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Abstract. When a homogeneous convex cone is given, a natural partial order is
introduced in the cone. We shall show that a homogeneous convex cone is a symmetric
cone if and only if Vinberg’s *-map and its inverse reverse the order. Actually our
theorem is formulated in terms of the family of pseudoinverse maps including the
+x-map, and states that the above order-reversing property is typical of the s-map
of a symmetric cone which coincides with the inverse map of the Jordan algebra
associated with the symmetric cone.

1. Introduction.

Let © be an open convex cone in a finite-dimensional real vector space V'
which is regular, that is, Q@ N (—=Q) = {0}, where Q stands for the closure of €.
For x,y € Q, we write  >=q y if z —y € Q. Clearly, this defines a partial order
in Q. In the special case that 2 is the one-dimensional symmetric cone R~, the
order >q is the usual one and is reversed by taking inverse numbers in R~q. In
general, let a symmetric cone @ C V be given. Then V has a structure of the
Jordan algebra associated with 2. In this case, the Jordan algebra inverse map is
an involution on €2 and reverses the order >q. This order-reversing property helps
our geometric understanding of the Jordan algebra inverse map. In this paper, we
shall investigate this order-reversing property in a more general setting and give a
characterization of symmetric cones.

One of natural ways to generalize a symmetric cone is to consider a homoge-
neous convex cone, that is, a regular open convex cone 2 C V on which its linear
automorphism group

G(Q) :=={g € GL(V) | g2 = Q}
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acts transitively. For a non-symmetric homogeneous convex cone, no algebraic
structure of V associated with € is known where a natural inverse map arises.
However, it is known that the Jordan algebra inverse map associated with a sym-
metric cone can be generalized to an analytic map on a homogeneous convex cone
which is called Vinberg’s s-map [17].

Let us recall its definition briefly to present our main theorem. Let 2 C V be
a homogeneous convex cone. We denote by 2* the dual cone of €2:

QO ={feV*|vzeQ\{0}, (z,f) >0}

which is also a homogeneous convex cone. Let ¢ : 2 — R~ be the characteristic
function of 2 defined by

o(x) == /* e~ (@) df (x € Q),

where df stands for a Euclidean measure on V*. Vinberg’s xmap 2 3 z +— a* € V*
is introduced by

(v,2*) = —D, log ¢(x) (veV, ze), (1.1)

where D, F(w) := d/th(w—&—tv)’t:O (v e V,w € Q) for functions F on §2. This x*-
map is known to be a bijection from €2 onto 2*. When (2 is a symmetric cone, the
x-map coincides with the Jordan algebra inverse map under a suitable identification
of V* with V| so that the *-map reverses the order (see Section 3). For z,y € Q
(resp. z,y € QF), the pair (z,y) is said to be comparable if one has x »=q y or
y =q « (resp. x =g« y or y =+ x). First we state a simple version of our main
theorem:

THEOREM A. Let © be a homogeneous convex cone. Then the following
conditions are equivalent:

(I) The cone § is a symmetric cone.
(IT) For z,y € Q, we have x =q y if and only if y* =g~ z*.
(ITII) For x,y € 2, the pair (x,y) is comparable if and only if (z*,y*) is compa-
rable.

Actually our theorem is stronger and is formulated in terms of the family of
pseudoinverse maps introduced in [10] which contains Vinberg’s x-map as a special
member. This family is defined as follows. By [17, Chapter I, Theorem 1], we
know that there exists a maximal connected split solvable subgroup H C G(Q)
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acting simply transitively on 2. Let A : 2 — R~ be any H-relatively invariant
function. The pseudoinverse map #a : Q@ — V* is introduced by

(v, Ia(x)) = =Dy log A(x) (z e, veV). (1.2)

When ZA(Q) C QF, we say that A is admissible. In fact, A is admissible
if and only if #A is a bijection from 2 onto Q*. The characteristic function ¢
is one of such functions on 2. Another example comes from the Bergman (resp.
Szegd) kernel of a homogeneous Siegel domain whose base cone is €2, and the
corresponding pseudoinverse map appears in [4] and [9] (resp. [11]). While the
family of pseudoinverse maps defined above is an interesting object in itself, it
is also used to define the family of Cayley transforms for a homogeneous Siegel
domain. For the study in this direction, see [12], [9], [10], [11] and [7].

Now our main theorem in its precise form is stated as follows.

THEOREM B.  Let § be an irreducible homogeneous convex cone and A :  —
R~y an admissible H-relatively invariant function. Then the following conditions
are equivalent:

(I) The cone Q is a symmetric cone and A(x) = ¢(x)? (x € Q) for some p >0
up to a constant multiple.
(IT) For z,y € Q, one has x =q y if and only if IA(y) =a+ Fa(x).
(III) For x,y € 2, the pair (z,y) is comparable if and only if (Fa(x), Za(y)) is
comparable.

Concerning the order-reversing property, we would like to mention Giiler’s
work [6] which deals with pseudoinverse maps associated with certain polynomials
called hyperbolic homogeneous polynomials. In the paper, it is shown that for
every homogeneous convex cone {2 C V, there exists a hyperbolic homogeneous
polynomial p(z) on V such that € is one of the connected components of the set
{p(x) # 0}. Asin (1.2), a map j;—l : Q — Q" is introduced by

(v, };71(1')> = —D,logp(z)™* (x e, veV).

While our pseudoinverse maps are associated with relatively invariant functions on
Q and Theorem B is a characterization of symmetric cones by the order-reversing
property, it is interesting to note that [6, Corollary 6.1] states that, for =,y € Q,

x =q y always implies j;q(y) =q+ Fp-1(x). It should be noted that when € is
a symmetric cone, a negative power of the characteristic function is a hyperbolic
homogeneous polynomial defining Q2. However, if € is non-symmetric, this is no

longer true, as we will see in Section 6. Additionally, in [6], F(z) := logp(x)~! (z €
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Q) is called a hyperbolic barrier function for €2, and the following characterization
is given: if the Legendre transform of F'(x) is also a hyperbolic barrier function
for Q*, then ) is symmetric.

Our previous paper [8] is also related to the pseudoinverse maps, where we
characterized symmetric cones by the condition that the analytic continuation of
ZA to the complexification Ve maps the tube domain V +i€2 onto V* +iQ*. Here
are some of characterizations of symmetric cones: a characterization by a con-
stancy of the dimensions of a certain eigenspace decomposition of V' [18, Proposi-
tion 3] which we quote in the present paper as Proposition 4.8, a characterization
by the condition that the Riemannian curvature tensor for a standard Riemannian
metric of €2 is parallel ([14], [15]), and some Jordan-theoretic characterizations ([3,
Theorem 4.7], [16]).

We organize this paper as follows. Section 2 is preliminary. In Section 2.1
we review the theory of a non-commutative left-symmetric algebra called a clan
associated with a homogeneous convex cone. Then, in Section 2.2, we introduce
the family of pseudoinverse maps and its parametrization for the convenience of
computation. We describe the parameter of Vinberg’s x-map in Section 2.3.

In Section 3 we deal with the case of symmetric cones 2 C V. First we present
how to introduce into V' the structure of Jordan algebra associated with 2. Then,
using the Hua identity, we verify that the Jordan algebra inverse maps and the
x-maps are order-reversing.

After we collect basic formulas and some criterions in Section 4, we prove
Theorem B in Section 5. It is easy to see that (II) is equivalent to (IIT) and that
(I) implies (IT). In Section 5.2, we prove that (II) implies (I). The proof is divided
into several steps of computations. First we show that the assumption (II) restricts
the parameter of the pseudoinverse map. Continuing the computation, finally we
obtain (T) by Vinberg’s criterion, Proposition 4.8.

In Section 6 we verify directly that the x-map associated with the dual Vinberg
cone which is one of the lowest-dimensional non-symmetric cones is not order-
reversing by giving a pair z,y € Q with x >q y and y* Yo+ x*.

The author is grateful to Professor Takaaki Nomura and Professor Hideyuki
Ishi for many fruitful discussions about the contents of the present paper.

2. Preliminaries.

Let Q be a homogeneous convex cone in a finite-dimensional real vector space
V. If the dual cone Q* coincides with Q under the identification of V* with V' by
means of a positive definite inner product (-|-) on V, then € is said to be self-dual
relative to (-|-). Asusual, we call a self-dual homogeneous convex cone a symmetric
cone. Symmetric cones form a special subclass in the class of homogeneous convex
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cones.

2.1. Clan associated with a homogeneous convex cone.

Let © C V be a homogeneous convex cone. Then, V has a structure of a non-
commutative left-symmetric algebra called a clan as follows. Our basic reference
is [17]. We know by [17, Chapter I, Theorem 1] that there exists a maximal
connected split solvable subgroup H C G(2) which acts simply transitively on .
Moreover, by [17, Chapter I, Propositions 8, 9], H acts simply transitively also
on 1* by the contragradient action. We take any E € € and fix it. Then the
orbit map H > h — hE € Q is a diffeomorphism. Differentiating it at the unit
element of H, we obtain the linear isomorphism § := Lie(H) > T — TE € V,
where we identify the tangent space of (2 at E with V. We denote its inverse
map by V 3 ¢ — L, € b, that is, L, F = = (x € V). We introduce a product
(z,y) — Ay on V by Ay := L,y. Then the (non-associative) algebra (V,A)
has the following properties:

(Cl) [LZL’7 Ly] = L(sz—yAm)u

(C2) the bilinear form (z,y) — Tr Lya, defines a positive definite inner product
onV,

(C3) for every x € V, the linear operator L, has only real eigenvalues.

Moreover, it follows that E is the unit element. In general, we call a non-associative
algebra with the properties (C1) to (C3) a clan after Vinberg. Thus we have
constructed a clan with the unit element E associated with €. It is known that any
homogeneous convex cone arises from the associated clan with the unit element
and that there is a one-to-one correspondence up to isomorphisms between the
class of homogeneous convex cones and that of clans with the unit element.

The clan V' has a direct sum decomposition called a normal decomposition.
Namely, there exist a positive integer r, and primitive idempotents E1, ..., F, such
that V' decomposes into

V=Y Vi (2.1)

1<j<k<r

where, for each pair (k,j) of integers with 1 < j < k <r, we have put

- 1
Vij = {a: eV;Ve= Z emEm, cAx = §(cj +cp)x, xle = cjx}. (2.2)
m=1

In this case, it follows that E = Fy +---+ E,. and V;; = RE; (i=1,...,7). We
obtain the following multiplication table:
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o Vi AV C Vij,
eif k #4,7, then V;,AV;; =0, (2.3)

o Vi AV C Vi or Vi, according to I > m or m > 1.

2.2. Pseudoinverse maps.

First we shall parametrize H-relatively invariant functions on . We put
a:={L,ebhlze) RE,} andn:={L, €bh |z e e Vij}
Then a (resp. n) is an abelian (resp. nilpotent) subalgebra of §. Moreover we
have h = a x n, so that H = A x N, where A := expa and N := expn. For
s = (s1,...,8,) € R", we define a one-dimensional representation xs of A by

Xs ( exp (Z tmLEm)) = exp (Z smtm) (tm € R). (2.4)

Since H = A x N, we can extend ys to a one-dimensional representation of H by
defining Xs| ~ = L. Using the diffeomorphism H > h+— hE € (), we transfer xs to
a function Ag on Q: Ag(hE) := xs(h) (h € H). It is clear that

Ag(hz) = xs(h)Ag(x) (he H, z€Q), (2.5)

that is, Ag is H-relatively invariant. In particular, putting h := exp(log A Lg) for
any A > 0, we see that

As(Az) = NslA (z) (x € Q), (2.6)
where |s| := s1 + -+ + s,.. Every H-relatively invariant real function on ) arises
as a constant multiple of Ag for some s € R".

For z € ), we define the pseudoinverse Z5(z) € V* by
(v, I5(x)) = =Dy log A_g(x) (veV). (2.7)
We call Z; : Q — V* the pseudoinverse map. It is easy to show by (2.5) that
Fs(hx) = h - I5(x) (x€Q, he H), (2.8)
where the action in the right-hand side is the contragradient action of H on V*:

for f € V* and h € H, (v,h-f) := (h71v, f) (v € V). Moreover we see the
following. We define Ef € V* (i =1,...,r) by
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< S AnEm+ Y ij,E;‘> =X (Am €R, Xij € Vij)
m=1

1<j<k<r
and set EY := Y s;EF. Then it follows from [10, Lemma 3.10 (ii)] that
Is(E)=E;. (2.9)

Here we refer the reader to [2, Section 2] for the translation of the normal j-algebra
language into our language of clan. In addition, we know easily by (2.6) that

(x, Is(x)) = |s] (x € Q). (2.10)
For every s € R", we introduce a symmetric bilinear form (-|-)s on V' by
(zly)s = DeDylog A_s(E)  (z,y € V).
It is easy to see by the proof of [10, Lemma 3.11] that
(zly)s = (eLy, Eg)  (z,y € V). (2.11)

We say that a parameter s = (s1,...,s,) € R" is positive, if s1,...,s. > 0.
Actually, it follows that

E; € Q" if and only if s is positive, (2.12)

as we shall see later at the end of Section 2.3. This together with [10, Lemma
3.3], (2.8), (2.9) and the fact that H acts simply transitively on Q and Q* tells us
the following lemma.

LEMMA 2.1.  The following conditions are equivalent:

(i) s is positive.
(i) Ef € Q*.
(iii) The H-relatively invariant function A_g is admissible, that is, J5(2) C Q*.
(iv) Fs is a bijection from Q onto QF.
)

(v

The bilinear form (-|-)s defines a positive definite inner product on V.

From now on, we consider only the pseudoinverse maps %5 with positive
parameters s. Let s € R" be positive. In this case, we can give explicitly ;7! in
the following way. We introduce a function A% on Q* by
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Af(h- Eg) :=xs(h)  (heH).
Then we have clearly
As(h-f) = xs(W)A(f)  (heH, feQ). (2.13)
Let us define the dual pseudoinverse map I : Q* — V by
(F5(6), ) = —Dylog Ag(€) (£, feVr).
By (2.13), one has #(h-&) = h 7€) (h € H, £ € Q). Moreover, it follows

from [10, Lemma 3.13] that . (E?) = E. Hence we know by (2.8) and (2.9) that
I =77

2.3. Vinberg’s *-map as a pseudoinverse map.
By [5, Proposition 1.3.1], one has

¢(gz) = (Detg)"'¢(x) (9 € G(Q), z €Q), (2.14)
which clearly implies that ¢ is H-relatively invariant. Hence the *-map is a member

of the family of pseudoinverse maps. Moreover, by [17, Chapter I, Proposition 5],
the bilinear form

(x|y)g := DxDylogp(E)  (z,yeV)

defines a positive definite inner product on V. We introduce a parameter d =
(di,...,d,) € R" by

di:=TrLg, (i=1,...,7).

Then we know by (2.1) that

1 1 _
di:1+§an+§an (i=1,...,7), (2.15)

a>i a<i
where we have put

Nkj = dim ij (1 <j<k< T). (2.16)
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Clearly, d is positive. It follows from (2.4) that x4(a) = Deta (a € A). Since
H = Ax N and N is nilpotent, we have xq(h) = Det h (h € H). Hence we obtain

Agq(hz) = Det h Aq(x) (he H, v €Q).
This together with (2.14) gives
p(x) = A_a(z) (z€Q) (2.17)
up to a positive constant multiple. Therefore it holds that
(o= Cl)ar 2" =Salz)  (z€9Q) (2.18)

PROOF OF (2.12). Since Y e'E,, = exp(}tmLp,, )E € Q (tm € R), we
have

D AnEn€Q  (An >0). (2.19)

In particular, E,, € Q (m =1,...,r). Hence, if EX € Q*, then s,,, = (Ey,, EX) >0

(m = 1,...,7r). Conversely, let s be positive. Then we see easily that E} =
exp(—>_log(sm/dm)LE,,) - E}. Hence we have E} € Q*, because E] = E* € Q*
by [17, Chapter I, Proposition 7]. O

3. The case of symmetric cones.

In this section we assume that the homogeneous convex cone @ C V is a
symmetric cone.

3.1. Coincidence of Vinberg’s *-map and the Jordan algebra in-

verse map.

Since € is a symmetric cone, V' has a structure of a Jordan algebra associated
with © as follows. First, it follows from [13, Chapter I, Section 8, Theorem 8.5]
and [13, Chapter I, Section 8, Exercise 5] that (2 is self-dual with respect to (-|-)4.
We transfer the image of Vinberg’s *-map by means of the inner product (-|-)4
and denote this map by Q 3 z — 2% € Q:

(#%ly)s = —D,logé(z)  (z€Q yeV). (3.1)

We see easily that E¢ = F.
We introduce a commutative product (z,y) — z oy on V by
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1
(xoyl|z)y = —iDszDz log ¢(E) (x,y,z € V).

In view of E® = E, we see by [5, Theorem I11.3.1] and [5, Chapter III, Exercise
5] that V' with the product o is a Jordan algebra (we note that the third equality
in [5, Chapter III, Exercise 5] has an error and its right-hand side should be
—-1/2D,D,D,,log ¢(e)). This means that in addition to the commutativity of the
product, one has

2?o(zoy)=zo(@®oy) (zyeV).

Moreover, E is the unit element of the Jordan algebra V', and one has
(zly)g = TrL{zy)  (z,y €V),

where, for v,w € V, we define L(v)w := v o w. Therefore it follows from [5,
Proposition I11.4.2 (i)] and [5, Proposition II1.4.3] that for every x € €,

x? =271 (3.2)

where 71 denotes the Jordan algebra inverse of x. In particular we know that
the Jordan algebra inverse map x +— x~! is an involution on €.

In addition, the structure of Jordan algebra is related to that of clan as follows:
for all x € V, one has

1
L(z) = 5 (La + °La),
where ?L,, is the transpose of L, relative to the inner product (:|-),. See [9, Lemma

4.1] for the proof.

3.2. Order-reversing property of the Jordan algebra inverse maps.
For x € V, we define a linear operator P(x) on V' by

It follows from [5, Proposition II1.2.2] that for every invertible z € V', P(z) belongs
to G(§2). We quote the following identity called Hua’s identity (see [5, Chapter II,
Exercise 5]).



A characterization of symmetric cones 1117
LEMMA 3.1.  Fora € (), one has
(a+P@p™) ™ +(a+b) " =a,

when b,a +b,a + P(a)b™! are invertible.

PROPOSITION 3.2.  For every z,y € ), one has x =q y if and only ify~ =q
-1

x

PROOF. Since the Jordan algebra inverse map is an involution on §2, it
suffices to prove that o =g y implies y~! =q 2~!. First we assume z := 2 —y € Q.
Since y € 0, we know that y is invertible, so that P(y) € G(€2). This together with
271 € Q gives P(y)z~! € Q. Hence y+ P(y)z~! belongs to Q and is invertible. In
Lemma 3.1 we set a :=y and b := z. Then we know that

y e = (y+ Py )7

which implies y~' — 27! € Q.

Next we suppose = =q y, that is, z := 2 —y € Q. Let {z,,} be a sequence
in Q which converges to z. We put x,, := 2, +y. Then {z,,} is a sequence
in Q converging to x. Since x,,,y and x,, —y = z,, belong to (2, we know by
the above argument that y=! 1 € Q. Moreover the sequence {y~* — 1}
converges to y ' —x~!, because the inverse map is continuous in 2. Thus we have
y l -2l €Q, thatis, y= ! =q 2~ % O

— T,

By (3.2), we have a conclusion similar to Proposition 3.2 for the original *-map
Q5 QF, that is, for every x,y € , one has x =q y if and only if y* >=q- z*.

4. Basic formulas and some criterions.

In this section, we identify V* with V' by means of the positive definite inner
product (-|-)s to simplify the notation. Under this identification, we denote by Q°
the dual cone of Q:

Q% :={zeV|vyeQ\{0}, (z|y)s >0}

The Lie group H acts on Q° simply transitively by the action x — Sh= 1z (h €
H,z € ), where *h stands for the transpose of h relative to (:|-)s. It follows from
(2.11) and (2.3) that the subspaces Vi; (1 < j < k < r) are orthogonal to each
other with respect to (-|-)s. Moreover, for vy, wi; € Vij (1 < j <k <7r), we see
easily by (2.11) and (2.3) that
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’Uij’wkj = s,;l(vkj\wkj)sEk. (41)
In addition, for all x = 3" &, By + Zﬁ>a g0 €V (zm € R, 284 € Vo), we have

(2, E7) = a; = (2]s; 'Ey)s (i=1,...,7). (4.2)

Hence,
E; € Q" is identified with E € Q°. (4.3)
From now on, we always assume that the integers j, k,[ satisfy 1 < j < k <

I < r. We quote the following Propositions 4.1 and 4.2 to compute the actions of
H on Q and Q°. For wy; € Vi, wi; € Vi, we set

Sk 1= wy Awy; € Vig,

where we note that Sj, = (wij Awy;+wijAwy;)/2. Indeed, since Ty, 1= wyj Awy;—
wi; Awy; belongs to Vi, it follows from (2.2) and (C1) that

Tir, = Tik AEx = Liwy, Awy;—wi; twy) Bx = [Luwyy s Loy 1B = 0.

PROPOSITION 4.1 ([8, Proposition 4.2]). Let t;,tx,t; € R and wy; €
Vij,wi; € Vi; and wyy, € Vig,. Then one has
exp(Luy; + Lu,;) exp(Luy,, ) exp(t; L, +txLp, +tilg,)E
= Z Ep + €Y E; + (' + €' (2s5) 7w [|2) Ex
m#j,k,l
+ (e + e (2s0) w12 + €5 (251) 7 |wis|12) B
+ etjwlj + etjwkj + (etj S + 6tkwlk)-

PROPOSITION 4.2 ([8, Proposition 4.6]).  Let tj,tx,t; € R and wy; € Vij,
wy; € Vi; and wy, € Vig. Then one has

-1
(exp(Luw,, + Luw,,) exp(Luw,, ) exp(t;Lg, + teLg, + tiLg,)) E
= D En+ (e 4 (e e (2s)  wmll2) (255) w12

m#j,k,l
+ e (2s5) " wyyllZ — e sy (Suk|win)s ) B
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(e e @) el B+ ey
+ (€7 Loy wir — (€7 + €7 (28) ™ win||2) wiy)

—t —t
+e ’(stkjwlk—ng)—e L.

We present some formulas to prove Proposition 4.6.
LEMMA 4.3.  For every x = Y. xmFEn + Zﬁ>a Zaa (Tm € R, 284 € V3a),
wy; € Vi and wy, € Vi, one has
exp(Luy; + Luy, )T

=x+ (xjwlj + wlkAxkj) + (mkwlk + wlea:kj)

+ Z W AT jo + Z wiAzxg; + Z Wi Ao + Z wir Az gy
a<j B>3,8#k a<k,a#j B>k

+ (2s0) M (@llwi 17 + rllwil|Z + (wi|wi; Azeg)s + (wijlwiAz;)s) .
PrOOF. First we know by (2.3) that

Lo,z = wle<ijj IR DY xﬁj)

a<j B>3,6#k

= xjwi; + ngAxkj + Z wle.Z‘ja + Z wlexgj.
a<j B>3,8#k

By a similar argument for L., x, we have

(Lwlj + szk)x = ZTjwi; + Tpwig + wleSij + wlkASij

+ Z Wy AT + Z wi;Axg; + Z Wik AT ke + Z wiEk Az g
a<j B>j4,8#k a<k,a#j B>k

Further we see by (2.3) that

(szj +szk)(zwle$ja + Z ’LUlel‘ﬁj
a<j B>3,8#k

+ Z Wi ATge + Z wlkﬁ"ﬂgk> =0.

a<k,a#j B>k
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Hence it follows from (2.3) and (4.1) that

(szj + szk)Qx
= xjwlewlj + zpwi Awg + wlkA(wlexkj) + wle(wlkA:vkj)

= s; M (zyllwis |12 + zrllwinl|2 + (wikwy Azkg)s + (wij|lwikAzgg)s) B

Clearly one has (Lqy,; + Ly, )*x = 0. Now the proof is complete. O

LEMMA 4.4. Let a,, € R (m = 1,...,7’), Vgj € ij, v, Wy € Vlj and
Uik, Wik € Vig. Then one has

SeXP(LwU + szk) ( Z By, 4 Vg + 15 + 'Ulk)

= > anB + (a5 + ai(2s) w13 + 55 viglwry)s) B
m#j,k

+ (ar + ar(2s) w2 + s (o |wi) s ) Ex
+ (vkj 4 QL Wik + Ly vij + *Lusy vi) + (05 + aqwi) + (v + agwge).
PrROOF. Let us take any z = > a,, By, + Zﬁ>a T3q €V (T € R,234 €

Vsa). Since the subspaces V3, (1 < a < 3 < r) are orthogonal to each other with
respect to (-|-)s, it follows from Lemma 4.3 and (2.3) that

<sexp(Lwlj + Ly,,) ( Z amEm) \x>s
= < Z am B, | x + wlexlj + wip Axg

+ (231)71(xj”wlj||g + l’kleng + (wlk|fwlexkj>s + (wlj\wlkAxkj>s)El> .
We see by (4.1) and (2.11) that the last term equals

<Z amEm|$>s + ar ((wijlziy) s + (wik|zi) s

+ = (zjl|lwisl12 + zrllwikllZ + CLw, wiklTkg)s + CLw,wij|Teg)s)).  (4.4)

N | =

It follows from [8, Lemma 7.7] and [8, Lemma 4.4] that L., wix = %Lu,, wi; € Vij.
Hence we know by (4.2) that (4.4) is equal to
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(3 am B+ ar(wy + i + (255) 7w 2B

o (250) ™ k2B + Loy v )

S

This implies

Sexp(Lun, + Luy,) ( 3 amEm)
= B + ar(wij + wi + (255) " w1 2E;

+ (25%) " Hwin |2 Ex + Loy, wir) -
By a similar argument we have

Sexp(LwU + szk)vkj = Ukj,
SeXp(LwU + Lwlk)vlj = + 8;1<Ulj|wlj>sEj + SLwlk’Ulj,

Sexp(Luy, + Luoy, )0t = v + 55, (Vi |wi) s B + *Luoy, V-

Summing up these results, we obtain the assertion. O

4.1. Some criterions.

In this section we improve [7, Lemma 5.9] and [8, Lemma 7.6]. Before pro-
ceeding, we note that for any z = mem+Z[3>a Z3a € Q (Tm € R, T80 € V3a),
one has z,,, >0 (m = 1,...,7). In fact, we know by (2.12) that E*, € Q*\ {0}, so
that z,,, = (z, E},) > 0 because Q = (2*)*. In view of (2.19), we have a similar
conclusion for the elements of Q°.

PROPOSITION 4.5. Let ap,, € R (m = 1,...,7), vg; € Vij, vij € Vi; and
v € Vik. We set Uy, == vijAvg; € Vi Then we haveZamEm—i—vkj—i—vlj—i—vlk e
if and only if

(i) am >0 (m=1,...,r),
(i) ajar — (25%) " vrsl12 > 0, ajar — (2s1) " Hvyl12 > 0,
(iti) (ajar — (2sk) " Hoill2) (ajar — (2s0) " Hwgl12) — (2s0) | ajom — Uel|2 > 0.

PrOOF. For simplicity, we set v1 = > amEn + vk + v + v Let us
assume that v; € Q. Then we have a,, > 0 (m = 1,...,r). In [8, Lemma
4.1], we set wy; = —a;lvlj, Wiy = —a;lvkj and x := vy, where we note that
Ui = (v Avg; + v Avj) /2. Then, it follows from (4.1) that
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Vg 1 = exXP(Luw,,; + L, V1

= D anBu + (an —a; (2s0) " o 2) Bi + (a0 — a;* (2s0) 7 oy l12) E:
m#k,l

—1
+ o —a; Ul.

Since exp(Luy,; + Luw,,;) € H, one has vy € Q. Therefore we obtain (ii) and (iii) by
[8, Lemma 7.5].

Conversely we assume that (i), (ii) and (iii) hold. Then we have vy € §, so
that vy = (exp(Lu,, + Lu,,)) vz € Q. O

PROPOSITION 4.6.  Let a,, € R (m = 1,...,7), vg; € Vij, vy € Vi; and
vk € Vig. Then we have Y amEp, + Vi + v + v € 0 if and only if

(i) am>0(m=1,...,r),
(i) ajar — (2s5) w12 > 0, apar — (2s) " [luwl|2 > 0,
(iii) (ajar — (2s5) " o l12) (awar — 2sk) "o ll2) — (285) " Hlarors — 3Ly, vi5]12 >

0.

ProOOF. For simplicity, we set vy := > amFEp, + vk +vi; + vig. We suppose
that v; € Q°. Then one has a, > 0 (m = 1,...,r). In Lemma 4.4, we set
wyj = —aflvlj, Wy = —aflvlk. Then we obtain by (4.1) and [8, Lemma 7.7]
that

Vg 1 = (exp Ly, + Ly, V1

= Y @B+ (a5 —a; " (25) M ogll2) Bj + (ar — a7 ' (25%) " lowl[2) Ex
m#j.k

+ (vkj — al_lvalkvlj).

Since exp(Luy,; + Lw,;,) € H and Q° = {hE | h € H}, one has v, € Q°. Hence (ii)
and (iii) follow from [8, Lemma 7.6].

Conversely we assume that (i), (ii) and (iii) hold. Then one has vy € Q% so
that vy = S(exp Lu,; + Ly,,,) vy € Q5. O

Also we use the following criterions. Recall the definition (2.16) of the numbers
ng; (1<j<k<r).

PropPOSITION 4.7 ([1, Theorem 4]). The homogeneous convexr cone € is
irreducible if and only if for each pair (j, k) of integers with 1 < j < k < r, there
erists a series jo, - - ., Jm of distinct positive integers such that jo =k, jm, = j and
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Nj,_1jx 7 0 for A =1,...,m, where if jx_1 < jx, then one puts nj, _,j, = Nj,jr_,-

PROPOSITION 4.8 ([18, Proposition 3]). Let us suppose that the homoge-
neous convex cone ) is irreducible. Then Q is a symmetric cone if and only if the
numbers ny; (1 < j <k <r) are independent of j, k.

5. Proof of the main theorem.

Before proving Theorem B, we note that Theorem A follows actually from
Theorem B, though the homogeneous convex cone 2 is not assumed to be irre-
ducible in Theorem A. Indeed, if 2 is a direct product of irreducible homogeneous
convex cones ; (i = 1,...,m), we see easily that Q* = Qf x --- x QF . Hence
it follows that ¢(x1,...,2m) = d1(x1) - dm(Tm) (z; € Q;), where ¢; stands for
the characteristic function of ;. Therefore, we have (z1,...,z,)" = («f,...,25)
(z; € Q;), so that each of (IT) and (IIT) of Theorem A holds if and only if it holds
for all Q; (i =1,...,m). Moreover, if Q; (i =1,...,m) are symmetric cones, ob-
viously 2 is a symmetric cone. Conversely, if € is a symmetric cone, it is self-dual
with respect to the inner product (-|-), (see Section 3.1), so that Q; (i =1,...,m)
are self-dual with respect to (-|-)4,.

Now we start proving Theorem B. As in Theorem B, we assume that Q C V'
is an irreducible homogeneous convex cone and A : @ — Ry an admissible
H-relatively invariant function. We know by Lemma 2.1, (1.2) and (2.7) that
A = A_g with a positive s = (s1,...,5,) € R" up to a positive constant multiple,
so that Fa = 4.

5.1. Proof of the equivalence of (II) and (III).
It is clear that (II) implies (III). To show that (III) implies (II), we prove the
following fact:

LEMMA 5.1. Let x,y € Q. If v =q y and F5(z) =q+ Fs(y), then one has
T =y.

PrROOF. We put v := = —y € Q. It follows from .Z5(z) € Q* that
(v, Z5(x)) > 0. This together with (2.10) gives

(y, Fs(x) = () = (y, (@) — |s| < (z, Fs(x)) —[s] = 0.

Since y € Q = (Q%)*, one has (y,f) > 0 for any f € Q*\ {0}. In view of
SIs(z) — Fs(y) € Q*, we know that F5(x) = F(y), which implies = = y. O

The above lemma tells us that if © =q y and F5(y) %aq- Is(z), then
Is(x) %ar Fs(y). Let us suppose that (III) holds. If z »q y, then the pair
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(Fs(x), Fs(y)) is comparable, so that we must have .75(y) =q+ Fs(x). By a sim-
ilar argument for . = #.1 it follows that .Z5(y) =q- Fs(z) implies x =q ¥.
Now we have (II).

5.2. Proof of the equivalence of (I) and (II).

First we suppose that (I) holds. Then we see by (1.1) and (1.2) that Zs(z) =
px* (x € Q). Therefore we know by Section 3 that (II) holds.

Now we suppose that (IT) holds. As in Section 4, we identify V* with V by
means of the positive definite inner product (:|-)s, and denote the pseudoinverse
map by the same symbol .7 : Q — Q5. Then we see by (2.8), (2.9) and (4.3) that

Iy(hE)=""'E  (h€ H). (5.1)

Also we assume that the integers j, k,[ always satisfy 1 <j < k<l <r.

5.2.1 First step.
We shall show that s; = --- = s,.

LEMMA 5.2.  Ifny; # 0, then one has s; > sy.

PrROOF. We suppose ny; # 0. Let us take any non-zero vy; € Vi; and
&, &, > 0 satisfying

&€k — (256) ™ [luws I3 = 0. (5.2)

For simplicity we set v := {;E; + By + vij. Then we see that v € Q. In fact, we
know by Proposition 4.5 that ve 1= 3, .\ eEm+ (& +e) Ej+ (§p +€) By + iy € Q
for any € > 0, and v, converges to &;F; + &, E) + vi; when € approaches 0.

Thus we have E 4+ v =g E, so that E »=qs Z5(F + v) by the assumption. In
Proposition 4.1 we set

tj=log(l+§&),  ty:=log(l+& — (1+&)7"(2sk) " luwll3), (5.3)
t:=0,  wg=14E) oy, wy = wy, =0,

where we note that ¢ is a real number by (5.2). Then, the right-hand side of the
formula in Proposition 4.1 becomes F + v. Hence we see by (5.1) and Proposition
4.2 that

Is(E+v) = Z Ep+ (7% 4+ e7(2s;) | wis|12) Ej + e Ep — ey
m#j,k
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It follows from E =qs Z5(F + v) that

(1= (7 + e (28) lwngI2)) By + (1 = ) By + ¢y € OF.
Hence we know by Proposition 4.6 that

(7 + e (2s)) Hhwng 13 — 1) (e7™ — 1) — e7*(255) ! |lwiylz = 0.
After some simplification, we obtain

(e —1)(e™t — 1) — e (28;) g 2 > 0.
We multiply both sides by e?!iex. Then we have by (5.3) that
& (L +&)&k — (2s6) " Hlvksllz) — (255) 7 lowg 12 = 0.
This together with (5.2) gives
(sj — sk)(2s556) " Jors]l2 > 0.

This implies s; > s, because vg; # 0. O
LEMMA 5.3.  Ifng; # 0, then one has s; < sp.

Proor. The proof is similar to that of Lemma 5.2. We suppose ng; # 0.
Let us take any non-zero vy; € Vi; and §;, &, > 0 satisfying

&€r — (255) " oy 12 = 0. (5.4)
Discussing as in the proof of Lemma 5.2, we see that v := & E; + &, Ey + vy € Q5.

Hence it follows that F + v =qs F, so that E =q #(E + v) by the assumption.
In Proposition 4.2 we set

tyi=—log (1+& — (1+&) 7 2s;) Hows12),  tr = —log(1 + &),
t; =0, wrj = —(1 + &) gy, wy; = wy = 0,

where we have t; € R by (5.4). Then, the right-hand side of the formula in
Proposition 4.2 becomes E + v. It follows from (5.1) and Proposition 4.1 that
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THE+0) = Y Bt eV B+ (e + b (25) " gy |2) By + et
m#j.k

Since E =q IS (E + v), we obtain

(1—e")Ej+ (1= (' + €% (2s5) Hwiy[|2)) Ex — " wy; € Q.
We know by Proposition 4.5 that

(€ —1)(e™ + e (2s) " Jwylls — 1) — € (2s0) ™ iz 15 = 0.
After some simplification, we obtain

(e = 1) = 1) = e (255 g 2 2 0.
We multiply both sides by e~ e~2!. Then we have by (5.5) that
(L + &) — (255) HlomgllZ) & — (255) vk Iz = 0.
It follows from (5.4) that
(sk = 57)(2855%) " lvksllz = 0,

which implies s; > s;, because vy; # 0. O
Lemmas 5.2 and 5.3 yield
PROPOSITION 5.4.  If ny; # 0, then one has s; = sp.

This together with Proposition 4.7 tells us that s; = --- = s,.. In fact, let
j,k be any integers with 1 < j < k < r. Let jg,...,Jm be a series appearing
in Proposition 4.7. Then it follows from Proposition 5.4 that s;, , = s;, for
A=1,...,m, so that one has s; = sj.

5.2.2 Second step.
We set s := sy = -+ = s,.. The purpose of this section is to show that if
ny 7 0, then ny;; < ng;. For vy, € Vi, we consider the linear map

S
Vij 2 vij = "Ly, v € Vi,
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where we know indeed by [8, Lemma 4.4] and [8, Lemma 7.7] that 5L,,, vi; € Vi;.

LEMMA 5.5.  Let us suppose ny, # 0. Then, for every non-zero vy, € Vi,
the linear map Vi; 3 vi; — 5Ly, vi; € Vij is injective. Hence one has ny; < ny;.

Proor. We assume that °L,,, v;; = 0. We shall show that v;; = 0. Contrary
we suppose that v;; # 0. Then, there exist £;, &k, & > 0 such that

&€& — (2s) Hlug; Iz =0, &r& — (28) w2 = 0. (5.6)

Discussing as in the proof of Lemma 5.2, we see by Proposition 4.6 and the as-
sumption 5L,,, v;; = 0 that

vi=&§E + 6By + B v o € Qs.
Hence we have E + v »=qs E, so that F =q 4 (F + v). In Proposition 4.2 we set

tj == —log(1+& — (1L+&)7"(25) " uys12),
tr:=—log(1+& — (1+&) 7' (2s)Mlwwll),  tr==—log(1+&), (5.7)
wy; =0, wy; = —(1+&) oy, wi = —(14+ &) o,
where ¢}, are real numbers by (5.6). Then, the right-hand side of the formula

in Proposition 4.2 becomes E + v, because °L,,, v;; = 0. We obtain by (5.1) and
Proposition 4.1 that

IHE+v)= Y Enm+eYE;+e*Ey
mg k.l
+ (e + e (28) T Hlwikl| + €% (25) 7wy lIZ) Br + ey + e wp.

Since E =q #5(FE +v), one has

(L= e")E; + (1 — ™) B+ (1= (" + e (29) " w2 + € (25) " Hlwy;[12)) 2

— eYwy; — ey, € Q.

Hence it follows from Proposition 4.5 (iii) that
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(1 —eY)(1—e™){(1—e")(1— (" +e™(28) w3 + e (25) " wis3))

—e9(28) My llg} — (1 — €)% (28) 7 w13 > 0.

We divide both sides by (1 — e%7), where we note that 1 —e% > 0 by (5.7) and
(5.6). After some simplification we obtain

(1-e")(1—e™)(1-e")
— (1 —e")ef(25) w3 — (1 — e )et (25) 7wy |13 > 0.
Multiplying both sides by e~ te~t*e =34 we have by (5.7) that

e e —De (e —1)(e7 — 1)

= (et — 1)(28) o2 — e (e — 1)(28) o2 > 0.
Here we see by (5.7) and (5.6) that
et —1=¢, e e —1) = &, e e —1) =¢&.
Then it follows that
&i€n€t — &(28) ™ oIz — & (25) vy 12 > 0.

This together with (5.6) gives —&;£,& > 0, which is a contradiction. Therefore we
have v;; # 0. O

5.2.3 Third step.
LeEMMA 5.6.  We suppose ngj # 0. Then, for every non-zero vy; # 0, the
linear map

Vij 2 vy = Ul = vjAvg; € Vige

is injective. Hence we have ny; < nyy.

Proor. Let us assume that Uy, = 0 for some v;; € V;;. We shall show that
vy; = 0. Contrary we suppose vy; # 0.
We can take &;, &, & > 0 satisfying

&6 — (28) Hluglls =0, && — (28) w2 = 0. (5.8)
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Then we see by Proposition 4.5 and the assumption Uy, = 0 that
v:=&E; + &Ey + GE + vy 4 vy € Q.
Hence we have E 4+ v =q E, so that E »=qs J5(E + v). In Proposition 4.1 we set
=log(1+&;),  tr:=log(1+& — (1+&) " (25) lvgsll2),

=log (1+& — (1+&)7"(29) 7 luys12), (5.9)

wij = (14 &) oy, wy; = (1+ &) oy, wig = 0,

where ty,t; are real numbers by (5.8). Then, since Uy, = 0, the right-hand side
of the formula in Proposition 4.1 becomes E + v. Hence we know by (5.1) and
Proposition 4.2 that

S(E +v) Z Ep + (e75 4 e (28) " w |2 + e (28) 7wy |12) E;
m#j,k,l

+e E, +eUE — eft’“wkj — eft’wlj.
Since E =qs .95(F + v), one has

(L= (e + e (28) " lwg I3 + €7 (29) 7 lwyy1I3) ) E;

+(1—e™Ep+ (1 —e ™)E + e "wg; + e My, € Q.
It follows from Proposition 4.6 (iii) that
{(1= (7 +e7(28) 7 w12 + e (28) M lwis 12)) (1 — e™*)

—e72(28) My lIg} (1 = eT*) (1 —e7")

— (1 —e™")2e(28) 7 w12 > 0.

We divide both sides by (1 — e™%), where we note that 1 —e~% > 0 by (5.9) and
(5.8). After some simplification we have

(1—eB)1—e ™) (1—-e")

= (1= (28) 7 w12 — (1 — e )e ™" (25) 7! |wyy |2 > 0.
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Multiplying both sides by e3%ie’e'l| we obtain by (5.9) that

(€' — 1) (e —1)eli (e — 1)

— (e = 1)(28) " uwyllz — e (e = 1)(25) gy 1 = 0.
It follows from (5.9) and (5.8) that
el —1=¢;, eli(et —1) = &, eli(e —1) =¢.
Hence we have
&€& — €1(25) " owglIE — €k (25) w13 = 0.

Therefore it holds by (5.8) that —&;£,x& > 0, which is a contradiction. Now we
have v;; = 0, which we had to show. O

5.2.4 Last step.

Now that we have Lemmas 5.5 and 5.6, we can prove that the numbers ny;
(1 <j <k <r)areindependent of j, k asin [11, Lemma 5.15] and [11, Proposition
5.16]. Here we give a sketch of the proof. First, by Lemmas 5.5 and 5.6 we know
the following.

LEMMA 5.7.  Fiz integers j,k,l with j < k <. If at least two of ny;, ny;, nik
are non-zero, then they are all equal.

A discussion using Lemma 5.7 and Proposition 4.7 gives that ny; # 0 for all
J < k. Then we see easily by Lemma 5.7 that the numbers ny; (1 < j <k <7)
are all equal. Therefore Proposition 4.8 tells us that the irreducible homogeneous
convex cone ) is a symmetric cone. Moreover, since sy =---=s, and d; =+-- =
d, by (2.15), we have s = pd for some p > 0. Hence it follows from (2.17) that
Ax) = A_g(x) = ¢(x)P (x € Q) up to a positive constant multiple. Now (I) of
Theorem B holds.

6. Example of non-order-reversing Vinberg’s x-map.

In this section, we shall verify directly that Vinberg’s *-map associated with
the dual Vinberg cone is not order-reversing. We note that the *-map associated
with the Vinberg cone is not either, though we do not show it here. See [9, Section
5] for an explicit computation of the x-map associated with the Vinberg cone. Let
V' be the real vector space defined by
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U1 0 V2
Vi=<v= 0 v3 v4 | ;v;€R
V2 V4 s
The dual Vinberg cone is given by

Q= {v € V| v is positive definite},

which is one of the lowest-dimensional non-symmetric cones.
Let us define a Lie group H by

hi 0 0
H={h=| 0 hy 0 | €GLB,R); hi, hs,hs>0
h2 h4 h5

We see easily that H is a split solvable Lie group acting on V by v — p(h)v := hv'h
(h € Hyv € V). It is clear that p(h) € G(2). In addition, H acts on € simply
transitively. We take the unit matrix in V' as the base point E. Then the product
of the clan induced by the action of H is described as

vAw = tw + wo (v,we V),

where
01/2 O O 1)1/2 O V2
V= 0 w3/2 O , D= 0 w3/2 w4
vy vy U5/2 0 0 ws/2

The normal decomposition is given by

1 00 00O 000
Ei=1000 |, Ec=1010 ], Es=1000 |,

000 000 001

0 0 v 0 0 O

V21 = {0}, Vg,l = 0 0 0 5 V32 = 0 0 V4

V2 0 0 0 V4 0

Hence it follows from (2.15) that d; = 3/2,dy = 3/2,d3 = 2. Thus we know by
(2.11) and (2.17) that
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3 3
(vw)y = V11 + 4vows + SU3Ws + dvqwy + 2vsws (v,weV).

Let us compute the *-map explicitly. For z € Q, let h(x) be the element
of H such that p(h(z))E = x. Then we see that h(x) is given by h(x); := «;
(i=1,...,5), where we have set

g 1= /T, az = /3, as = /w5 — 23 /21 — af/xs,
Qg 1= 1’2/‘/$1, Qy = IE4/\/E

Since 2% = (p(h(x))E)? = %p(h(z))"*E by (5.1), a straightforward computation
yields

a;? + 3 (az/(aras))? 0 —az/(ara3)
z? = 0 a§2 + %(a4/(a3a5))2 —ay/(azad) (x € Q).
—az/(ar03) —au/(aza3) as?

Additionally, we know by (2.14) that for = € Q,

-2

¢(E).

o(x) = a7 a3 a5 16(E) = oy *as/? (w12505 — 23wy — 22ay)

We shall give a pair z,y € Q such that 2 =g y and y® #qe 2%. Weset y := E.
It is clear that

€q,

N = O
=N O

so that we have z := y + v1 =g y. We know by (6.1) that

V2 I:y(b*l'qs:

o O O
W= &‘H o
Wi Wik O

However, it holds that
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0 0 O
vg:=| 0 4 -2 ]€Q
0 -2 1

and (vp|vs)g = —1, which implies vy ¢ Q. Thus we obtain y¢ #qgs 2.

(13]
(14]
[15]
[16]
(17]
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