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Abstract. We determine the singular locus of the holonomic system
of differential equations annihilating Lauricella’s hypergeometric function F¢
by the theory of D-modules and of Grobner bases. We also study the A-
hypergeometric system associated to F¢.

1. Introduction.

Lauricella’s hypergeometric function Fo with parameters a,b,cy, ..., ¢y, is defined
by

(@) k) (D) | o
(e - (Cmdk,,

Fo(z) = Fe(a,b,cr,y.. o emix) = Z k!
kezT,

where (a), = I'(a + n)/T'(a) is the Pochhammer symbol. Put 6; = z;0; fori=1,...,m
and 0 =60y +--- + 0,,,. We consider the left ideal I(m) generated by the operators

where a, b, ¢; € C are parameters. Lauricella’s function F- is annihilated by the left ideal
I(m). We will show, in Theorem 11, that the singular locus of I(m) agrees with the zero
set of

m

[Le I1 O +evmm+ o +enmn). 2)

=1 516{—1,1}

The proof of this fact occupies Sections 3, 4 and 5. Note that when we expand (2), it
becomes a polynomial of z. In the last section, we study the A-hypergeometric system
associated to the Lauricella Fo and determine its singular locus in the complex torus by
utilizing our main theorem.

We have believed that the singular locus of I(m) is well-known among experts, but
we find few literatures on rigorous proofs on these facts. In our knowledge, there are
theses by Kaneko [7] and by Yoshida [15], who prove that the singular locus of I(m) is
contained in the zero set of (2) but they do not discuss the opposite inclusion.
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2. Preliminaries.

Let D = C{z1,...,Zm,01,...,0n) be the Weyl algebra of m variables. We take a
2m dimensional integral vector (u,v), u,v € Z™ such that u; + v; >0 fori=1,... ,m.
For an element p = Z(aﬁ)eE Capr®d® of D, we define its (u,v)-initial form ing, . (p) by
the sum of the terms in p which have the highest (u, v)-weight. In other words, we define

ord(, » = max (a-u+p3-v),
(®) = max (00 t5-0)

in(u’v) (p) = Z Cag$a€5.

(e, B)EE,a-u+p-v=ord(y,q,)(p)

Here, &; is a new variable which commutes with the other ones (see, e.g., [12, Section
1.1]). When u; 4+ v; = 0, we define the (u,v)-initial form analogously and &; is replaced
by 9; in the definition above. Put 0 = (0,...,0),1 = (1,...,1) € Z™. For p € D, its
(0, 1)-initial form is called the principal symbol of p. For a given left ideal I of D, its
characteristic ideal in(g 1)(f) is the ideal in Clz,{] = Clz1, ..., 2Zm, &1, - - ., &m] generated
by all principal symbols of the elements of I.

The zero set in C?>™ of the characteristic ideal is called the characteristic variety,
which is denoted by Ch(I). When the (Krull) dimension of the characteristic variety
Ch(I) is equal to m, D/I and I are called a holonomic D-module and a holonomic ideal,
respectively. The projection of Ch(I)\V (&1,...,&n) to the first m-coordinates C™ = {z}
is called the singular locus of I and is denoted by Sing(I) or Sing(D/I), where

V(q17"-an) = {(‘T,f) € sz | Q1(~T,§) == Qk(%f) = O}

for elements ¢i,...,qr in Clz,&]. As to these fundamental notions of D-modules, see,
e.g., [2], [9], [12].

Let R = C(z1,...,%m){01,...,0m) be the ring of differential operators with ra-
tional function coefficients. The holonomic rank of I is the dimension of R/RI as a
C(z) = C(z1, ...,z ) vector space, and is denoted by rank (I). The rank is equal to the
multiplicity of the characteristic ideal at a generic point. In other words, we have

rank(l) = dim¢ O, /0O, - in(O,l)(I)v

where a is a point in C™ \ Sing(I) and O, = C{{; — a1, ...,&m — am }. We also have the
identity

rank(/) = dimc(,) C(z)[€]/C(z)[€] - ingo,1) (1),

where C(x)[£] denotes C(x1,...,zm)[&1,--.,&n]- Let Sol(X) be the constructive sheaf of
holomorphic solutions of the differential system given by I on C™. That is, Sol(7) is the
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sheafication of the presheaf {f € O | £- f = 0 for all £ € I}, where O is the sheaf of
holomorphic functions on C™. The holonomic rank rank([) is equal to dimg Sol(1)(U)
for any simply connected open set U in C™ \ Sing(I). As to these characterizations of
the holonomic rank, see, e.g., [9], [12, Chapter 1] and the references therein.

3. A variety containing the singular locus.

The singular locus of the system I(m) is 7(Ch(I(m)) \ V(&1,...,&mn)) by definition.
Here, 7 : C*™ — C™ is the projection sending (z,¢) to x. The principal symbol L; of
4; is equal to

m 2
Li = z7€} — Ii(Zijj)
j=1

fori=1,...,m. Since L; € in(g1)(/(m)), the singular locus Sing(/(m)) is contained in
Cl = W(V(Ll, PN 7L'm) \ V(gl, . ,gm))
Let us regard V/(Lq,..., Ly,) as an analytic space. When x; # 0, L; is factored as

L= (wifi - @(i%‘@)) (afi& + @(i%ﬁj)) (3)

in the extension field C(/z1, ..., /Zm ) of C(x). Therefore, the necessary and sufficient
condition that x lies in C' N (C*)™ is that there exists € = (e1,...,&n,) such that

xi£i+5i\/17<2$j§j)_07 i=1,....,m (4)
j=1

has a non-trivial solution £ # 0. This condition can be written in terms of the determinant
of the system regarded as a system of linear equations with respect to the variables &.

PROPOSITION 1.  The determinant of the coefficient matrixz of the system of linear
equation (4) is equal to [T\~ x;(1+ Dy /T5).

PrOOF.  The coefficient matrix of the system (4) is (€;2;/Ti+0;;)1<i j<m, Whose
determinant is equal to [[/~, x; - det(e;\/Z; + 0;j)1<i,j<m. The matrix
(E + Em,l + -+ Em,mfl)(gi\/xii"_ 57,])(E - Em,l - = Em,mfl)

is of upper half triangle with diagonal components 1,...,1,1+ Z;”:l €5/, where F;; €
M,,(Z) is the (i, j)-matrix unit. The determinants of the matrices E + (Ey,1 + -+ +
Ep m—1) are equal to 1, therefore we get the conclusion. O

THEOREM 2 ([7], [15]). The singular locus of I(m) is contained in the zero set of

(2).
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PROOF. Since x; = 0 are contained in the zero set of (2), we may only consider
the singular locus in (C*)™. If z € C' N (C*)™, the equation (4) must have a non-trivial
solution & # 0. By Proposition 1, we get the conclusion. O

In the sequel, we want to prove the opposite inclusion C' C Sing(I(m)), where C' is
the zero set of (2). If a classical solution of I(m) has singularities on the all irreducible
components of the zero set C, then we have the above assertion. However, as the following
examples show, the singular locus of classical solutions may smaller than the zero set C.

EXAMPLE 3. Assume m = 2. Whena = —1/2, b= —2, ¢; = ¢ = 1/2, the solution
space of the differential equations is spanned by the following functions

142z 42y — 22y —2°/3—y%/3, V&, Vy, ay(l—z/3—y/3).

Note that the singular locus of these solutions is contained in xy = 0, which is smaller
than the zero set C.

EXAMPLE 4. Assume m = 2 again. When a = —1/2, b = ¢; = ¢o = 0, the solution
space is spanned by functions

]-7 x, Y, xyFC(1727272;(E7y)'

They do not have singularities along zy = 0.
We close this section with two preparatory propositions.
PROPOSITION 5. The left ideal I(m) is holonomic.

PROOF. Since the Bernstein inequality dim Ch(I(m)) > m holds (see, e.g., [2],
[12]), we have only to prove dim Ch(I(m)) < m. Let z € (C*)™. If x does not belong
to the zero set of (2), we have (2,0) € ((C*)™ x C™) N V(Ly,...,Ly). Otherwise
(z,8) € ((C)™ x C™)NV(Ly,...,Ly) for some £ # 0 by Proposition 1. We conclude
that the dimension of ((C*)™xC™)NV (L1, ..., Ly,) is equal to m because in (C*)™ xC™,
the variety defined by (4) coincides with the one given by

<1 +Zé‘j\/df>j)£1 = O,
j=1
51»\/907&—51,/901@:0, i:2,...,m,

whose dimension is equal to m.

The remaining thing to do is the evaluation of the dimension at the points in
x; = 0. We put Io(m) = (L1,..., L), which is contained in the characteristic ideal
in(,1)(I(m)). We will prove dim Io(m) = m by induction. When m = 1, it is easy to see
that dim Ip(m) = 1. Let us assume dim Io(m — 1) = m — 1. We note that

V(Io(m)) NV (zm) = {((2',0), (&,&n)) | (&, €) € V(Io(m — 1)) c C*m=Y ¢, € C}
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because ,,, = 0 in L; when z,, = 0. It follows from the induction hypothesis
dim V(Io(m — 1)) = m — 1 that the dimension of V(Ip(m)) at any point in z,, = 0
is equal to (m —1)4+1=m. O

Since the Galois group Gal(C(\/z1,...,+/Zm )/C(x1,...,2:m)) is isomorphic to
(Z/2Z)™, we have the following.

ProposiTION 6.  The polynomial

H (1+e1v/Zr+ -+ emv/Tm )

ei€{+1,—1}

is irreducible in Clxy, ..., ZTm].

4. The singular locus in the complex torus.

If we can show that Li,..., Ly, generate the characteristic ideal ing 1)(I(m)), we
conclude that the singular locus Sing(I(m)) agrees with the zero set C of (2). However,
it seems not to be easy to prove it. Instead of proving it directly, we determine the
characteristic variety in the complex torus in this section.

We consider the left ideal I'(m) generated by

G =yibi(0; —ci +1) = (0 —a)(0 =), i=1,...,m.

Here, 6, = y;0,, and 6 = 01 + --- + 60,,,. These operators ¢;,... ¢, are obtained by

» Y m
applying the change of the coordinates y; = 1/x;, i = 1,...,m to ¢;’s and multiplying y;
to them. The ring of differential operators with respect to the variable y is also denoted
by D as long as no confusion arises. The characteristic varieties of I(m) and I'(m) agree
in the complex torus (C*)™ under the change of the coordinates y; = 1/x;.
We use the order >, defined by the first weight vector w(") = (0,1) and the second
weight vector w® = (1,0). In other words, y*9” =, y® 87" if and only if

(o, B) - w® > (o, 3) M
or ((a, B) M = (o, 3") - w? and (o, B) - w® > (o, 3) - w(Q))

or (e, 8) - w = (o, ) - w? (j =1,2) and (a, B) >1ex (¢, 3')).

Here, >1ox is the lexicographic order. We denote by in<  (f) the leading monomial of
f € D with respect to the order <,,. For two elements f,g € D with

in<, f = fapy®€”,  ing,g9=gapy™ &,
we define their S-pair sp(f, g) by

sp(f,9) = Garp 0P f — fapy’ 0P g,
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where
v = (max{ay,a}}, ..., max{am, o, }), &= (max{f,B1},... . max{fBm,B,})

For a subset G of D, the relation f =3 ¢;9;, g; € G is called a standard represen-
tation of f with respect to G when ¢;g; <,, f holds for all i such that ¢; # 0.

PROPOSITION 7.  The characteristic ideal ing 1)(I'(m)) is generated by principal
symbols in 1)(£;), i =1,...,m

PrROOF. We use the order =,,. Since in< (¢;) = y3¢2, we have

sp(l, 0h) = Y2020, — Y220,

(I PARE VR A’
It is expressed as
sp(6,0) = (4705 — 6) 6 — (v207 — 6)€; — (63 = 6565
= (Y307 = 0))6; — (Y207 — )0, — (20 —a — b+ 1)(¢; — ¢))
={y0; — 0, —(20—a—b+ 1)}, — {y}0} — 0} — (20 —a—b+1)}0;. (5)
Note that we have used commutation relations

Ol =00 = (20 —a— b+ 1) (6, — 1)),

which are obtained by a straightforward calculation. We have

Y3050 = Yyl 0707 — yj{(cl +2)y:0; + Z 07 + 4(1 + y;0;)

k=1
+ > OOk +4> O — (a+b)<29k +2> +ab}8§,
Kk k#j k=1

which implies

in,,sp(€;, 1)

in., { —y; ( > ykyk’akak’) 97 +y} ( > ykyk’akak’) 312}

ke, k! ke, k!
= Y1y 61 €7
for ¢ < j. On the other hand, we have

ing, {9207 — €, —(20—a—b+1)}
=ing, {(¢; —2)yibi + (0 —a)(@—b) — (20 —a—b+ 1)}



The singular locus of Lauricella’s Fc 987

Note that it is independent of the index 7. Hence we conclude that

ing, {y307 — €5 — (20 —a — b+ 1) }0; = YTyl 7,

ing, {9207 — €, — (20 —a — b+ 1) }) = yiyiG e,

which imply that the expression (5) is a standard representation of sp(¢;, £;) with respect
to the set {¢}...,¢  } and the order <,,. It follows from the Buchberger’s criterion that

it is a Grobner basis with respect to that order. Therefore the set

i:l,...,m}

is a Grobner basis of in(g 1)(I’(m)) by the theorem stated in [9, Section 2] (the condition
on the order can be weakened as in [12, Theorem 1.1.6]). In particular, it is a set of
generators of the characteristic ideal ing 1)(I’(m)). O

m 2
{inoy(¢}) |i=1,...,m} = {yi(yifi)z - <Zyj§j>
j=1

Let us determine the singular locus of I’(m). The principal symbol L} of ¢} is equal
to

m 2
L =y}¢; - <Zyj£j> :
j=1
When y; # 0, it is factored as
L= <yi\/E i — Zyj§j> (yz\/@ i+ Z?hfj)
j=1 j=1

in the extension field C(1/y1, - .., v/Ym ) of C(y). We can easily show that the determinant
of the coefficient matrix of the system

m
Yi/Yi i+€iZyjfj =0, i=1,...,m
j=1
is equal to

(f[yﬁ) (Hiﬁ) ©

Therefore, the singular locus of I'(m) is equal to the union of the zero sets of (6) where
¢;’s run over {—1,+1}. Thus, we have the following theorem.
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THEOREM 8.  The singular locus of I(m) agrees with the zero set of (2) in the
complez torus (C*)™.

5. Singular locus and the coordinate hyperplanes.

In this section, we prove that the coordinate hyperplanes are contained in the
singular locus Sing(I(m)) of I(m) by discussing the cohomological solution sheaf
Exth. (D™/D™I(m),0%). We need a set of generators of the syzygies of I(m)
to describe the first cohomological solutions (as to an algorithmic method to deter-
mine it, see, e.g., [14]). We utilize a Grobner basis with the order = 1), which is
given by the weight vector (—1,1) = (—1,...,—1,1,...,1) and the lexicographic order
01 %= - > Om = X1 > -+ > T, as the tie-breaker, to determine the syzygies among
generators of I(m).

In order to use the S-pair criterion, we will work in the homogenized Weyl algebra
DM = Clh)(x1,...,Tm,O1,...,0m) (see, e.g., [12, Section 1.2]). The variable h is the
homogenization variable which commutes with all other variables and we have the relation

Si = 0:(0; + (c; —1)h?),  Sup = (Zei +ah2) <Zei +bh2>
=1 =1

and
Ti :hSift’Z?iSab, 711']' :IE]‘SZ' 71‘7;Sj.

They are homogeneous elements in D). The operators T; and T;; are the homogeniza-
tions of ¢; and z;¢; — x;¢;, respectively. For two elements in D™ their S-pair with
respect to the order »(_ 1) is defined similarly as in Section 4. We also use the termi-
nology “standard representation” analogously for elements in D).

THEOREM 9.  The set G = {T1,..., T, T12,T13, ..., Tsn—1.m } satisfies the S-pair
criterion in the homogenized Weyl algebra D™ G is a Grébner basis of the ideal gener-
ated by itself with respect to the order =(_1 1.

PrOOF. We have the following standard representations of S-pairs in terms of G:
sp(13,T5) = S;Ti — SiT; = Sa—1,p—1T3, (7)
sp(Ti, Tij) = w;T; — hTij = @.Tj, (8)
Sp(Tj, Tij) = xf@fT] — hxjafT”

= {;L'z(xj_lsj) — Cih2ei}Tj - (2h29j + th4)Ti + (thsaj - Sa_17b_1)’rij, (9)
Sp(Tk, Tij) = l‘?l‘j@?Tk — hxi@iTij
= thTki + l‘kSiTj — cihzijiTk + Ckhgtngij, (10)
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sp(Tij, Tir) = i Tij — T = —x Tk, (11)
sp(Tij, Tiej) = 230i Tij — w707 Ty = SjTus, — cxh®0xTij + cih®0: Ty, (12)
(,T”, T; k) = :L'j.’tka?Tij - xf@fT]k

= {Sk + (2 — cj)h2xk8j}Tij + (Cj — 2)h4’le

+{(2 = ¢j)hPw;0; + ¢;h?0; — ,0;0;} Ty, (13)
(EJ,T/ /) =XI; /:17]/(()" sz xfa:jéfTi/j«

= Ij/SjTii/ — xi/SiTjj Cz/h xj/HZ/Tw + Czh ;E]9 Tl/J s (14)
where we assume that the indices i, j, k, ¢/, j’ satisfy ¢ # k, j # k and {i,j}N{i,j'} = ¢

Note in the above that we regard T}; = —T;; for ¢ < j.
Thus, we have proved that the set G is a Grobner basis. O

By [10, Theorem 9.10], syzygies are generated by the dehomogenizations of the
standard representations of the S-pairs. The following Corollary will be used to complete
the proof of our main theorem.

COROLLARY 10. The set of relations derived from the standard representations
of the S-pairs gives a set of generators of the syzygies among ¢;, (i = 1,...,m), £;; =
zil; —xily, 1 <i<j<m. For example, (8) yields the syzygy x;jl; — l;; — z;{; = 0.

THEOREM 11.  The singular locus of I(m) is the zero set of (2).

Proor. It follows from the discussions in Section 4 that we may prove only that
x; = 0 are contained in the singular locus. Let g,,(2’) be a non-zero solution of I(m — 1)
at a generic point in C™~1, where I(m — 1) is a left ideal generated by

m—1 m—1
9i(0i+ci—1)—xi<20k+a>(29k+b), t=1,....m—1.
k=1 k=1
This function g, (z") does not depend on x,,. Put g = -+ = g;—1 = 0. Then, we have

i gm =0fori #mand ¢;-g;, =0fori=1,...,m — 1. Define g;; = x;9; — ©:9;.
> giei+ Y gije;; are annihilated by the generators of the syzygies given in Corollary 10.
For instance, we have the syzygy

(0;(0; — 1) +¢;0;)l; — (0;(6; — 1) +¢i0,)¢; —(0+a—1)(0+b—1)¢;; =0
by the equation (7). For i < j = m, we have

(0;(0; — 1) +¢j0;)g; — (0:(0; — 1) + cibi)g; — (0 +a—1)(0 +b—1)gi;
—(0:(0; = 1) + ¢i0i)gm — (0 +a—1)(0 + b~ 1)(—zigm)
—(91(91 — 1) + cﬂi)gm + 1’1(9 + a)(é? + b)gm
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_ _{(ai(gi 1)+ i) —xi(:i::ak +a> (jZ_:eker) }gm

(since g, = gm (") does not depend on ,,, we have 9,9, = 0)

=0.
When i < j < m, obviously the equation
(0;(0; —1) +c;b;)gi — (0:(0; — 1) + cibi)g; — (@ +a—1)(0 +b—1)g;; =0

holds.

Let us try tosolve £; - f = g;, i =1,...,mand &;; - f = ¢i5, 1 <i < j<m. The
second group of equation is solved when the first group is solved. Put f = 72, frzk,
where fj is a function in z’. The left hand side of ¢, f can be factored by z,,. On the
other hand, the right hand side g,, is nonzero and does not depend on z,,. Therefore
the system ¢; - f = g; does not have a holomorphic solution along x,, = 0. Therefore,
we have proved that Exth (D /D" E¢, ) is not zero at a generic point in z,,, = 0. By
Kashiwara’s theorem [8, Theorem 4.1}, £zt! must be zero if z,,, = 0 is not a singular
locus. Thus, we have proved that z,, = 0 is contained in the singular locus. We can
analogously show that other varieties x; = 0 are also contained in the singular locus. [J

6. The A-hypergeometric system associated to the Lauricella F¢.

The binomial D-modules [3] are introduced to study classical hypergeometric sys-
tems including the Lauricella Fo. The contents of the first half part of this section are
implicitly or explicitly explained in [3], but they do not seem to be publicized to people
who study classical Lauricella functions and related topics. The first part of this section
explains how to apply the theory of A-hypergeometric systems and binomial D-modules
to study F¢. The second part contains a new result and utilizes the first part; the last
Theorem 14 describes the singular locus of the A-hypergeometric system associated to
F¢ in the complex torus. The singular locus is the zero set of the principal A-determinant
[5] for the A associated to Fc.

We denote I(m), of which elements annihilate the Lauricella function F¢, by E¢ in
this section. For a given Horn system, there exists a corresponding binomial D-module.
In case of E¢, the corresponding binomial system is an A-hypergeometric system. Let
us study this system.

Let e1,...,em+1,€m+2 be the standard basis of Z™+2. Following [11], consider the
set of points

A={e1+emi2,€2+ €mia,. . €mi1 + €my2,

—e1+emi2,—€2+ emia, oy —Cmi1 t Emi2}.

We define the matrix A(F¢, m) consisting of these points as column vectors. This matrix
is of type (m + 2) x 2(m + 1). For example, we have
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100—-1 0 0
010 0 -1 0
AFe2)=1001 o 0 -1
111 1 1 1

Let Hx(83) be the A-hypergeometric system associated to the matrix A(Fgo,m), the
parameter 37 = (1 —¢1,...,1 — ¢, b — a, Z;n:l ¢; —a —b—m) and the independent
variables u1,...,Umy1,U-1,...,U_(m41).- The associated differential operators for wu;
and u_; are denoted by 0; and J_;, respectively. For A = A(F¢,m), its toric ideal
I4 is defined by 14 = {0% — 0¥ | Au = Av,u,v € N(Q)m+2}, which is generated by
8j8_j - 6m+16,(m+1) in C[@l, PN 78m+1; 8_1, ceey 6_»,”_1] (] = 1, e ,m).

The left ideal H (/) is generated by the row vectors of A6, — 3 and I4, where 6, =
(U101, .+« Upt10my1, U—_10_1, . .. ,u,(mﬂ)@,(mﬂ))T. We denote the i-th row vector of
A0 — B by E; — [;.

THEOREM 12 ([3]).  The isomorphism Sol(E¢) ~ Sol(Ha(B)) holds for any param-
eter. In particular, the holonomic rank of Ec = I(m) is equal to 2™.

PrROOF. Let F be a solution of Ec. Following [11], we consider the following
function

_ 67_1 UrU—1 UmU—m
flu) =u, % u” (mH)Hu ( ! ey ) (15)

Um+1U—(m+1) Um41U—(m41)

Let us prove that the function f(u) is a solution of Ha(f3). It is easy to see that (E; —
Bi)-f=0.Putn= um+1u_(m+1) IT%, uijjfl and z; = uu_;/(Um11U—(m41)). We have

0;0_j - f(u) =0; - ((¢c; — 1)nF +nz; Fy)
= (¢ = DnziFy + 1z Fj +nz;z; F;
= 779zj (021‘ +¢— 1) ’ F(Z)v (16)

where F; denotes the partial derivative of F'(z1,...,2y) with respect to the variable z;.
Analogously, we get

Om-4160—(m+1) - fu) = 77<2927 +a> (éﬂzi +b> < F(2). (17)

Put gj = Uju_juml+1u_(m+1)(aja_j — m+18—(m+1))- This is equal to
Um4+1U_— (m+1)9 9,' —Uju— 0m+10—(m+1)~

It follows from (16) and (17) that we have £; - f(u) = 0, which implies that f(u) is a
solution of H4(f). Note that the correspondence from F' to f is an injection among



992 R. HATTORI and N. TAKAYAMA

C-vector spaces of solutions on a simply connected open set.
Conversely, let f be a solution of H4(3). We define new 2m + 2 variables z; by

UjU_j
_ 3 U—j _ -1
zj = s Emtj=uly, J=1...,m, (18)
Um+1U—(m+1)

-1 -1
f2m+l = Upy1s Z2mA2 = U (519

Note that this gives an isomorphism of the complex tori (C*)*™*! = {u} and (C*)?"+! =
{z}. The Euler operator f1,, = u+;0+; can be written as a sum of Euler operators with
respect to z;’s. In fact, we have

’U,jaj = zj(')zj, u_ja_j = zj8zj - Zm+j8

Zmti
m
Um+10m+1 = — Z 20, — Z2M+1622m+17
k=1
m
u,<m+1)6,(m+1) = — Z 20z, — 22m+28227n+2'
k=1

Put f" =n~!'f. The equations (E;—3;)-f = 0 yield 0, - f' = 0 for j = m+1,...,2(m+1).
This implies that f’ depends only on z1, ..., z;,. An analogous calculation with (16) and
(17) yields the equation ¢; - f'(u(z)) = 0. This means that the map F(z) — f(u) is
surjective. Thus, we have proved Sol(E¢) ~ Sol(H(5)).

The correspondence gives the holonomic rank of E¢ by evaluating the degree of I4
[4]. Since {0;0_j — Oms10_(m+1) | J = 1,...,m} is a Grobner basis of 14, the degree
is equal to that of the monomial ideal generated by 0;0_;, j = 1,...,m. This degree is
equal to 2™. O

An application of this isomorphism is the following irreducibility condition of E¢.
We can utilize recent results by Beukers [1] and Schulze and Walther [13] on irreducibility
of A-hypergeometric systems to give a condition of the irreducibility of E¢.

THEOREM 13 ([1], [13]). The system E¢ is irreducible if and only if

;(Zq—a—b—m—}—Zsi(l—ci)—i—emﬂ(b—a)) 7
i=1

i=1
for all combinations of e; € {—1,1}.

ProOF. It follows from the previous theorem that the irreducibility of E¢ is
equivalent to that of Ha(8). In fact, the solution spaces of them are locally isomor-
phic and differential operators with rational function coefficients in z is mapped to
those in w by (18). The primitive integral support functions P;(s) for A(Fg,m) are
(1/2) (Sm+2 + djerSi T 2idy sj), J C [1,m + 1], where s;’s are the dual basis for the

s [11]. Tt follows from [1] or [13] that the irreducibility condition is that P;(3) & Z
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for all J, which is equivalent to the condition in the theorem. O

Finally, we discuss the singular locus of the H4(3) via the correspondence. The
correspondence is not only for the classical solutions as we have seen, but also for some
D-module invariants including the singular locus on the complex torus. In this case, we
utilize our result on the singular locus for F¢ to derive a result on the A-hypergeometric
system.

THEOREM 14.  The singular locus of Ha(B) in the complex torus is given by the

zero set of
UL U_ TR T~
I (1+a ”+---+5m¢i).
eie{-1,1} Um41U—(m+1) Um+1U—(m+1)

Proor. We denote by D3, ., the ring of differential operators on the complex
torus

+ £
(C<Zl o .,22m+278217 cee vaz2m+2>‘

Let I be a left ideal in D3, 5. For a complex number «, we denote by D*z5!, ., the left
C<Zétm+28227n+2>_m0dule (C<zg:m+28227n+2>/<Z2m+28327n+2 — a). The outer tensor product
(D3, 40/1 )D*zgm 1o is defined by the restriction of

*
D2m+3/<l7 Z2m+38z2m+3 — Oé>
to zom+43 — Zam+2 = 0. In other words,

(D§m+2/I)D*ng+2|22m,+2r—>t,322m+2 — 04
~ D;m+1<ti, s, 0y, 5‘5>/((I7 —t0s + s0s — a) + sD;m_H(ti, s, 0, 85>), (19)

where we make replacements

S = Zom+2 — Z2am+3, U= Zam+2,
Zom+202m12 = t0s + 10y,  z2my302my3 = —t0s + s0;
in I. Let u=(0,...,0,1) be the weight vector where 1 stands for the variable s. Then,
b =in(_y,u) (—t0s + 05 — ) = —tds. Since t is invertible, we have D3, (t*,s,0;,05)bN

C[s0s] = (s0s). Therefore, by the restriction algorithm (see, e.g., [10]), we can prove
that (19) is isomorphic to

D31 (85,00 / (I, —t0s + 505 — @) + 8D, 1 (t5,5,0¢,05)) N Di 1 (t5,04)),

of which denominator is called the restriction ideal.
Put 7; = 2;0.,. Let I be the hypergeometric ideal H4(/3) expressed in terms of the
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variable in z; (18), which is generated in D3, , by

m m
Tj(Tj *Tm+j) Zj(ZTj +7-2m+1> <ZTj +Tgm+2), j: 1,...,m
j=1 j=1

and
TmJFj_(]'_Cj)? Jj=1...,m, 7_2m+2_7_2m+1_(b_a), Tom+1 — Q.

Note that 7 (7j—Tim5)—2; Z;”:l Tj+Tom+1) ( Z;n:l 7j-+t05+t9;) is in I under the change
of variables from 29,42, 22m+3 to s,t. Subtracting z; ( Yo+ Tgm+1) ( —t0s + 805 — a)
from it, we conclude that the restriction ideal contains

Ti(Tj — Tmtj) — Zj(ZTj + T2m+1> (ZTj +t0; — a). (20)

We have defined the outer tensor product by D*z§ ., and studied its properties. We
can make analogous discussions for outer tensor products by other variables in 7 and we
conclude from (20) that there exists a left ideal I’ such that

(D3maa/ D[ X]D* ™" = D3, o /T (21)

and I' 2 (I(m), 0., 1,---,0z,,.,). Here, I(m) is the left ideal generated by the Lauri-
cella operators (1) (z;’s are replaced by z;’s respectively).
We denote by Sing™ (M) the singular locus of the left D* module M in the complex

torus. It follows from (21) that

Sing” (D3, /1) = Sing” (D s/ D[]0 ")
= Sing"(D34/I') C Sing" (D" /I(m)). (22)

Since Sing*(D*/I(m)) is irreducible by Proposition 6, the singular locus of the A-
hypergeometric system Sing™(D3,, ,/I) is empty or agrees with Sing™(D*/I(m)). Since
the toric ideal I4 is Cohen-Macaulay when A = A(Fc,m), the singular locus of the
A-hypergeometric system H 4 () does not depend on the parameter § by results in [4],
[12, Section 4.3]. Then, we may suppose that H4(f) is irreducible by Theorem 13. By
[6], the A-hypergeometric system is regular holonomic and the irreducibility implies that
the irreducibility of the monodromy representation. If the singular locus in the complex
torus is empty, then the monodromy representation is reducible. Then, the singular locus
is not empty and then we obtain the conclusion. O
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