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Abstract. We study the long time behavior of solutions of the wave
equation with a variable damping term V(x)u: in the case of critical decay
V(z) > Vo(1 + |z|?)~1/2 (see condition (A) below). The solutions manifest a
new threshold effect with respect to the size of the coefficient Vp: for 1 < Vp <
N the energy decay rate is exactly t~ V0, while for Vo > N the energy decay
rate coincides with the decay rate of the corresponding parabolic problem.

1. Introduction.

We consider the Cauchy problem for the linear wave equation with a critical
potential V(z) in RN (N > 1):

ug(t,2) — Au(t, ) + V(z)u(t,z) =0, (t,z) € (0,00) x RV, (1.1)
u(0,7) = ugp(x), u(0,2) =ui(z), =€ RV, (1.2)

where (ug, u1) are compactly supported initial data in the energy space:

ug € HY(RY), wu; € L*(RY), suppu; C B(Ry) := {x € RY : |z| < Ry},
(i=0,1),

and the potential V € L>®(RY) N C(RYN) satisfies
(A) W +[a) T <V(e) <Vi(L+[2[)712 for Vo, Vi > 0.

Denote X;(0,T) := C([0,T); H (RN)) N C1([0,T); L>(R")) for T € (0, 00].

2010 Mathematics Subject Classification. Primary 35L70; Secondary 35L05, 35B33, 35B40.

Key Words and Phrases. damped wave equation, critical potential, energy decay, finite
speed of propagation, diffusive structure.

The first author was partially supported by Grant-in-Aid for Scientific Research (C)
(No. 22540193), Japan Society for the Promotion of Science.


http://dx.doi.org/10.2969/jmsj/06510183

184 R. IKEHATA, G. TODOROVA and B. YORDANOV

It is well-known that, under the above assumptions on the initial data, problem
(1.1)~(1.2) has a unique solution u € X (0, +00) satisfying

¢
E,(t) +/ V(z)u?(s,z)dxds = E,(0), t>0, (1.3)
0o JRN
where
1
E.(t) = f/ (ui + |Vu|?)dx
2 Jpn

is the total energy of u. Hence E,,(t) is a non-increasing function of t. An important
question is whether the energy decays as t — oo, and if so, what is the decay rate?
The main objective of this paper is to find the exact decay rate of the energy E,(t)
as t — oo.

1.1. Prior results.

In the case of constant potential V(z) = Vo > 0, Matsumura [9] estab-
lished the estimate E,(t) = O(t~™/2?7!) as t — oo by using Fourier analy-
sis. The generalization of this estimate to the case of variable potential V(x)
was far from straightforward and, correspondingly, the initial decay results were
dimension independent. Matsumura [10], Mochizuki-Nakazawa [14] and Ue-
saka [28] discussed the energy decay rate of problem (1.1)—(1.2) in the case
V(z) = V(t,x) > Vo(1 +t + |z|)~!. Their results tell us that E,(t) = O(t™1)
as t — 4o00. Mochizuki [13] observed the hyperbolic structure of equation (1.1)
by showing non-decay results for E,(t) in the case V(¢,x) < Vo(1 + |x|) =17 with
a > 0, i.e., the case of supercritical potential. Rauch-Taylor [22] showed non-decay
results for potentials V (x) with compact support.

Recently, Todorova-Yordanov [26] treated the a-dependent potential V (¢, x)
= Vo(1+]z|)~ with « € [0, 1), i.e., the case of subcritical potential. They derived
almost optimal decay rates of the total energy E,(t). Their results also showed the
diffusive structure of equation (1.1) in the subcritical case. In [26], the condition
a < 1 is essential (see also Ikehata [5]) and the results cannot be applied directly
to the critical case @« = 1. So far the critical case o = 1 has been far from
well-understood.

The nonlinear version of equation (1.1) with the critical potential V (¢, z) =
Vo(1+ |2])~! (e = 1) is considered in Ikehata-Inoue [6]. Let us mention also the
very recent work of Tkehata-Todorova-Yordanov [7] where the critical exponent
problem is studied for the semilinear equation
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Vo

uge(t, ) — Ault, z) + W

w(t,x) = |u(t,x)?, «€][0,1). (1.4)

These authors found that the critical exponent is p. = 1+2/(N —a). Namely, (1.4)
will admit global solutions with small initial data for p > p., while all solutions of
(1.4) with positive in average initial data will blow-up in finite time for 1 < p < p..

The case of t-dependent potentials V (¢, x) = Vo(1+¢) ! is studied extensively
by Wirth [29], [30], [31] (see also [10], [28] and Reissig [23]) using the Fourier
transform method. These results show the following optimal decay for ¢-dependent
potentials:

E,(t) = O@t—™in{Vo2) - ¢ 4o,

Unfortunately, the Fourier transform is not very effective in the case of x-dependent
potentials.

1.2. Main results.

The purpose of this paper is to determine the exact decay rate of E,(t) associ-
ated to the Cauchy problem (1.1)—(1.2) in the case of potentials V() with critical
decay, i.e., condition (A). This case is extremely delicate. The solution manifests
a new threshold effect with respect to the size of coefficient V) in condition (A).
Here is our main result.

THEOREM 1.1.  Let N > 3 and V() satisfy condition (A). For the solution
u of the Cauchy problem (1.1)—(1.2), we have the following:

(1) if1 <Vy <N, then

E.(t)=0@t""), t— +o0, (1.5)
(i) if N < Vp, then

E,(t)=0t"N*), t— 400, (1.6)

for any 6 > 0.

REMARK 1.2. The decay estimates (1.6) for large Vo > N continuously agree
with those in [26] for &« — 1. These results also apply to the exterior mixed
problem for equation (1.1) with potentials V(z) = Vp|z|~!, where the exterior
domain Q C RV satisfies 0 ¢ Q.
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We obtain similar results in low dimensions N = 1,2. Next theorem presents
the estimates in the two-dimensional case. We will discuss the one-dimensional
case later.

THEOREM 1.3. Let N = 2 and V() satisfy condition (A). For the unique
solution u € X1(0,400) to (1.1)~(1.2), one has the following:

(i) in the case when 1 < Vy < 2,
E,(t) =0t %)t — 400, (1.7)

for any 6 >0, and
(ii) in the case when 2 < Vg,

Eu(t) = O(t™2), t— +oo. (1.8)

A recent paper of Nishihara [20] shows that ¢(t,z) = A(1 + t)~(V-1
xe~Vollzl/(41) g the exact solution to the heat equation (see Remark 1.2)

Ve
ﬁ@—mﬁ:o, r€Q, t>0.

One can easily check that
et )P = Vot )P = O(™™), ¢ — +oo.

If we compare this result with the decay results in Theorem 1.1 for large Vo > N,
we can say that equation (1.1) has a diffusive structure as ¢ — 4+o00. When the
coefficient Vj in condition (A) is less than the threshold N, namely 1 < Vj < N,
the diffusive structure of equation (1.1) is destroyed and the exact energy decay is
t=%0 (see (1.5) together with Theorem 1.6).

The proof of Theorem 1.1 relies on three different ideas. First we observe
that equation (1.1) is approximately invariant under scaling (¢,z) — (A, Az) at
large |z|. This points towards solutions with power-type asymptotic behavior and
suggests L? estimates with powers of |x| as weights along the lines of Todorova-
Yordanov [26]. The diffusive structure of equation (1.1) with large Vj > 1 is
the second key observation used as follows: for large Vj, the estimate E,(t) <
C(1 +t)~4 implies E,,(t) < C(1 +¢)~%2. Namely, the gain in the decay rate
from the first-order energy E,(t) to the second-order energy F,, (t) is t~2. Such a
gain is much stronger than the one found by Nakao [16]. The relationship between
energies of different orders is studied in Radu-Todorova-Yordanov [21] for equation
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(1.1) with subcritical potentials V(z) ~ V(1 + |z|)™%, a < 1. We note that the
condition Vy > 1 is not needed in order to reach a t~2 gain in the decay rate
when the potential is subcritical. Here we are able to show the same gain in the
decay rates from E,(t) to E,,(t) when the potential V(z) is critical. A similar
phenomenon is observed for the heat equation

0w —Av =0, v(0,z)=f(z).
In fact, the following L? — L? decay estimates are well known:

[0FVo(t,)||* < Cpt=NA/a=1/2=2k=1) g2

2 _ _ _ _
|0F 1V (t, || < Cppat™NA/a/ =204 D=1 g2

for all £ > 1 and k£ > 0. Thus, each t-derivative increases the energy decay by
t=2. The third important idea comes from Morawetz [15] (see also its modified
version in Ikehata [4] for N = 2). In the case N > 3 we introduce the auxiliary
function

x(t,z) = /0 u(s,x)ds + h(x),

where u(t, z) is the solution of problem (1.1)—(1.2). The correction h(x) is the
unique solution of the Poisson equation

Ah =V (x)ug + u,

which decays fast at infinity (see (2.1) below). Further we derive (see Proposition
2.2 below) that the energy of this auxiliary function x has the following decay rate

Ey(t) =0t N7Y), t— +oo,

for large Vp. Since E,(t) = E,,(t), the energy of  is actually the second energy of
X. Using the gain ¢t=2 in the decay rate from the first energy E, (¢) to the second
energy F,,(t) = E,(t), we finally derive that E,(t) = O(t=") for V; > N.

If we impose convenient restrictions on the initial data we can get faster
decay rates for the energy of (1.1)-(1.2). We state these results only in the one-
dimensional case.
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THEOREM 1.4. Let N =1 and assume condition (A) on V(). If the initial
data [ug,u;] € HY(R) x L?(R) further satisfy

(1) /R (V(@)uo () + ua (2))dz = 0,

then the unique solution u € X1(0,+00) to (1.1)—(1.2) satisfies

(1) in the case 2 < Vj,
E,(t)=0(t?), (t— +00), (1.9)

and
(ii) in the case 2 > Vo > 1,

Eu(t) =0t~ "0%) ¢ — 400, (1.10)

for any small 6 > 0.

The decay rate in the case 1 > V5 > 0 is already known from Matsumura [10],
Mochizuki-Nakazawa [14], Uesaka [28].

PROPOSITION 1.5.  Let N > 1 and V(x) satisfy condition (A). For the solu-
tion u € X1(0,+00) to (1.1)—(1.2) we have

(i) in the case 1 < Vj,
E,(t)=0@t""), t— 4oo, (1.11)

and
(ii) in the case 0 < Vo < 1,

B, (t) =0t~ t — 400, (1.12)

for any small n > 0.

Finally, we can address the question about the exactness of decay rates in
Theorem 1.1. When 0 < Vy < N, these rates are actually exact, since the next
theorem shows that the energy cannot decay faster than ¢t=0.

THEOREM 1.6. Let V € C(RY) be radial, and V (z) ~ Vo/|z| as |x| — +o0.
Then there exist non-trivial initial data [ug,u1] € HY(RN) x L?(R"N) such that
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the solution u € X1(0,+00) to problem (1.1)—(1.2) satisfies
E,t)>Ct™, t>1, (1.13)

with some constant C > 0.

REMARK 1.7.  For large Vj > N, the decay estimate (1.6) coincides with the
decay estimate of the corresponding parabolic problem (up to small losses § > 0).
Therefore, based on this heuristic argument, we expect that the decay rate in (1.6)
is almost exact even for large V) > N.

We conclude with a few standard definitions and notations used throughout
this paper.

)= [ v, pae HEY)
1/2
ol ={ [ okasf . pe @),

N 1/2
() == 1+ z|?, |z|:= (fo) , x:=(21,79,...,2x5) € RV,

i=1
f e BC*(RY) iff f € C*(RN) and |f],|Vf],
and |02 f /dx;0x;| are bounded on RY.

The paper is organized as follows. In section 2 we prove Theorem 1.1 by
dividing the proof into several lemmas. Sections 3 and 4 are devoted to the proofs
of Theorem 1.3 and Theorem 1.4, respectively. In section 5 we address the question
about the optimality of decay rates. We present several weighted L? — L? estimates
for the auxiliary elliptic problem in the Appendix.

2. High-dimensional case N > 3.

First we shall consider the Poisson equation with a restriction on the behavior
at infinity:

{AH(m) = f(x), z € RY, 21)

H(x) = O(Ja]~™=2)), Ja| — +oo.

It is well-known [12] that the unique solution H € H2 (R") to problem (2.1) is
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given by the Newton potential

H(z) = y|~ N f(y)dy,

—1
=257 ] /R =

where | SNV ~!] is the area of the (N — 1)-dimensional unit sphere, provided that
f € L3(RY) and f(z) = 0 for |z| > Ry > 0. In this case, one can show the
following weighted L2 — L? estimates.

LEMMA 2.1. Let N > 3. Assume that f € L>(R"™) has a compact support
supp f C B(Ry). Then the (unique) solution H € HZ (RYN) of the problem (2.1)
satisfies the following estimates

(1) If N—2>s>0, then

s 2 AN —2+5s) 2V T2 ()2 d
| @ vH@Pa < TSRS e s

(2) If N —2>s>0, then

252 H ()2 d 16(N —2+5s) 2V T2F ()2 d
[ ot < it [ @) e,

In the Appendix we present the proof of Lemma 2.1.

Now we introduce the auxiliary function

x(t, ) ::/0 u(s,x)ds + h(x), (2.2)

where u is the solution to (1.1)—(1.2) and the perturbation h(z) is the unique
smooth solution to the Poisson problem (2.1) with f(z) := V(x)ug(x) + ui(x).
The function h(z) is smoother than the data ug(z) and u;(z), but h(z) does not
decay sufficiently fast as |x| — 4o00. In fact, since h(x) is a solution of (2.1), we
have h(z) = O(|z|~™N=2) and |Vh(z)| = O(|z|~ ™ ~V) as |2| — +oo for smooth
initial data. Lemma 2.1 implies the same behavior in L? sense. The decay of h(x)
transfers to decay of x(z) through definition (2.2) and the finite propagation speed
(FSP) of problem (1.1)—(1.2):

x(t.2)| = O(je|~™=2), |[Vx(t.2)| = Ol =), ] — 400, (2.3)

for sufficiently smooth ug(z) and u;(x). It is easy to see that the auxiliary function
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x(t, ) is a solution of the following Cauchy problem:

Xet(t, ) — Ax(t,z) + V(2)xe(t,z) =0,  (¢,z) € (0,00) X RY, (2.4)
x(0,2) = h(z), x+(0,2) =up(z), z¢€ RY. (2.5)

Clearly x(t, x) is smoother than u(t, 2) and has both first and second order energy.
Moreover the second energy E,,(t) = E,(t). The only shortcoming of x(t, ) is
that it does not decay fast enough as |x| — oo. This leads to some problems which
will be overcome in the sequel.

We start with the following Proposition.

PROPOSITION 2.2. Let N >3 and Vo > N — 2. Then it follows that
E\(t) = 0@t~ N 7270) t — oo,
for any 6 > 0.
The idea to proceed further comes from [26]. Indeed, we set
v(t,x) == x(t, 2)w(x) !, (2.6)

where w(x) = ()™ with m € R to be chosen in the sequel. Then it can be
shown as in [26] that v(t, z) satisfies the following equation

v —Av+V (2)v—2(w ' Vw)-Votw ™ (—=Aw)v = 0,  (t,2) € (0,00)xRN. (2.7)

Furthermore, we set

where k > 0 is another parameter to be chosen in the sequel. As in [26, Proposition
2.1] we multiply equation (2.7) by wiv; +wv and integrate by parts over RV to
derive the following weigthed energy identity.

LEMMA 2.3. Let N >3 and m < N — 2. Then

%E(vt, Vu,v)(t) + F(vt, Vo, v)(t) = 0, (2.8)

where the weighted energy
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E(vy, Vo, v)(t)

1

= 5/RN [w1 (v + [Vo|*) 4 2woew + (W™ wi (—Aw) + V(z)w)v?|dz  (2.9)

and

F (v, Vo, v)(t) = /RN(le —w)vfdx—k/

Vg <Vw1 — 2w1Vw> -Vvdzx
RN w

+/ w|Vv|2dxf}/ (Aw)v?dz. (2.10)
RN 2 RN

OUTLINE OF PROOF. Here we calculate only the integrals coming from the
integration by parts whose convergence is not evident. Let us assume that ug and
uy are smooth. Using the decay (2.3) of the auxiliary function y and the Gauss
divergence theorem on B(p) with a large p > 1 we obtain

V- (w(z)v(t, x)Vo(t, z))de = V- (xi(t, x)Vo(t, z))dz
B(p) B(p)

— [ V-t 2)Volt,2))de = / u(t, 0)Vo(t, o) -n(o)do =0, p> 1,
B(p) lo|=p

/ V- (w(z)v(t,x)Vou(t,x))de = / V- (x(t,)Vu(t,x))dx
B(p)

B(p)

—/ll_ x(t,0)Vou(t,o) - n(o)do
= /| - h(o)(w—1Vh(a) — w—2h(g)vw) -n(o)do = O(pm—(N—Q)% = 400,
and

/ V- (Vuw(z)v(t,z)?)de = / Vw(o) - n(o)v(t,o)*do
B(p)

lo|=p
= / w™2Vw(o) - n(o)h(o)?de = O(p™ V), p— +oo.
lo|=p
In the above we used the FSP of solutions u(t, x) to problem (1.1)—(1.2) and the

decay (2.3) of h(z) and |Vh(z)| as || — +oo. The proof for general uy and u;
follows from the above proof and standard approximation argument. 0
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We will prove that the weighted energy FE(v:, Vv, v)(t) is a non-increasing
function of ¢ for conveniently chosen weights. The parameters m and k in the
weights w(z) and w; (z) will be chosen so that the following conditions will hold:

1. The initial weighted energy FE(v:, Vo,v)(0) is finite (see the restriction on m
coming from Lemma 2.4).
2. The inequality F'(v¢, Vv,v)(t) > 0 holds (see Lemma 2.6 below).

These together with Lemma 2.3 give us that the weighted energy E(v:, Vv, v)(t)
is a non-increasing function of ¢.
The next result finds the restriction on m which assures that Ey < oc.

LEMMA 2.4.  The initial weighted energy

E(vr, Vo, 0)(0) = Eo

is finite, provided N — 3 >m > —1.

PROOF. From the definition of v, it is easy to estimate
Bo<C [ (o) (fuo(a)? + [Vh(a) o
+C [ o h@)Pde+C [ @) o)l o)
RN RN
Applying Holder inequality, we get

/ ()™ () o ()|
RN

( /R N<x>m‘1|h(x)|2dx)1/2< /R i <x>m+1|u0(x)|2dx>1/2

< % /RN (@)™ | () Pdz + % /RN (@)™ ug (z)|*da.

IA

It is clear that Ey < 400 holds if

Iip: / )" Vh(2) | da,
R

N

:/ m 1|h |2d$
RN
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are finite, since

Ebf;c(th+zzh+p/ cmm+wuaxn%m),
RN

with some generous constant C' > 0. Applying Lemma 2.1 with s = m + 1 and
using that N —2 > m + 1 > 0, we get the following bounds:

4N+m—1) m 9
Iy < N —m 32 /RN ()™ T3 (V (@) uo () + ui (2))2dz < +oo, (2.11)
16(N +m —1) m
LS NN —m 3 /RN (@)™ 3V (2)uo(x) + ua(2))*dx < +o0. (2.12)

Thus, we have
Bo < OV, Vi) [ o)™ fuo(a)| + s (@) < o,
RN

with another constant C = C'(N,m, k, V1) > 0 provided that N —3 >m > —1. O

Throughout the rest of this section, we consider the case V5 > 1 in condition
(A). Our next goal is to find admissible values of m and k for the weights w(z)
and wy (z). We prove some auxiliary estimates which lead to the non-negativity of
F (v, Vo,v)(t) in (2.10). The first three terms there form a quadratic form which
is non-negative in all cases. However, the last term in (2.10), involving Aw as a
weight, has a sign only when N > 4. When N = 3, Aw changes sign at small
|z|. This fact requires a more delicate inequality in the case N = 3 and leads to
different choices for k in the two cases N > 4 and N = 3.

LEMMA 2.5. Let N >3, Vy > 1 and m = min{N — 3,Vy — 1} — &, where 0
s a small positive number.

Case 1: If N > 4, there are numbers kx > 0 such that for all k € [k_, k] the
following estimates hold:

(1)
Aw <0, (2.13)

(ii)
(2.14)
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Case 2: If N = 3, there are numbers kL > 0 such that for all k € [k_, k4] the
following estimate holds with small 6 > 0 :

Vuw|?

(4 = Vo)w(V(zx)w, —w) > ‘le — 2w —— (2.15)
Proor.
Case 1 (i): Set r = |z|. We calculate
2y—1—(m/2) r?
In order to get Aw < 0, it suffices to have
2
2 < N. 2.1
1+ r2( +m) < (2.16)
Inequality (2.16) holds, since
m< N —2. (2.17)
Case 1 (ii): Simple computations show that
dw(V(x)wy — w) > 4{x) 2" (Vok — 1) (2.18)
and
Vw |? 2 2,2 2\ —(m+1)
lewilj =k (1+m)r(1+r°) . (2.19)

Based on the above inequalities (2.18) and (2.19), condition (2.14) follows from

,,,2

k2(1+m)?. (2:20)

4(Vok—1) = 7

+r?
This can be verified using the relations

r2

- +T2k2(1 +m)? <E*(14m)? < 4(Vok — 1),
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and

(1+m)?k? — 4Vok +4 <0. (2.21)

If we set

WV £2VE — (m+1)?

k
* (m+1)2

>0,

then (2.21) and (2.20) hold for all k € [k_, ky]. At this step it suffices to take any
m<Vy—1. (2.22)

Case 2: Using the same arguments as in Case 1 (ii), we need to show that
2

kM) S K14 m)? < (4= V) (Vok — 1),

(1—0)%k* — (4 — Vo)Vok + (4 — V3) <. (2.23)

Here we set

(4 - Vo)V + /(4 - VB)VE —4(4 — VB)(1 - 6)?
(10

ki = > 0.

Then estimate (2.23) holds with a small § > 0 for all k¥ € [k_,k;]. Of course
we need the expression under the square root to be positive, i.e. (4 — V)V >
4(1 — 6)? for small § > 0. This property is a consequence of

(1-9)
1—5

Vo >2 (2.24)

The above inequality holds for small § > 0 since
1-96
i 2209 1 Vs 1.

5—+0 1/47\/5

The proof of (2.15) is completed. O
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Let us now choose the parameters m and k in the weights w(z) and w; (z):
m=min{N —3,Vp —1} — 4§ (2.25)

and

Bty N >4,

ke — (2.26)
U=VOVot/(I=VD2V2—4(4=VE)(1-6)2 5

2(1-06)2 ) =%

where 0 is a small positive number that may be decreased in the sequel. We use
these definitions of m and k in the proof of next Lemmas.

LEMMA 2.6. For m and k chosen above, the functional

F(vg, Vo, v)(t) = /RN(Vw1 —w)vfder/

Vg (Vw1 — 2w1vw) -Voudz
RN w

+/ w|Vv\2dzfl/ (Aw)v?dx (2.27)
RN 2 RN

is nonnegative at all t > 0.

PrOOF.

Case 1: N > 4. The nonnegativity of F(v, Vo, v)(t) is a trivial consequence
from estimates (2.13) and (2.14).

Case 2: N = 3. The proof is more involved. We can not rely anymore on the
sign of Aw. Instead we apply a combination of the weighted Hardy inequality and
estimate (2.15) to close the circle. Simple calculation shows that

Aw(z)v(t, r)*dx < 36 ()~ 20(t, z)2dz.
RN RN
On the other hand, by Hardy’s inequality (cf. [2, Lemma 1.21]) we have
/ (2)°"20(t,z)%dx < 4/ (2)°|Vu(t, z)|?d.
RN RN

Respectively, we get
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Aw(z)v(t,z)?de < 126 (x)°|Vu(t, 2)|*de.
RN RN

This gives the lower bound

\Y%
F(v, Vo, v)(t) > / vy <Vw1 — 2wy uju> - Voudz
N

o (Vw, — w)vide + /

R

+(1— 65)/ w|Vo|*d. (2.28)
RN

By Holder inequality we also have

V|2
- +g\Vv|2w,

\% 1
—V (le — 2w1w) -V < —v? Vw, — 2w —
w 2ew w

where € > 0 will be chosen later. Using (2.28) and Lemma 2.5 with a small § > 0,
we get a better lower bound:

2

v? Vuw
F(t,v, Vo,v)(t) > —t_\Vuw; — 2w —| dx
U el
1 Vw|? 9
_/RN 72610@) Vun —2w1—w vydx

+ <1 66— ;) /RN w(@)|Volt, z) 2de.

Thus,
Pt v, Vo, 0)(t) > ([ — 1 / % |G 2w Y[ 4
vg, VU, v - — wy — 2wy —| dx
s Uty ) = 4_\/3 % RN w(x) 1 1 w
+ (1 - 65) / w(@)|Vo(t, z)|*dz (2.29)
2 RN
is non-negative whenever ¢ > 0 and § > 0 are such that
1 1 €
_— d (1—-=-66 . 2.
= 25>Oan ( 5 6>>0 (2.30)

The above inequalities are equivalent to
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2—§<5<2—125. (2.31)

This completes the proof since the relation

Vo

0<2- 5 <2-12 (2.32)

is satisfied for sufficiently small § > 0. d

The above lemma and the weighted energy inequality (2.8), integrated over
[0, ¢], imply

E (v, Vu,v)(t) < E(vy, Vv, v)(0) = Ey. (2.33)

Hence the weighted energy of v is a non-increasing function of t. Now we are in
position to get an important weighted estimate for x.

LEMMA 2.7. Let x be defined in (2.2). The following estimate holds for
Vo>N-2:

/ ()™ (x? + |Vx|?)dz + Vo/ ()™ \2dx < CE,.
RN RN

PrROOF. First we prove the two auxiliary estimates (2.34) and (2.36).
Case 1: N > 4. By means of Case 1 (i) in Lemma 2.5 and (2.17), we have

/ [k(z)' =™ (v} + [Vol?) 4+ 2(z) "0 + Vo(z) ™ "0?]da < 2E,.
RN

Since

3 4
~2le) o < GVonla) "+ et

one also has

/ k— 4 ()72 + k(x) T Vo2 + (Vo — Kol (x)"™ 1? | da < 2E.
. 3V, 4

We take k and m from definitions (2.25) and (2.26), respectively, with a small
0 > 0. Thus we get the inequality
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2 1-m, 2 2 1-m 2 Vo —1-m, 2
— — — < CE 2.34
/RN {3‘/6 () "My + i () =™Vl + 1 (x) v?odr < CEy,  (2.34)

with some constant C' > 0. Here, we used the fact that

2
k> —. 2.35
> & (235)
Indeed,
2Vo 2
k> —m > —.
“(m+1)2 "W

Case 2: N = 3. Applying similar arguments, we can prove that

[ A gt sse oo mo+ (-5 ) o002 ba < OB (236)
RN 0 0

Let us give some details. Set

1

I = /RN w1 (2)|Vo(t, 2)2dz — %/RN w(@) " wy (@) Aw(@)o(t, 7)2ds

and take a small § > 0. It follows from simple computations that

I(t) > f/RN<$>1+5\Vv(t,x)|2dx— ?)QM/RN<95>5_1v(t,$)2dx.

Now the definition of E(v, Vv, v)(t) implies

2E (v, Vo, v)(t) = k/

(2)F0v2da + 2J () + 2/
RN

wvtvder/ V (x)wvida
RN RN

> k/ (x)1+6(vf+|Vv|2)dx+2/ wogvdx
RN RN

+ (Vo — 3k5)/ (z) "% d.
RN

One has the desired estimate using the fact that

k>(4f\/5)V0237
Vo

> At (2.37)
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for § > 0 small enough. Notice that condition (2.37) is weaker than (2.24) since
Vo > 1.

We can now complete the proof of Lemma 2.7 relying on estimates (2.34) and
(2.36). The elementary inequality

1 2 L 2
JE— < — s > 0 R
T —Zle <If -9l (e>0)
together with the definition of v(t,x) leads to

Vo2 = Jw™ ' Vyx — w2 xVuw|?

1
> 1 +€w_2|Vx|2 - gw_4x2|Vw|2, (e >0). (2.38)

Thus, from (2.34) and (2.38) we get

2 \%
2Ey > — () "m0 Ay de + i/ (x) "1 mw 2y dr
3Vo Jr~ 4 Jpw~

2 1—-m 1 —2 2 1 4 o 2
+ v /RN<x> {1+6w Vx| _wTX [Vw|* pdx
2

> 2 1-m, —2 2d

2 _ _
(1+€)V0 /RN<x>1 Moy 2|VX|2d$

+ /RN {‘Z)@)_l_mw_Q — Vigw_4|Vw|2<x)1_m}X2dx.

Since w = (z)~™, one has Vw = —m(x) "™ 2z, so that we see

2Ey > —/ ()™ 2 da + (x)™ TV |2de

2
RN (1+€)Vb /RN

B B e b

m+1,.2 2 Vo m—1 2m? m—1 1.2
o [ @ 1 vde v [ [y 2 ymea L2,
RN RN 4 5‘/0
e / (@)™ (¢ + [Vx[2)de + Cy / Vo)™ 1\, (2.39)
RN RN

where € > 0 is a large number defined by
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VO 2m2
ik (2.40)

and in that case we have just set

2 2 11 2m?
Ci=mind >, =\ g2t L
1 mln{3V07<1+€)%}a 2 2{4 E‘/OQ}

This implies the desired estimate. O

Next we show that the weights (z)™ and " are equivalent. We begin with
the following simple identity.

LEMMA 2.8. Let N > 3. Then x satisfies

d 1
o (2 92+ W VW2 Jas
RN

1
+ [ {eve - wen + wama - jamy b o
RN
where W € BC?(RY) is a function satisfying

VW ()] = O(||72), 2] — +oo.

PROOF. Multiplying both sides of (2.4) by x¢ + 1/2W(z)x, applying the
divergence theorem and rearranging the terms, we get

O+ IV xoW)do - [

CWdx + 2/ V(z)xidz
RN

%R RN

1d
+ / (VW - Vx)xdz —|-/ W|Vx|?dx + = — VWyide =0. (2.41)
RN RN 2dt Jp~

In the above we use (Ax)Wy = V- (WxVx) — (VW - Vx)x — W|Vx|?. Based on
the decay property (2.3) of x, the boundary integral vanishes for large |z|

| VR )| = 0, o

It is easy to see that
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1 2 1 2
(VW-Vx)x = 5V - (VW) = Sx"AW,

and the boundary integral also vanishes based on (2.3)

V- (x(t,2)?VW (2))dz| = O(p' "), p— +o0.

‘ B(p)
This completes the proof. O

The key results for transferring decay estimates at large |x| into decay esti-
mates at large t are the following two lemmas.

LEMMA 2.9. Let N > 3. Then there exists a constant C > 0 depending only
on Vo and the Hardy-Sobolev constant such that one has

+oo
[ @ s+ Dxso)P)dnds <€ [ Gat.a)? + 19x0) Py
RN

fort>0.

PROOF. Set

1
6= [ (I + W+ v Jaa
RN

Choose

Then, it follows from Lemma 2.8 that

T
[ {(2v S W)NE + W2 ;(AW)XQ}dxds — G,
t JRN
0<t<T. (242)

Since

and
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Vo _32 N + (N = 3)|z[?

~AW(z) = —(1 2 0,
() = 21+ |af?) TR
we see that
4 3 —-1.2 Vo -1 2
G(T) +/ / <2V0<;1c> X; + 7(9[;) Vx| )dxds < G(b). (2.43)
t JRN
From
1 1
Wxax] € 3 + W22 < D2 4 W2, (2.44)
2n 2n
with n = 3/2, it follows that
1 1
G(t) > / <4x? + V2 + 6VWX2) dx > 0. (2.45)
RN

Furthermore, by using (2.44) with 7 = 1 one has

3
G(t) S/ <2><? +|Vx[? +WVx2>dw
RN

3 2 2 / X’
< = \% d C ———=d
= 2/1.3N(Xt +| X| ) T+ 0 RN 1+|x‘2 T,

where we have also used that

o
< ——
VW) < i

with some constant Cy > 0. Applying the Hardy-Sobolev inequality (N > 3) one
has

G) < §/ (¢ + |[Vx[H)dx + C'/ |Vx|2de. (2.46)
2 RN RN

Therefore, (2.43), (2.45) and (2.46) imply

T
[ ] @ried s vatdsds <o [ o+ 9P,
t JRN RN
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which is the desired inequality. O

LEMMA 2 10 Let N > 3. The following relations hold.
(a) lim E,(

t——+oo

(b) <%/%m/ o5, )2 + [Vx(s, 2)|?)deds.

ProOOF. First, from the Holder inequality with exponents (m + 2) and
((m+2)/(m+ 1)) we gt

1/(m+2)
0 <o [ @miod 4 va)
RN

. , (m+1)/(m+2)
x ( [ o+ vy >dx) .
RN

By using Lemma 2.7 we have

(m+1)/(m~+2)
B < CCEP ([ 00 4 9 xar ) .

On the other hand, it follows from Lemma 2.9 with ¢t = 0 that

[ ] e s <o [ g+ ad <+

This shows

1mm/<mﬂﬁﬂwﬁmzu
RN

t——+oo

Thus, the dissipation of the energy E, (t) leads to

(me+1)/(m+2)
oo

lim E,(t) < C’Eé/(m+2){liminf/ ()7 (G + |Vx|*)dx
RN

t——+o0 t——+o00

which implies (a). Note that m +1 > 0.
Once we have obtained (a), the proof of (b) follows from (2.4) (see (1.3))
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B0+ [ [ Venddeds =50,

for 0 < ¢ < T. Letting T — +oco (a) and the assumption (A) on the potential
V(z) lead to

—+o0
E\(t) < V1/ / <x>_1xfdacds
t RN
+oo
< [ @)+ 9 dads,
t RN

which proves (b). O

Under these preparations we can prove Proposition 2.2 based on Lemmas 2.7,
2.9 and 2.10.

PrROOF OF PROPOSITION 2.2. Let N > 3 and and m is as in Lemma 2.5,
namely

m=min{N —3,V5 —1} -4

with small § > 0. First, as in the proof of Lemma 2.10 from the Holder inequality
we get

1/(m+2)
B <o [ @miod s vi)
RN

) (m+1)/(m+2)

)

< ([ @m0+ v
RN
where both exponents (m +2) and ((m +2)/(m+ 1)) > 1 are greater than 1. Set

+oo
I(t) = / /R (@)7N0G + V) dads.

Then, it follows from Lemmas 2.7 and 2.9 that

(m+1)/(m+2)
) L (2an)

10 < om0 < sy ([ @070+ 9aPia
RN
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where the constant C' > 0 depends on Vp, Vi, N, m, k. Since

_4
dt

10)= [ @76 +19x)e >

we can rewrite (2.47) in terms of I(¢) and get
I(t) < CEé/(m+2)(—I’(t))(m+1)/(m+2). (2.48)
The estimate (2.48) implies the differential inequality:
Eoo - I'(t) < —CI(t)+2/m+1) - 1(0) < 400,

where (see the proof of Lemma 2.7)

1/(m+1)
0 < Ey := {/ ()™ 3 (Jug (z)] + |u1(x)|)2dx} < 4o00.
RN
By solving this inequality we get the estimate:
I(t) <CEptt =™t

The Proposition 2.2 follows from the above estimate and Lemma 2.10. O

Based on Proposition 2.2, we can prove (ii) of Theorem 1.1. The proof of this
part manifests the parabolic asymptotic profile of the equation (1.1) with large V4.
For this we shall prepare the following Proposition. This proposition is derived
by slightly modifying the result obtained by Radu-Todorova-Yordanov [21] which
has been derived in the case of subcritical potential V(z) ~ Vy(1 + |z|)~® with
a€[0,1).

PROPOSITION 2.11. Let N > 3 and Vo > p+ 2 (u > —1). There exist
constants Cip (i = 0,1), such that

t t
/(R+s)“+1Eu(s)ds§Coo+Clo/ (R + 5)" "B, (s)ds,
0 0

where u € X1(0,+00) is the weak solution of (1.1)—(1.2), x = x(t, x) is the function
defined by (2.2), and R > 0 is a large number satisfying R > Ry + 1.
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Let us postpone the proof for a while and go back to the proof of Theorem
1.1 (ii).

PROOF OF THEOREM 1.1 (ii) [in the case Vo > NJ]. Since Vj > N — 2, we
use Proposition 2.2 to obtain

E(t) < C(1+1t)~N=279),

Then by Proposition 2.11 we have
t t
/ (R + 8"+ By (s)ds < Co + cl,R/ (14 8)=1(1 4 5)~(V=2-9) g
0 0

¢
<Co+ Cl,R/ (1 + s)n~NH1+ogs
0

1

< e
_CO+01’RN727;175’

where p is such that
“l<pu<N-=-2-4, p+2<V. (2.49)

Thus, the energy of u satisfies

t
/ (R+ s)" T Ey(s)ds < Co + C1,r,N,Ves
0

with some generous constant C g n,v, > 0. From the monotonicity of the energy
E,(t), we get

¢
/ (R+ s)"Ttds - B,(t) < Co+ C1.r.N v,
0

Thus we have

(R+t)+? RHF2

E,(t) <Cy+C —F,(0
2 (1) < Co + 1,R,N,V0+M+2 .« (0)

which implies

E,(t) =0t~ t — 4oo.
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Since Vy > N, it will be enough to choose = N — 2 — 2. Resetting § := 20, we
have the decay estimate in Theorem 1.1 (ii). O

Next we prove Theorem 1.1 (i) in the case 1 < Vp < N. The proof is divided
into two parts:
(Step 1): The case N —1 < Vj < N,
(Step 2): The case 1 <V < N — 1.

PROOF OF (STEP 1). Let v(t,z) = u(t,z)w(z)”! in (2.6), where u €
X1(0,400) is the solution to the original problem (1.1)-(1.2) and the weights
are again

w(@) = (2)™",  wi(@) = k{z)' ™.

Compared with (¢, x), the solution u(t,z) can stand much higher powers m. The
restriction on the weights for x (m < N — 3 ) comes from the slow decay of x as
|z| — oo (see Lemmas 2.3 and 2.4). For u the FSP applies. Therefore, we can
afford much stronger weights and get a weighted energy identity for u similar to
(2.8) without the condition m < N — 2.

Taking m := Vy —1 (see (2.22)) and k := ky = 2/V; (see (2.35)) we can show,
as in Lemma 2.6, that the first three terms of F(v, Vo, v)(¢) form a nonnegative-
definite quadratic form

/ (Vw, — w)vide —I—/ vy (le - 2w1Vw) - Vodx —I—/ w|Vv|?dz > 0.
RN RN w RN

Since we can not rely anymore on the positivity of the Laplacian term we rewrite
(2.8) as

%E(vt,Vv,v)(t) < % /R (D))ot z)dd. (2.50)

After integrating (2.50) over [0,t] we get

1 t
E(vs, Vo,v)(t) < Eg+ = sup / Aw(z)v(t, z)?dzdt =: Ej.
o JRN

0<t<+o0

We will prove in the sequel the following boundedness

t
sup / Aw(z)v(t, z)?dedt < 400, (2.51)
0 JRN

0<t<+o0
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which leads to Ej < oo. By using the representation formula (2.9) for
E(v, Vo, v)(t) we get

1
= / (w1 (v} + |Vo|?) + 2wvw + V(z)wo?]da
2 RN

1
< - sup / wlwy (Aw)ide + B =: B3
26 .

<t<+oo

We will prove also that E§* < 400 which corresponds to Lemma 2.7 in the case
N —1 < Vy < N with x(¢,z) replaced by u(t,x). Further, by using the same
arguments as in the proofs of Lemmas 2.7, 2.8, 2.9, 2.10 and Proposition 2.2 with
x(t, x) replaced by u(t,z) we can derive

L,(t) ::/ / ()" (uf + |Vul|?)deds
t RN
< C(ES*)I/(m+2)(7L/L (t))(m+1)/(m+2)’
so that (see (2.48))
E,(t) < ct=(m+h) — ¢y=Vo, (2.52)

Let us now prove (2.51) and

sup / w™ wy (Aw)vide < +oo. (2.53)
0<t<+oo JRN

Indeed, we have
t
/ Aw(z)v(t,z) dedt
0 RN
' —m—2 r2 o
+o00
<Vo-D(Vo+1- N)/ / (2)Vo 32 dadt =: (Vo — 1)(Vo + 1 — N) .
0 RN

At this stage we impose the assumptions Vy > N — 1. To estimate Ij, we use the
FSP of the solution u(t,z) and get
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C H—2
gv/ / 2)2(1+ |2 2dadt, (Vo> N —1>2)
< vg/ / V=2V (2)u(t, z)?dedt (14 Ry < R)

C o0o—
= 7/ / Vo2V (2) xe (8, ) dadt.

In the above

x(t,z) = /0 u(s,x)ds + h(x),

where h(z) is the unique solution of the Poisson problem (2.1) with f(x) =
V(x)uo(x) 4+ uq(z). Thus we have

2

-1 2 m—1 r 2
/RNw wy (Aw)v de = km (x) {(2+m)1+T2—N}u dx

RN

< — (VE) -H(Vo+1- N)/ (x)V02u2dx
Vo RN

| /\

(V0 -1)(Vo+1—-N) / (1 + |z[)V° "2’ da
‘/O RN

<= (\/0—1)(V0+1—N)/ (14 Ry + 1)V ?u?dx
Vo RN

< 7(‘/0 = D(Vo+ 1= N)(R+ )" |lu(t, )|
0

< Co(Vo, N)(R+ 1)V 2E, () < Co(Vo, N)(R +t)V0 N+,

where R > Rg + 1, xt = u and the FSP are just used. In the last statement we
apply the decay rate of E, (),

E(t) < C(R4t)~ V=279, (2.54)
which has been already derived in Proposition 2.2. Then choosing § > 0 such that

N — Vh > § > 0 completes the proof of (2.53).
Further, from the equation (2.4) for y we can derive the energy identity
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d

Ex(t) + /RN V(x)xidz =0, (2.55)

and correspondingly the following weighted identity

t=t

[(R+6)"2E(0)],,

+Gt)= (Vo —2) /t(R + )03 B, (t)dt,

where

G(t) == /Ot /RN(R—i—t)VO*QV(x)dexdt.

This can be rewritten as
t
(R OB, () + G1) < BB 0) + (1 —2) [ (R4 0B (0.

(recall that N > 3). Note that F, (0) depends on the function h(z). From Lemma
2.1 one can easily check that E, (0) < +oo. By using the decay rate (2.54) of
E, (t) and the choice for §, namely N — Vi — ¢ > 0, we have

(R+1)V2E,(t) + G(t) < C+C(A+ )N (N > 3). (2.56)
Estimate (2.56) leads to

lim G(t) < +o0,

t—+o00
so that Iy < 4o00. This completes the proof of Step 1. g

PROOF OF (STEP 2) [in the case 1 <V < N —1]. The proof is a slight
modification of the proof of Proposition 2.2. In this part, we do not use the
function (¢, x) (see (2.2)) at all. Instead we directly use the solution u(t,z) to
the original problem (1.1)—(1.2), i.e., we set

v(t,x) = u(t, z)w(z) ™

in (2.6), where again
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We choose m =V, — 1 and

2 _ 2
k:k+:2V°+2‘/% (m+1? _ 2 (257)

(m +1)2 Vo

Then we can proceed with the same arguments as in Lemmas 2.7, 2.8, 2.9, 2.10
and in Proposition 2.2 with (¢, z) replaced by u(t, ). Similar to Proposition 2.2,
we obtain that

u =

I'(t) < =CL,(t)m+2/m+D) T (0) < +o0,

where
+oo
I.(t) ::/ / ()7 (uf + |Vu|?)dzds.
t RN

Thus we have
E,(t) < IL(t)<ct™™ 1 =ct", O

The last part of this section is the proof of Proposition 2.11. First we prepare
the following lemma. The proof is a slight modification of the argument in Radu-
Todorova-Yordanov [21]. Their result works in the subcritical case a € [0,1).

LEMMA 2.12.  Let N > 1. Assume that a function W € C?([0,+00)) satisfies
D W < inf V),
() W) < f Viz)
(ii) W"(t) — W'(t)V(x) > 0.

Then the following estimate holds

d W2+ Tl w s WOV (@) = W'@R) oY
dtLN<t+“7'+WW)t+ ; )d

+/ (W (t)u? + W (t)|Vul?)dz < 0.
RN

PROOF. By multiplying both sides of (1.1) by u; and integrating over RY
one has

e+ [ Vi =o. (2.58)
dt RN
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Next, multiplying both sides of (1.1) by (1/2)W (¢)u we see

1o d 1 2, 1 2 Mi/ 2. _
2W(t) i (ug, u) 2W(t)HutH + 2VV(t)HVuH + 1t V(z)u*dx =0,
so that
1d 1 ,od, 5 1 ,
§£{W(t)(utvu)} - ZW (ﬂ@”“” - §W(t)HutH
1 "(t
+ =W (#)||Vul]® + d{VV(t) V(x)qux} _ W) / V(z)ulde = 0.
2 dt 4 RN RN

Thus one has

1d
2dt

e e R L S LI

’ {Wz(t)”utllz - W(t)||Ut||2} oW 0)Vl?

+ jt{w;l(t) /RN V(m)qux} — w /RN V(f)UQdm =0,

so that one has arrived at

%% /RN {W(t)utu — @uQ + ;W(;v)V(x)u2}dx — /RN W (t)uida

1 2 e W =W V@) S\
+2/sz {W(t) 2 L W) Vul? + 5 }d 0. (2.59)

By adding both sides of (2.58) and (2.59) one has

d 2 2 WRV(z) - W'(t) ,
— - (ut + |Vul” + W(t)uu + 5 U >d$

dt

12 /R V(@) - W(t)udda
+ /RN {W(t)uf + W ()| Vul* + %(W”(t) - W’(t)V(x))uQ}dx =0. (2.60)

The desired estimate can be derived from (2.60) and the assumptions (i) and (ii).
O
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Set

WV (z) - W'(t)

F(t, ) == us(t, 2)* + |Vult, 2)|* + W (t)us (t, 2)u(t, z) + u(t, ).

Then one has the following Lemma.

LEMMA 2.13.  Let N > 1. Assume that a function W € C?([0,+00)) satisfies
(iii) F(t,z) >0,
(iv) F(t,z) < (1 +e)ue(t,z)? + |Vu(t,z)|* +

*

C; W)V (z)u(t, z)?,

with large C* > 0 and small € > 0 specified later. Then for any p > —1 it is true
that

/t/ (R + 8)"T2W (s)(uf + |Vu|?)dzds
0 JRN

t
SCr+(p+2)(1+¢) / / (R+ s)" T (u? + |Vu|?)dxds
o JRr¥

+(n+2) C; /0 /RN (R + s)" T W (s)V (x)u*dxds,

where Cy > 0 is a constant depending on the initial data (ug,u1), R > 0, u, and
W(0).

Proor. It follows from Lemma 2.12 that for 0 <t < T,

T d T
/ (R+1) 2L / Pt o)dwdt + / (R+1)m+2 / W (t)(u2 + |Vl dzdt < 0.
0 dt Jrn 0 RN

By integration by parts with respect to ¢ we see that

(R+T)“+2/ F(T7x)da;+/OT /RN(R+t)~+2W(t)(u$+|Vu|2)dxdt

RN
T
< RM“/ F(0,2)dz + (LL+2)/ / (R+ )T F(t, z)dxdt.
RN 0 RN

Thus the desired inequality can be derived by the conditions (iii) and (iv) as
follows:
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/ ' / (R+ )" 2W (1) (w2 + |Vul2) dedt
0 RN

*

SCrHu+mATAwUH¢V“{u+@ﬁ+HMF+iwawmﬁ}Mﬁ

T
SCrHu+%O+fX/U/(R+ﬂ””@?%wm%mm
0 RN

C

+p+2)—

) / ' / (R + )" W)V (2)udadt,
0 RN

where

Cy = R“”/ F(0,z)dz
RN

_ /
::R#%f/' (u?+¢VWOF4—WK0ﬁnu0+-WqON/@g W]«Du%)dx. O
RN

Now we prove Proposition 2.11.

PROOF OF PROPOSITION 2.11. Choose

\%
W(t) := Rit.

(2.61)

The auxiliary function W (¢) satisfies all conditions (i)—(iv) in Lemmas 2.12, 2.13.
We postpone the check of these conditions and perform with the proof of the
Proposition 2.11. It follows from Lemma 2.13 that

Mo— o)t D} [ [ (R0 + V0o

C

<Ci+(p+2) .

i /t/ (R + )" T'W (s)V (z)u?dxds. (2.62)
0o JRV

On the other hand, by multiplying (2.55) by (R + t)* it follows that

% (R+O)ME ()} + (R+ )" /RN V(x)xidz = p(R+t)" 1B, (t).

Integrating over [0,t] we have
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t
(R+t)"E\(t) + / / (R + )"V (2)x7dxds
0 JRN
t
— RFEL(0) + 1 / (R + 5)" LB, (s)ds. (2.63)
0

Then x; = u, the definition of W (t), and (2.63) lead to

t t
/ / (R + s)" W (s)V (z)u’dads = Vo/ / (R + )"V (2)x?dxds
0 JRN o JRN
¢
< VoRME,(0) + Vo,u/ (R+ s)" 1B, (s)ds.
0
Therefore, from (2.62) it follows that
¢
2Vo — (1+2)(u+2)} / (R + s)"1 B, (s)ds
0
C* c* t .
<Cr+(p+ 2)V0R“EX(O)? + (p+ 2)V0|u|? (R+ s)" " E\(s)ds. (2.64)
0

Now, for fixed u > —1, we take
Vo>p+2>1.

Furthermore, choose € > 0 so small that
L - (ut2)y>e>0
W+ 2 0~ '

Then, the estimate in Proposition 2.11 can be derived with
iz cr -1
Coo := ( CL+ (W + DV REN(0)— | (2{Vo — (1 +e)(p +2)}) 7,
and

c*
3

Co = (1 +2)Volpl—2{Vo — (L +e)(n+2)}) 7.

In the above C* > 0 is a large number specified in the sequel in a way that the
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conditions (iv) of Lemma 2.13 holds for the function W ().

What left is to check the conditions (i)—(iv) of Lemmas 2.12, 2.13 for the
function W(¢t). The condition (ii) trivially follows from the definition of W (t).
Concerning (i), we have

Vo Vo Vo Vo
\% > > > > — Wit
= I+ [z~ 1+fel =1+ Ro+t~ R+t ®)
for |x| < Rg + t, which implies (i).
Since
2 W(t)?
Wty < 24 T2
2 2
we get
1 W)V (z) — W'(t) — W(t)?
F(t7x)25uf+\Vu|2+ )V (z) . (t) ()uz.

Therefore, in order to check (iii) it is enough to show that
WV (x) — W' (t) — W(t)* > 0. (2.65)
The estimate (2.65) follows from (i) and W'(¢) < 0:
WOV (z) = W'(t) = W(t)* = W)V (z) = W(t)* = W(t)(V(z) - W (1)) > 0.

Finally, let us check (iv). Note that (iv) if and only if

It 7) = eu? + C; WOV (@) — W(#uu — W(“V(QUQ) —W'®) 250 (2.66)
We rewrite J(t,x) as
2 / T * 2
J(t,x) = (\ﬁut—2\1/gW(t)u> +u2(W2(t)—W(t)2V( )—l-c; W(t)V(x)—WZL(? ),

and using the FSP we get the estimate
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It 7) > {(C - 1>W(t)V(x) LWy e }u2

5 2 2 4e
A< AV IR S (RN /S W
“\W\ & " 2)R¥t1+Ro+t 2R+1)2 45(R+1)2
Vo cr 11 1,
B | A 1). 2.
T (R+1)? {( 2 4&:)‘/0 2}“ (B> Ro+1) (2:67)

We get J(t,z) > 0 if we choose C* > 0 large and & > 0 small such that

.1 (4cr-1) 1
o> 4 4e B 5 >0,
4C*—-1) 1
1> = 5 {( 2} (2.68)
In particular, if (2.68) holds, then
(ac*—1) 117"
> A A
Vo>pu+2>1 2{ 1 5 ,

which implies (see (2.67))

This completes the proof of Proposition 2.11. O

3. Two-dimensional case.

In this section we prove Theorem 1.3 in order to obtain a sharp result in
the two dimensional case. Note that in Lemma 2.9 we used the Hardy-Sobolev
inequality. Here we will use the two dimensional Hardy-Sobolev inequality (see
Lemma 3.5 below).

In this two dimensional part the weights w,w; are much simpler and can be
chosen as functions of ¢ only: w = f(t) and wy; = g(¢). Later on these weights f(t)
and g(t) will be specified. Now we first multiply the equation (1.1) by f(t)u; +
g(t)u, and integrate over RY and get the following Lemma:

LEMMA 3.1. Let N > 1, and let uw € X1(0,+00) be the solution to (1.1)-
(1.2). Then it is true that
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DBty + P@) =0,

dt
where

1

E(t) =5 / [f (i + [Vul®) + 2guu, + (Vg — go)u?]de,
RN

1 2 1 2
F(t)== QVf—fi—29)u; de+ - (29 — fo)|Vul® dx

2 RN 2 RN

1
+ 5/ (9t — Vge)u? da.
RN

PROOF. The proof is similar to one in [6, Lemma 2.1] and we omit it. O

Since the finite speed of propagation applies again to solutions of the corre-
sponding problem (1.1)—(1.2) to estimate the functions E(t) and F(t) it is sufficient
to consider the spatial integration over the light cone

Q) ={zx e RN : |z| < Ry +t}.

Then we have the following lemma.

LEMMA 3.2. Let N > 1. Assume that the smooth functions f(t) and g(t)
satisfy the two conditions below: fort >ty > 0,

(i) 2fV —fi—29>0, x€Q(t),
(ii) 29— fi > 0.

If u € X1(0,+00) is the solution to (1.1)—(1.2), then the following inequality holds

L ATWOBL) + g0) (et ), ult, )

< jt{; /R (9 — V(@)g)lut, x)ide} * % /R V(@)giu(t, z)*da
v /RN<—gtt>|u<t,x>|2dx7 31

fort >ty > 0.

The proof of this lemma can be easily derived by relying on Lemma 3.1, so we
omit it.
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Furthermore, we have the estimates.

LEMMA 3.3.  In addition to the assumptions as in Lemma 3.2 we further as-

sume that the smooth functions f(t) and g(t) satisfy the following three conditions:
fort >ty >0,

C
(iii) —gu < ?:t z € RN,

(iv) V(z)gr < CoV(z), ze€ RN
(v) gt = V(x)g < Cs,
where C; > 0 (i = 1,2,3) are some constants. If u € X1(0,400) is the unique
solution to (1.1)—(1.2), then it is true that
FOEL() + g(8) (et ), ult,-))
< f(to)Eu(to) + g(to) (ue(to, -), u(to, -))
Cs

+ G [ ol [ (o) - V@lgltoDlutto, o) da

N
+C /t/ V(z)|u(s, z)|*dxds + Cl/t/ Vo lu(s, z)[*dxds
*Jio Jry ’ Wo iy S 15 ’

for each t >ty > 0.

PROOF. By using the assumptions (i) and (ii) in Lemma 3.2 we can obtain
the inequality (3.1). Then we integrate both sides of (3.1) over [to,t], apply the
additional conditions (iii)—(v) and get the desired estimate. O

Now we choose the functions f(t) and g(¢) in Lemmas 3.2 and 3.3 as follows.
In the case 2 < V| we set

FO)=@1+6)2 gt)=(1+1), (3.2)
and in the case 1 < V) < 2, for an arbitrarily fixed § > 0 we choose

Vo—946

PO = 0", () = =

(14 t)Vo-1=2, (3.3)
LEMMA 3.4. Let f and g be defined by (3.2) in the case 2 < Vg, and by (3.3)

in the case 1 < Vy < 2. Then the conditions (1)—(v) in Lemmas 3.2 and 3.3 hold
on Q(t) fort >ty > 1.
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ProOF. First we check the conditions (i)—(v) in the case 2 < V; (we choose
(3.2) in this case). Indeed,

2fV — fr — 29 > 2(1 + t)? 1+| |74(1+ t)
:2(1+t){m—2}22(1+t){%—2}>0

for all z € Q(t) with sufficiently large ¢ > to > 1, since

. Vot + Vo
1 _PT0 9 vy, —2>0.
tJToo<(1+Ro)+t > V-2>0

(ii), (iii), (iv) and (v) follow from elementary calculations.

We omit the check of conditions (i)—(v) in the case 1 < Vi < 2, since the
calculations are straightforward. O

It follows from Lemma 3.3 with large ¢y (defined as in Lemma 3.4) and Lemma
3.4 that

FOEL() + g(t)(ult,-), u(t,-))
§C4—|—% RN| u(t, z |2dsc—|—2vo/ /N T lu(s, z)|*dzds

+C2/ / z)|u(s, z)*dzds, (3.4)

where

Ca = (00 Bulto) +(to)utto. ) wlto. )= | (lt0) =V(@lgtto) fu(to. ) do.

On the other hand, as in [4, Lemma 2.5] we can derive the following Lemma
based on the two dimensional Hardy-Sobolev inequality.

LEMMA 3.5. Let N =2, and let uw € X1(0,+00) be the solution to (1.1)-
(1.2). Then the following estimate holds

\MHQ// (@)[u(s, ) Pdzds < Cry (Juol® + [l |®),  (3.5)
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for all t > ty, where Cr, > 0 is a constant depending on Ry.

ProOOF. We introduce an auxiliary function

¢
x(t,z) = / u(s, x)ds.
0
Then x(¢,x) satisfies

Xt — Ax + V(2)x: = V(x)up +ur, (t,x) € (0,00) x R?, (3.6)
x(0,2) =0, x:(0,2) =up(z), =€ R (3.7)

Multiplying (3.6) by x; and integrating over [0,t] x R? we get
1 2 2 ! 2
St )P+ 93P + [ [ Viepas,apdods
0o Jr?
1
= SluolP+ [ (Viehuola) + @)t a)d, (3.5)

Next step is to use the two dimensional Hardy-Sobolev inequality (see [11, Lemma

2)):

|w(z)|? ) L
/RQ d(2)? dr < C - \Vuw(z)?dz, we H'(R?), (3.9)

where
d(x) == {1 +log(1 + [z[) }(1 + |z]).

The last term of (3.8) can be estimated by using (3.9) and the Schwartz inequality
as follows.

/ (V(@)uo () + u (2))x(t, 2)de
R2

IN

|X(ta ‘T)|
/Rz d(@)(V(@)uo()| + Jun (@))) =gr 5= de

{/RQ d(z)*(V (x)Juo ()| + |u1(x)|)2d:c}1/2{/R2 wdx}w

IN
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1/2
/R d(@)*(V(@)|uo(2)| + |u1<x>|>2dx} IVt

< FIVXE P+ Cr, [ (@) + (o)), (3.10)

where Cg, > 0 is a constant depending on Ry > 0 and Vj > 0. Combining (3.8)
and (3.10) we derive

S, I + IVl + // ) (5., 2)2dds

1
< Sluoll* + Cry (lluoll* + uall?).
The estimate (3.5) follows from above estimate and the fact that x; = . O

As consequence of Lemma 3.5 and FSP, since

Vo Vo 1 Vo
V(x) > > > ,
@ 2 T 2 T Ro+ = L+ Ro) 141
we have
! Vo 2 2 2
| [ rfuts.n)Pdads < Cry(uolP + ), (310
to J R2 1+S

where Cr, > 0 is a constant dependent only on Rjy.
Now we present the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. It follows from Lemma 3.5, (3.4) and (3.11) that

f(t)E’u(t) + g(t)(u(t7 ')7 Ut(t, )) < CR0,57
where the constant Cr, s > 0 depends on the L%-norm of the initial data, Ry and

d (in the case when 1 < V) < 2). By using the Schwartz inequality, the definition
of the total energy and Lemma 3.5 we get

FOEL(t) < g@®)lult, )[lue(t, )l + C < Cg(t)VEut) + C, ¢ =10

with a constant C > 0 dependent on Ry, 0 and the initial data. Further, we set

X (t) = VEu(t) for t € [0,+00) and get
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fOX()?* = Cgt)X(t) —C <0, t>to. (3.12)

By solving the quadratic inequality (3.12) for X (¢) we have

Cy(t) +/C?g(t)? +4Cf(1)
Ey(t) < 21 (0) :

This inequality leads to
91\’ 1

which implies the needed decay estimates in both cases for V4. (]

4. One-dimensional case.

In this section we prove Theorem 1.4. The proof is almost the same as the
proof of Theorem 1.3 except for Lemma 3.5. We modify the proof of Lemma 3.5
and use the following Morrey inequality instead of the two dimensional Hardy-
Sobolev inequality.

LEMMA 4.1 (Morrey). The following estimate holds

1/2

u(z) = u(y)] < o=y,

for allu € HY(R).

Relying on Lemma 4.1 we can prove next Lemma (see [3]) which is similar to
Lemma 3.5.

LEMMA 4.2. Let N = 1, and suppose (H1). Let u € X;(0,+00) be the
solution to problem (1.1)—(1.2). Then the following bound holds

t
lu(t, )2 + / /R V(@)u(s, 2)?dzds < Cry (ol + [ ]]?),

with some constant C'r, > 0 depending only on Ry > 0.

PrOOF. For the solution v € X;([0, +00)) to problem (1.1)—(1.2), we intro-
duce a new function
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t
W(t,z) = / u(s, x)ds.
0

Then W (t, z) satisfies

Wiy — W + V(@)W =V (2)ug +u1, (t,x) € (0,00) X R, (4.1)
W(0,z) =0, Wy(0,z) =uo(z), =€ R. (4.2)

By multiplying both sides of (4.1)—(4.2) by W;, and integration it over [0,t] X R,
one has the identity

1 t
SUWe )+ Wt )+ [ [ VioWis,xPdsds
0o Jr
1
= 5||u0||2 +/ (V(x)up(z) + uy (z))W (¢, z)dz. (4.3)
R
Because of Lemma 4.1, one finds that

W(t,2) = W(t,0)] < [ 2IWa(t, )| < Ve[ + DIWalt, ). (44)

Now the last term of (4.3) can be estimated as follows by using (H1), (4.4) and
the Schwarz inequality:

/ (V(z)uo(z) + ui(x))W(t, x)dx
R
= /R(V(x)uo(x) +uyr(x))(W(t,x) — W(t,0))dx
+/ (V(z)ug(z) + ui(x))W(t,0)dz
R
= /R(V(q:)uo(x) +ur(z))(W(t,x) — W(t,0))dx
+ W(t,())/ (V(z)uo(z) + ui(x))dx
R
= /R(V(a?)uo(x) +u(x))(W(t,x) — W(t,0))dx

S/(V(x)luO(w)l+|ul(w)|)|W(t,fv)*W(t,O)Idfﬂ
R
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= T x)|uo(z up (x W(t,z) — Wt 0)] x
—/R\/1+||(V( Muo(@)] + |ui(z)]) STl d

|[W (t,z) — W(t,0)]
g(jgg m )/m 2)uo(@)] + Jur () ) da

Ro 1/2
< 1w VO [ () + o) P}

—Ro

< WLt P + C, [ (oo + s ()P (15)

where C'r, > 0 is a constant depending on Ry > 0 and Vp > 0. The statement can
be derived by (4.3) and (4.5) because of Wy = u. The other parts of the proof are
similar to ones in the proof of Theorem 1.3. O

We omit the proof of Proposition 1.5 since it is similar to one in [6].

5. Exactness of the decay rate.

In this section we discuss the optimality of decay rates obtained in Theorems
1.1, 1.3 and 1.4. For simplicity of notations, in what follows we use R > 0 instead
of Ry > 0, where Ry > 0 is the size of support of the initial data (ug, u1).

PROOF OF THEOREM 1.6. We use a positive radially symmetric smooth
solution ¢(x) to the elliptic problem on RY:

Ap=(1+V(x))¢ (5.1)

satisfying (5.10) below. The proof of existence of such solution ¢(x) will be post-
poned for a while. Next, we set

v(t,x) == e tp(x).
Then the function v(t, z) solves the following equation with anti-damping term

vie — Av —V(z)v; =0, (t,x) € (0,00) x RV, (5.2)
v(0,2) = p(z), v,(0,x) = —¢(x), =€ RN. (5.3)

Cross multiplying with vy and u; we get
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(utt; ’Ut) — (AU,’Ut) + (Vut,vt) = 0, (54.)
(’utt,ut) — (AU, Ut) — (V’Ut, Ut) =0. (55)
Since
d
%(uhvt) = (wee, ve) + (Ve ur),
d
%{VU -Vou} = Vu - Vo, + Vuy - Vo,
by adding (5.4) and (5.5), and using integration by parts we obtain
(wvy + Vu - Vo)dz = 0. (5.6)

dt Jp~

Now, let us choose the initial data [ug,u;1] € C°(RN) x C§°(RYN) of the original
problem (1.1)—(1.2) to satisfy

Py = —(ul, (b) + (Vuy, V(b) # 0. (57)
The set of initial data [ug, u1] satisfying (5.7) is not empty. For example, if u; (z) <

0 and up(z) = 0, since ¢ is positive, we get Py > 0. Then, by integrating (5.6)
over (0,t) we have

/ (ugvr + Vu - Vo)dz = Py # 0. (5.8)
RN

Let &(x) be the characteristic function of the ball B(R + t):

() 1 Jz|<t+R,
xr) =
0 |z|>t+R.

Then, it follows from the Schwarz inequality that

’ / (ugvy + Vu - Vo)dz
RN

< / (Juel€ve] + [Vl [V 0]z
B(R+t)



Optimal decay for wave equations 229

§2/ u? + |Vul2y/|€v)? + |EVv]2da
e VO [Vul?v/[€ui]? + [EVo]
1/2 1/2
<o [ remaact [ el +levopia)
RN RN

so that from (5.8) we have

P2 -1
40{ /sz(‘&)t|2 + |§V”2)dm} = _/RN (u? + |Vul?)dz. (5.9)

Now, if we can construct a positive smooth radially symmetric solution to
(5.1) satisfying:

Bla) ~ [a] (02l

Vo—N+1

~ || (Vo—N+1)/2 2] |1
V()] ~ |l e+ 3] l

(lz| = o0), (5.10)

for radial V (z) ~ Vp|z|~! as |x| — +o00 we can show that v(t,x) = e~ !¢ (z) satisfies
the inequality

1€vell3 + 1€V]5 < Ot ¢ — o (5.11)
The estimate (5.11) together with (5.9) will give us the desired estimate ||u]|3 +
|[Vu||2 > Ct="%. It remains to check that the problem (5.1) has a solution with

the properties (5.10) and (5.11).
Let us first derive (5.11) under the condition (5.1) and (5.10). Indeed we have

/ (vl + 1€V 0]?)de = / (v + |Vol2)dz
RN

|z|<t+R

— / (@) + |Vo(@)P)de.  (5.12)
|z|<t+R

The first term in the right hand side of (5.12) can be estimated by using integration
by parts and (5.10) as follows:

/ ¢(I)2dw S/ ¢(l‘)2dx+/ 62|z||I|Vof(Nfl)dI.
lel<t+R lz<po po<|z|<t+R
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Further we get

/ 62\x||x|V0—(N—1)d$
po<|z|<t+R
t+R t+R
/ dw/ Vo (N1 .N=14;. :/ dw/ e2rrVodr
lw|=1 PO lw|=1 Po
o t+R t+R 2R
e \% e
/ e wl J/ e2rVo-tagp Law < € et (t + R)V
|w|=1 2 2 po 2

Po

where pg > 0 and ¢ > 0 are sufficiently large numbers. Therefore,
/ 6(2)2dx < Oy + Cre?(t+ R, (£ 1), (5.13)
|z|<t+R

where C; > 0 (j = 0,1, R) are some constants, which do not depend on ¢.
For the second term in the right hand side of (5.12), we get by using integration
by parts and (5.10) the following estimate:

t/ Vo (o)|2dz
|z|<t+R

Vo—N+1)\2
<[ weRare [ oo (1 SR
[z|<po <|z|<t+R 2|x|

g/ |V(z)|?dx + / Az Vo= N=Dgp (pg > 1, > 1).
|z|<po <|z|<t+R

We can complete similar calculations to (5.13) and get
/ V(@) Pdz < Ca+ Cre®(t + R), (5.14)
|z|<t+R

where C; > 0 (j = 3,4, R) are constants.

The estimate (5.11) can be derived from (5.12), (5.13) and (5.14).

Finally we discuss the existence of a positive radially symmetric solution to
(5.1) satisfying (5.10). The idea to construct an asymptotic solution to (5.1)
follows from Kato [8].

Since (5.1) is equivalent to the following equation in the framework of radial
symmetry
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N -1

¢"(r) + ——¢'(r) = 1L+ V(r)g(r), (5.15)

we want to find a solution to (5.15) with initial data ¢(0) =1 and ¢'(0) = 1. The

singular coefficient at r = 0 does not prevent the above problem from having C?
solutions. Indeed, ¢ can be obtained as a solution of the integral equation

o(r)y=1+ /OT Kn(r,s)(14+V(s))p(s)ds, 7 >0,

where

slog =, if N =2,
Ky(r,s) =

s sN—2 :
v (1-5=), N3,
It is easy to see that ¢(r) > 0 and ¢’(r) > 0 for all . Hence we only need upper

bounds for these functions at large r > 1.
The substitution of ¢(r) = e"+4(") into (5.15) yields

q"(r) +2¢'(r) + (¢'(r)* + ?q’(r) =V(r) - N; L

We observe that

—_ _1)2
W+ gy >

which implies the linear OD inequality

_ _1)2
')+ 24 (r) < Vi) - Pt D (5.16)

We multiply the above ODI by e?” and integrate over [1,7]:

—1, (V-1

" N
2r 1 < 2/1 / 2s _ > 1.
e (r) <e’qd'(1) + 1 e[ V(s) S 12 ds, r>

The right-hand side is asymptotically

Vo— (N -1
0 (2 )T—1€2r + O(T—Q)em“’
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since V(r) ~ Vor~! at large . Thus, we have

— (N =1 — (N -1
)< DTN D o2, gy < BTV 2D o),
These estimates lead to (5.10), since
¢'(r) = (L+q'(r)e ™10, g(r) = 10 -

6. Appendix: Weighted L? — L? estimates for Ah = f.

In the appendix we present the outline of the proof of Lemma 2.1.

There are many estimates for Ah = f in RY when f is a “nice” function;
our function f is only L?(RY), but vanishes outside a ball with a radius Ry.
Unfortunately there is no estimates available that involve powers of (z) as weights
and hold in all dimensions N > 3. Therefore, we derive such Hardy and Rellich
inequalities by the method of [1]. The constants are not sharp but the calculations
are simple.

6.1. Preliminary facts.
PRrOPOSITION 6.1.  The following identities hold for suitable smooth func-
tions Q and h:

(i) R2AQ dx = —2 hVh-VQ dz,
RN RN

.. 2 . 1 2
(i) /RN |Vh| deff/RN(Ah)therifRNh AQ dx.

We can combine (i) with [(Ah)hQ| < eh?(AQ)/2 + (Ah)2Q?/(2eAQ).

PROPOSITION 6.2.  Assume that Q and AQ are positive a.e. Then

VQP?
AQ

VQ|? 2
I (R R o e e

(i) / hQAdegzl/ |Vh|2‘ dz,
RN

where e > 0. Moreover, (i) and (ii) imply a weighted estimate of h in terms of Ah.

EXAMPLE. Choose Q(z) = (z)®, and let H(x) be the measurable function
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defined in (2.1) for f € L*(RY) with f(z) =0 for |z| > 1. Then, since

H(z) = O(|lz|""72), |VH(x)| = O(Ja| "), |z| = +oo,
one has
[ me@H@)ras, = 064, e
z|=p

/zlp Qo) ||H(0)||VH(0)|dSs = O(p~N2F2), p— to0,

so that if we assume 0 < s < N — 2, then Propositions 6.1 and 6.2 hold with

h(z) := H(x).
6.2. Applications.
Let Q(z) = (x)%. From A = 8% + (N — 1)r=19,,, where r = |z|, we have
VQ(z) = sx)* 2z, AQ(z) = sN{x)* ™ + s(s — 2)(z)**|z[*.
We also notice that

SN + 5 — 2){2)*af? < AQ(),
s(x)*7? < AQ(),
if s > 0. These estimates and Proposition 6.2 (i) lead to the following Hardy
inequality.

PROPOSITION 6.3.  Assume that N > 3 and (N —2) > s > 0. Ifh €
H? (RN) satisfies h(z) = O(r~V=2) and |Vh(z)| = O(r~V=Y) as r — +oo,
then

2 s—2 4
/RNh (z)(x)* " dx < I

_2/RN Vh(z)2(@)* da.

Let us turn to the generalized Rellich inequality. If s > 0, we find

VQPP _ s
AQ “N+s—2

<I>S7

N

22; < §<m>s+2.
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The first weight in Proposition 6.2 (ii) satisfies

Q-2 +e)|VA%|2 > (1 - my@a

while the second weight satisfies

1@ < ! <x>5+2.

%TQ ~ 2se

Choosing € := (1/2){(N + s — 2)/(2s) — 1}, we obtain the following. In this case
we note that for s € (0, N —2)

N+s5—-2
_— >
2s

1.

PROPOSITION 6.4. Assume that N > 3 and N —2 > s > 0. Then, under
the same assumption as in Proposition 6.3 the following estimate holds

2/, \s 4N —2+5s) 2 ()52 do
| ITh@R ) e < e [ k@R ) e

COROLLARY 6.5. Assume that N >3 and N —2 > s > 0. Then, under the
same assumption as in Proposition 6.3 the bound holds

2 s—2 16(N —2 +5) 2/ \s+2
[ et < e /RN[Ah(x)] (2)"+2 da.
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