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A linear operator and strongly starlike functions

By Jin-Lin Liu

(Received Apr. 12, 2001)

Abstract. Making use of an integral operator I a which was defined and studied

earlier by Srivastava et al., the author introduces two novel families of strongly starlike

functions STaðb; gÞ and CVaðb; gÞ. Certain properties of these classes are discussed.

1. Introduction.

Let A denote the class of functions of the form

f ðzÞ ¼ zþ
X

y

n¼2

anz
n ð1:1Þ

which are analytic in the unit disc E ¼ fz : jzj < 1g. A function f ðzÞ belonging

to A is said to be starlike of order g if it satisfies

Re
zf 0ðzÞ

f ðzÞ

� �

> g ðz A EÞ ð1:2Þ

for some g ð0a g < 1Þ. We denote by S �ðgÞ all of such functions. Also, a

function in A is said to be convex of order g if it satisfies

Re 1þ
zf 00ðzÞ

f 0ðzÞ

� �

> g ðz A EÞ ð1:3Þ

for some g ð0a g < 1Þ. We denote by CðgÞ the subclass of A consisting of all

functions which are convex of order g in E. Clearly, f ðzÞ A CðgÞ if and only if

zf 0ðzÞ A S �ðgÞ.

If f ðzÞ A A satisfies

arg
zf 0ðzÞ

f ðzÞ
� g

� ��

�

�

�

�

�

�

�

<
p

2
b ðz A EÞ ð1:4Þ

for some g ð0a g < 1Þ and b ð0 < ba 1Þ, then f ðzÞ is said to be strongly

starlike of order b and type g in E, and denoted by f ðzÞ A S �ðb; gÞ. If f ðzÞ A A

satisfies
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arg 1þ
zf 00ðzÞ

f 0ðzÞ
� g

� ��

�

�

�

�

�

�

�

<
p

2
b ðz A EÞ ð1:5Þ

for some g ð0a g < 1Þ and b ð0 < ba 1Þ, then we say that f ðzÞ is strongly

convex of order b and type g in E, and we denote by Cðb; gÞ the class of all such

functions. It is obvious that f ðzÞ A A belongs to Cðb; gÞ if and only if zf 0ðzÞ A

S �ðb; gÞ. Further, we note that S �ð1; gÞ ¼ S �ðgÞ and Cð1; gÞ ¼ CðgÞ.

For c > �1 and f ðzÞ A A, we recall here the generalized Bernardi-Libera-

Livingston integral operator Lcð f Þ as

Lcð f Þ ¼
cþ 1

zc

ð z

0

tc�1f ðtÞ dt: ð1:6Þ

The operator Lcð f Þ when c A N ¼ f1; 2; 3; . . .g was studied by Bernardi [1]. For

c ¼ 1, L1ð f Þ was investigated by Libera [6].

Recently, Jung, Kim and Srivastava [4] introduced the following one-

parameter family of integral operator:

I af ðzÞ ¼
2a

zGðaÞ

ð z

0

log
z

t

� �a�1

f ðtÞ dt; ða > 0; f ðzÞ A AÞ: ð1:7Þ

They showed that

I af ðzÞ ¼ zþ
X

y

n¼2

2

nþ 1

� �a

anz
n
: ð1:8Þ

The operator I a is closely related to the multiplier transformations studied

earlier by Flett [2]. It follows from (1.8) that one can define the operator I a for

any real number a. Certain properties of this operator have been studied by

Srivastava et al. [4], Uralegaddi and Somanatha [13], Li [5] and the author [7].

Using the operator I a, we now introduce the following classes:

STaðb; gÞ ¼ f ðzÞ A A : I af ðzÞ A S �ðb; gÞ;
zðI af ðzÞÞ 0

I af ðzÞ
0 g for all z A E

� �

ð1:9Þ

and

CVaðb; gÞ ¼ f ðzÞ A A : I af ðzÞ A Cðb; gÞ;
ðzðI af ðzÞÞ 0Þ 0

ðI af ðzÞÞ 0
0 g for all z A E

� �

:

ð1:10Þ

It is obvious that f ðzÞ A CVaðb; gÞ if and only if zf 0ðzÞ A STaðb; gÞ.

In this note, we shall investigate some properties of the classes STaðb; gÞ and

CVaðb; gÞ. The basic tool of our investigation is the following lemma which is

due to Nunokawa [11].
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Lemma. Let a function pðzÞ ¼ 1þ c1zþ c2z
2 þ � � � be analytic in E and

pðzÞ0 0 ðz A EÞ. If there exists a point z0 A E such that

jarg pðzÞj <
p

2
b ðjzj < jz0jÞ and jarg pðz0Þj ¼

p

2
b ð0 < ba 1Þ;

then

z0 p
0ðz0Þ

pðz0Þ
¼ ikb;

where

kb
1

2
aþ

1

a

� �

when arg pðz0Þ ¼
p

2
b

� �

;

ka�
1

2
aþ

1

a

� �

when arg pðz0Þ ¼ �
p

2
b

� �

;

and pðz0Þ
1=b ¼ Gia ða > 0Þ.

2. Main results.

Our first inclusion theorem is stated as

Theorem 1. For any real number a, STaðb; gÞHSTaþ1ðb; gÞ.

Proof. Let f ðzÞ A STaðb; gÞ. Define the function pðzÞ by

zðI aþ1f ðzÞÞ 0

I aþ1f ðzÞ
¼ gþ ð1� gÞpðzÞ; ð2:1Þ

where pðzÞ ¼ 1þ c1zþ c2z
2 þ � � � is analytic in E and pðzÞ0 0 for all z A E.

Using the identity (easy to verify)

zðI aþ1f ðzÞÞ 0 ¼ 2I af ðzÞ � I aþ1f ðzÞ: ð2:2Þ

(2.1) may be written as

I af ðzÞ

I aþ1f ðzÞ
¼

1

2
½ð1þ gÞ þ ð1� gÞpðzÞ�: ð2:3Þ

Di¤erentiating both sides of (2.3) logarithmically, we obtain

zðI af ðzÞÞ 0

I af ðzÞ
� g ¼ ð1� gÞpðzÞ þ

ð1� gÞzp 0ðzÞ

ð1þ gÞ þ ð1� gÞpðzÞ
: ð2:4Þ

Suppose now that there exists a point z0 A E such that
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jarg pðzÞj <
p

2
b ðjzj < jz0jÞ and jarg pðz0Þj ¼

p

2
b: ð2:5Þ

Then, by applying Lemma, we can write that z0p
0ðz0Þ=pðz0Þ ¼ ikb and

ðpðz0ÞÞ
1=b ¼ Gia ða > 0Þ.

Therefore, if arg pðz0Þ ¼ �ðp=2Þb, then

z0ðI
af ðz0ÞÞ

0

I af ðz0Þ
� g ¼ ð1� gÞpðz0Þ 1þ

z0 p
0ðz0Þ=pðz0Þ

ð1þ gÞ þ ð1� gÞpðz0Þ

� �

¼ ð1� gÞabe�ipb=2 1þ
ikb

ð1þ gÞ þ ð1� gÞabe�ipb=2

� �

: ð2:6Þ

Thus we have

arg
z0ðI

af ðz0ÞÞ
0

I af ðz0Þ
� g

� �

¼ �
p

2
b þ arg 1þ

ikb

ð1þ gÞ þ ð1� gÞabe�ipb=2

� �

¼ �
p

2
b

þ Tan�1 kb½ð1þ gÞ þ ð1� gÞab cosðpb=2Þ�

ð1þ gÞ2 þ 2ð1� g2Þab cosðpb=2Þ þ ð1� gÞ2a2b � kbð1� gÞab sinðpb=2Þ

( )

a�
p

2
b where ka�

1

2
aþ

1

a

� �

a�1

� �

;

which contradicts the condition f ðzÞ A STaðb; gÞ.

Similarly, if arg pðz0Þ ¼ ðp=2Þb, then we have

arg
z0ðI

af ðz0ÞÞ
0

I af ðz0Þ
� g

� �

b
p

2
b;

which also contradicts the condition f ðzÞ A STaðb; gÞ.

Thus the function pðzÞ has to satisfy jarg pðzÞj < ðp=2Þb ðz A EÞ, which leads

us to the following

arg
zðI af ðzÞÞ 0

I af ðzÞ
� g

� ��

�

�

�

�

�

�

�

<
p

2
b ðz A EÞ:

This evidently completes the proof of Theorem 1. r

We next state

Theorem 2. For any real number a, CVaðb; gÞHCVaþ1ðb; gÞ.
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Proof.

f ðzÞ A CVaðb; gÞ , I af ðzÞ A Cðb; gÞ , zðI af ðzÞÞ 0 A S �ðb; gÞ

, I aðzf 0ðzÞÞ A S �ðb; gÞ , zf 0ðzÞ A STaðb; gÞ

) zf 0ðzÞ A STaþ1ðb; gÞ , I aþ1ðzf 0ðzÞÞ A S �ðb; gÞ

, zðI aþ1f ðzÞÞ 0 A S �ðb; gÞ , I aþ1f ðzÞ A Cðb; gÞ , f ðzÞ A CVaþ1ðb; gÞ: r

The following theorem deals with the generalized Bernardi-Libera-Livingston

integral operator Lcð f Þ defined by (1.6).

Theorem 3. Let c > �g and 0a g < 1. If f ðzÞ A A and zðI aLc f ðzÞÞ
0=

I aLc f ðzÞ0 g for all z A E, then f ðzÞ A STaðb; gÞ implies that Lcð f Þ A STaðb; gÞ.

Proof. Let f ðzÞ A STaðb; gÞ. Put

zðI aLc f ðzÞÞ
0

I aLc f ðzÞ
¼ gþ ð1� gÞpðzÞ; ð2:7Þ

where pðzÞ is analytic in E, pð0Þ ¼ 1 and pðzÞ0 0 ðz A EÞ. From (1.6) we have

zðI aLc f ðzÞÞ
0 ¼ ðcþ 1ÞI af ðzÞ � cI aLc f ðzÞ: ð2:8Þ

Using (2.7) and (2.8), we get

ðcþ 1Þ
I af ðzÞ

I aLc f ðzÞ
¼ ðcþ gÞ þ ð1� gÞpðzÞ: ð2:9Þ

Di¤erentiating (2.9) logarithmically, we obtain

zðI af ðzÞÞ 0

I af ðzÞ
� g ¼ ð1� gÞpðzÞ þ

ð1� gÞzp 0ðzÞ

ðcþ gÞ þ ð1� gÞpðzÞ
: ð2:10Þ

Suppose that there exists a point z0 A E such that

jarg pðzÞj <
p

2
b ðjzj < jz0jÞ and jarg pðz0Þj ¼

p

2
b:

Then, applying Lemma, we can write that z0 p
0ðz0Þ=pðz0Þ ¼ ikb and ðpðz0ÞÞ

1=b ¼

Gia ða > 0Þ.

If arg pðz0Þ ¼ ðp=2Þb, then

z0ðI
af ðz0ÞÞ

0

I af ðz0Þ
� g ¼ ð1� gÞpðz0Þ 1þ

z0 p
0ðz0Þ=pðz0Þ

ðcþ gÞ þ ð1� gÞpðz0Þ

� �

¼ ð1� gÞabeipb=2 1þ
ikb

ðcþ gÞ þ ð1� gÞabeipb=2

� �

:
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This shows that

arg
z0ðI

af ðz0ÞÞ
0

I af ðz0Þ
� g

� �

¼
p

2
b þ arg 1þ

ikb

ðcþ gÞ þ ð1� gÞabeipb=2

� �

¼
p

2
b þ Tan�1

�
kb½ðcþ gÞ þ ð1� gÞab cosðpb=2Þ�

ðcþ gÞ2 þ 2ðcþ gÞð1� gÞab cosðpb=2Þ þ ð1� gÞ2a2b þ kbð1� gÞab sinðpb=2Þ

( )

b
p

2
b where kb

1

2
aþ

1

a

� �

b 1

� �

;

which contradicts the condition f ðzÞ A STaðb; gÞ.

Similarly, we can prove the case arg pðz0Þ ¼ �ðp=2Þb. Thus we conclude

that the function pðzÞ has to satisfy jarg pðzÞj < ðp=2Þb for all z A E. This shows

that

arg
zðI aLc f ðzÞÞ

0

I aLc f ðzÞ
� g

� ��

�

�

�

�

�

�

�

<
p

2
b ðz A EÞ:

Now the proof is complete. r

Theorem 4. Let c > �g and 0a g < 1. If f ðzÞ A A and ðzðI aLc f ðzÞÞ
0Þ 0=

ðI aLc f ðzÞÞ
0
0 g for all z A E, then f ðzÞ A CVaðb; gÞ implies that Lcð f Þ A CVaðb; gÞ.

Proof.

f ðzÞ A CVaðb; gÞ , zf 0ðzÞ A STaðb; gÞ ) Lcðzf
0ðzÞÞ A STaðb; gÞ

, zðLc f ðzÞÞ
0
A STaðb; gÞ , Lc f ðzÞ A CVaðb; gÞ: r
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