B. That is, triple points of B do not give rise to
any contribute to the scheme Z of formula (1.3). Thus it remains to analyze the
contribution given by the double points of B.

Let us suppose that B has at most double points. We again blow up Y
along the singular locus of B. In the same way as the case of the triple points
above it can be shown that for any point P double for B there exists no
component of Z whose image by (ugio1) in Y contains P. Then (00)(Z)N
Sing B = (), hence Z is zero. O

THEOREM 1.5. Let X be a nonsingular variety. Suppose that the canonical
map ¢y is a generically finite morphism of degree 2 on a nonsingular variety Y.
Let B be the branch locus of ¢k,. Suppose that B is even and has no multiple
components. Let o: X' — Y be the double cover of Y branched along B. Then
X' is the canonical model of X and there exists a birational morphism f : X — X'
such that ¢g = oo f. Moreover B has no infinitely near triple points.

Proof. Let R be the ramification locus of ¢y , hence B = pg (R). On the
open subset X'\R, a map f such that ¢g, = go f is defined up to the involution
defined by the double cover. We fix such an f, we have to show that it is
everywhere defined. We note that f is an isomorphism on X\R, hence it is a
birational map between X and X’. Thus

(1.4) Py(X) = py(X') = h°(0y(1)).
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Let H € |0Oy(1)| be a hyperplane section of Y. Since ¢, is the canonical mor-
phism of X, one has Ky ~ ¢y Ky + [R] ~ ¢ (H). Let & = ¢ .Ox(R), then
Pky- Pk, @y ® Ux(R)) = 9k, 0k, (O (1)), that is

Let o: X' — X’ be a resolution of X’. By theorem 1.4 and (1.5) one has
(1.6)  py(X") = h"((00) (wy ® £) ® Oy:(=Z)) = h*((00) Oy (1) ® Uy (~Z)).

Comparing with (1.4) one deduces that the divisor Z does not impose any
condition to the sheaf (go)*Cy(1). Therefore the singular locus of X', a(Z),
does not impose any condition to the canonical sheaf of X’. Thus the sin-
gularities of X’ are canonical, hence Z =0. Moreover, again by theorem 1.4
B has no infinitely near triple points.

Then X' is a canonical variety. In fact oy = p*(0y ® &) = 0*Oy (1) is
ample, because o is a finite map and X' has canonical singularities (see [10]).
Hence (see [10]) X’ is the canonical model of X, that is X' is isomorphic to
Proj @,,=0H"(Ox(mKy)). Therefore the birational map f:X — X’ can be
thought to be a birational morphism. O

In order to study threefolds X with K3 = 2py — 6 having generically finite
canonical map, actually generically finite of degree 2 onto a variety of minimal
degree in P?~! by theorem 1.1, one can start from the general case, in which
the variety of minimal degree is smooth. Hence by theorem 1.5 we can reduce
ourselves to study the double covers whose branch locus has no infinitely triple
points.

Remark. In [3] a more algebraic approach is produced to study varieties
whose canonical map are finite of higher degree.

2. Varieties with Ky =2, p,=n+1 and Ky =4, p,=n+2

The cases Ky =2, p,=n+1 and Ky =4, p, =n+ 2 can be easily worked
out for any dimension n as follows.

Lemma 2.1. Let X be an n-fold of general type with n> 2, K¢ =2k and
pg =n+k for k=1,2, whose canonical map ¢y is generically finite. Then the
canonical system is base-point-free, and ¢y gives a double cover of Y, where
Y=P'if k=1, or Y is a quadric if k =2. Suppose that Y is nonsingular if
k=2. Then the branch locus is a divisor in the linear system |Oy(2n+ 6 — 2k)]|,
without infinitely near triple points.

Proof.  Since ¢y is generically finite, the canonical system is base-point-free
and gg : X — Y is actually finite of degree 2 (see [7], proposition (2.2)). Clearly,
Y is P" if k =1, and it is a quadric of P"*! if k =2. In the general case the
quadric is smooth, so let us suppose that Y is smooth. Hence one can use the
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Hurwitz formula and obtain Ky = ¢g (Ky)+ R =gk (Oy(1)). Thus Re
lok, (Oy(n+3—k))| and B = ¢k, (R) € [0y(2n+ 6 — 2k)|. One can suppose that
B = By + D where By has no multiple component and D € |0y (2d)|, with d > 0.

Let now o; : X; — Y be the double cover branched on B; and o, : X; — X
be the normalization. One has

wg, = (0161) (0y @ Oy(n+3 —k = d)) ® 0(=2) = (a101)" (O (1 - d) ® O(~2))

where Z is a subscheme of X’ supported on the exceptional locus of oy, by
theorem 1.4. Thus it turns out that ¢ =0, that is B = B; has no multiple
component, and the canonical morphism of X; factors through ;. Hence by
theorem 1.5 B has no infinitely near triple points. O

Let %,3)( » (n) be locus of the coarse moduli space of pluriregular n-folds X
with the declared K§ and p,, whose canonical map has degree 2.

THEOREM 2.2. The locus aﬂééqu(n) is connected, rational and generically
smooth of dimension '
3n+4 )
( n >_(”+1)2 if (Ky,pg) = (2,n+1)
or

3n+1\ Sn+4 o
(ﬂn+1>2(2nn——:—1)_n(n+3>/2 lf(Kvag):(“',n‘i‘z).

Proof. Since the canonical map of the general n-fold X is in fact a degree
2 morphism, then by lemma 2.1, and with the same notations, X is a divisor of
P(Oy ® &) living in a linear system which can be parametrized by the linear
system of the branch loci.

Therefore, if kK =1 the dimension of the family of those n-folds is

3n+4 |
n )
while if £k =2 one has to consider also the parameter space of the quadrics.

Hence
B(0p(2n +2)) = B (Opnir 21 4 2)) — K (Opnii (21))

_(3n+3 3n+1

S\ n+1 n+1
if k=2. The locus %ng » (n) is obtained by quotienting with respect to the
action of the group of the automorphisms. Hence one has

3n+4
dimﬂgn+l(n):ho(@Pn(zn+4))—dimPGL(n+1)—1:( nE )—(n+1)2
) n
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for k=1 and
. 3n+3 3n+1
2 _ _ _ 2 _
dlm/l4’n+2(n)—(n+3)(n+2)/2+[( nt 1 ) (n—i—l )} (n+2)"—1
for k = 2.

Now it is sufficient to show that the dimension of .# 12(;7 »,(n) coincides with
h'(®y) and that

n*(®y) = h*(p.(Ox)) = h*(©y(—log B)) + h*(@y(—n—3 +k)) = 0.

We compute /4/(®y) for i =0,...,3 by the projection formula (1.1). We recall
that since X is of general type h°(@y) = 0. We can use the Euler exact sequence
and in the case k =2 we also use the restriction sequence

0 — @Pn+] (—I’l - 3) - ®P11+] (—I’l — 1) — ®P11+] ® @Y(_n — 1) — 0

where Y = g (X) is a quadric. By Bott theorem we infer that if k=1 the
cohomology of @y(—n —2) is zero, k =2 one has

(2.1) W (@y(—n—1)) =h*(Oy(—n—1)) =0.
Hence
h'(®y) = h'(©y(—log B)) = h"(Q}(log B) ® Oy (—n — 2+ k))

for k=1 and every i or for k =2 and i =2. By projection formula (1.1) one
has h"(Q}(log B) ® Oy(—n —2+k)) <h°(@y) =0. Thus the residue exact se-
quence (1.2) tensored by Oy(—n—2+k)

0—Qy(—n—-2+k)—Qy(log B)® Oy(—n—2+k) — Og(—n—2+k) =0
Together with the restriction sequence on B
0—0y(-2n—4+2k) > Oy(—n—2+k)— Og(—n—2+k)—0
imply that for k=1
h*(®y) =0,

h(©y) =<3n:4> (1)

and for k=2
h*(@y) =0,
| _(n+3)(n+2) 3n+3\ (341 )
h(Ox)="————+ ., niq )" 2L 0

Remark. Of course specializations of the n-folds with Ky =4 and
py =n+2 are given by double covers of quadric cones branched along the
intersection with a hypersurface of degree 2n + 2, singular along the vertex of the
cone.
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3. The case p, =17, K} =8 and canonical image is the Veronese cone

If X is a smooth threefold with p, =7, Kj =8 and ¢k, 18 generically finite
then W = g (X) is a threefold of minimal degree in P°. Therefore W may
be either a scroll either a Veronese cone over the surface ¥~ in P> with vertex a
point P. We now study this latter case.

Let y be the projection of the cone W from the vertex P, and D’ a generator
of Pic7". Let D=y"(D’), then Oy (2D') = Oy (1) and Oy (7") = Ow(1). A
resolution W of W is given by

Py W =P(Up ® Op(2)) — W

where # is the tautological bundle of W. Let E = ¢,!(P) be the exceptional
locus. If we denote by a tilde the proper transforms of the Weil divisors on W
by means of ¢, and denote by H a divisor of ||, then Pic W =ZD ® ZH.
Moreover,

(3.1) Ow(H — E) = 0;(2D).
By applying the adjunction formula to a general divisor of |H| one can prove that
WDy = @W(—2I:I — D)

Lemma 3.1.  Let Aut(W) be the group of the automorphisms of W. Then

dim Aut(W) = 15.

Proof. Consider the natural projection 7: W = P(Up> ® Up>(2)) — P* and
the exact sequence

1 — Autp: (W) — Aut(W) — Aut P? — 1

where Autp: (W) is the group of the automorphisms of W which fix the fibers

on P>. Then Autp: (W) is given by the invertible polynomial matrices of type

where the numbers inside the square brackets denote the degree of the polynomial
entry. Thus

dim Aut(W) = dim Autp: (W) + dim PGL(3)
=(Q2+6-1)+8=15 O
LeMMA 3.2. Let W = P(Up> @ Op:(2)), then
h(Q,(—2H — D)) = h°(®y,) = 15,
W Q) (-2H — D)) = h* (@) =0 for i=0,1,2.
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Proof. Since O p> = Op(2) @ 1" Op2(—2) = O (2H — 2D) the exact se-
quence of the relative tangent bundle

0= 0 p2 = Oy =" Op: — 0
is equivalent to
(3.2) 0— O (—2H — D) — Oy — 7 @p> — 0.
By projecting on P? one obtains that
W(W,05(—2H — D)) =1,
h(W,05(—2H — D)) =0 for i=1,2,3.

Moreover, since

W (W, 7" (0p2)) = h°(©p2) = 8,

W (W, 1" (®p2)) = h'(0p) =0 for i=1,2,3,
then
(3.3) h(©) = (@ p2) + (1 Op2) = T+8 =15,

h'(©y)=0 for i=1,2,3. O

THEOREM 3.3. There exists a unirational component /%8 , of the moduli space
of smooth minimal threefolds with K* = 8 and py=71. For such a general three-
fold X the canonical system is base-point-free and the canonical morphism is of
degree 2 on the cone W over the Veronese surface. The branch locus is a general
divisor of the linear system |p,,,0;;(6H 4+ 2D)|.  The double cover of W branched
on the same divisor is the canonlcal model of X. The component ,ﬂg , Is generi-
cally smooth of dimension 355.

Proof. By Bertini’s theorem a general divisor of the linear system
|00 Oy (6H + 2D)|

is smooth and irreducible. Thus we can consider a double cover o : X' — W as
in the statement. By theorem 1.4, denoting by ¢: X’ — X’ a resolution of X,
one has

g = 0" 0 0" (g ().

Therefore ¢, 0 o : X' — W is the canonical morphism of X’. Moreover by con-
tracting 0 !(E) we obtain the canonical model of X', which has an isolated node
in the image of o~ !(E).

Since the intersection form on W gives H®> =4, H’E = HE*> =0 and E> =
we have K}, =8 and p,(X') = h"(Oy(H)) =
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For a fixed cone W one has a family of threefolds parametrized by
|0yy;(6H + 2D)|, on which the group Aut(W) of the automorphisms of W acts.
One can compute h°(W, 0y (6H +2D)) by projecting on P?, then

(W, 0;(6H + 2D))
= "W, 0 (6H) ® 03,0p2(2)) = h°(P*, 1.0 (6H) ® Up2(2))
= hO(P?,Sym®(Up: ® 0p2(2)) ® Op2(2)) = 371.

The quotient of an open subset of PH O(W,0y;(6H + 2D)) by the automorphism
group of W immerges itself as a subscheme, which is clearly unirational, in the
moduli space .4, of threefolds with the predicted invariants. Thus by lemma
3.1 it has dimension (371 —1) — 15 =355. The unirationality and the nonsin-
gularity of the component, say %82 74> that has been selected in A 5 follow

once that the constructed family is proved to be an open subset of %82 7). It

is sufficient to show that dim ,/%82 00y = h'(®y) = 355. The projection formula
(1.1) says that

1 (©x) = h'(©(~log B)) + h'(®y(~B'))

where 2B’ is linearly equivalent to B, that is B’ ~ 3H + D. Consider the exact
sequence (3.2) tensored by O(—B’)

0 — Oyy(—H —3D) — ©5(—3H — D) — 1" ®p:(—3H — D) — 0
projecting on P? one can compute that
h(W,045(—H —3D)) =0 for i=0,...,3

hence
(3.4) h'(®;(~B)) = h'(®(-3H — D)) = 0.
To compute h'(®(—log B)) = h*(Q;,(log B—2H — D)) one can use
(3.5) 0—Qp(—2H - D) — Qj;,(log B—2H — D) — 0p(—2H — D) — 0.
One has
(3.6) h*(0p(—2H — D))

= *(0s(Ky)) = h°(Op(B))

= h"(0;(B)) — 1 = 370.
By projection formula (1.1) one also has

h*(Q}; (log B—2H — D)) = h’(®;(~log B)) < h°(®y)
but since X is of general type 4°(®y) = 0, hence
h*(Qy;(log B—2H — D)) =0.
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Thus from lemma 3.2, from (3.6) and from the exact sequence (3.5), one gets
7' (© 5 (~log B) = hA(QY (<28 — D))
= h*(0p(—2H — D)) — h*(Q};(—2H — D))
=370 — 15 = 355.
Then
h'(®yx) = h'(®(—log B)) + h'(®;,(—B'))
= h'(®,(~log B)) = 355. O

Remark. The moduli space of the threefolds with p, =7 and K3 =8 has
another component, whose generic point represents a threefold with base-point-
free canonical system and canonical morphism of degree 2 over a scroll. This
one falls in the general case which is studied in the next section. These two
irreducible components have no intersection, because there exists no deformation
of a scroll to a Veronese cone.

4. The general case

Let us suppose from now on that p,>5 and W =¢p(X) =gt (X) is
a rational normal scroll, let K3 =2u and u= p,—3=deg W. Denote by
(a1,az,a3) the type of the scroll W (see [4]), then 0 <a; <ay < a3 and a; +
a)+a3=u=p,—3. W is the image of the birational morphism

# - W = P(@Pl(al) (—B (91,1 (az) (—B (QPI (a3)) — W
defined by the tautological bundle # on the abstract scroll W. The morphism

@4 1s an isomorphism if and only if ¢ > 0. We recall that if L is the general
2-dimensional projective space which is the fiber of the projection

n: W — P!
then ~
PicW=ZL®ZH
(4.1) oy = Oy(=3H + (n—2)L).
We also recall that the intersection form on the scrolls is given by
(4.2) H =y, H’L=1, HL>=L*=0.

By theorem 1.5 we can reduce ourselves to recover the threefold X as a double
cover of W with branch locus B with no infinitely near triple points. On the
other hand by theorem 1.4, since the double cover has to be defined by the linear
system |wy/|, by comparing (1.3) with (4.1) we deduce that B has to be a general
divisor in |0y (8H —2(u —2)L)|. Therefore in what follows we study the sin-
gularities of the divisors in |0} (8H —2(u—2)L)|. For this purpose it is useful
to distinguish the cases in which two consecutive a; are equal or not.
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It is known that the linear system |Op (H — aiL)| of the abstract projective
bundle W defines a birational morphism to a cone whose vertex has dimension 1
if a; < ap, dimension 2 if a; = ay.

Let S be a general surface in |0y, (H — a1 L)|, we study the singularities of the
divisors |0y, (8H —2(u — 2)L)| restricted to S.

Lemma 4.1. Let W = P(Opi(ar) @ Opi(a2) @ Opi(a3)) and pu=ay+ar +
az. The linear system |0y (8H —2(u—2)L)| has no surface S belonging to
|0y (H —aiL)| as fixed component.

Proof. Let S be a given surface in |0y (H —aiL)|. Let x; be a fixed
section of Oy, (H —a;L) in W for i =1,2,3, such that S has equation x; = 0.
One can write the equation of the general element of |0} (8H — 2(u —2)L)|

as
(4.3) G= Z g,-j-xf_i_jxéx{
i,j=>0,i+j<8
(4.4) = gooxig + X17(gloxz +go1x3) + -+ (980x§ + o+ gosxg)

where g; are homogeneous forms of degree (8 —i— j)ay +iar + jaz —2(u—2)
on P'. Note that if i+ j =8 then
deg gso = 8ar —2(u—2)
< deg g; = iar + jaz — 2(u —2)
< deg gog = 8a3 — 2(u—2).
The monomial x; divides G if and only if g; = 0 for i+ j =8, hence x; divides

the general G in |0} (8H — 2(u —2)L)| if and only if 8a3 — 2(x —2) < 0, that is
4ay; < u—2 hence 3az < a; + a; — 2, but this inequality never holds. O

4.1. The case a, = as.

THEOREM 4.2. Let W = P(Upi(a)) ® Opi (a2) ® Opi(a3)).

(a) When a; = a» = a3 the linear system |Oy;,(8H —2(u — 2)L)| is base-point-
free and the general section is nonsingular.

(b) When ay < a» = a3 the general element of the linear system |0y (8H—
2(p—2)L)| has no infinitely near triple points if and only if

(4.5) Sa; <2a +2 and a; <3a; +4.

In particular, if ay =0 the condition (4.5) is true only for the following types
(a17a27a3):
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Proof. (a) If @y =ay=a3 =1 then u=3, W= W is a projective scroll
on the rational normal cubic curve and the branch locus B belongs to the linear
system |0y, (2(4H — L))|, whose general element is irreducible and nonsingular,
since |0;(4H — L)| has dimension greater than 1 and its general element is
irreducible and nonsingular.

If ay =a> =a3=a>1, u=3a, then the system |0;;(8H — 2(u — 2)L)| may
be thought as twice |0y, (4H — (3a —2)L)|. This is the sum of divisors of type

A(H—(a— 1)L and (a—2)L.

The former is very ample, this can be seen by considering equivalently 4 times
the tautological bundle of the scroll P(Opi(a —1) @ Upi(a—1) @ Opi(a— 1)), the
latter is a pencil, so the conclusion follows from Bertini’s theorem.

(b) Let a; < ay = a3, and u = a; + 2a,. We recall that the general element
S of |H —aL| is a 2-dimensional scroll of type (ay —aj,ay — ay).

Denote by /; and /, two generators of the pencils of lines of a nonsin-
gular quadric Q in P3, then ¢ (S) is the image of Q via the morphism f* defined
by the linear system |/} + (a2 — a;)h|. Moreover, in W one has (H — a;L)’ =
—(ay — ay), while the linear system |0;,(H — a>L)| is a pencil having a base curve
y. One has

Sy =(H —aiL)(H — a,L)* =0
and the birational morphism defined by |0y, (H — a1L)| contracts y to the vertex

of the cone.
Since

f*(H|g) =l + (a2 —a;)h and f*(L|g) =15
then

S(B) = f"((8H = 2(u = 2)L)y)
= 8(11 + (az — al)lz) — 2(/1 - 2)12)
=8l + (—IOal +4a, + 4)[2.

For h°(S,0s(B)) # 0 it is necessary that 5a; < 2a, +2. Consider the equation
(4.3) of the general element of |0 (8H — 2(u—2)L)|

(4.6) G = goox} + x| (g10x2 + go1x3) + -+ + (gsoxs + - -+ + gosx}).

The homogeneous polynomials g; such that i+ j =k have degree (8 —k)a; +
kay —2(pu—2) = (6 —k)ay + (k —4)a; +4 on P'. If 3a; —a, +4 < 0 then the
gy terms with i+ j =k <3 are zero and the curve y of equation x; = x3 =0,
base locus of the linear system |0 (H — a>L)|, would be contained in the base
locus of |0 (8H —2(x— 2)L)| with multiplicity at least 4.

Conversely, suppose that the conditions (4.5) are true. We distinguish 4
cases, by the type of the scroll.
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(bl) When 6a; —4a, +4 = 0 the linear system |0y (8H —2(u — 2)L)| may
be thought as the sum of |0y (8 (H—alL))| and |0y ((6a; —4a>+4)L)|. The
first one is of positive dimension and is not composed with a pencil, the second
one is base-point-free. By Bertini’s theorem the general element of |0y (8H —
2(u—2)L)| is smooth. }

Suppose now that 6a; —4a; +4 < 0 and let P be a point of a general B
in |0y 8H —2(p—2)L)|. If it does not lie on y then one can suppose that
x3(P) # 0 and take affine coordinates for (4.6) near the point P. For w; = x;/x3

one has
_ 8—i—j
G= E giw, ' wj
i,j=>0,i+j<8

= gos + (gorw1 + g17w2) + -+ + (goowf + 91014/17W2 +-+ gsowzg)

and deg gos = 8a3 —2(u —2) = 2(2ap — a; +2). By (4.5) deg gos > 0, therefore
P is a smooth point for B. It remains to study the multiplicity of the points in y.

(b2) When 6a; —4a; +4 <0 and 5a; —3a; +4 >0 then gopo =0 and the
curve y is in the base locus of |[8H —2(x —2)L| with multiplicity 1.

(b3) When 5a; —3a, +4 <0 and 4a; —2a, +4 > 0, Jgoo = Jdi10 = Jdo1 = 0
then the curve y is the base locus for |0y, (8H — 2(u — 2)L)| with multiplicity 2:
the general element of |0 (8H —2(x—2)L)| has y as locus of double points.

(b4) Finally, when 4a; — 2a; +4 < 0, since by hypothesis also 3a; — ar+
4 >0, the g; are zero if i+ j=k <2 and are nonzero if i+ j=3. Hence y
is a base locus for |0} (8H — 2(u — 2)L)| with multiplicity exactly 3, that is, the
general element B of |0;(8H — 2(u— 2)L)| has y as locus of triple points and it
is smooth outside y. ~

We need to know the kind of singularity of B at a point P of y. By the
genericity of B one can suppose that the polynomials gij such that i+ j =3 do
not have common zeroes, then any point of y has multiplicity exactly 3 for B.
We look at an affine neighbour of B: if z; = x;/x; the local equation of B is

G = (93075 + 90373 + 9122275 + g017323) + gaozs + -

The degree 3 part is the tangent cone to B at the point P.

If 3a; — a; +4 = 0 then the polynomlals gij are constant if i + ] = 3. There-
fore for a general B the tangent cone is a nonsingular cubic and P is an ordinary
triple point. If 3a; — a; +4 > 0 then the polynomials g; are nonconstant along
y for i+ j =3 (y is a nonsingular rational curve). Again, one can suppose that
for the general B the tangent cone to B in P is an irreducible cubic, showing that
P is an ordinary triple point. ]

CorOLLARY 4.3. Let a; < ay = a3, there exists a double cover o¢:X g
W (ay,ax,as) branched on a divisor B in |8H —2(u— 2)L| such that X' has at
most canonical singularities. Such a threefold is of general type and its mini-
mal desingularization o : X — X' is such that K3 = 2py — 6 and that poo is its
canonical morphism.
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Proof. The statement follows from theorems 1.4 and 4.2, from (4.1), and
from the intersection form on the scrolls (4.2) as soon as h°(0(8H—
2(—2)L)) > 0, which will be proved in the next section. O

4.2. The case a; < as. Suppose now that a; < a;. A smooth surface S
in |[H—aiL| is a scroll of type (a; — aj,a3 — a;), having a section of minimal
self-intersection dp = H — a3L|, the self-intersection being —(a3 — a2). We recall
that the section of minimal self-intersection dy is a fixed curve in S. Denote by
o0 the linear system H — ayL|g, then J is base-point-free, and has self-intersection
a3 — a, and dimension a, +az + 1.

Lemma 4.4, Let ay < ay and u = ay + ap + as, suppose 9 : X — W(al,ag,a3)
is a double cover branched on a divisor of |0y, (8H —2(u—2)L)|. Then X has at
most canonical singularities if and only if

ay > (a3 + 2a —4)/5.
In particular, if a; =0 then Sa, > a3 — 4, if aj =a, =0 then u=73 or 4.

Proof. Suppose that B is nonreduced. Since |0y (H — aiL)| is base-point-
free a general surface S of |0} (H — a;L)| intersects B along a nonreduced curve
Bs = SN B, which is branch locus for a degree 2 morphism. Therefore Bg does
not contain Jy with multiplicity greater than 1, thus (Bs —dy) - Jdp = 0 that is

(H —aiL)(H — a;L)(8H — 2(u — 2)L) = 6% = — (a3 — a2)
The conclusion follows from the values of the intersection form. O

Let ay < as and W = W(al,az,ag). Denote by A the unique divisor of the
linear system |0y (H — a3L)|. Ao is a 2-dimensional scroll of type (ai,a>). Let
00,0 be the curve of minimal self-intersection of A, it is cut out on Ay by the
linear system |Op (H —a>L)|. One has

THEOREM 4.5. Suppose that a» < az, W = W(al,az,a3), n=a+a +as.
Denote by Bs the base locus of |0y,(8H —2(u—2)L)|. Then

(@) Bs=0 if and only if 8a; —2u+4 > 0.

In this case the general element of |0y, (8H —2(u—2)L)| is irreducible and
nonsingular.

(b) When 8a; —2u+4 <0 and 8ay —2u+4 >0 the support of Bs is the
curve do,0 and the multiplicity of o0 in Bs is less than or equal 3. The general
B in |05 8H —2(u—2)L)| has no infinitely near triple points if and only if
3ay — 2a, +az +4 > 0.

(c) When 8ay —2u+4 <0 and Tay —2u+ 4+ as > 0 the support of Bs is the
surface Ao; any element in |0y (8H — 2(u— 2)L)| is reduced in B+ Ay.

The base locus of |Uy(B)| is empty if and only if Tay + a3 — 2p+ 4 = Sa; —
2a, —az +4 > 0.
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If Tay +as — 2u+4 <0 then the base locus of |0y, (B)| is the curve .

In this case, a surface B has at most double point along ¢ o if and only if
3a; —2ay 4+ a3 +4>0. Then B has no infinitely near triple points if and only if
3a; —2ay+ a3 +4 = 0.

Proof. (a) The system |0y (H —aL)| on W is base-point-free and not
composed with a pencil. Let us decompose

8H —2(u—2)L = 8(H —ayL) + (—2u+4 + 8a;) L.

Since 8a; —2u+4 = 0 the linear system |0 (8H —2(y— 2)L)| is a sum of two
linear systems which are base-point-free and such that one of them is not com-
posed with a pencil. Hence by Bertini’s theorem its general element is smooth
and irreducible. ~

Conversely, let B be a divisor in |0 (8H —2(u—2)L)|. Then

(4.7) Bdoo = (8H —2(u—2)L)(H — ayL)(H — a3 L)
(4.8) =8a; — 2u+4.

Therefore if 8a; < 2u+ 4 the curve d o is a fixed locus for the linear system |B|

(b) Recall the equation (4.3) of the general surface B in |0 (8H—
2(u—2)L)|, and note that the degree of the homogeneous form g; on P' is
(8 —i— j)a; + iay + jaz —2(u—2). In particular when i+ j =k

(8 —k)ay + kay — 2(u — 2) = deg gro < deg g;; < deg go
=8 —k)ay + kas —2(u—2).

Note that Jo o has equations x, = x3 = 0.

The proof goes as in that of theorem 4.2. Since by hypothesis 8a; — 2u+
4 <0 and 8a, —2u+4 >0, the term ggo is zero and Jy o is in the base locus for
the linear system |0;(8H —2(u—2)L)|. By passing to the affine open subset
{x3 # 0}, one can see that if P is a point of B not lying on 9,0 then it cannot be
a base point for |0y (8H —2(u—2)L)|, thus it is a smooth point for B.

If 3a; —2a, +a3+4 <0 then g; is zero for i+ j <3 and doo lies with
multiplicity at least 4 in B.

Conversely, if 3a; —2as +a3 +4 >0 then go3 is nonzero, thus the multi-
plicity of do0 in B is less or equal to 4. In this case by the genericity of the
forms g; one can deduce that there are no infinitely near triple points for B
along do,¢.

(c) When 8ay —2u+4<0 and 7ay —2u+4+ a3 >0, gy is zero for any i
hence x; divides G and (4.3) becomes

G = x3(go1x] + x¥(g11x2 + goax3) + - - - + gosxJ)

Ay is a fixed component of the linear system |8H —2(x —2)L|. Let us consider
the linear system
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|0y (B)| := | Oy (8H — 2(u — 2)L — Ay)|
= |04 (7TH + 2u+4+a3)L)|.

Proceeding as in the previous case one deduces that the base locus of |Cy;(B)] is
empty if and only if 7ay + a3 —2u+4 = 5a; —2a, — a3 +4 > 0.

Moreover, if 7a; +a3 —2u+4 = 5a; — 2a; — a3 +4 < 0 the base locus of
|0;,(B)| is the curve dpo. In this case a surface B has at most dg o as locus of
ordinary double points if and only if the term g3 is nonzero, hence if and only if
3a; —2ay 4+ a3 +4 > 0. Therefore if g; are general the tangent locus to Bin a
point of dy ¢ is different from the tangent locus to Ay in the same point. []

As in the previous case we can conclude with the following

COROLLARY 4.6. Let a; <ay <as. There exists a double cover o: X' —
W (ay,ay,as) branched on a surface B in |8H —2(u—2)L|, X’ having at most
canonical singularities. Such a threefold is of general type, and its minimal de-
singularization o : X — X' is such that K3 =2p,—6 and poc is its canonical
morphism.

Remark. By theorems 4.2 and 4.5, for fixed values of K3 and p, not all the
scrolls of degree K3 /2 in PP~ occur. Moreover even if B is reducible (see case
(c) in theorem 4.5) it is always connected, while this is not always the case for the
surfaces (see [5]).

4.3. The dimension of the moduli space.

LemMA 4.7. Let W < P**? be nonsingular. Then
(W, 0w (8H —2(u—2)L)) = 30+ 225+ h'(W, 0w (8H — 2(u — 2)L)),
W (W,0w8H —2(u—2)L)) = h*(W, O (8H - 2(u — 2)L)) = 0.

Proof. Consider the exact sequence

Since W is nonsingular an element of |0y (2(x—2)L)| is formed by 2(u—2)
disjoint planes. Since the scrolls are projectively of Cohen-Macaulay the di-
mension of the linear system cut by the hypersurfaces of the projective space
depend only on the degree. Therefore we choose a particular scroll to compute
hO(W,0w(8H)) and make use of the projection on P!

n: W= P(@Pl(al) @@Pl(az) @ @Pl(a3)) — Pl.

In fact
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W(W, 0w (8H)) = h' (W, O (8H))
= h"(P', 7, (0 (8H))
= h'(P! [Sym (Cpi(a1) @ Opi (a2) ® Cpi(a3))])-

One can do the computation in the 3 cases (a,4a,a), (a,a,a+ 1), (a,a+1,a+ 1),
depending on the class of x modulo 3, by projecting on P!. In all cases one
has hO(W, 0y (8H)) = 120u+45. Moreover by the projective normality of W
h'(Ow(8H)) =0 thus by the exact sequence of restriction (4.9) one has

(W, 0w (8H —2(uu—2)L))
= (W, 0w (8H)) — h* (O (8H)) + h' (W, O (8H — 2(u - 2) L))
=30u+225+h'(W,0w(8H —2(u— 2)L)). O

Remark. One can also compute A'(W,0p(8H —2(u—2)L)) =h" (W,
Oy (8H —2(u—2)L)) by projection. Hence

h (W, 05 (8H = 2(u— 2)L)) = (—8ay + 2+ 3)" + -+ + (—8as + 2u+3)".
Thus
(4.10) A" (W,045(8H —2(u—2)L)) =0 if and only if 8a; —2(u—2) > -2

(note that the condition 8a; —2(u — 2) > —2 is equivalent to 6a; — 2a, — 2a3 +
6 >0). Thus the dimension of |0y (8H —2(u—2)L)| jumps if 8a; —2(u—2)
< 2.

Let g: # — 2 be a family of scrolls in P“*% of degree u such that any
element is of type (ai,a»,as), where 8a; —2(u—2) > —2.

By (4.10), the sheaf % defined on ¥ such that when restricted to any fiber
W of gis ¢,,045(8H —2(uu—2)L) is flat and gives rise to a unique family of
canonical double covers of the scrolls g: 2 — 4.

THEOREM 4.8. Let u=ai+ar+as and 8a; —2(u—2) = -2, let W=
W(ay,az,a3) be a rational nonsingular normal scroll of P2 Then there exists
a family of isomorphism classes of nonsingular threefolds with p, = u+3 and
K3 =2p, — 6 and canonical map of degree 2 onto W. Such a family is uni-
rational and has dimension 30u + 213.

Proof. For a fixed 4 and for any scroll W compatible with the condi-
tions given in theorems 4.2 and 4.5 there exists a family of double covers of
W with K3=2u and py = 1+ 3 parametrized by an open subset of
PH(W,0;(8H —2(p—2)L)). One obtains the required family by moding out
the automorphisms group of W. When W is nonsingular this is a unirational
family whose parameter space is generically smooth, by (4.10). By lemma 4.7
the dimension of the family is fdim = 30u + 224 — dim Aut(W). We note that
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the maximum value for fdim is achieved when W is of type (a,a,a), (a,a,a+ 1),
or (a,a+1,a+1). In fact we can compute dim Aut(W) by the exact sequence
(4.11) 1 — Autpi (W) — Aut(W) — Aut P! — 1

where Autpl(W) is the group of the automorphisms of W fixing the fibers of p,

as in the Veronese case. :
In any of the three cases one has dim Autp: (W) = 8, hence

dim Aut(W) = dim Autpi (W) + dim Aut(P') = 11.
Therefore one has fdim = 30x + 224 — dim Aut(W) = 30u + 213. O
With an additional hypothesis on the a;’s, it can be shown that the above

family fills an open subset of a reduced component .# of the moduli space
//5#, w43+ 1t 1s sufficient to show that

(4.12) dim .4 = h'(®y) = 30u + 213.
Again, one can use the projection formula (see (1.1))
(4.13) 1 (Ox) = 1(©y(~log B) + (O (~B))
where 2B’ ~ B.

Lemma 4.9. Let B' e |0y (4H —2(p—2)L)| then
h'(®;(=B')) =0 fori=1,223.

Proof. One has

(4.14) W (O (~B") = B~ (O (Kyy, + B))

3 u+3 fori=3
(4.15) =Gy (H)) :{0 for i=0,1,2
(4.16) A0y (H —arL — B')) = "~ (O (H — (H — ;L))

It is known that if W is a scroll of type (a1,as,a3) and 7 is the projection on P!,
then

(4.18) 0= Oppr — Op — n'@p — 0,

(4.19) 0— Oy — Op5(H—aL)® Oy (H —arL) @ O (H — a3L)
(4.20) = Oppr — 0.

From (4.14), (4.16) and (4.19) tensored by ((—B') one has

(4.21) h' (@ p1(=B')) =0 for i=0,1.
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Since one has
(4.22) W(W,(n*®p)(—B')) = h'(P',0p @ 1.0;;(—B')) =0 for i=2,3
and by duality one also has
(423) W', (°@p) 0y (~B)
=h'(P",®p ®n.(~B')) = h°(P',0p (2H — 7.(B')) = 0.
The conclusion follows comparing (4.22), (4.23), (4.21) with (4.18) tensored by
Oy (—B'). O
From (4.18) and (4.19) it also follows that (with the same notation as above)
(4.24)
ROy) =2a—a) +8+ (@ —a+ 1) +(@—a+1)" +(aa—a; +1)7,
Oy =(am—a—-1)"+(a-—a—-1)"+(a—-a-1)",
(©y) =2(a; —a1) = 1’ (@) =2(az —ay)" =0.
In particular one has

(4.25) h'(®;) =0 if and only if a3 —a; <2.

Lemma 4.10. If a3 —a; <2 then

30u+213 for i=1

(4.26) 7' (@ (~log B)) = {o for i=0,2,3.

Proof. Computations can be carried out by using the residue exact sequence
(4.27) 0— ®W(—10g B) — ®W d @E(B) — 0
and the restriction sequence
0 — Oy — Oy (B) — O(B) — 0.
By lemma 4.7 one has
ew(B) -
hence, since W is rational,

(4.28) H(05(B)) = {

30u+225 for i=0
0 fori=1,2,3

30u+224 for i=0
0 fori=1,2.

Moreover since the double cover is of general type one has h°(®(—log B)) =
0. Thus the conclusion follows from (4.27), (4.25) and (4.28). O
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We note that if a3 —a; <2 the conditions required by theorems 4.2 and
4.5 are satisfied. By (4.13), lemma 4.9 and lemma 4.10 it can be deduced the
following theorem.

THEOREM 4.11. There exists a unirational component of the moduli space
/%&;_m = /%in of the threefolds with K* = 2p, — 6 whose general element has a
smooth minimal model, a base-point-free canonical system and a canonical mor-
phism ¢ of degree 2 on a nonsingular scroll W of PP«~'.  The class of the branch
locus of ¢ is |Op(8H — 2(p—2)L))|.

Such a component is reduced of dimension 30u + 213.

Remark. In the theorem only smooth scrolls with a3 —a; <2 are used.
But by theorems 4.2 and 4.5 also cones without the condition a3 —a; <2 are
allowed. In this case the generically finite canonical morphism ¢: X — W
factors through W.

Whenever one has a flat family %" of deformations of W inside P**? such
that the sheaf Oy (8H —2(u— 2)L) extends to a flat sheaf on #" one also has a
flat family of deformation of double covers, which belongs to the same irreducible
component of the moduli space %ih u+3- This happens for instance if the type
of W is such that A'(W,0w(8H —2(u—2)L)) = 0.

On the other hand, in general, there are many different irreducible com-
ponents of %gﬂ‘ 443> even of dimension greater than 30+ 213. In fact different
components come out when one considers double covers of cones. An example
is proposed in the following theorem.

THEOREM 4.12. Let W = W(0,a,a) (or Wy = W(0,a,a+ 1)) be a cone
with vertex a point P, let p=2a (or u=2a+1) and suppose a >4. Then
(W, 0w (8H —2(pu—2)L)) = h°(Wy, O, (8H — 2(u —2)L)) = 40u + 175.

There exists a family of isomorphism classes of nonsingular threefolds X such
that K3 =2u = 2py — 6 and canonical morphism of degree 2 on W (or W1). This
family is unirational of dimension 39u + 167.

Proof. Let us suppose that u = 2a, then
(W, O (8H — 2(u—2)L))
= 1P Sym’ (01 ® Op1 (@) @ Opi (a))] ® Opr (2~ 2)))
B! (@ Opi (ka)* V] @ Opr (—da+4)
WP, @y Cpi(k = 4)a+4)70)

8
Z ((k —4)a+5)(k+1)) = 40u + 175.
—4

The hypothesis of theorem 4.2 are satisfied, hence the existence of the family



ON THREEFOLDS WITH K3 = 2p, — 6 29

is assured. With this choice of the type of the cone one obtains the minimal
dimension of Aut(W), which can be computed as in the nonsingular case. One
has dim Aut(W) = 2a + 7 = u + 7, thus the dimension of the family of the double
covers up to isomorphisms is 40u + 175 —1— (u+7) = 3%u + 167.

In the same way, for x=2a+1 and W, = W(0,a,a+ 1) one has
W (Wi, Oy, (8H — 2(p = 2)L))

=h(P",Sym®(0p1 ® Op1(a) ® Opi(a+1))] ® Opi(—4a+2))
=40u+ 175.

Again dimAut(W) =2a+ 8 =u+7, and the dimension of the family of the
double covers up to isomorphisms is as above. O

Remark. Either for u even or u odd the dimension of the family of the
double covers up to isomorphisms is greater than the dimension of the reduced
component of the moduli space 'ﬂi@ u+3 produced in theorem 4.11.  Therefore
this new family belongs to a new component of the moduli space.
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