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Abstract. We determine the indecomposable characters of several
classes of infinite dimensional groups associated with operator algebras, in-
cluding the unitary groups of arbitrary unital simple AF algebras and II;
factors.

1. Introduction.

One of the most fundamental tasks in representation theory is to classify irreducible
representations of a given group. For a locally compact group G, this is known to be
equivalent to classifying irreducible representations of the group C*-algebra C*(G). The
classical Mackey—Glimm dichotomy (see [29]) says that there is no hope to accomplish
it if the group possesses a non-type I representation. This is a consequence of the fact
that if a C*-algebra A has a non-type I representation, the set of pure states P(A) of A
modulo the natural action of the unitary group U(A) of A does not have a reasonable
Borel structure. However, we still have a hope to classify finite factor representations
because the tracial states of A form a nice Choquet simplex T(A), on which U(A) acts
trivially. A tracial state of the group C*-algebra C*(G) corresponds to a character of G
as we introduce now.

DEFINITION 1.1. Let G be a (not necessarily locally compact) topological group.
A character x of G is a positive definite continuous function y : G — C satisfying
x(hgh™t) = x(g) for any g,h € G, and x(e) = 1. We denote by Char(G) the set of
characters of G. The character space Char(G) is a convex set, and an extreme point of
Char(Q) is said to be indecomposable. We denote by ex Char(G) the set of indecompos-
able characters of G.

The classification of finite factor representations of GG, up to quasi-equivalence, is
equivalent to that of ex Char(G), even when G is not locally compact (see [15, Theorem
B)).

The first classification result of ex Char(G) for a non-type I group was obtained by
Thoma [32], who gave an explicit description of the indecomposable characters of the
infinite symmetric group G, the inductive limit of the symmetric groups &,,. Thoma’s
description of ex Char(G) involves infinitely many parameters, whose interpretation in
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terms of infinite paths on Young diagrams was given by Vershik—Kerov [33]. These works
opened up a totally new field in asymptotic representation theory (see [21]).

The first classification result for a non-locally compact group was obtained by
Voiculescu [36], who worked on the infinite unitary group U(co), the inductive limit
of the unitary groups U(n) (see [35] too, which was in fact written after [36]). More
precisely, he gave a concrete list of indecomposable characters, now called the Voiculescu
characters, and its completeness was later observed by Vershik—Kerov [34] and Boyer [4]
independently (see [26] too).

There are more examples of groups whose indecomposable characters are explicitly
classified (see [30], [6], [16], [17], [18], [8], [9], [12] for example), but they are restricted
to inductive limits of compact groups (and their completion in some topology). One of
the purposes of this paper is to classify the indecomposable characters of a large class
of infinite dimensional groups coming from operator algebras, and indeed some of them
are not in the category of topological groups mentioned above. We first classify the
indecomposable characters of the unitary groups of simple unital AF algebras. Although
such an attempt was already done for the CAR algebra by Boyer [6], his proof does
not seem to be adequate. While Boyer studied the structure of the Stratila—Voiculescu
AF algebra [31] of the inductive limit group U(2°°) = lim U(2"), we employ Okounkov—
Olshanski’s approach in [26] based on the Vershik—Kerov ergodic method [33].

Using the classification result for the unitary groups of unital simple AF algebras,
we deduce classification results for broader classes of groups. For any group G in these
classes, the product of two indecomposable characters is again indecomposable, and
ex Char(G) is a multiplicative semigroup. For example, we see that every indecomposable
character of the unitary group U(Ay) of the irrational rotation algebra Ay is of the form
»7PT, where v is a character of the Kj-group Ki(A4y) = Z? and 7 is the unique trace
of Ag. Thus we have a semigroup isomorphism ex Char(U(A4y)) = T? x Z2,,.

To state our main results, we introduce the notation for AF algebras now. The
reader is referred to [7] for the basics of AF algebras. An AF algebra A = lim 4, is an
inductive limit, in the category of C*-algebras, of an inductive system {4,,}2° ; of finite
dimensional C*-algebras. Throughout this note, we assume that the connecting map
from A, to A,, is an embedding for any n < m, and it is unital whenever A is unital.
We consider two infinite dimensional groups associated with the AF algebra A: the full
unitary group U(A) of A (if A is not unital, we set U(A) = {u € U(A+C1); u—1¢€ A})
equipped with the norm topology, and the inductive limit group U_, (A) = h_H)lU(An)
equipped with the inductive limit topology. When A is not unital, we embed U(A4,,)
into U(A) by w — u+ 1 — 14, and hence the above inductive limit makes sense in
U(A). The group U_,(A) is identified with a dense subgroup of the unitary group U(A),
and the inductive limit topology of U_,(A) is stronger than the relative topology of the
norm topology of U(A). Note that the isomorphism class of U_, (A) as a topological group
depends only on the isomorphism class of A, which justifies the notation U_,(A), because
Elliott’s classification theorem [10] says that isomorphic AF algebras have isomorphic
algebraic inductive limits.

The difference between the two groups U_,(A) and U(A) could be very subtle from
the view point of representation theory. Indeed, when A = K, the set of compact opera-
tors on a separable infinite dimensional Hilbert space, the group U_, (K) is isomorphic to
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U (o) mentioned above. While U(o0) has uncountably many type II; factor representa-
tions as shown by Voiculescu, Kirillov [23] showed that U(K) is a type I group with only
countably many irreducible representations.

We introduce the notion of determinant associated with ¢ € Hom(K((A),Z). For
the K-theory of C*-algebras, the reader is referred to [2]. We denote by Proj(A) the set
of projections in A. For u € U(A,), let u = Zf:l z;e; be the spectral decomposition
with z; € T and e; € Proj(A,). We set det,u = Hle zf([ei])7 where [e;] € Ko(A) is the
Ky-class of e;. Then det, : U, (A) — T is a well-defined map, which is continuous and
multiplicative on U(A4,,) for any n, and hence on U_,(A).

THEOREM 1.2. Let A be an infinite dimensional unital simple AF algebra. Then

o ex Char(U_, (A))

q
= {detw(HTZ) < Tj’>, 7,7y € exT(A), p,g >0, p € Hom(KO(A),Z)}.

i=1 =1

ex Char(U(A)) = {(ﬁlr) (f[f]’) 7i,7) € exT(A), p,q > 0}.

It is known that any metrizable Choquet simplex can be realized by T'(A) for a
unital simple AF algebra A (see [2, Theorem 7.4.3]).

We can generalize Theorem 1.2 to a broader class of C*-algebras as follows (see
Section 6 for details).

THEOREM 1.3. Let A be a separable infinite dimensional unital simple exact C*-
algebra with tracial topological rank 0 and torsion-free Ko(A).

(1) Let U(A)o be the connected component of 14 in U(A). Then

ex Char(U(A)g) = {(f[lT) (f[f]') 7i,7] € exT(A), p,q > 0}.

—

(2) Let K1(A) = Hom(K;(A),T) be the dual group of K1(A). Then

ex Char(U(A)) = {y;(f[ln) (]ig) 7i,7; € exT(A), p,q >0, ¥ € @)},

—

where we identify ¢ € Kq(A) with the homomorphism U(A) 3 u — ¢([u]) € T.

For a stable AF algebra A, we denote by TW(A) the set of densely defined lower
semi-continuous semifinite traces on A. All the traces in TW(A) have a common dense
domain, called the Pedersen ideal of A (see [29, Proposition 5.6.7]), and TW(A) is
closed under addition and multiplication by positive numbers. Since A, is included in
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the Pedersen ideal of A for any n, the function U_,(A) 3 u + 7(u — 1) is continuous for
any 7 € TW(A). For 7,7/ € TW(A) and u € U_.(A), we set xr ., (u) = e (D7 (@ =1),
The function 7(u—1) 4 7/(u* — 1) is conditionally positive definite in the following sense:
for any complex numbers c¢1, ca, ..., ¢, with > 1, ¢; = 0 and uq, us, ..., u, € U_(A), we
have

n

Z (T(uj_lui —1)+ T'((uj_lui)* — 1) =7(xx) + 7' (yy*) > 0,

where x = >0 ci(u; — 1), y = > ¢;(uf — 1). Thus x,, is a character of U_,(A)
thanks to the well-known Schoenberg theorem.

THEOREM 1.4.  Let A be a stable simple AF algebra not isomorphic to K. If TW(A)
is finite dimensional,

ex Char(U_,(A)) = {detyxrr; 7,7 € TW(A), ¢ € Hom(K,(A),Z)}.

As easy consequences of our main results (and their proofs), we are able to determine
the indecomposable characters for the unitary groups of arbitrary type II; factors, and
for a family of subgroups of the unitary groups of arbitrary type Il factors.

THEOREM 1.5. Let R be a type 111 factor with a unique tracial state 7. We equip
the unitary group U(R) of R with the strong operator topology. Then

ex Char(U(R)) = {7?7%; p >0, ¢ > 0}.

Moreover, every x € Char(U(R)) is uniquely decomposed as

_ P=q
X = E Cp g7, cpq 2 0.
P,q€L>0

Let M be a type Il factor with separable predual. We denote by 7., the unique
(up to scalar multiple) normal semifinite trace of M. For 1 < p < 0o, we set

UM), ={ueU(M); ||lu—1|, < oo}

where ||z, = Too(|[P))'/P. Then U(M), is a Polish group with an invariant metric |ju —
vl|, for u,v € U(M),. Fora,b> 0and u € U(M);, we set xqp(u) = 7o (v Hb7ec (" =1),
For u € U(M)sy, we set ya(u) = e~@ll“=113, which was discussed in [1] (cf. [3]). For
1 < ¢ < p, we have the inclusion relation U(M), C U(M),, and we have Xq.qa(w) = xa(w)
foru e U(M);.

THEOREM 1.6. Let the notation be as above.

(1) exChar(U(M)1) = {Xap; a,b>0}.
(2) exChar(U(M),) = {xa; a >0} for1 <p<2.
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(3) exChar(U(M),) = {1} for 2 <p.

In view of Theorems 1.2, 1.3, and 1.5, it would be tempting to conjecture that any
x € exChar(U(A)) is of the form

p q
x= ¢<Hﬂ> (H) 77 € exT(A), ¥ € Hom(U(A), T),
i=1 j=1

for any simple unital C*-algebra A. The first test case beyond the class of C*-algebras
discussed here is the Jiang—Su algebra Z (see [20]), which is left as an open problem.
Another possible challenge for the future is to determine ex Char(U_, (A4)) for natural non-
simple AF algebras, such as the gauge invariant CAR algebra. Since the GICAR has a
quotient isomorphic to K+ C1, the classification list should be considerably complicated.

The authors would like to thank Benoit Collins for informing them of the formula
Lemma 3.6, (2), and Dan Voiculescu for informing them of the reference [35].

2. Preliminaries.

2.1. Characters and representations.

A representation (m, H) of a topological group G counsists of a continuous homomor-
phism 7 from G to the unitary group U(H) of a Hilbert space H equipped with the
strong operator topology. We often call m a representation, and H the representation
space of 7, which is sometimes denoted by H,. A cyclic representation (7, H, ) of G is
a representation (7, H) with a unit vector Q € H such that 7(G)Q2 is a total set in H.

For a character xy € Char(G), there exists a unique (up to unitary equivalence)
cyclic representation (my,H,, ) of G satisfying x(g) = (7(9)Q2,Q). We call it the
cyclic representation of G associated with x. The von Neumann algebra M = m, (G)" is
always finite, and 7(z) = (2, Q) gives a faithful normal tracial state on M. The von
Neumann algebra M is a factor if and only if x € ex Char(G).

If (m,H) is a representation of G generating a finite von Neumann algebra M =
m(G)"” with a faithful normal trace 7, then x(g) = Tom(g) gives a character x € Char(G),
and 7 is quasi-equivalent to .

We often use the following well known fact without mentioning it.

LEMMA 2.1.  Let G be a topological group, let H be a closed subgroup of G, and
let x € Char(G). Then the restriction my|g of my to H is quasi-equivalent to the cyclic
representation T, associated with the restriction x|m of x to H.

PrROOF. Let M = m,(G)", N = 7, (H)", K = NQ,, and let p be the projection
from H onto K. Then p € N, and m,, is unitarily equivalent to (pmy|m,C). Since Q2 is
a separating vector for M, we have N'KC O M'K = H,. Thus the map N > z — px € pN
is an isomorphism, which shows the statement. O

2.2. Stratila—Voiculescu AF algebras.
Let G = lii)lGn be an inductive limit of second countable compact groups with
Go = {e}. The main purpose of this section is to show that ex Char(G) has a Polish
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topology and every w € Char(G) has an integral expression w = [ Char(G) xdv(x) with
a unique Borel probability measure v on ex Char(G). This was first proved by Voiculescu
[36] for U(oo). Olshanski [28] gave a new proof to Voiculescu’s result, which in fact works
in the general case. The main technical problem here is that Char(G) is not compact
in general, and Olshanski gave a nice compactification, which is a Choquet simplex. We
give another proof using the Stratila—Voiculescu AF algebra A(G) of G, whose tracial
simplex T'(A(QG)) is essentially the same as Olshanski’s compactification.

For the relationship between locally compact groups and C*-algebras, the reader
is referred to [29]. The group C*-algebra C*(G,,) is the universal C*-algebra of the
Banach *-algebra L'(G,,). Let A" be the left regular representation of G,, on L2(G ).
We concretely realize C*(G,,) as the C*-algebra generated by A" (f =/ a. dg
for f € L'(G,,), where dg is the Haar measure of G,,. The group von Neumann algebra
L(G,,) is the von Neumann algebra generated by )‘(c?,?v the weak closure of C*(G,,) too,
which coincides with the multiplier algebra of C*(G),). For a Radon measure v on Gy,
we denote A" (v f A"Mdy(g) € L(G,,). Let G, be the unitary dual of G,,. Then
C*(G,) (resp. L(G ) is “isomorphic to the direct sum @D,.ca: B(Hx) in the category of
C*-algebras (resp. von Neumann algebras). Since every representation of C*(G,,) is a
direct sum of irreducible representations, it uniquely extends to a normal representation
of L(G,).

Since the restriction of A" to G}, for k < n is quasi-equivalent to A¥), we have
a natural embedding C*(Gy) C L(Gy) C L(Gy,), which is given by ka f(h)/\glk)dh —

e, f(h))\gln)dh for f € L'(Gg). Thus Y ,_, C*(G)) makes sense as a x-subalgebra of
L(G), and we denote by 2, (G) its norm closure. We define 2(G) by the inductive
limit C*-algebra lim 2, (G) of the inductive system {24,,(G)}7o. Since %A, (G) is an AF
algebra for each n, so is A(G).

For every representation of G, its restriction to G, induces a normal representation
of L(G,), which further induces a representation of 2(G). On the other hand, every
factor representation 7 of 2(G) is induced by either a factor representation of G as
above, or by an irreducible representation of G,,, with possibly multiplicity, for some n
in the following sense. Let .J,, be the closed ideal generated by (J;—,,,; C*(Gy), and
J, = 0. Then 7 factors through A(G)/J,,, which is
isomorphic to 2, (G), and it comes from an irreducible representation of G,, ([31]).

For any character X of G, we can associate a normal tracial state tr, ,, of £(G,,) by

the relation try ,( )\(" fG . Since tr, , is normal, the restriction of tr, ,
to C*(G,,) is a state too Then trxm is compatibly with the above inductive system,
and we obtain a tracial state tr, of A(G). The cyclic representation (my, Hy, ) of G
associated with x and the GNS cyclic representation (e, , Her, , Qir, ) of 2(G) associated
with tr, are identified via

/G (@) 7 (9)dg = T (A(F)), € LY(GC).

For x € 2(G), we denote by Z the continuous function on T'((G)) defined by Z(7) =
7(x). The topology of T(A(G)) is the weakest topology making Z continuous for any
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z € A(G). We identify Char(G) with a subset of T'(2(G)) by the correspondence x — try,
and introduce the relative topology (and Borel structure) of T'((G)) into Char(G). Then
the topology of Char(G) is the weakest topology making x — fGn x(9)f(g)dg continuous
for any f € L'(G,) and any n, that is, the relative topology of o(Cy(G), s L' (Gy))
(cf. [15]). The inclusion Char(G) C T(2(G)) provides us a nice compactification of
Char(G), which allows us to apply Choquet theory.

We denote by 2(G)** the second dual of 2(G), which is known to have a natural
von Neumann algebra structure (see [29]). For a closed ideal J of 2(G), we denote by z;
the unit of the weak closure J” C (G)** of J, which is a central projection in 2(G)**.
In concrete terms, it is obtained as the strong limit in 2A(G)** of an approximate unit
{ur}2, of J. We define a lower semicontinuous function z; on T'(A(G)) by the pointwise
limit of {u}7 ;, which does not depend on the particular choice of the approximate unit

{ur}iz;.

LEMMA 2.2. Let G = h_H)lGn be an inductive limit of second countable compact
groups, and let A(G) be the Stratila—Voiculescu AF algebra for G.

(1) Char(G) is a Gs subset of T(UA(G)), and in particular it is a Polish space.

(2) exChar(G) = Char(G) NexT(A(Q)).

(3) For any character w € Char(G), there exists a unique probability measure v on
ex Char(G) satisfying

tr,(x) = / try (2)dv(x), Vo e A(G).
ex Char(G)

Moreover, we have

w(g) =/ x(g)dv(x), VYged.
ex Char(G)

PrROOF. (1) Recall that J, is the closed ideal of 2A(G) generated by
Urenir C*(Gr). Let 2z, = z;5, € A(G)**. Then we have 0 < 7z, < 1 and {Z,};2,
is a decreasing sequence. We claim

{try € T(A(G)); x € Char(G)} = [ {7 € T(AUG)); Za(7) = 1}. (2.1)

n=0

Since

{r e T(UG)); za(r) =1} = () {r eTAUG)); znlr) > 1— ;L}
m=1

and Z,, is lower semicontinuous, the claim would imply that Char(G) is a G4 subset of
T(A(G)).

Assume that 79 € T(2(G)) does not belong to the right-hand side of (2.1), and let n
be the smallest integer with z,(70) # 1. Let 71 (2) = limy— o0 7(x — 2upn k) /(1 — Zn(70)),
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where {u, 1 }72, is a quasi-central approximate unit of J,. Then 7 is in T'(A(G)) that
factors through 2A(G)/J,, and the GNS representation w,, is contained in m,,. Since
7 |7, = 0, the representation m,, does not come from a representation of G, and neither
does m,,. Hence the trace 79 does not belong to the left-hand side.

Assume that 7 € T(A(G)) belongs to the right-hand side of (2.1) now. Since
T(A(Q)) is a Choquet simplex, there exists a unique probability measure v on ex T'(A(G))
satisfying m = fcx TA(G)) 7dv(7). By monotone convergence theorem, we have

1=2z,(m2) = / Zn(T)dv(T).
exT(A(G))

Thus v is supported by

C = ({r €exT(A); z(r) =1}.

n=0

For any 7 € exT(A), the GNS representation 7, comes from either an irreducible repre-
sentation of GG, for some n or a finite factor representation of G. For 7 € C, the former
case does not occur, and there exists a unique character x, satisfying 7 = tr,_. Let
{fnk}22, be an approximate unit of C*(G,,), and let 75, be the normal extension of
To|c+(Gn) 10 L(Gr). Then by the bounded convergence theorem, we have

720 (M) = lim (A fop) = lim / TG fag)dv(7) = / Xr(9)dv (7).

We denote by x(g) the function on G defined by the last integral. The bounded conver-
gence theorem implies that x is continuous, and hence it is a character of G. Now we
have try = 7.

(2) Assume x € exChar(G) and try, = (1 — )7y + trp with 7,72 € T(A(G)) and
0 <t <1 Then (1 —t)z,(71) + tzp(m2) = 1 for all n, and z,(71) = Z,(72) = 1. This
shows that 7, and 7o come from characters of G, and x = 7, = 7o.

(3) is already shown in the proof of (1). O

The restriction x|g, of x € Char(G) to G, is decomposed as

Tr(m(g))
x(g) = ZA e dima
Te€Gy,
with non-negative numbers c, . satisfying Zweé\ e = 1. Weset S, = {7 €

é;; Cn,m 7é O}

LEMMA 2.3. For x € Char(G), the closed ideal J, = kerm. of U(G) depends
only on the sets Sp, n > 0. If S, y is a finite set for any n, then the quotient algebra
A(G)/Jy is identified with the AF algebra
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lim @ B(H).

TESn,x

For o € S,,_1, and m € S, , the connecting map from B(H,) to B(Hx) is given by the
restriction 7|q, -

PROOF.  Since A(G) is an inductive limit C*-algebra, we have J, = lim(2,(G)NJy)
and 2A(G)/Jy =2 lim(A,(G)/(A.(G) N Jy)). Note that we have C*(Gn) C A, (G) C

L(Gy). Since Ty |a, (@) extends to a normal representation Wt(fx) of L(G,), and

T, (C*(G)) = 70 (L(Gn)) = €D B(Ma),

TESn, x

we get

% (G)/ (An(G) N Ty) = e, (Aa(@)) = D B(Ha). U

TESh,x

2.3. Vershik—Kerov ergodic method.

The Vershik—Kerov’s ergodic method introduced in [33] is a powerful tool to in-
vestigate ex Char(G) for an inductive limit group G, and it often provides an intuitive
explanation to parameters in ex Char(G). It is an easy consequence of the backward
martingale convergence theorem (see [21]).

THEOREM 2.4 (Vershik—Kerov). Let {G,}22, be an inductive system of topological
groups with countable ex Char(G,,) for any n. We assume that any w € Char(G,) is
uniquely decomposed as

w= Z Cx X

x€ex Char(G,)

with non-negative ¢, (and we say that w contains x if ¢, # 0). Let G = lil)nGn be
the inductive limit group. Then for any x € exChar(G), there exist characters x, €
ex Char(G,,) such that the restriction of xn+1 to G, contains x, for anyn, and {xn},,
converges to x uniformly on G, for any m. We may further assume that X, is contained

in x|a, for any n.

Assume that G,, is a second countable compact group for any n, and Gy = U(1),
e.g. G = U(oo). Let {xn}>2, be a sequence of indecomposable characters with y,, €
ex Char(G,,) such that x,|¢,_, contains x,—_1. To apply Vershik-Kerov ergodic method
to a concrete situation, we have to figure out when the sequence {x,}52, converges to a
character of G.

The Fourier expansion x,(e) = =, ., M™ (k)e™™ of x,, restricted to Gy gives a se-
quence of finitely supported probability measures { M (™ }2, on Z. Assume that {x,}%,
converges. Then {M(™}2°  is a tight family. A crucial observation of Okounkov-
Olshanski in [26] says that more is true. Namely they showed that the second moment
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sequence is bounded in the case of U(co) by using the following easy, but nevertheless
crucial observation [26, Lemma 5.2]. For a natural number p, we denote

(K”) prr = Y KPM ™ (),
kEZ

if it exists.

LEMMA 2.5. Let {M(”)}j’f:l be a tight family of probability measures on Z having
4-th moments. If the second moment sequence {(k?) ;) 132, diverges, then the sequence

{<k4>M<n)/<k2>?w(n>}zO:1 diverges too.

In the case where we have an estimate (k%)) = O((k*)3,.,,), the above lemma

implies that the second moment sequence {(k?) ;) }52, is bounded whenever {x,}3
converges. For U(c0), Okounkov—Olshanski [26] used shifted Schur functions to obtain
the estimate. For the unitary groups of unital simple AF algebras, it is more convenient
to use the Harish-Chandra—Ttzykson—Zuber integral instead (see Section 3.3).

3. The characters of the unitary group U(d).

In this section, we deduce properties of the characters of the unitary group U(d)
that are necessary for the proof of Theorem 1.2. In particular, we give several asymptotic
estimates of the characters of U(d).

For combinatorics associated with the representation theory of U(d), we use the
notation and convention in [25]. In particular we don’t specify the number of variables
for a symmetric homogeneous function f. We often identify a vector in C? with the
corresponding diagonal matrix in My(C). For a diagonal matrix A € M;(C), we denote
f(A) = f(A11, A2z, .., Agq). More generally, if A € M4(C) is a diagonalizable matrix
with eigenvalues oy, as, ..., aq, we denote f(A) = f(a1,a9,...,aq).

A signature A = (A1, Ag, ..., Ag) is a tuple of integers satisfying A; > A, for any
1 <i<d-1. It is well known that the set of the equivalence classes IT(E) of the
irreducible representations of U(d) is naturally in one-to-one correspondence with the
set of signatures (see [37]). For A, we denote by (ma,Ha) the corresponding irreducible
representation. We recall the Weyl character formula and Weyl dimension formula:
det(xl-\jer*j)i,j

?

’I‘I'(’]TA(.’L')) = ) €T = ($17$2,...7$d) er;

a H1§i<j§d(xi - zj)

dimmy = [ Mo Aitioi
L1 j—i
1<i<j<d
We set
Tr(mp (U
A (U) = (ma(U))

dim7rA
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When there is a possibility of confusion, we use the notation 7r§\d) and X&d) instead of 7

—

and ya. In what follows, we identify U(d) with the set of signatures (of length d). Then
we have ex Char(U(d)) = {XA}AGIT(F)'

A signature A is characterized by a pair of partitions, or Young diagrams, as fol-
lows. We choose p,q € N satisfying A, > 0 > A,y and A;—-qy > 0 > A;. Then
A= (A1,A2,...,Ay) and p = (—Ag, —Ag—1,...,—A,) are partitions, and A is uniquely
determined by the pair (A, p) and d. Following [22], we use the notation {f; A} for A too.
When the negative part p is empty, we have X{@;/\}(U) = sx(U)/sr(1q) for U € U(d),
where s) is the Schur polynomial.

3.1. Branching rules.
We regard U(dy) x U(dz) as a subgroup

{ <g S) L ueU(dy), v e U(dg)}

LEMMA 3.1.  Let the notation be as above.
(1) Let {mi; \i} € [7(3) fori=1,2,3. If mgz.n,y 18 contained in Ty} @ Tigzag}, We
have [As| < [A1] + [Ao, [us] < [l + |pzl, and 3| = |pa] = [Aa] +[Xo] =[] = |pz].
(2) Let {T; A} € U(ds + da), and let {7ii; A} € U(ds) fori = 1,2 If Ty X T
is contained in the restriction of wg.xy to U(dy) x U(dz), we have [A1] + [Ao] < [Nl
[a] + [p2| < |l and |Ax] + [Ao] = [pa| = |p2] = [A] = [u]-

of U(dl + dg)

ProOOF. (1) follows from [22, (3.4), (3.5)], and (2) follows from [22, (5.12)]. O
Repeated use of the above lemma implies the following.

LEMMA 3.2. Let

Ny N2
A =@P A C A =P Ao
j=1 k=1

be a unital inclusion of finite dimensional C*-algebras with A, ; = Mdl)j (C) and Ag, =
Ma,, (C). We identify U(A;) with [0, U(dy;) fori=1,2. Let

L —

T = Moamaany X Tamacay X X Temay ey € U(Ai)-

If the restriction of o to U(A1) contains 71, then

N1 N2
Z AL < Z AR
j=1 k=1
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N1 N2

D <SR,

=1 k=1
N1 Nl N2 N2
YOI ST S CLI S
j=1 j=1 k=1 k=1

3.2. Asymptotic estimate.
We denote by p, the r-th power sum ), z7.

LEMMA 3.3. Let X be a partition of a natural number n. Then there exist numbers

)\ . - .
2 in...i, depending only on A satisfying
_ A i1, 12 in
Sh = z : Ciyyinyeyin P P2 """ P
i1+2i2+-+nip=n
Moreover,

_ Ai — A +.7 ((A) —9)!
C;\L,O ..... 0 — H - . . H m

1<i<j<I(N) J= 1<i<I(N)

PrROOF. It suffices to show the second statement. We consider the case where the
number of the variables d is sufficiently large. On one hand, we have

sa(la) = C;\ho,‘..,odn +0(d"™"), (d— ).

On the other hand, the Weyl dimension formula implies

A — )\+J No+j—i
alg= [ 22—t 2L
1<i<j<I(N) - 1<i<iOy<j<a  J ¢

| — 1 LN+ XN, =) (d—1)!
J ey )

1<i<j<I(N) 1<i<i(N)
Ni—ANj+j—1i (I(A) —i)! _
— dn J O dn 1
H j—i H I\ + A,Z)+ @)
1<i<i<I(N) 1<i<i(N)
which shows the statement. O

COROLLARY 3.4.  For a partition A, there exist positive constants Cy and C de-
pending only on \ such that for any U € U(d) with l(\) < d we have

sx(U) = 0,0 Tr(U)] < CrdA 1,

sx\(U) <jl Tr(U))Al

S)\(ld>

<G
—d
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LeEMMA 3.5.  For two partitions A and u, there exist positive constants Cy , and
C/A,u depending only on A and p such that for any U € U(d) we have

| Tr(m 0y (U)) = 5, (U)sA(U)| < Cy ud?HImI=2,

‘X{H;A}(U) - <Tr((iU)> o (TrEiU)> Il

PrROOF. Thanks to [22, (3.4)] and the Weyl dimension formula, we see that there
exists a positive constant C) , satisfying

!
C/\,u

<
- d

| Tr(m iy (U)) = 5, (U)sA(U)| < Cy d?FImI=2,
for any U € U(d). Thus

suU)sa(U) | _ [su(1a)sx(La) Tr(m gy (U)) — dimmizay s,(U)sa (U))]

Su(ld)S)\(ld) dimW{ﬁ;A}su(ld)s,\(ld)

|su(La)sa(la) — dim gy || Tr(m iz (U))]
dimﬂ{ﬁ;)\}su(ld)S)\(ld)

N dim gy | Tr(m g0y (U) — s,(U)sx (U))]
dimﬂ{ﬁ;)\}su(ld)S)\(ld)

20, Mdlx\\+lu|—2

su(la)sa(la)

Xy (U) —

Now the second statement follows from Corollary 3.4. (]

3.3. Moment formula.
Let {Eij}lgi,jgd be the canonical system of matrix units in My(C). For an even
number 2 < r < d, we set

r/2 r
F= ZEu - Z Ei,
i=1 i=r /241

Let A € U(d) be a signature. Since xa(eY~") is a positive definite function on T, the
Fourier expansion

FtF Z M lekt’

ne”Z

gives a probability distribution {M (k)}rez on Z. For p € N, we set
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1 dar
m(A,r,p) = (KP)ar =Y kPM(k) = ——5 —xa(eV )| .
2 =

Note that the odd moments vanish as x A(e\/j”F ) is an even function.
Our purpose in this section is to obtain the estimate m(A,r,4) = O(m(A, r,2)?) for
any r > 2d/3 by using the following Harish-Chandara—Itzykson—Zuber integral.

LEMMA 3.6. Let A,B € My(C) be Hermitian matrices with eigenvalues {c;}¢_,
and {B;}_, respectively, and let dU be the normalized Haar measure of U(d).

(1)

d—1 . o 3
oV=ITe(UAU'B) g7 — [Ti @ det(eﬁ hi)

U(a) TN A(A)A(B)
where
AA) = T (ei-ay)
1<i<j<d
(2) Letn € N.
im I1
Te(UAUT'B)"dU =y dim ASA(A)S*(B),
U(d) fye sx(1a)

where A runs over all the partitions of n, and Il is the irreducible representation of
the symmetric group &,, corresponding to the partition .

ProoF. (1) follows from [19, (3.4)] and (2) follows from [19, (3.27)]. O

We set

J(B,r,n) = Te(UFU~B)"dU = dim Tlysx (F)sx(B)
1
v en sx(1a)

Let B = B — (Tx(B)/d)14. Since Tr(F) = 0, we have J(B,r,n) = J(B,r,n).

—

LEMMA 3.7.  Let A € U(d) be a signature, and let
Then

m(A,r,2) = J(pa + A,r, 2) — J(pa,r,2),

m(A,r,4) = J(pg + A, r,4) — 6m(A, 7, 2)J (pa,7,2) — J(pa,r,4).
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PROOF. Lemma 3.6, (1) and the Weyl character formula (or [14, Theorem 2])
imply

we ™= I (0‘—%)/2)/ /I THUAU ™ (bpa) g,
Ua)

\<idi<d sin((c; — a;5)/2

When A = 0, the left-hand side is 1. Thus we get

eﬁtF) eﬁtTr(UFUflpd) dU = emtTr(UFU’l(A+pd)) dU.
U(d) U(d)

XA (

Differentiating the both sides by t, we get the statement. O

Easy computation shows

I S
() 2 ? (1,1) 2 ’

2 2 4
8(4):@+P3P1+@+P2P1+&,

4 3 8 4 24

P4 | P31 p% pQP% p%
P T TR T Ty Ty
ps  p3 , pepi | Pl

en=Ty TR T Ty

4 8 4 8
2 4
p3p1 |, P3| Pq
2=ty

and if Tr(B) = 0, we get

Tr(B? —Tr(B?
s(B) = T8, san(B) = “HE)
Tr(B* Tr(B?)?2 Tr(B* Tr(B?)?2
sa)(B) = (4 ) + (8 ) s sy (B) =— (4 ) + (8 ) )
Tr(B* Tr(B?)? Tr(B* Tr(B?)?
5(3,1)(3) = (4 ) - (8 ) , 5(2,1,1)(3) = (4 ) - (8 ) s
Tr(B?)?
8(2,2)(3) = %
We also have
dld+1 did—1
5(2)(101) = %’ 3(1,1)(1d) = %7
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d(d+1)(d +2)(d + 3) d(d —1)(d - 2)(d - 3)

sy(la) = 2 v sy (la) = 2 ;
d—1)d(d+1)(d+ 2 d—2)(d—-1)d(d+1
5(371)(1(1) = ( ) ( 3 )( ), 5(2,1,1)(1d) = ( )( 3 ) ( )7

d—1)d*(d+1
3(2,2)(1d) = %7

dlmH(Q) = dimH(Ll) = 1, dlmH(4) = dimH(Ll’l,l) = ]., dimH(g)Q) = 2, dimH(&l) =
dim Il ; 1) = 3. Thus we obtain the following lemma.

LEMMA 3.8.  When Tr(B) =0 and d > 4, we have

r Tr(B?)
A A
rTr(2Apg + A?)
m(A,r,2) = —2_-1
(d* — 6d2 +18)r — 2d(2d® —3) .,
B,r,4) = Tr(B
TBrd) =3 @ a9 T F)
2 _ 2
e 2P —d@ ) e

d(d? —1)(d? — 4)(d? - 9)
We use the following easy lemma for our main estimate Lemma 3.10.

LEMMA 3.9. Let a,b € R? be vectors satisfying a; > ajr1 and b; > bi.1 for any
1<i<d-—1.1If Y "a; =0, then E?:1aibi > 0.

PrOOF. Let So=0and S; = Z;Zl aj. Then S; >0, Sg =0, and

d d d d—1
Zaibi = Z(& - Si—l)bi = Z Sib; — Z Sibi+1
i=1 i=1 i=1 i=1
d—1 d—1
= Saba + > Si(bi — biy1) = Y _ Si(bi — big1) > 0. O
i=1 i=1

In particular, we have Tr(Apg) > 0, Tr(A%pg) > 0, Tr(Ap3) > 0.

LEMMA 3.10.  There exist positive constants C1,Cy > 0, independent of A, such
that whenever r > 2d/3 and d > 4, we have m(A,r,4) < Cym(A,r,2)? + Com(A,1,2).

ProoF. Lemma 3.7 and Lemma 3.8 imply

m(A,r,4) = J(pa + A,r, 4) — J(pg,r,4) — 6m(A,r,2)J(pa,r,2)
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(d* — 6d? + 18)r — 2d(2d* — 3)

=@ @ - d@E =g (A TR
C = 8)r - dld A r Tr(p3
- 6rd((§2d— 1)3()d2 _Ci()ﬂid;‘_l)g) Tr((A + pa)* — Tr(py)) — 6m(A,r,2) dz Epcll)
< 3r (d4 —6d2 + 18)r (Tr(?[\pd i A2)2 + 2Tr(2f\pd n A2) Tl"(pi))

2(d? —1)(d? — 4)(d® - 9)
(2d? — 3)r —d(d? + 1)

L

~Or @ (@ =gy @ —g) T T AN P+ 6 dlpy)
rTr(pZ)

—6m(A,r,2) IR

Since the second term is negative, we have

(d* — 6d* +18)

) <5 @ - @ 9

2 _1)2 2 2 _ 2 Tr( o2
" (d* —1)*m(A,r,2) n 2(d* — 1)m(A, 1, 2) Tr(p3) —6m(A77‘72)r (p3)
r2 T d? -1
d? —1)(d* — 642 + 18)
3 N
< 3m(A,7,2) P — 1) 9)
d* —2d% -3
2
+ 36m(A,r,2) Tr(pd)rd2(d2 @ =D @E=9)
Since Tr(p2) = d(d* — 1)/12, we get
L (@ — 1)(d* — 642 + 18) r(d* — 24 — 3)

m(A,r,4) < 3m(A,r,2)

+3m(A, 1, 2)

d2(d? — 4)(d% — 9) d(d® — 4)(d? — 9)

d? — 1)(d* — 6d2 + 18) d* —2d2 — 3
A D@y Ay oy

< 3m(A,r,2)? (
which shows the statement. O

4. Schur—Weyl duality for the hyperfinite II; factor.

For a tracial state 7 on a C*-algebra or a von Neumann algebra, we denote ||z, =
7(z*x)Y/2. When 7 is unique, we denote |z||2 = ||z||;. The following is an analogue of
the Schur—Weyl duality theorem (cf. [23]).

THEOREM 4.1.  Let Rg be the hyperfinite 11, factor acting on L?(Rg) with a cyclic
and separating trace vector Q € L*(Ry), and let J be the canonical conjugation defined
by JxQd = x*Q for x € Ry. For non-negative integers p,q with (p,q) # (0,0),

(u®P @ (JuJ)® € RSP @ RY®Y; ue U(Ry)} = (RGPS @ (REZT)Sq,
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where the symmetric group S, (resp. &) acts on R?p (resp. R6®q) as the permutations
of tensor components. In particular, the above von Neumann algebra is isomorphic to
the hyperfinite 11 factor.

PROOF. Since Ry is hyperfinite, there exists an increasing sequence of finite di-
mensional von Neumann subalgebras {4, }52; whose union is dense in Ry. We may
further assume that A,, = Man (C). We set

P ={u®” @ (JuJ)®? € R’ @ R, u € U(Ro)},
P, = {u®P @ (JuJ)®? € RSP @ R we U(A,)},
Q = (R§")® @ (Ry™)®,
Qn = (AZ7)%r @ ((JART)®)) 0.

Then |J;-, P, is dense in P and |J7- , @, is dense in Q. We have an obvious inclusion
P, C @,. To prove P = @, it suffices to show the following statement: there exists a
decreasing sequence of positive numbers {a, }32; converging to 0 such that for any z in
the unit ball of @Q,, there exists y in the unit ball of P, satisfying ||z — y|l2 < an.

Let H,, = C?", and let H,, be its complex conjugate Hilbert space. We identify AP ®
(JA,J)®? with B(HZP) ® B(H7n®q). Let (ITy, Ky) be the irreducible representation of
8, corresponding to the partition A of p. Then we can make the following identification:

B 9, = @ Ha@H,©K\® K,
Abp, utkq

Qn= P BH\®H,) @1k, @1k,
AFp, pkq

P, { D (77,\®7T,L)(U)®1,<A®1,CH;U6U(2”)}.

Abp, plq
For a pair of partitions (A, ) with [A| = p and |u| = ¢, the irreducible representation
Ty of U(2") is contained in 7y ® 7, with multiplicity 1, and it is not contained in

Ty ® 7,7 with a different pair (X, i'). Let ey, € B(Hx ® H,) be the projection onto
Hmny, and let

en = @ e)\ﬂu@l}c)\@].]cu.
Abp, pkq

Then e,Qne, C P,. For x in the unit ball @Q,,, we have
[z — enzen|l2 < [lz(1 —en) + (1 — en)zen|l2 < 22|11 — enll- < 2[I1 — en.

Thus it suffices to show that the sequence {||1 — e,||2}52; converges to 0. Indeed, since
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Tr(l —e,)
2 n
I —enllz = on(p+q)
1 . . .
= S5t > (sallzn)su(len) — dimmizny) dim Ky dim £y,
AFp, pkq
the convergence follows from Lemma 3.5. O

REMARK 4.2.  We see from Theorem 1.5 that for an arbitrary II; factor R the von
Neumann algebra

{u®? @ (JuJ)®? € R®*? @ R'®%;, w e U(R)}"’

is always a II; factor. We show in Appendix that the assertion of Theorem 4.1 is true
for arbitrary infinite dimensional factors.

THEOREM 4.3. Let A be a unital C*-algebra, and let 11,79,...,7m € exT(A)
be distinct extreme traces. Let (m;, H;,Q;) be the GNS triple for 7;, and let J; be the
canonical conjugation defined by Jym;(x)Q; = mi(x)*Q;. We assume that R; = m;(A)” is
isomorphic to the hyperfinite II; factor for every 1 <i < m. Let (p;,q;) € Z>o X Z>go \
(0,0), and let

() = Q) (mi(u)®P @ (Jimi(u).J;)®%).
i=1
Then we have
{m(u)iu € U} = QR @ ().

In particular, we have [[;~, 77"7;% € ex Char(U(A)).

K2

PROOF. Let z; € A** be the central cover of the representation m; (see [29, 3.8.1]),
and let u € U(A). Thanks to the Kaplansky density theorem, there exists a net {tq }aca
in U(A) converging to z;u+ 1 — z; in U(A**) in the strong operator topology. Then we
have the following strong limit:

lim 7 (ua )P @ (Jj75(ua) J;) 9% =

[e3%

T ()P @ (Jimj(u)J;)®V, j =i,
1, i

Thus the statement follows from Theorem 4.1. O

5. Unital simple AF algebras.

Throughout this section, we fix an infinite dimensional unital simple AF algebra
A= lii>nAn, A, = @fvz"l Api with Ay 3 = Mg, (C). We assume that A, C A,y is
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a unital embedding. Let G,, = U(4,) and G,,; = U(A,;) = U(d,,;). Then G, =
Gni1XGpox-+xGyn,,and U_,(A) is the inductive limit of {G,,}22; We may assume
Go = {e}.

It is easy to show the following two lemmas.
LEMMA 5.1. Let m,, = inflSiSN" dn,i- Then lim,,_, oo M, = 00.

LEMMA 5.2.  Let {6,}22, be a sequence of continuous homomorphisms 6, G, — T
such that the restriction of dp41 to Gy is dy, for any n € N. Then there exists ¢ €
Hom(K(A),Z) satisfying 6, = dety|q,, -

PrROOF OF THEOREM 1.2, (1). Thanks to Theorem 4.3, we already know that
the character det,([T_; 7:)(IT}—, 7]) is indecomposable for any ¢ € Hom(Ky(A), Z) and
7i, T; € exT(A)

Let x € ex Char(U_,(A)). Then Theorem 2.4 shows that there exist indecomposable
characters y, € ex Char(G,,) for n > 0 such that x,|g,_, contains x,—1 and

x(U) = lim x,(U), UeU-(A),

n—oo

where convergence is uniform on G, for every m. We denote by @, ; the projection of A4,
onto A, ;. Then there exists x,,; € ex Char(G,, ;) such that x,,(U) = vazl Xn,i(Qn,i(U)).

AN

Identifying G, ; with U(d, ;), we see that there exist signatures A U(d,,;) with

Xn,i = XA(n,i)-

Thanks to Lemma 5.1, we see that A,, has a unital copy of either M3(C), M3(C) or
M5(C) @ M3(C) for large n. Thus we may assume that A; is of one of the above forms.
If Ay = M5(C), we set

if A = M3(C), we set

and if A} = Ms(C) ® M3(C), we set

1 0 0
Fz(é _01>€B 0 -1 0| €A
0 0 O

In any case, we have Tr(Q, ;(F?)) > 2d,,;/3, and the conclusion of Lemma 3.10 applies
to xa, i(e\/jthn,i(F))'

As in Section 3.3, we define the p-th moments of the probability distributions on Z



Indecomposable characters of infinite dimensional groups 1251
given by the Fourier expansions of x,(eV 1) and y,, ;(eV~1@n:(F)) by

m(n,p) = \/Lp 5; (VT

1 p \/Tth,i(F))

b

t=0

m(nalvp) \/717 dthn ’L( —o
Since xn.i(e¥V~19mi(F) is an even function, we have

Nn

m(n,2) = m(n,i,2),
i=1
N”I,

m(n,4) =Y m(n,i,4)+6 > m(2,4,2)m(2,5,2).
i=1 1<i<j<N,

Thus Lemma 3.10 and Lemma 5.1 show that when n is sufficiently large, we have

N,
m(n,4) <C1Zm (n,i,2) +CQZm (n,4,2) + 3m(n, 2)?

i=1

< (C1 4 3)m(n,2)* + Cam(n,2).

Now Lemma 2.5 implies that {m(n,2)}>2; is bounded, say m(n,2) < C for all n > 1,
and Lemma 3.8 implies that there exists ng > 1 such such for any n > ng, we have

—

N,
n (’IL Z) n (TL 1)
lI“ A pd Z ll" A Pd,, ) <C.

Z Z 1 ’I’LZ

i=1 =

Let A0 = (AP ALY ADY). When A =AD" we set I,; = 0, and

otherwise we set l,,; = max{j; jn %) A(nl_s_1 ]} Then we have l,,; < d,,;/2. For
n 2 no,

N, N, l

- TI‘(A(n Z)pdn 7,) e dpi+1 (n,i) (n,i)
¢z d — 2y Z ( 9 > (A7 = Ay )
=1 % i=1 "t j=1
N, ln,i N, Ny,
> 1 dn,z +1 _j > (dmz ln,z)ln,z > 1 ln ;
i=1 " og=1 i=1 ’ i=1

We choose n; > ng so that for any n > n; and ¢ we have 16C' < d, ;. Assume
n > ny. Then l,,; < d,;/4 for all i. Let a,; = A(n lzrl Then we have Ag."’l) = An.i

)

for any l,; +1 < j < dp; — ln,:, and there exist partitions A9 and u("’i) with I, ; =



1252 T. ENoMOTO and M. Izumi
max{I(A™D), [(u™)} satisfying
Xn,i(U) = (det U)X oy may (U), U € U(Ani).
Setting
Nn

8 (U) = [ J(det Qu.:(U))*, UcU(A,),

i=1
Nn

V@) = T X rmamn @i (D). U € U(A,).
1=1

we get xn = OnX,. We have

N lni
Nl m (i1 N\ ) (i)
¢z d2< 5 _J>(/\j +u;")

i=1 j=1 i=1 j=1
1 N’IL
> 1 DA ).
i=1

We set p,, = Zfil A9 | and ¢, = Ziil , which are bounded by 4C.

We claim that the restriction d,41|g, of dn+1 to G, coincides with 4, for any
n > ny, and in consequence the restriction x;,,,|g, contains x;,. Indeed, the restriction
Xni1la, contains (6n41|c, ) 10nX) as Xn+1la, contains x,. On the other hand, we have
Do+ qn < 4C and ppt1 + g1 < 4C. Now the claim follows from Lemma 3.2 and
16C < dp, ;.

Since 6p41|Gr = 6, for all n > ny, there exists ¢ € Hom(K((A),Z) satisfying
0n(U) = det, U for any U € G, with n > n;. Lemma 3.2 implies that two sequences
{Pn}o,, and {g.}52,, are bounded and increasing, and hence eventually constants.
Thus there exist non-negative integers p, ¢, and ny > n; satisfying p, = p and ¢, = ¢
for any n > ns.

We assume n > ng and set I, = {i; |\ | 4 |u(™9| # 0}. Then #1,, < 4C. Let
C’;\,H be as in Lemma 3.5, and let C’ = max{C’f\yﬂ; Al < p, |u| < q}. Let 7,; be the
normalized trace of A, ;. Then Lemma 3.5 implies

M(mi)

ni)|—m——— (n,i) CC/
o0) = T i @ua ) @™ | < 29

m
iel, n

for any U € G,,. Thus for any U € U_,(A4), we have
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n,i)|————————————r (n,1)
\(U) = det, U lim ] 70i(@u a0 @),
i€l,

Note that we can extend 7, ; 0 Qn,; to a state of A. Thus there exist states wy, ; € S(4),
w;%,ﬁ € S(A) for 1 < j < p, 1 <k < q whose restrictions to A,, are tracial states such
that

p q
X(U) = det, U lim [ wni@) [T wp.c @)
j=1 k=1

Since any cluster points of {wn ;}572,,, and {w;, ;}7Z,, in the weak™ topology are tracial
states, there exist 75,7, € T(A) for 1 <j <p, 1 <k < ¢ satisfying

P

X(U) =det, U] () [[ 7.©).
j=1 k=1

Since x is indecomposable, we conclude 7;, 7], € exT(A). O

LEMMA 5.3. Let ¢ € Hom(Ky(A),Z). Then det, extends to a continuous homo-
morphism from U(A) to T if and only if ¢ = 0.

PROOF. For a projection e € Jo—; 4, and z € T, we have dety,(ze + 14 —€) =
2#(€D). Thus if det, continuously extends to U(A), the set {p([e]);e € Proj(A)} is
bounded. Thus m,, > sup{|¢([e])|;e € Proj(A)} for sufficiently large n. Since ¢([14, ,])
is a multiple of d, ;, we have ¢([e]) = 0 for any e € Proj(A,) for sufficiently large n,
which shows ¢ = 0. O

PROOF OF THEOREM 1.2, (2). Since U_,(A) is dense in U(A) and the embedding
map of U_,(A) into U(A) is continuous, the statement follows from (1) and Lemma 5.3.
t

EXAMPLE 5.4. Let A be the CAR algebra. Then U_(A) is the group U(2*)
discussed in [6]. In this case T'(A) is a singleton {7}, and Hom(Ky(A),Z) = {0} as
Ko(A) 22Z[1/2]. Thus

ex Char(U(2°°)) = exCharU(A) = {7779 p,q € Z>¢}.

Our argument also works for the inductive limit group lii>nSU (2™) with the inclusion
map

U 0

SU2 )aUH<O )

) e su@"th,

and the conclusion is the same.
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ExXAMPLE 5.5. For any irrational number 0 < 6 < 1, there exists a unital simple
AF algebra By with

(Ko(Bo), Ko(Bo)+,[1]) = (Z+0Z,(Z + 0Z) N [0,00), 1),

(see [7, VL.3]). In this case T'(By) is a singleton {7}, and Hom(K¢(Bp),Z) = Z*. Thus
we get ex Char(U_,(By)) = Z* x Z%, and ex Char(U(By)) = Z3,,.

In the rest of this section, we discuss integral decomposition of characters in

Char(U(A)).

LEMMA 5.6.  Let p, ¢ be non-negative integers, and let ¢ € Hom(Ky(A),Z). We
set

ex?? Char(U_. (A) {det <HTI> (H ! ) € Char(U~.(A)); 7,7} € exT(A)}.

(1) Let x € ext;? Char(U—.(A)). An indecomposable character of Gy, is contained in x|a,
if and only if it is of the form det, [}, X (iy Ao} © Qn,i with

N, N,
ST <p, Y i < g,
=1 =1

N’!‘L

Ny,
> he1- 3
i=1 1=1

(2) exB;? Char(U—.(A)) is a Borel subset of ex Char(U_,(A)).

PrOOF. (1) The statement follows from [22, (3.4)] and the fact that any trace in
T(A) is faithful as A is simple.

(2) Pick x € ex};?(Char(U—.(A))), and set J5? = ker m, , which is a primitive ideal
of A(U_(A)). (1) and Lemma 2.3 show that J2»9 does not depend on the choice of x.
We claim

min{p,q}
U exfjfi’q*i Char(U_,(A4)) = {x € exChar(U_.(A)); Zg\q(TX) =0}, (5.1)
i=0

which would imply the statement.
Let w € ext™ 97" Char(U_(A)). (1) implies the inclusion relation J24 C JE=»477

and hence 0 < ZIZE < ZB7H970 <1, Since 227777 (tr,,) = 0, we get Zgz(trw) =0, and w
belongs to the right-hand side of (5.1).

Assume that w belongs to the right-hand side of (5.1) conversely. Then the trace 7,
factors through the primitive quotient A(U_.(A))/J&? whose structure is described in
Lemma 2.3. Thus the Vershik—Kerov ergodic method gives a sequence of indecomposable
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characters w,, € ex Char(G,,) converging w such that each w, is as in (1). Now the proof
of Theorem 1.2,(1) shows w € Ufl:lg{p’q} exb=471 Char(U_ (A)). 0O

We set

exo Char(U_(A)) = | J exf? Char(U_.(A)).

p,q>0

LEMMA 5.7. A character w € Char(U_,(A)) extends to a character of U(A) if and
only if there exists a probability measure v on exg Char(U_ (A)) satisfying

w= / xdv(x).
exo Char(U_, (A))

PrROOF. Tt is easy to see that we Char(U_, (A)) with a measure v as in the state-
ment continuously extends to U(A).
Let w be a character of U_,(A) with the integral decomposition

w = xdv(x) = / xdv(x),
~/ex Char(U_, (A)) Z Z ex?'? Char(U_, (A))

peHom(Ko(A),Z) p,q>0

with v(ex;? Char(U—.(A))) > 0 for some o € Hom(Ko(A),Z)\ {0} and p,q > 0. For any
projection e in | J,-; A, and z € C with |z] = 1, we have

1-Rw(ze+1—¢e) > (1—Rx(ze+1—r¢))dv(x)-

~/exfz,’q Char(U_, (A))

We assume that w extends continuously to U(A), and deduce contradiction.

Since w is norm continuous, for any 0 < ¢ < v(exf? Char(U_,(A))), there exists § >
such that whenever z € T satisfies |z — 1| < ¢, we have 1 — Rw(ze + 1 —€) < €. For any
X € exP? Char(U_,(A)), there exist 7;, 7] € exT(A) satisfying

P q
X(ze—i—l—e):z“"([e”H ze+1—eH (ze+1—ce).
i=1 j=1
Thus there exists 0 < §; < ¢, depending only on p and ¢, such that if |z — 1| < 47, then
p «
%Hn(ze—«— 1—e) HT]{(ze—i- 1—e)>1/2.

i=1 j=1

Since ¢ is not trivial, we can find e and z satisfying |z — 1| < 6, and 2% = —1. For
such e and z, we have
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e>1—Rw(ze+1l—e)> / dv(x) = v(exl)? Char(U_,(4))),
ex?? Char(U_, (A))

which is contradiction. O

Since U_, (A) is dense in U(A) and the embedding U_,(A) C U(A) is continuous, we
identify y € Char(U(A)) with its restriction to U_,(A). Thanks to Lemma 5.7, we can
identify exg Char(U_,(A)) with ex Char(U(A)), and regard the latter as a Borel space.

COROLLARY 5.8.  For any character w € Char(U(A)), there exists a unique prob-
ability measure v on ex Char(U(A)) satisfying w(g) = fchhar(U(A)) x(g)dv(x) for any
geU(A).

PROOF. Lemma 5.7 shows that for any w € Char(U(A)), there exists a unique
probability measure v on ex Char(U(A)) satisfying w(g) = [ Char(U(A)) x(g)dv(x) for
any g € U_,(A). Now the statement follows from the bounded convergence theorem. O

For later use, we set

exP4 Char(U(A)) = {(fp) (]i[]) Ti, Tj € exT<A)}7

which is a Borel subset of ex Char(U(A)).

6. Unital simple C*-algebras of tracial topological rank 0.

Throughout this section, we fix a separable infinite dimensional unital simple exact
C*-algebra A of tracial topological rank 0. The reader is referred to [24] for the definition
of tracial topological rank and the basics of this class of C*-algebras. We recall that A
has real rank 0, stable rank 1, and that Ky(A) is weakly unperforated. In consequence,
we can identify U(A)/U(A)y with K;(A), and two projections in A have the same K-
class if and only if they are Murray—von Neumann equivalent. Since A is exact, every
quasi-trace on A is a trace (see [13] for the proof), and the trace space T'(A) is identified
with the state space of the scaled ordered group (Ko(A), Ko(A)4+,[1]) (see [2, Theorem
6.9.1]).

When Ky(A) is torsion-free, it is unperforated, and it is a simple dimension group
(see [24, Proposition 3.3.7, Theorem 3.3.18], [7, Theorem IV.7.2]). Thus there exists a
unital embedding of a unital simple AF algebra B into A that induces an isomorphism
of the Ky-groups. The restriction map from T(A) to T(B) is a bijection.

LEMMA 6.1.  For any u € U(A), there exists a sequence {u,}>2, in U(A)o such
that the sequence {||u — u, ||+ }52, converges to 0 for any 7 € T(A).

PROOF. We can choose a decreasing sequence of non-zero projections {e, }22 in
A satisfying eg = 1, and [e,] > 2[ep41] in Kp(A) for any n. Indeed, this is possible
because e, Ae, has tracial topological rank 0 too and has a subalgebra isomorphic to



Indecomposable characters of infinite dimensional groups 1257

M5(C). Since A has tracial topological rank 0, there exist a projection p,, € A, a finite
dimensional C*-subalgebra C,, C p, Ap,, with p, € C,,, and v,, € C,, satisfying [1 —p,] <
len], lu,pnlll < 1/n, and ||prupn, — vn|| < 1/n. We get a desired w, by perturbing
1 —pn + vy O

Lemma 6.1 shows that for any finite factor representation (m, H) of A, the sequence
{7 (un)}S2, converges to 7(u) in the strong operator topology. Since A is tracial AF, the
factor 7(A)"” is hyperfinite. Thus Theorem 4.3 shows the following.

COROLLARY 6.2. Let Ti,TJ/- eexT(A) for 1<i<p,1<j<gq. Then

(E[lr) (i[lfj) € ex Char(U(A)o).

LEMMA 6.3.  Assume that Ko(A) is torsion free. Then for any w € Char(U(A)y),
we have w(vuv*) = w(u) for any u € U(A)o and v € U(A).

PROOF. Let w € Char(U(A)p). We fix a unital embedding of a simple AF algebra
B into A that induces an isomorphism on the Ky-groups. By [24, Theorem 4.2.8], for
any € > 0 and any u € U(A)o, there exists u’ € U(A)y with finite spectrum satisfying
lu—u'| <e Letu =3 | zp; be the spectral decomposition of v’ with z; € T and
pi € Proj(A). Since Ko(A) = Ko(B), there exists a partition of unity 1 = Y' | ¢; in
B consisting of projections satisfying [p;] = [¢;], and there exists w € U(A) satisfying
wp;w* = ¢; for all i. Choosing a unitary v € U(q1Aq1) with [v 4+ 1 — ¢1] = —[w] and
replacing w with (v+1—¢g;)w if necessary, we may further assume w € U(A)q. Therefore
there exist w, € U(A) and u,, € U(B) such that {|w,uw} — u,|/}22, converges to 0,
and so w(u) = lim,_ s w(uy)-

Since the restriction map from T'(A) to T'(B) is an affine isomorphism, any 7 € T'(B)
has a unique extension 7 € T'(A). Let

>/ xdv(y)
exP»4 Char(U(B))

wlo s = / xdv(x) =
ex Char(U(B)) p,q>0

be the integral decomposition of w|y(p). For any x € ex”9(Char(U(B))), there exist
7,7y € exT(B) for Lg i <p, 1 <j < gsatisfying x = ([T}, 7)([1]-, T?’) We set
X = (IT=, 7)(ITj=, 7}), whose restriction to U(A)o is in ex Char(U(A)o). By bounded

convergence theorem, we have

w(u) = lim w(uy) = lim Roan ) () = / Ku)dv(x).
n—oo =90 Jex Char(U(B)) ex Char(U(B))

Since x(vuv*) = x(u) holds for any u € U(A)p and v € U(A), we get w(vuv*) = w(u). O

In the above proof, the sequence {u, }5° ; depends only on u, and it does not depend
on w. This means that w is completely determined by w|y(py, and the integral expression
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w(u) = / oy, X0

is unique. Therefore we get

COROLLARY 6.4.  Assume that Ko(A) is torsion free. Then

ex Char(U(A)g) = {(]f[;) (ﬁﬁ) 7i,7) € exT(A), p,q > 0}.

PROOF OF THEOREM 1.3. Let x € exChar(U(A)), and let (7, H, ) be the cyclic
representation of U(A) associated with x. Let M = w(U(A))”, and let tr(z) = (22, Q)
for x € M. Then M is a finite factor and tr is a trace on M. We first claim that
N =x(U(A)p)" is a factor too.

Let z € Z(N) be a non-zero central projection. For u € U(A)y, we set w(u) =
tr(zm(u))/tr(z). Then w € Char(U(A)p), and we have w(vuv™!) = w(u) for any u €
U(A)o and v € U(A) thanks to Lemma 6.3. This implies

tr(zm(u)) = tr(zr(vuv™h)) = tr(r(v™ ) zr(v)m(u)),

and tr((z — 7(v=1)27w(v))w(u)) = 0. Note that z — m(v™1)zw(v) € N as v normalizes
U(A)o, and hence N. Since spanm(U(A)p) is dense in N in the weak operator topology
and tr is faithful on N, we get z = m(v~1)27(v) for any v € U(A). This implies that z
is in the center of M, and so z = 1. Thus N is a factor.

Since 7|ir(a), is a finite factor representation, we have x|y (4), € exChar(U(A)o),
and 7|yr(a), is quasi-equivalent to the cyclic representation associated with x|y (a), €
ex Char(U(A)o). Assume N = C. Then x|y(4), is multiplicative, and Corollary 6.4
implies that x|y (a), is trivial. Thus x comes from

o —

ex Char(U(A)/U(A)o) = exChar(K;(A)) = K1(A).

Assume N # C. Then Corollary 6.4 implies that there exist distinct extreme traces
T, T2y .., Tm € exT(A) and non-negative integers p;, ¢; with Y.~ (p; +¢;) # 0 satisfying
Xlucay, = [T 77 7% u(ay,- Let (w3, Hi, ;) be the GNS triple for 7, and let J; be the
canonical conjugation given by J;m; ()8 = m;(2)*Q;. For u € U(A), we set

m

o (u) = @) mi(u) " @ (Jimi(u) J;) *.

i=1

Then 7|i(a), and o|y(a), are quasi-equivalent. Lemma 6.1 implies that o(U(A)o)" =
o(U(A))"”, which we denote by P. Then there exists an isomorphism 6 from P onto N
satisfying 0 o o(u) = w(u) for any u € U(A)o.

For v € U(A), we set y(v) = 0 oo(v™')m(v). We claim that 7 is a homomorphism
from U(A) to U(N' N M). Indeed, since U(A)y is a normal subgroup of U(A), we have
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the following for any u € U(A)y and v € U(A):

y()m(u)y(v) ™t = 0o a(vHr(vuv ™0 o o(v)

=foo(w Hooo(vuw Hhoo(v) =0o0a(u) =m(u),

which shows that y(v) € N'N M. Let v,w € U(A). Then we have y(v)f o o(w™1) =
foo(w1)y(v) as y(v) € NN M and 6 o o(w) € N. Thus

Y(W)y(w) = ()0 o o(w™)m(w) = 0 0 o (w™)y(v)m(w) = y(vw),

which shows that v is a homomorphism.
Since y(u) = 1 for any u € U(A)g, the homomorphism v : U(A) — N’ N M factors
through U(A)/U(A)g = K1(A), and v(U(A))” is commutative. Since M is a factor and

it is generated by N and v(U(A)), we obtain v(U(A)) C T. Thus there exists ¢ € K;(A)
satisfying v(v) = ¢ ([v]) for any v € U(A). Now we have

x(v) = tr(w(v)) = tr(0 0 o (v)y(v)) = P([v]) tr(0 0 o (v)).

Since trof is a unique trace on P, we conclude

x(v) = 9([v]) H P (0) 73 (0) % 0

EXAMPLE 6.5. Let 0 < # < 1 be an irrational number. The irrational rotation
algebra Ay is the universal C*-algebra generated by two unitaries u,v satisfying the
relation uwv = €2™V=yu (see [7, Chapter VI]). It is a separable nuclear simple C*-
algebra with a unique tracial state and with K-theoretical data

(Ko(A), Ko(A) 1, [1], K1(A)) = (Z + 0Z,(Z + 0Z) N [0, 0), 1, Z*).

Elliott—-Evans [11] showed that Ag is an AT algebra of real rank 0, and hence it has
tracial topological rank 0 (see [24, Theorem 4.3.5]). Thus ex Char(U(Ag)o) = Z2, and
ex Char(U(Ag)) =2 T? x Z2,. One might wonder if U(Ag)o is isomorphic to the unitary
group U(B) of an AF algebra B, but this is never the case. Indeed, on one hand the
homotopy group m2(U(B)) is trivial for any AF algebra B because m2(U(d)) is trivial for
any d > 1. On the other hand we have mo(U(Ap)o) = K1(Ag) = Z? (see [38, Theorem
11)).

7. Stable simple AF algebras.

The purpose of this section is to prove Theorem 1.4.
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LEMMA 7.1.

PRrROOF. Let [t] be the integer part of ¢ > 0. Then

0o _ [t] _ 0 _
tn 1 tn < tn 1 tn> ( n 1 tn)
Dl a2 oo w2 oo w
— (n—1)! n! — (n—1)! n! ¥ (n—1! n!
2tlt]
-1+
T

Letting a; =t — [t], we get the following estimate from the Stirling formula:

_ [
[2]! [t

ettt el ([t] 4 a)l] e~ ([t] + ap)lH e (14 a/[t])H
!

[tWe-l\/27]] V2t
1
~ . D
V2t
LEMMA 7.2. Let a = (a1,a2,...,am) € RTy. For z,y € 2%y, we introduce a

transition probability from x to y by

Yi—ZTi
7¢7 yz_xlzov VZ7
palz,y) = { iy Wi — )

m —
e %q

0, otherwise,

and a Markov operator P acting on £°(ZZ,) by

P(f)(@) =Y pal@.y)f(y)-

yGZ’Z"O

Then the tail boundary for P is trivial, that is, if {fn}2; is a bounded sequence in
02(2%y) satisfying P(fn+1) = frn for anyn € N, then there exists a constant c satisfying
fn =c for any n € N.

PROOF. Since {e %a®/x!}32, is the Poisson distribution, the k-step transition

probability pk) (x,y) is given by pra(z,y). We denote by {e;}™; the canonical basis of

R™. Let C = sup,,cy || fnlloc- Then

| P*(frgn) (@) = P*(frir) (@ + €)]

Z [Pra (@, y) = Pra( + €5, Y)|| farr (y)]
YELT,

|fn(z) = fn(z + ;)]

IN
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<C D |pral@ @+ 2) = pral@ +ei, 7+ 2))|

zEZ’Z"O

=C Z |Pka(0, 2) — Prales, 2)]

ZGZ’Z”O

oo
= Ce ko (1 + Z
=1

(kai)'  (kay)'™!
I (1=1)!

)

Letting k — oo, we get f(z) = fn(z +€;), and f, is a constant function. O

Let A be a stable simple AF algebra not isomorphic to K. Then we may assume
A = B®K with an infinite dimensional unital simple AF algebra B. We can express B
and K as B = lim B,, with finite dimensional B,, and K = lim M,(C). We may assume
that B,, C B is a unital inclusion. Then we have

U_.(A) = limU_(B  M,(C)).

We set G, = U_.(B® M,(C)). For n < m, we denote by ®,, ,, the connecting map from
Gy to Gy, given by @, ., (u) = u + (1,, — 1,,) where 1,, is the unit of B ® M,,(C). We
denote by ®,, » the inclusion map from G,, to U(A) given by ®,, o (u) =u+1—1,.

Assume that TW(A) is finite dimensional. Then exT(B) is a finite set, and we
denote exT(B) = {r;}_;. Let Tr and Tr, be the traces of K and M,,(C) respectively.
We set

Tin = —T; ® TI‘n.
n

Then exT (B ® M, (C)) = {min}i_;.

LEMMA 7.3. Let A be a stable simple AF algebra not isomorphic to K. If the affine
space TW (A) is finite dimensional, then x, € ex Char(U_(A)) for any 7,7 € TW(A).

ProOOF. We use the notation as above. Then there exist non-negative numbers a;
and b; such that 7 = >0, a;7; @ Tr and 7/ = Y7, b7y @ Tr. We set I = {i;a; # 0},

J ={j;b; # 0}.
For any u € G,,, we have

XT,T’((Dn,oo(u)) = H n®iTim(u=1n) H et (u” —1n)

i€l JjeJ
o0 . o0 .
(na;)ke—nai (nb;)lenbs !
I3 ) I (3 ™
i€l N k=0 ) jeJ Ni=0 :

= ST an@bw(y) [[ i)™ [ 7m0

(z.y)€ZL  xZL, el jeJ
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where

na;)*ie " nb;)Vie "bi
an(w) = ey ) = I e

;! il
iel v jeJ Yi

Let x € Char(U_,(A)) be a character for which c¢x, . — x is positive definite with
some constant ¢ > 0. Then there exist unique positive numbers f,(z,y) for (z,y) €
Z5>10+32 such that 0 < f,(z,y) < ¢ and

X@noo) = 3 fal@y)an(@)ba @) [ [ rin (@™ ] 7n (@)™

(w,y)EZIEOXZ§O i€l jeJ

For n < m, we have x(®y, 00(®)) = X(Pm 00 © Pr.m(u)), and the right-hand side is

—

Z fn (2, W)@ (2)bm (w) H Ti,m(Pr,m ()™ H Tjm (Pr,m (1)

(z,w)EZIZOXZéO el jedJ

Since

Il
7N
R
(e}
7N
s &
N———
3
&
3|
IS
S~—
X
8
2
3
=
~—

[
—
7 N
B
N———
3
3
3|
2
3

3
=
B

where z < z means x; < z; for all i € I, we obtain
X (P00 © Prim ()
_ am(2) T (2 7 (m — )=
= Y 2O ()

b ><, USY >

bm(w) wj nyj(m_n)wj_yja xr T umi ﬁ%
) H,(y) ms 2(@ba@) ] [ 70 (@)™ [T 7n @)™,

where z, 2z € ZIZO and y,w € Z§0~ Since

e e

we get
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}zl Tip— (m—n)a;

falz,y) = Z fmsz{ Zz_xl)!

22T, w>yY icl

« I L)

jeJ w]_y])'

} iYie™ (m—n)b;

Now Lemma 7.2 implies that {f,},—1 is a constant sequence consisting of a constant
function, and x = xr,,. This shows x,, € ex Char(U_,(A)). O

PROOF OF THEOREM 1.4. Let y € exChar(U_(A4)). Applying the ergodic
method to limG, with G, = U_(B ® M,(C)), we get a sequence of characters
Xn € exChar(G,,) such that {xm(Pn,m(u))}re_,, converges to x(P, oo(u)) uniformly
on G, for every n, and X, o ®, , contains x, for any n < m. Theorem 1.2 shows that
there exist ¢, € Hom(K((A),Z) and p; n, gi,n € Z>o such that for any u € G,, we have

7‘]7:,71,
Xn(u) = det,,, H Tin(WPonT; p(u) .
Moreover we have

o (1)) = et (1) [ | (nw@o +m - n)pivm (m(u) e n)qi,m

m m

o nTin(u— 1)\ nTin(u* —1,)\ %™
:det%(u)H(HT’(m )) <1+T7(m )> :

i=1

Thus {¢.m, }5°—; is a constant sequence, say ¢, and {p; » }>0_; and {g; m }o_; are increas-
ing.

We claim that {p;../m}oo_; and {g;m/m}o_; are bounded. For u € G,,, let z; =
Tin(uw—1,). Then Rz; <0, and Rz; = 0 if and only if u = 1,,. Since 1+ ¢ < e holds for
any t € R, we have

’<1 N nzi>pi,7n
m

Thus if there existed ¢ such that either {p; n,,/m}oo_; or {¢; m/m}5o—; is unbounded, we
would have

2,12 Pi,m /2
_ <1 L 2Rz + [n® 2| /m) < nRzAn?z: 7 /2m) (0 /m)
- <

(v) 1, v=1,
v) =
X 0, v#1,

which is not continuous. Thus {p; ,/m}>_; and {g; m/m}55_; are bounded.
Choosing an appropriate subsequence, we may assume that the following limits exist:
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aizlimm, bi:hmm 1 <Vi<s.

k—oo MMy k—oo My
Thus
X((I)n,OO(u)) = W}EHW XM(q)n,m(u))
. = nTin(u — 1,) \ e nTin (U — 1)\ ¥
=1 j LA S —TA 14 —wni? o)
Jim detgp(u)il;[1 < + p— ) ( + -~

S
— det¢(u) H eainn,n(u—ln)eb,;n-r,;m,(u —1,,,).
=1

Letting
S S
T:ZaiTi®Tr, T,:ZbiTi®Tr,
i=1 i=1
we get x = dety, X, which finishes the proof. O

It is natural to ask whether we can drop the condition dim TW(A) < oo in Theorem
1.4.

CONJECTURE 7.4. Let A be a stable simple AF algebra not isomorphic to K. Then

ex Char(U_,(A4)) = {detyxrr; 7,7 € TW(A), p € Hom(Ko(A),Z)}.

8. Type II factors.
Our purpose in this final section is to prove Theorem 1.5 and Theorem 1.6.

PROOF OF THEOREM 1.5. We first show the statement for the hyperfinite IT; fac-
tor Rg. We can choose a dense C*-subalgebra A C Ry isomorphic to the CAR algebra.
Since U(A) is dense in U(Rg) and the embedding map of U(A) with the norm topology
into U(Rp) with the strong operator topology is continuous, the statement follows from
Theorem 1.2 and Corollary 5.8.

Let R be a general II; factor now, and let 7 be the unique tracial state on R. Then
there exists a unital embedding of the hyperfinite II; factor Ry into R. We show that
every x € Char(U(R)) is uniquely decomposed as

_ p=q
X = E CpgT' T, Cpq 20,
P,9€Z>0

which will finish the proof. Indeed, the restriction of x to U(Rg) is uniquely decomposed
as
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_ P ——q
XlU(Ro) = Z Cp.aTRy TR0+ Cpg = 0,
P,q€L>0

where 7, is the restriction of 7 to Ry. As in the proof of Lemma 6.3, we can show
that for any w € U(R) there exist sequences of unitaries u, € U(Rg) and w,, € U(R)
satisfying |lw,uw;, — un| — 0, and we get

X(w) = lim x(up) = lim Y ey o7 (un)’m(un)’ = D cpgr(u)7(u)".

n—oo n—oo
p,q>0 p,q20

Since the decomposition is unique on U(Ry), it is unique on U(R) too. O

Let M be a type I, factor with separable predual, and let 7o, be a normal semifinite
trace on M. Then there exists a II; factor R with a unique tracial state 7 satisfying
M = R® B(£?) and 7o, = 7 ® Tr. Let {e;;}i jen be the canonical system of matrix units
of B(¢?), and let e,, = >_1" | 1 ®e;; € M. Then 7o(e,) = n and {e, }32, converges to 1
in the strong operator topology. We set G,, = U(e,, Me,,), which has the strong operator
topology, and embed it into U(M)1 by u — u+1—e,. We regard G = limG,, as a
subgroup of U(M);.

LEMMA 8.1.  The group G is dense in U(M);.
PROOF. Let u € U(M)q, and let £ > 0. Then

[(u = 1)1 = en)llr = [[[u = 1[(1 = en)lx

< lu =112 fl2lllu = 12(1 — en)|2

— Ju = UV 7o (Ju = 1)) = 7o (Ju = 1] 2 u — 1]/2),

which converges to 0 as n tends to co. A similar estimate holds for ||(1 — e,)(u — 1)]|1,
and we can choose n satisfying ||(u —1)(1 —ey)|1 < e, and ||(1 —e,)(w—1)||; < e. Thus

llenuen, +1 — e, —uls
=[[(1 —e ) (I —u)(1l —e,) — (1 —en)ue, —equ(l —en)l1
<A —en)X—u)(I —en)lli + [[(1 —en)(u—Denlls + flen(u — 1)1 — en)lx
<2f(u =11 —en)fln + 11— en)(u— 1)1 < 3e.
We would like to approximate e, ue, by a unitary in e, Me,. Since 1 —t < (1—t2)1/2
holds for 0 <t <1,
Too(en — |enuen|) < 7o ((en — enu*enuen)l/z)

= Too ({ent* (1 — e )uen }/?) = 7oo ({en(u* — 1)(1 — en) (u — 1)e, }1/?)
=[[(1 —en)(u—1enlls < |(1 —en)(u—1h <e.



1266 T. ENOMOTO and M. Izumri

Let ejue, = vy|enuey,| be the polar decomposition. Since e, Me,, is finite, we can choose
a partial isometry w,, € e, Me, such that w}w, = e, — v} v, and w, + v, is a unitary in
U(en,Me,). Now we have

lwn + v, +1—e, —ully
< wn + v, — equenlls + |lenue, +1 —en —ullr

< 3+ ||wnllr + ||vn — vnlenuen||li = 3 + Too(€n — Vivn) + Too (Vhvn — |Enue,])

= 3e 4 Too(en — |enuen|) < 4de,

which shows that G is dense in U(M);. O

PROOF OF THEOREM 1.6. We equip G with the inductive limit topology. Then
essentially the same argument as in the proof of Theorem 1.4 shows

ex Char(G) = {xa,; a,b>0}.

Since the embedding map from G into U(M); is continuous and G is dense in U(M )1,
we get (1).
For 1 < ¢ < pand u,v € U(M),, we have

lu = vllp = 7o (lu = 0")/P < (flu = 0P~ (ju — o] )P < 2279 |lu — ol| 27,

which implies that the embedding of U(M), into U(M), is continuous. It is easy to
show that U(M), is dense in U(M),. Thus we can repeat a similar argument as above
replacing G with U(M); and U(M)2 for (2) and (3) respectively.

Let 1 < p < 2. For u € U(M)1, we have Xxap(w) = Xe(t)Xa—cb—c(u) with ¢ =
min{a, b}. Since x. is continuous on U(M),, the character x,; continuously extends to
U(M), if and only if a —c=b— ¢ =0, and we get (2).

Let 2 < p. Then x, continuously extends to U(M), if and only if a = 0, and we get
(3). O

9. Appendix.

In this appendix, we generalize Theorem 4.1 to arbitrary infinite dimensional factors.
The following proof was obtained through discussions with Reiji Tomatsu, and we would
like to thank him for his courtesy.

We first treat the case with ¢ = 0 for arbitrary von Neumann algebras.

THEOREM 9.1. Let M be a von Neumann algebra, and let p be a natural number.
Then

{u®? € M®P; w e UM)}" = (M®P)S», (9.1)

where the symmetric group &, acts on M®P as the permutations of tensor components.
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PROOF. Let L be the left-hand side of (9.1). Then we have L C (M®P)®». Let «
be the &p-action on M. We denote by E the conditional expectation from M®P onto
(M®P)S» given by

Let a € M be a positive invertible. For z € C, we set f(z) = (a*)®?, which is a
M®P-valued entire function. Since f(it) € L for any t € R, we have a®? = f(1) € L too.
For a general positive element a € M, we have (a +¢1)®P € L for any € > 0, and we get
a®? € L by letting ¢ — +0. Let ay,az,...,a, € M be positive. We introduce positive

parameters t1,1s,...,t,, and set a = > -_, t;a;. Then a®? € L and
E a(1)®a(2)®.®a():La®peL
o g op ce :
ol Ot10ty - - - Oty

Since every element in M is a linear combination of positive elements in M, the
above argument shows E(z) € L for any & € M®P in the algebraic tensor product, which
shows (M®P)S» C L. O

We proceed to the general case, which never holds in the finite dimensional case.
Let H be a Hilbert space, and let H be its complex conjugate Hilbert space, that is, the
collection of symbols {£; ¢ € H} with linear operations £ +7 = £ + 1, c€ = ¢, and inner
product (£,7) = (n,&) for £,7 € H and ¢ € C. We denote the canonical antiunitary map
H > ¢ &£ € H by j. For a bounded operator € B(H) we denote T = jzj !, and for
a subset X C B(H) we denote X = {Z € B(H); v € X}. When M C B(H) is a factor,
so is M too.

THEOREM 9.2.  Let M be an infinite dimensional factor, and let p, q be non-negative
integers with (p,q) # (0,0). Then

{(u®? @T® € M®P @ M"Y u e UMY = (M®P)S» @ (M 7)®s. (9.2)

The above statement was obtained for M = B(¢?) by Kirillov [23] (see [27] for the
proof), and our argument gives a new proof as a particular case. For the hyperfinite
IT; factor, the statement follows from Theorem 4.1. Let L, ,(M) and N, ,(M) be the
left-hand side and the right-hand side of (9.2) respectively. Then L, ,(M) is a priori a
von Neumann subalgebra of N, ,(M).

When M is not of type I, Sakai’s theorem [30] shows that the (&, x &,)-action on
M® %7 is outer. Thus Theorem 9.2 implies that L, ,(M) is an irreducible subfactor

of M @ M7 with index plql.

LEMMA 9.3.  Let M be an infinite factor, and let e € M be a projection not equiv-
alent to 1. Then there exists two projection fi,fo € M satisfying e = f1 — fo and
fi~ for~1—=f1 ~1—=fy ~ 1, where the symbol ~ means Murray—von Neumann
equivalence.
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PrOOF. We first claim that 1 — e is equivalent to 1. Indeed since 1 is infinite
and e is not equivalent to 1, it follows that 1 — e is infinite and 1 — e > e. Thus
1—e> (1—e)+e=1, and the Cantor—Bernstein type theorem for projections implies
the claim. We take three projections ej,es,e3 € M satisfying e; + e2 +e3 = 1 and
e1 ~ eg ~ ez ~ 1. Thanks to the claim, we may assume e < e3. Now f; = e3 + e3 and
fa = ea + e3 — e satisfy the condition. O

PrOOF OF THEOREM 9.2. Throughout the proof, whenever we say that R is a
subfactor of M, we assume that R contains the identity of M. Let Z(M) be the
set of hyperfinite II; subfactors of M. Then for R € Z(M), we have L, (M) D
L,,(R) = Np4(R) = Npo(R) ® Nog(R). Thus to prove the statement, it suffices
to show \/pez(ar) Npo(R2) = Npo(M). Thanks to Theorem 9.1, this is equivalent to
\/ReI(M) Lpo(R) = Lypo(M).

For any u € U(M) and € > 0, there exists v € U(M) with finite spectrum satisfying
|lu —v|]| < e. Thus it suffices to show that v®P € V rez(ar Lp,o(R) for any unitary
v € U(M) with finite spectrum. If M is either of type II; or of type III, then there exists
R € Z(M) with v € R, and we are done.

Assume now that M is either of type I, or of type Il,.. To finish the proof, it
suffices to show that v is a product of unitaries such that each of them is of the form
1 —e+ Xe with A € T and a projection e € M satisfying e ~ 1 —e ~ 1. Indeed,
such a unitary belongs to a type Iy subfactor of M, and hence there exists R € Z(M)
containing it. Let v = Z?:l Aip; be the spectral decomposition of v, where \; € T
and {p;}", are mutually orthogonal projections in M. Then we have v = vivy- - v,
with v; = 1 —p; + \ip;. If p; ~ 1 —p; ~ 1, there is nothing to do. If p; is not
equivalent to 1, Lemma 3 shows that there exist two projections fi, fo € M satisfying
pi=fi—foand fi ~ fo~1— f; ~1— fo ~ 1. Thus we get the desired decomposition
vi = (1— f1 + Xif1)(1 — fo + Xif2). The case where 1 — p; is not equivalent to 1 can be
treated in the same way. O
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