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Abstract. In this paper, we study restricted modules over a class of
(1/2)Z-graded Lie algebras g related to the Virasoro algebra. We in fact give
the classification of certain irreducible restricted g-modules in the sense of de-
termining each irreducible restricted module up to an irreducible module over
a subalgebra of g which contains its positive part. Several characterizations
of these irreducible g-modules are given. By the correspondence between re-
stricted modules over g and modules over the vertex algebra associated to g,
we get the classification of certain irreducible modules over vertex algebras
associated to these g.

1. Introduction.

For a vertex operator algebra V', there are three kinds of modules, i.e., weak, admissi-
ble and ordinary V-modules, and the notion of weak modules for vertex operator algebras
just corresponds to the notion of modules for vertex algebras. One of the fundamental
tasks in the representation theory of vertex operator algebras is to classify all irreducible
admissible and ordinary modules. But it is also interesting to classify irreducible mod-
ules for vertex algebras. In fact, it is even challenging to do such classification for vertex
operator algebras which are not rational or Ca-cofinite (see [10]). A rough classification
of irreducible modules for vertex algebras related to the Virasoro algebra is obtained in
this paper. This is not achieved directly in the theory of vertex algebras, but with the
help of the theory of Lie algebras. The strategy we used is to view these modules as
modules over Lie algebras.

We call a Lie algebra g G-graded if g = P, 95 and [gg, 9r] C gg+n for any g, h € G,
where G is an abelian group. And we call a g-module M G-graded if M = @geG M,
and ggM)y, C Mgy, for any g, h € G. Among infinite dimensional Z-graded Lie algebras,
the most important one is the Virasoro algebra U, which has a basis {L,,,C | n € Z}
subject to the following bracket relations

3

m> —m
———0man,0C, Vm,n €Z.

[C, Lin] =0, [Lin, L] = (n —m) Ly + 12

Recently, certain irreducible modules over the Virasoro, Heisenberg—Virasoro and
Schrodinger—Virasoro algebra, W-algebra W (2,2) were respectively classified in [7], [1]
and [2], whose constructions are slight generalizations of highest weight modules. In the
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present paper, we consider a class of (1/2)Z-graded Lie algebras g which includes all these
algebras except for the Virasoro algebra (see Remark 3.3). It is easily observed from [7,
Theorem 2] that some of the irreducible B-modules studied there, are in fact irreducible
restricted U-modules. g-modules of this kind are studied in this paper. To be more pre-
cise, we determine each irreducible restricted g-module up to an irreducible module over
a subalgebra which contains the positive part of g (see Theorem 2.2 and Proposition 3.2);
and we give several characterizations of these modules (see Theorem 3.1). Finally, we
prove that these modules also exhaust (inequivalent) irreducible modules over the ver-
tex algebra associated to g (see Theorem 3.5). Indeed, this is our motivation to study
restricted g-modules.

The organization of this paper is as follows. In Section 2, we first give an explicit
form of Lie algebras under investigation. Then similar as the construction of Verma
modules we construct the induced module Ind(M), the main object of this paper. The
main result of this section is to show the irreducibility of Ind(M) under certain conditions.
Several characterizations of these irreducible g-modules Ind(M) are given in Section 3.
This result can also be viewed as the classification of certain irreducible g-modules. Using
this classification and the known relation between restricted g-modules and modules over
the vertex algebra Vj associated to g we classify certain irreducible modules over Vj.

Throughout this paper, we denote by C, Z, N, Z, the sets of complex numbers,
integers, positive integers, and nonnegative integers, respectively, and denote by U(L)
the universal enveloping algebra of a Lie algebra L. And all vector spaces are assumed
to be over C.

2. Preliminary and Irreducibility.

To be more precise, we study Lie algebras g = VO 4+ VI 4+ V24 ... 4+ V" (n € N)
with V0 = 9 satisfying the following conditions

(1) each V% is a (nonzero) Z or (1/2) + Z-graded B-module such that dim(V*); < 1 for
all 0 # 1 € (1/2)Z and dim(V?%)y < oo, and [V, VI] =0 for any 1 <i # j < n;

(2) gis (1/2)Z-graded: g = (1 /2)7 0 With g =370 (V?); for all I € (1/2)Z;

(3) there exists p € {1,...,n} for which V? is Z-graded, [V?,V*] = 0, [(V?) 144, (V") _4]
#0and [(VP)i4q, (VO)_g] #O0forany l € Zy, g € N;

(4) [(V)14q, (V) _y] € (VP), for any 1 < i < n, ¢ € (1/2)Z, | € Z and

[(V)igq, (VI)—y] # 0 for any 1 < i # p < n, |l € Zy, ¢ € (1/2)N such that
(Vi)-y 0.

REMARK 2.1.  Without loss of generality, we may assume p = n from now on. As
a consequence of the conditions (1) and (3) we have 0 # [(V?)4q, (V™)—4] C (V™) for
any | € Zy, q € N. In particular, (V™); # 0 for any | € Z, .

To avoid any ambiguity, we write g as g(") if necessary. Here we give some examples
of infinite dimensional Lie algebras satisfying the above conditions:
o gV = Vir(a,b) = @,.,(CL; ® CI;) ® CC, & 3, CCa.; (cf. [3]), the universal
central extension of W(a,b) (see [4]) except for the case (a,b) # (0,1), which
satisfies the following (nontrivial) relations:
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. i3 —q
[Li, Ljl = (j — i) Liyj + 6i+j’°T01’

[Li, Ij] = (a+j + bi)Liyj + 0itj0Ca,

where {L;, I;,Cy | i € Z,k = 1,2} is linearly independent, a,b € C such that
ta+1 ¢ bN for any | € N and

(i +4)Cq if (a,b) = (0,0),

P if (a,b) = (0, 1)

6271' — 192 2 1 a, - 9 )
iCy if (a,b) = (0, 1),
0 otherwise.

e g1 = the W-algebra W (2,2) (see [9]) which has a basis {L;, I;, C' | n € Z} subject
to the following (nontrivial) relations:

B i
12

i3 —i

g i+i0C-

[Li, L] = (j — i) Liys + di+5,0C,

[Li, ;] = (G — i) Lig; +
e g = the deformative Schrodinger-Virasoro algebra (see [8]) which has a basis

{Li, 1;,Yi1s,C |i € Z,s =0 or 1/2} subject to the following (nontrivial) relations:

i —i

[Li, Lj] = (j — i) Litj + Tfsiﬂ,ocﬂ
[Li, Ij] = (5 — N+ 2p) [y,

. A+1,
[Li, Yjis] = <J +s— i+ N) Yitjtss

Yits, Yjgs] = (5 — i) Litjr2s,

where A, u € C such that +2u — 1 ¢ AN for any [ € N.

e g (n > 2) = a Lie algebra with basis {Li,Ii,Yigl,C |ieZ,1<j<n-1s=
0 or 1/2} subject to the same nontrivial relations as the deformative Schrodinger—
Virasoro algebra with Y;; s replaced by Yl(il for all j.

Let M be a module over a Lie algebra L and X be a subspace of L. For any v € M
and n € Zy, denote X"™v = span{z1xs...z,v | x; € X fori = 1,2,...,n}. The action
of X on M is called locally nilpotent if for any v € M there exists n € Z, such that
X"y =0 and locally finite if dim(z:neZJr CX"™v) < 400 for any v € M. A g-module M
is called restricted if for any v € M there exists n € (1/2)Z such that g, v = 0 for all
m > n.

Before presenting our results, we first need to do some preparations. Let M be the
set of elements of form i = (..., i2,41) with each iy € Z such that ), i, < co. Let
¢; denote the element of M such that the i-th entry from the right is 1 and all the other
entries being zero and 0 denote the element of M with all its entries being zero. For
any i € M, write w(i) = ), - kix. For any 0 # i € M, let p and ¢ be the maximal
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and minimal integers such that i, # 0 and i, # 0 respectively, and set i’ = i — ¢, and
i”"=1i—¢,.
For any 1i,j € M, define

j > i <= there exists 1 <r € Z, such that j. > i, and j; =i for all s > r
and
j = 1 <= there exists 1 < r € Z, such that j. > i, and js =i, forall 1 < s <.

And define a total order “>" on M x --- x M by decreeing
—_———
n+1

(i(n)’ i(n_l)’ Tt i(O)) - (j(n)uj(n_l)? cee 7.](0)) —
91 <7 <n—1such that j% =i for 0 <k <r—1and (i, w(i®)) = (), w(i"))
or (i1, .. i®) ="V, § ) and i) > j.
Set
S={d=(do,du,....dn) € Z}*" | dy = 0,dy > 2d; for 1 <i<n—1},
9d = Zie(1/2)z+ ((Vo)ifdo 5] (Vl)ifdl b---D (Vn>i7dn)
and
- 0 ; 1 o .. n
Qoo =D, (VOid Vi v,

It is easy to check that for any d € S U {4+o0}, gq is a subalgebra of g by using the
assumptions on g. Let L be a Lie algebra, a a subalgebra of L, M an a-module and Y a
subset of a. Set Anny(Y) ={ve M | yv =0 for y € Y} and form the induced module
IndX (M) = U(L) 17(ay M, which is simply written as Ind(M) if the context is clear.
For any vector space V', define
1 ifV =0,
v =

0 ifV#0.

For a gg-module M, it is hard to give a sufficient and necessary condition for Ind(M) to
be irreducible. The following result provides a sufficient condition.

THEOREM 2.2. Let d € SU {400} and M be an irreducible gq-module for which
there exists k € Z4 such that
(1) Anny (V) = 0 if b # 03 3007 (1= 01vo)_, (vm),1.0) Annar (V) g, (V7)g] = 0 and
Doi<i<n—1 2oqe(1y2)z, (1= 0(vi)_y,(viyg,0) Annn [(V?) —g, (V*)g] = 0 if k = 0;

2) (VOsapipM = (VV)kipM = (V) ikgay4pM = 0 for all 1 < i < n—1 and
p € (1/2)N.
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Then

(i) Ind(M) is an irreducible g-module;

(ii) the actions of (VO)ktd,+ps (V") ktp and (V) gid,+p on Ind(M) for alll <i<n-—1
and p € (1/2)N are locally nilpotent.

We denote by ul(f) a basis of nonzero (V*), with u,io) = L for 0 # k € (1/2)Z and
1 €40,1,...,n}. Note that for any 4, the set consisting of all indexes k < —(1/2) — d;
such that (V?), # 0 is denumerable, say, -+ < —Iél) < —Ifl) < —(1/2) — d;. Set
Ul = (u(_l)lé))J2 (UJ(_Z)Ii))j1 for any j = (..., j2,71) € M. Take 0 # u € Ind(M). Then u
can be (uniquely) written as the following form

() REOIC) _
g U, " ---Ul Uy e, 0 (finite sum), (2.1)
j O eM

where all (), ...,j©) € M and Ujny 50 € M. Set

supp(u) = {(_j("),...,j(o)) EM X M- x M | ujem), 50 # 0}.
Let m(u) := (k™,... k() be the maximum in supp(u) with respect to the total order
=on M x - x M.
—_——

n+1

LEMMA 2.3.  Let M be a gq-module satisfying the conditions in Theorem 2.2. For
any u € Ind(M)\ M, let (k... k©) be its maximum in supp(u) and r minimal such
that k(") #£ 0. Set i = max{s | kST 0} and j = min{s | kST 0}.

(a) If r =0, then m(u(lzj))_i_ku) = (k™. kW (k).

(b) If0 < r < n, then m(ug??.hrku) = (k... k) (k™M) 0,...,0).

(¢) If r =n, then m(L )= ((k(”))’,O,...,O).

14
PROOF. The idea of this proof comes essentially from [7], [1] (see also [2]). Let k
be the nonnegative integer satisfying conditions (1) and (2) in Theorem 2.2. Assume u
has the form (2.1).
(a) Note by the condition (2) in Theorem 2.2 that u(InU))Jrkv =0 for any v € M. It

(
j

follows this and the conditions [V", V"] = [V¢, V] = 0,V1 < i # j < n that

(n) k(™) k()
u15°)+kUn Uy Uk<"),...,k<0>
J
_ k™ kM | (n) (0) (kY
=U, ---Up u150>+k’u—1(0) Up Ug(n) . kO
j i

k(™ kW (KO | (n) (0)
+ UK US U, U)o U o) | Uk .. kO (2.2)
; T L
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Note that by the condition (3) on g we see that 0 # [u 1(3)+k u(_O;(O)] e (V™).
j

Then by the assumption on k, AnnM[u%]))Jrk,u(_O;(o)] = 0. Thus in particular,
[u;?")brk’ ug’(m]uk(,"%___’k(o) # 0 and therefore
j j
n n (n) (0)
(k( )7 o 7k(l)7 (k(O))//) — m( (<(’))+kU71: .. Ué‘ Uk(">,...,k(0>>-
Denote

«(n . (0 o(n .
G0y = m(uy{%}) kU% U} uj<n>,...,j<m) for (3t,...,j) € supp(uw).

Case 1. j©O =k,
Note that in this case,

G, = OO ™)) < (k™ kD) (k@)

)

and the equality holds if and only if j¥ = k® for all 1 = 1,2,...,n, by a similar formula
(2.2) for (™, ...,jV,j©) and the fact that (G7,...,j®,;©) < (k™ .. kM k).

Casg 2. j© £kO),

In this case we have (3, w(j(?)) < (k@ w(k(®)). Then either w(j(®) < w(k()
or w(j9) = w(k(®) and j© < k©. If w(§(®) < w(k®), then W(j(lo)) <w(®) -5 <
w(k©®) — j = w(k©®)” and therefore 3™, ... ;i) < (k™ ... kM (k©)"),

Assume that w(i©) = w(k©®) and j© < k(. Let s = min{s € N | 5{* # 0}
Since j©@ < k©, s> j. If s > j, then w(j\”) < ('(0))75 <w(i)—j=wk®)—j =
w(k©)” and therefore (3\™ ... ;") = (k™ ... kM (k©)"). If s = j, then

(0)

. .(0 (0
G = m(“§73>+kU% Uy u.i(m,m,j(O)) = m( %))%U% Uy “J'(“),.u,j("))

- (J-(n)w_.’J(l),(-(O))//) ~ (j(”)7,..,j(1)’(k(0))/')
< (k™ kW (k©)).

So in either case, we obtain (J:(Ln),...,_]go)) < (k™ ..., kM (k()") and the equality
holds only when (3™, ...,j@) = (k™ ..., k©), proving (a).

(b) follows similar arguments as for (a). Here we need to point out that u(TZ) o # 0.

Note by the condition (4) on g that [(V") ., (V") _ ] # 0, since (V") _ 7é 0. This,
J J J

in particular, implies (VT)IE”+1@ # 0. Then as a basis element of (Vr)15r>+k, u(IT))Jrk #
J J 3

(¢) For any (j™,0,...,0) € supp(u), we have

Lo, U3
n Ujm o,...0

I 4k
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.(n) .(n) L. n n
= Ly (- @)% @ w50 0,..0) - (by the condition [V, V"] = 0)

_ )™M (n) (n) i —e (n)

=J; Un Llf”)Jrk’u_L(n) Ujm 0,..,0 T E :Jl U, l L1§">+k7“_11<n> Ujm 0,...,0
‘ 1<i

_ )Gy (n) : (n) _

=7 Ur(L ) L15n>+k7u45"> Ujm) 0,0 (since LIS")+k’u,Il<n> Ujn) 0,0 = 0)

and [LI;(")HC’uinj)ffz)]ui(")vov---vo £ 0. That is,

(n)

j {(G™Y.0,....0)} if 5 #0,
supp(L1§n>+kU3L Ujm 0,...0) = {{(0’ ...,0,0)} i j;(n) —o
Then it is easy to see that m(Llf"’Hc“) = ((k(n))/7 0,..., 0)' 0

PROOF OF THEOREM 2.2. Let W be any nonzero g-submodule of Ind(M). Take
0 # u € W such that m(u) is minimal among m(u') for all 0 # v € W. If m(u) #
(0,...,0), then by the lemma above there exists 0 # w € W such that m(w) < m(u),
contradicting the choice of u. Thus, m(u) = (0,...,0) and therefore u € M. Now the
irreducibility of Ind(M) follows from that of M. O

REMARK 2.4. Let d and M be as in Theorem 2.2 except that M may not be
irreducible. Then

(VO ktdptptt = (V") kgpu =

M:{UEInd(M)’ Vi<i<n-—1

(V) ktdipu = 0,}
1o
5 <

p

and Lemma 2.3 still holds.

3. Characterization and VA-Module.

Define g2 for z = (xq, 1, ..,2,) € ((1/2)Z)"*! to be the subalgebra of g generated
by (V%); with z; < j € (1/2)Z for i = 0,1,...,n. As in [1, Section 3] we have the
following characterizations of certain irreducible g-modules.

THEOREM 3.1.  Let S be an irreducible g-module such that [(V°),, (V')q] = (V) piq
on S foranyp € Zy, g€ (1/2)N, i =1,...,n and that

quz(l B 5[(V0)7q7(V")qLO)AnnS[(Vo)—m (V™")g) =0
and ZlSiSn—l Zq6(1/2)2+(1 - ‘5[(V”’)7q,(vi)q],0)AnnS[(Vi)ﬂp (Vi)q] =0.

Then the following conditions are equivalent.

(1) There exists t € Z such that the actions of (V).,i = 0,1,...,n on S are locally
finite for allt <r e (1/2)Z.

(2) There exists t € Z such that the actions of (V),,i = 0,1,...,n on S are locally
nilpotent for allt <r € (1/2)Z.
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ere erists t € such that S s a locally finite g=-module.

3) Th ) zZn+1 h that S is a locally finite gt dul
ere exists t € such that S s a locally nilpotent g“-module.

4) Th ) zZn+1 h that S is a locally nil ¢ dul

(5) There exist d € Z"" and an irreducible ga-module M satisfying the conditions in
Theorem 2.2 such that S = Ind(M).

PROOF. The following implications (5) = (3) = (1), (5) = (4) = (2) and (2) =
(1) are clear. So we only need to show (1) = (5).

By (1) we know that there exists ¢ € Z, such that the actions of (V?),,i =0,1,...,n
on S are locally finite for all t < r € (1/2)Z. In particular, there exists a nonzero v € S
such that L;v = A\v for some X € C.

Choose any 1/2 < a; € (1/2)Z such that (V%);4,, # 0 and denote

N,, = Zm% CL™(Vyyav, i =0,1,...,n,

which are all finite dimensional. Note by the assumption [(V?),, (V%),] = (V')piq (p >
0,¢ > 0) on S that

(V) ttart om0 = [Ley (V) irartmilv = (Le = (V) et ag4mtv
forme€Z, and i =0,1,...,n, from which we know that
(V) i4aitmiv € N, implies (V*)yia,4+(ms1)1v € N, for m € Zy and i =0,1,...,n.
So induction on m shows
(VYtta,4mtv € No, form € Z, andi=0,1,...,n.

In particular, > C(Vtsa;+mev for i = 0,1,...,n are all finite dimensional and so

are

. . 2t . .
ZP€Z+ (C(Vl)t-i-ar‘rpv = C(Vl)t‘i‘aiv + Zj:t+1 Zm€Z+ (Vl)j+a1:+mtv7 1= 03 17 ceey N

mEZy

Then there exist I,/ € N such that
i L’ 3 .
Zp€Z+ (C(V )t-‘rai-‘rpv = szo C(V )H‘M‘HJU? 1= O, 1, .oy n. (31)
Similarly, there exist I;” € N such that
li,/

ZP€Z+ COV ) tyas+1/24pY = Zp:O C(V)itair1/21pv 1=0,1,...,n. (3.2)

Note that for any i, the set consisting of all indexes k > t + a; such that (V%) # 0
is denumerable, say, Ilz) < Iz(z) < oo, Set | = max{l;',l;" | i = 0,1,...,n} and i =
max{k € N|t+a; < I,il) <t+4+a;+1/2+41} foralli=0,1,...,n. Denote

(0) (0) (n) (n)

_ o\ © ) ) )
VY mgwemC("I;“)) "'<“1g’)> ~-<u1}n>) ()
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which is finite dimensional by (1).
Cramm. V' is a (finite dimensional) gtt%-module, wheret + a = (t+aog, ..., t+ay).

Note that u' mv forall v € V!, i =0,1,...,n and s € N can be written as a sum

of vectors of the form

m{ m(® m{™ m{™
0 0 0 n n "
< Er“)’)) (“;«2)) (“5&) (u;n)») E,()nv (r=1). (33)
0 [

So it suffices to show that all elements above lie in V’. By (3.1) and (3.2), we only need
to show that elements in (3.3) with t +a; < L(,z) <t+4a;+1/2+1lie in V’. This is clear
fori =nin (3.3). Foralli=0,1,...,n — 1, we have

(n)

. m&i)ntl n My
- ()" ) ()
() ) . )
ORI ORA N ()™ A R ON
Iio) Ir(i)l I( ) Ié") ? I( i)

The first term on the right hand side lies in V’ and the second term can be written as

(0) (n) (n)

o\ ) ) @\ "6
I(O)) ' <u1E0>) o (ul{m) e RITOM
0 T

a sum of elements which have the same form as (3.3) but with smaller > 22:1 mgi).
By induction, all elements in (3.3) lie in V', proving the claim.

It follows from the claim that there exists a minimal [ € Z; such that (L., +
a1 L1+ +ayLyq)V’ = 0 for some m > t+ag and o; € C. Then applying L, gives

(041 [Lma Lm-i—l] +-t o [Lm7 Lm-‘rl])vl = Oa
which together with the minimality of [ implies [ = 0, that is, L,,V' = 0. Therefore
0 = LijV/ = [Lj, Lm]V’ + LijV/ = (m — j)Lm+jV/, V] 2 t + agp,

that is, Ly4;V' =0 for all j > m + ag. Now by again our assumption [(Vo)p, (V) =
(V*)pyq on S for any p € Z, g € (1/2)N, we have (V*)mijtqV’ = [Limtj, (V')g][V' =0
for any ¢ >t + a; and ¢ > 1.

For any r = (rg,71,...,m,) € Z""1, consider the vector space

) 1
NT_{UES|(V’)ri+pv—0foralli—(),l,...,nandpe 2N}.

By the above discussion, NNV, # 0 for sufficiently large r; € Z,i = 0,1,...,n. Note
by Remark 2.1 and the assumption Anng[(V?)_,, (V"),] = 0 for any ¢ € N that
Anng(V™)g = 0. Thus, N, = 0 for all 7, < 0. Choose a k = (ko,k1,...,kn)
from the set {r € Z"™! | N, # 0} such that the n-th component k, is minimal.
Moreover, we may assume k; € Z4 with k; > k, and ko — k, > 2(k; — ky), where
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i=0,1,...,n—1and j = 1,2,...,n — 1. Denote M = Ny, and d = (do,d1,-..,dn),
where dy =0, d; = k; — kn, dn = ko —kn, 1 =1,2,...,n—1. It is easy to check that M
is a gg-module. Note also that M automatically satisfies the conditions in Theorem 2.2
with k = k,,.

We are going to show that S = Ind(M). Since S can be generated by M, there
exists a canonical surjective map

7w :Ind(M) — S such that 7(1®v) =v, Yv € M.

Now it is enough to show that 7 is also injective. We only focus on the case k,, > 1, since
similar arguments can be applied to the case k,, = 0 by using the assumptions

D a1 = 8iver vy o) Anns[(V0)—g, (V7)) = 0
and Zlgignfl Zq€(1/2)2+(1 — (5[(‘/1')7(“(‘/7:)(1])O)AAnns[(‘/’i)iq7 (Vl)q] =0.

Let K = Ker(w) and it is clear that K N M = 0. If K # 0, choose a vector v € K\M

such that m(u) (see the remarks before Lemma 2.3) is minimal. Then Lemma 2.3 and

Remark 2.4 would lead to a contradiction: there exists 0 # w € K with m(w) < m(u).
At last, we remark that M automatically satisfies the conditions in Theorem 2.2. [

If in addition S as a g-module is restricted, then
A ) 1
N, = {v €S| (V)rqpv=0foralli=0,1,...,nand p € QN}

is nonzero whenever each entry r; is large enough. It follows from the last part of the
proof of Theorem 3.1 we see that S = Ind(M) for some d € S and gg-module M. That
is, we derive the following result.

PROPOSITION 3.2.  Let S be an irreducible restricted g-module such that
quz(l - 5[(V0)—q7(V”)q170)AnnS[(VO)*qv (V™)) =0

_ ) ) % i _
and Zlgign_lzqemm(l O[(vi)_ g, (Vi) ,0) A [(V?) g, (V)] = 0.

Then there exist d € S and an irreducible gq-module M satisfying the conditions in
Theorem 2.2 such that S = Ind(M).

REMARK 3.3. Let V be a module over L and E = L & L’ be a central extension
of L (that is, [z,y]g = [z,y]r for any x,y € L and L’ lies in the center of F). Then V
can be naturally viewed as an L/T-module, where T = {z € L | xzv = 0 for all v € V}
and also an F-module if the action of L’ is trivial on V. So in this sense we can extend
all above results for g to their quotients and central extensions.

Now we turn to the study of vertex algebras and modules over vertex algebras; we
refer the reader to [6] for relevant background. Associate each V* for i = 0,1,...,n a
formal series V?(z). Suppose that these V(z) are local, i.e., (21 —22)*[V(21), V7 (22)] = 0
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for some fixed positive integer k and i,7 = 0,1,...,n. Then there is a vertex algebra V;
(might not be a vertex operator algebra) associated to g (see [5]). And in what follows
we only consider Lie algebras g of this case and we identify (V) for i = 0,1,...,n and
k € (1/2)Z with subspaces of V; in an obvious way.

PROPOSITION 3.4.  See [6]. There is one-to-one correspondence between the set
of irreducible modules over the vertex algebra Vy and the set of irreducible restricted
g-modules.

As a consequence of Propositions 3.2 and 3.4 we have the following result.

THEOREM 3.5.  Let S be an irreducible module over the vertex algebra Vy such that

D (1= 01w v, 0)Ans[(VO) g, (V7)g] = 0

and Z1§i§n—1 qu(1/2)z+(1 = 0j(vi)_ g (viyJ.0) Anns (V) g, (V') g] = 0.

Then there exist d € S and an irreducible gq-module M satisfying the conditions in
Theorem 2.2 such that S = Ind(M).
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