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A linear operator and strongly starlike functions

By Jin-Lin Liu

(Received Apr. 12, 2001)

Abstract. Making use of an integral operator /* which was defined and studied
earlier by Srivastava et al., the author introduces two novel families of strongly starlike
functions ST,(f,y) and CV,(f,y). Certain properties of these classes are discussed.

1. Introduction.

Let A denote the class of functions of the form
fD)=z+) az" (1.1)

which are analytic in the unit disc £ = {z:|z|] < 1}. A function f(z) belonging
to A4 is said to be starlike of order y if it satisfies

1%{?&?}>y (z e E) (12)

for some y (0 <y<1). We denote by S*(y) all of such functions. Also, a
function in A is said to be convex of order y if it satisfies

zf"(2)
f'(z)

for some y (0 <y <1). We denote by C(y) the subclass of 4 consisting of all
functions which are convex of order y in E. Clearly, f(z) € C(y) if and only if
zf'(z) € S*(»).

If f(z) e A satisfies

R%1+ }>y (zeE) (1.3)

zf"(2) N n
ar - <= zekE 1.4
e(F 5 -0)| <38 e (14)
for some y (0<y<1) and f (0<pf<1), then f(z) is said to be strongly
starlike of order f and type y in E, and denoted by f(z) € S*(f,7). If f(z)e 4
satisfies
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<gﬂ (zeE) (1.5)

arg(l L@ )

e
for some y (0<y<1) and f (0<f <1), then we say that f(z) is strongly
convex of order ff and type y in E, and we denote by C(f3,y) the class of all such
functions. It is obvious that f(z) € 4 belongs to C(f,y) if and only if zf"(z) €
S*(p,y). Further, we note that S*(1,y) = S*(y) and C(1,y) = C(y).

For ¢ > —1 and f(z) € A4, we recall here the generalized Bernardi-Libera-
Livingston integral operator L.(f) as

c+1(°
L/(f) = ~ Lz V() dt. (1.6)
The operator L.(f) when ce N ={1,2,3,...} was studied by Bernardi [1]. For
c=1, Li(f) was investigated by Libera [6].

Recently, Jung, Kim and Srivastava [4] introduced the following one-
parameter family of integral operator:

o z z a—1
I*f(2) = - 1% (a)J (log;) f(de, (2>0,f(z)eA). (1.7)

0

They showed that

I*f(z) =z + io; (%)az (1.8)

The operator I* is closely related to the multiplier transformations studied
earlier by Flett [2]. It follows from that one can define the operator I* for
any real number o. Certain properties of this operator have been studied by
Srivastava et al. [4], Uralegaddi and Somanatha [I3], Li [5] and the author [7].

Using the operator 7%, we now introduce the following classes:

2(I°f(2))'

ST,(B,y) = {f(z) eAd:I1%(z2) ES*(ﬂ’y)’T(z) # 7 for all zeE} (1.9)

and

(=1 (2))")’

CV,(p,y) = {f(z) eA:I*f(z) e C(B,y), (I1(2) # y for all zeE}.

(1.10)

It is obvious that f(z) e CV,(f,y) if and only if zf'(z) € ST, (S, ).
In this note, we shall investigate some properties of the classes S7,(f,y) and
CV,(f,y). The basic tool of our investigation is the following lemma which is

due to Nunokawa [11].
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LEMMA. Let a function p(z) =1+ ciz+ cyz> +--- be analytic in E and
p(z) #0 (ze€ E). If there exists a point zo € E such that

T n
larg p(z)] < 5B (12l <lzol) and Jargp(zo)| =5 (0<f<1),
then
200 2) _ g,
p(z0)
where
k2 (ats)  (when argp(a) =3p
_2a p wenargpzo—2 ,
kg (ats) (when argpla) =55
_Zaa when arg p(zq) = S8

and p(zo)l/ﬁ = tia (a >0).

2. Main results.

Our first inclusion theorem is stated as

THEOREM 1. For any real number o, ST,(f,y) < ST,1(f,7).
Proor. Let f(z) e ST,(f,y). Define the function p(z) by

(1 (2))
17 (2)

where p(z) =1+ cjz+cz> + -+ is analytic in E and p(z) #0 for all zeE.
Using the identity (easy to verify)

=7+ (1 =y)p(2), (2.1)

211 (2)) =207 (2) = 11 (2). (2.2)
may be written as
I*f(z) 1
1f(z) 2 [(1+7)+ (1 =7)p()]- (2.3)
Differentiating both sides of (2.3) logarithmically, we obtain
(17 (z2))’ (1 -)zp'(2)

T(Z)—V:(I—V)P(Z)‘F(l (2.4)

+7)+ (1 =7)p(z)

Suppose now that there exists a point zy € E such that
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T T
larg p(z)| < 5f (2] <lzol) and larg p(zo)| =55 (2.5)
Then, by applying [Lemma, we can write that zop'(z0)/p(z0) = ikff and
(p(20)" = tia (a>0).
Therefore, if arg p(zo) = —(n/2)p, then

20(I%f(20)" . z0p'(20)/p(20)
o) = Umo 0>[1+(1+y)+<1_y)p<20)]
ikp

Pe=imB/2 |1 . (26
l+<1+y>+<1—y>aﬂemﬂ/21 (26)

= (I =y)a’e

Thus we have

WPf(2) | % ik
arg{ Iaf(Z()) _y} ——§ﬁ+arg{l+(l+y)+(l —y)aﬁeiﬂﬁ/Z}

= _Eﬂ

- Tan! { KBI(1+7) + (1 = y)a’ cos(xp/2)] }
(149)* +2(1 = y)ab cos(n/2) + (1 = 7)°a” — kB(1 - y)a sin(n/2)

s—zﬂ where kg_l a—l—l <-1),
2 2 a

which contradicts the condition f(z) e ST,(f,7).
Similarly, if arg p(z¢) = (n/2)f, then we have

S}

which also contradicts the condition f(z) e ST,(f,7).
Thus the function p(z) has to satisfy |arg p(z)| < (z/2)f (z € E), which leads
us to the following

2(I°f () n
arg{ I/ (2) -y <2ﬂ (ze E).
This evidently completes the proof of Theorem 1. O

We next state

THEOREM 2. For any real number o, CV,(f,y) = CVy1(f,7).
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PRrOOF.

[(2) € CVy(B,y) & I’f(2) € C(B,y) & (I (2))" € S™(B.7)
& I"(zf"(2)) € S*(B,7) & z/'(z) € ST.(B, )
= 2f'(2) € STus1 (B,7) & 1" (2f'(2)) € S*(B,7)
& z(I7f(2)) € S*(B.y) & "' f(2) e C(B.y) & f(2) € CVonr (). O

The following theorem deals with the generalized Bernardi-Libera-Livingston
integral operator L.(f) defined by [1.6].

THEOREM 3. Let ¢>—y and 0<y<1. If f(z)ed and z(I*L.f(2))'/
I*L.f(z) #y for all ze€ E, then f(z) e ST,(f,y) implies that L.(f) e ST,(f,7).

Proor. Let f(z) e ST,(f,y). Put

r =+ (=0t )
where p(z) is analytic in E, p(0) =1 and p(z) # 0 (z€ E). From we have
Z(I*L.f(2)) = (¢ + DI*f(2) — eI *L.f(z). (2.8)
Using (2.7) and [2.8), we get
(e D g = (e 1)+ (1= 1) 29)
Differentiating (2.9) logarithmically, we obtain
Q) (=)
e A A e (e e R
Suppose that there exists a point zp € E such that
argp(z)| <38 (12l <lz0]) and Jarg p(zo)| = 35
Then, applying [Lemmal, we can write that zop'(zo)/p(z0) = ik and ( p(zo))l/ﬂ =
tia (a>0).
If arg p(z9) = (n/2)p, then
AN 11+ )]
Fia) TP S )

. 19
= (1 - p)ale™i|] : |
1 =nae l T+ (A= y)aPe
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This shows that

2w(f(2) | = ikp
arg{ REEES V} =3P arg{l - y)a/fe"”ﬁ/z}

n
— B4+ Tan™!
2ﬂ+ an

) { KBl(c +7) + (1 = y)a” cos(np/2) }
(c47)° +2(c+7)(1 = y)aF cos(nf/2) + (1 = y)°a¥ + k(1 — y)aF sin(xf/2)

gﬁ (where k > %(a-l—é) > 1>,

which contradicts the condition f(z) € ST,(f,7).

Similarly, we can prove the case arg p(z9) = —(n/2)f. Thus we conclude
that the function p(z) has to satisty |arg p(z)| < (n/2)p for all ze E. This shows
that

\Y

2(I"Lef ()
R

—y}‘ <gﬂ (ze E).

Now the proof is complete. O

TueoREM 4. Let ¢ > —y and 0 <y < 1. If f(z)e A and (z(I*L.f(z))")’/
(I*L.f(z)) # 7y for all z € E, then f(z) e CV,(B,y) implies that L.(f) € CV,(B,7).

PRrROOF.

f(2) € CVu(B,y) & 2f'(2) € ST.(B,7) = Le(z/f"(2)) € STu(B,7)
& 2(Lef(2)) € STL(B,) & Lef(2) € CVa(B,7). O
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