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Abstract. The definitions of the Feynman path integral for the Pauli equation
and more general equations in configuration space and in phase space are proposed,
probably for the first time. Then it is proved rigorously that the Feynman path
integrals are well-defined and are the solutions to the corresponding equations. These
Feynman path integrals are defined by the time-slicing method through broken line
paths, which is familiar in physics. Our definitions of these Feynman path integrals
and our results give the extension of ones for the Schrédinger equation.

1. Introduction.

We consider some charged non-relativistic particles in an electromagnetic field.
For the sake of simplicity we suppose the charge and the mass of every particle to
be g. and m > 0, respectively. We consider x = (z1,...,2,) € R" and ¢t € [0,T],
where T > 0 is an arbitrary constant. Let E(t,z) = (E1,...,E,) € R"™ and
(Bj(t, ) 1<j<k<n € R™"=1/2 denote electric strength and magnetic strength tensor,
respectively, and (V (¢, ), A(t,z)) = (V,A1,...,A,) € R™! an electromagnetic poten-
tial, i.e.,

_ oA v
Y oz’
0A, 0A; .
Byp=—--—"2 (1< < 1.1
7k axj axk ( S < k = Tl), ( )

where 0V/0x = (0V/0x1,...,0V/0xy,). Then the Lagrangian function % (¢, x, %) (& €
R™) is given by

Lt z, @) = §|x|2—|—qcaz-A—ch. (1.2)

The Hamiltonian function 54 (¢, xz,p) (p € R™) is defined through the Legendre transfor-
mation of % by
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H(t, x,p) L | AP +q.V (1.3)
T = — Qe V. :
olt, T, p 2 p q q

Let T*R™ = R? x R! denote the phase space, and (R")[! and (T*R")% the
spaces of all paths ¢ : [s,t] 2 0 — ¢(f) € R™ and (¢,p) : [s,t] 2 0 — (q(0),p(F)) € T*R™,
respectively. The classical actions S.(t,s;q) for g € (R”)[S’ﬂ in configuration space and
S(t,s;q,p) for (q,p) € (T*R™)[* in phase space are given by

Si(t.sia) = [ 2(6.4(0).d0)db. () = T5(6) (14)
and
S(t,s:0,p) = / (p(9) - d(6) — (8, 4(0),p(6)) Y b, (1.5)

respectively (cf. [2]).

In 1948 Feynman proposed an essentially different description of quantization from
the Heisenberg and the Schrédinger ones in [5]. Let f be a probability amplitude given
at the time 0. Then he claimed that the value of the probability amplitude at (T, z) can
be described as the sum, in a sense, of N~ (expih=1S.(T,0;q))f(q(0)) over all paths
q € (R™)OT] satisfying ¢(T) = = with a normalization factor N independent of ¢ and
x. This sum is called the Feynman path integral. In 1951 Feynman himself gave the
description reformulated by means of the Feynman path integral in phase space in [6].
This Feynman path integral is called the phase space Feynman path integral. Now we
know that his description is very useful and applied to wide areas in physics (cf. [21]).

The Feynman path integral and the phase space Feynman path integral were rigor-
ously defined and proved to satisfy the Schodinger equation

ih%u(t) = Ho(t)u(t), u(0)=f (1.6)
in many papers, where
H(t)._in Ei_ A42+ 1% (1.7)
0= om = i Ox; ety 9e '

and £ is the Planck constant. For example, See [1], [8], [14], [15], [18], [23] and their
references. See Theorem 4 in Section 5 of Chapter 4 in [10] for the non-existence of the
measure defining the Feynman path integral.

Let “(ai,...,a,) denote the transposed of vector (ai,...,a,), where a; (j =
1,2,...,n) are complex numbers. Let n = 3, u(t) = *(u1(t), us2(t)), I the identity matrix
of degree 2, B(t,x) = (Bas(t, z), —Bi3(t,x), Bi2(t,x)) = Vx A(t, z) and o = (01, 02, 03),
where ¢; (j = 1,2,3) are the Hermitian constant matrices of degree 2 called the Pauli
matrices satisfying
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[0'1,0'2] = 2i0’3, [0'2,0'3] = 2i0’1, [0'3,0'1} = 2i02. (18)

Here [-, -] denotes the commutator for matrices. Then we have the Pauli equation

ih%u(t) — Ho(Du(t), u(0) = (fr, f)

representing the motion of a particle with spin 1/2, where

qch

He(t) = Ho(t).[g - om

B(t)-o

Feynman and Hibbs say in Section 12-10 of [7] that with regard to application to quantum
mechanics, path integrals suffer most grievously from a serious defect, because they do not
permit a discussion of particles with spin in a simple and lucid way. Also, Schulman says
in Chapter 22 of [22] that it has been difficult to suggest a continuous path subsequently
to be summed over so as to obtain the probability amplitude for the Pauli equation.
The author does not know the mathematical references concerning the Feynman path
integral for the Pauli equation. Let h =1, and A(t,z) € R® and V(t,z) € R independent
of t € [0,7]. Then in [9] the formula of the Feynman-Kac type for the equation

0 t
Eu(t) = —H.(t)u(t), u(0)="'(f1,[2)

was obtained. We note that in [9] the random variable matrix M (¢,w) (w € Q) of degree
2 defined by the solution to

dc

d
Mt _
(t,w) 2m

dt

(B(by(t)) - o) M(t,w), M(0,w)=1I (1.9)

was used, where (2 is a basic space and b,,(¢) is the Brownian motion of dimension 3. As
physical references the Feynman path integral on R3 x SO(3) was studied in [22] and the
Feynman path integral was studied by means of the introduction of new two variables
for spin in [4]. See [11], [22] for the detailed physical references.

Let u(t) = H(ur(t), ..., w(t)), f = (f1,..., fi), I; the identity matrix of degree [ and
H,(t,z) = (hijx(t,z)) a Hermitian matrix of degree [. We consider the generalized Pauli
equation

ihocult) = (Ho()T + hEL()u(0),  ulto) = £ (1.10)

Our aim in the present paper is to propose the definitions of the Feynman path integral
and the phase space Feynman path integral for (1.10), probably for the first time. Then
we prove rigorously that these Feynman path integrals are well-defined and satisfy (1.10).
We note that our definitions of these Feynman path integrals and our results give the
extension of ones for the Schrédinger equation in [16].
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Assume that all hq;x(t,z) are continuous in [0,7] x R". For a continuous path
g€ (RMOT let Z(t,5;q) (0 < t,s < T) be the unitary matrix of degree I defined by the
solution to

%d(t) = —iH(t,q(t) A (t), o(s)=1,. (1.11)

We note that (1.11) is like (1.9). Let f = *(f1,...,f1) be a probability amplitude
given at the time 0. Roughly speaking, we define the Feynman path integral and the
phase space Feynman path integral for (1.10) with ¢, = 0 by the sums, in a sense,
of N~ expih=1S.(T,0;q)).Z(T,0;q)f(q(0)) over all continuous ¢ € (R")O7 satisfy-
ing ¢(T) = x and of N'~Y(expih=1S(T,0;q,p))F(T,0;q) x f(q(0)) over all continuous
q € (RMIT] and all p € (R™)IOT] satisfying ¢(T) = x respectively, where N’ is also a
normalization factor independent of ¢,p and z.

The outline of the proof is as follows. We define the Feynman path integral and the
phase space Feynman path integral for (1.10) by the time-slicing method through broken
line paths. This method is familiar in physics (cf. [7], [21]). We denote the space of all
infinitely differentiable functions in R™ with compact support by C§°(R™). Let

t_z(:r—y)7 0<s<O<t<T (1.12)

azy(0) =y +
and set for f =*(f1,..., f1) € C(R"™)!

vm/(2mih(t — 8)) " / (expih™"S.(t, s; as)) o
“ts)f = x F(t,s:9,5) f(y)dy, (1.13)
fv s =1t.

Let ¢ — s > 0 be small. Then we can prove the so-called stability of €(t,s) and the
so-called consistency of €(t, s) for (1.10) in Propositions 3.4 and 3.5 of the present paper
by means of the theory of the oscillatory integral operators as in [16]. Then we can prove
our results as in the same way as in [16].

The plan of the present paper is as follows. In section 2 we state our results and
some remarks. Section 3 is devoted to the proof of the main theorem.

2. Results.

Let A : 0 =17 <7 < -+ <7, =T be a subdivision of the interval [0,T].
We set |A| := max;<j<,(r; — 7j_1). For (@ ... 2*=Y and x in R" let’s define ga =
v=1) 2) € (R™)1%T] by the broken line path joining points z) at 7; (j =
0,1,...,v,2") = z) in order, i.e.

qA(H;:L’(O), ool

. 0—71; 4 A .
qa(0) = 20D 4 ﬁ(x(ﬁ _ U 1)), i1 <0<
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for 7 =1,2,...,v. Then we have the following.

LEMMA 2.1.  Assume that all hy;i(t,x) are continuous in [0,T] x R™. Then we
have

T, 1, — v—1,Tv— s
j(Ta 0; QA) = E(T, Tv—1; qm7;-(u—11))ﬁ(7-y—17 Tv—2; Q;(Vfllﬁ)r@(ifz)) te 9(7—17 0; qgil()),fE(O) ) .

(2.1)
PrOOF. For 7, <t <7441 (k=0,1,...,v—1) we have
F(,0;98) = F (6, T 4L e ) F (T, 03 4a).-
In fact both sides satisfy
S (0) = ~iH (65T (0)7 (0, () = F(n,050s).
So, (2.1) can be proved by induction. O
For a multi-index o = (aq,...,a,) and x € R” we write |af = Y7, a;, 2% =
(e3) Qn o (a3} Qo 2 2 _ 2 n
aft e xln, 0Y = (9/0x1)* - -+ (0/0x,)* and (z) = /14 |z|2. Let L* = L?*(R™) be

the space of all square integrable functions in R” with inner product (-,-) and norm
| - |l. We introduce the weighted Sobolev spaces B* = B(h) := {f € L? |/f|p« :=
11422 0 =a (Nl fl+ 1(RO2) ) < 00} (@ =1,2,...). We set BY:= L2 Let B~ (a =
1,2,...) denote the dual space of B®. Let ||f|| g« for f =*(f1,..., f;) € (B?®)" denote the

1
norm (Zj:l ||fj||23a)1/2-
Let x € C§°(R™) such that x(0) = 1. For a function g(z,y) on R™ x R™ we
define the oscﬂlatory integral Os — [ g(-,y)dy by lim_.o fHJ 1 x(ey9)g(-, y)dy, where

Yy = (y(l), oyl ) € R™ and the limit is taken in the topology of B® different from
that in [19]. Let ga = qa(6; 2, ..., 2=V ). We define

/ (exp i S(T, 0:ga)) F (T, 0; qa) f (42 (0)) Zqa

<H,/2mh — )Os/ /expzh Se(T,05qa))

F(T,0;qa) /(4 (0))dz'® - - dz~ (2.2)

for f € C§°(R™)!. Then from (1.4), (1.13) and Lemma 2.1 we can write

/ (expih™'Se(T, 04a)) F (T, 0;4) f (4 (0)) Zga

= 1im C(T, 7 )x(€)E (11,7 2) -+ X(€)E (71, 0)x(e) . (2.3)
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As is seen from (2.3), Proposition 2.2 in [13] and Lemma 2.2 in [3], it seems to be
difficult that the limit in (2.3) is taken pointwise in R™. The existence of the limit (2.2)
or (2.3) will be proved in Theorem 2.3 in the present paper. The Feynman path integral

[(expih™1S.(T,0;9))-Z (T,0;q) f(q(0)) Zq in configuration space for the generalized Pauli
equation (1.10) with ¢y = 0 is defined by

Jim [ (expin!S.(7,0:02)) F(1,0:08) 4 (0) P (2.4)

as in [7], [21], where the limit in (2.4) is taken in the topology of (B%).
Let 0 <ty <t <T. Wetake 1 < p/ < p < v such that 7,1 < tp < 7 and
Tu—1 <t < 7,. Then we define for f € C§°(R")!

Calt to) [ := I G(t mu—1)x(e)C (Tu—1, Tu—2) -+ X(€) € (Tr, to) x () f- (2.5)

Otherwise we set Ga(t,t0)f = €(t,t0)f. Then from (2.3) we have
Ca(T,0)f = / (expih™Se(T,054a)) 7 (T, 0:qa) f(aa(0))Z4a. (2.6)

For IU) (j = 0,1,...,v — 1) in kinetic momentum space R" we define the path

A (6;TIO . 1T =D) € (R™)[%T] in kinetic momentum space by the piecewise constant

path taking I1(¥) at § = 0,11) for 7, <0 <711 (J=01,...,v—1). Let ga =
qa(0; 20 . 2D ) and set

pa(f) :=1Ia(0) + A0, ga(0)). (2.7)

Then we define for f € C§°(R")!
// (expih™"S(T,0;qa,pa))Z (T, 0;qa) f (qa(0)) 2T a Dga
= (27h) "™ Os — / e / (expih™'S(T,0;qa,pA))
x F(T,0;qa) f(qa (0)dIT O dz®) . .. qrIV =1 g (=1, (2.8)
The existence of the limit (2.8) will be proved in Theorem 2.3 in the present paper. The

Feynman path integral [[(expih='S(T,0;q¢,p))Z(T,0;q)f(q(0))Z11%2q in phase space
for the generalized Pauli equation (1.10) with ¢y = 0 is defined by

|ii|To // (expih™'S(T,0;qa,pa))F (T,0;qa) f(4a(0)) 1A Zga (2.9)

as in [21] in the topology of (B®)!.
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Let
s a(0) == (b, (0),TT+ A(6,¢%%,(0))) € (T*R™)l*1, (2.10)
and for 0 < s <t < T and f € C°(R"™)! set

(2mh)~ // expih~ 15’ t,s; Cwyn)) .
s <1,

fa s=1.

Let 0 < tp <t <T. If we take 1 < p/ < p < v such that 7, < tp < 7, and
Tu—1 < t < 1, we define for f € Cso(R™)!

Galt to) f = lim Ge(t, 7u—1)x(€)Ge(Tu1, Tu—2) - X(€)Ge(Tr s to)x () f - (2.12)

Otherwise we set Ga(t,to)f = lime_,0 Ge(t,t0)f. Then from (1.5), (2.7)—(2.8), (2.10)—
(2.11) and Lemma 2.1 we have

Ga(T,0)f = // (expih™"S(T,0;qa,pa)) Z(T,0;qa) f(qa(0) ZUAZga.  (2.13)

Let
r+y t—s !
D(t,s;z,y,2) ==z — + / A(s,y+0(z—y))db
2 m Jy
t— t—s)?
— —SB'(t,s;x,y,z) — QE’(t,s;x,y,z) € R,
m m

where E' = (E{,...,E!), B' = (B},...,B},),

/ / t—al (t —s), z+01(x—z)+02(y—m))dazdal

and
n 1 g1
B;:Z(zk—xk)// Bjk(t—al(t—s),z—t-al(x—z)+Ug(y—x))d02d01.
k=1 0 70

Then Lemma 3.2 in [14] says

LEMMA 2.2. Let 0%E;(t,z) (j =1,2,...,n) and 03 B,(t,x) (1 < j <k <mn) be
continuous in [0,T] x R"™ for all a. We suppose
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|02 E; (t,2)] < Cay la] 21, |09 Byi(t,2)] < Cale) "0+, Ja| > 1 (2.14)

in [0,T] x R™, where constants § = 6o > 0 may depend on «. Then there exits a
constant p* > 0 such that the mapping: R" 2 z — & = ® € R™ is homeomorphic and
det 09 /0z > 1/2 for each fized 0 <t — s < p*, x and y.

We fix p* > 0 determined in Lemma 2.2 through the present paper. The following
is the main theorem in the present paper.

THEOREM 2.3.  Besides the assumptions of Lemma 2.2 we suppose that 05 A;(t, x)
(j=1,2,...,n) and O3V (t,x) are continuous in [0,T] x R™ for all a and that we have

02 A;(t,2)| < Ca, lal =1, |05V (tz)| < Cola), o] > 1 (2.15)

in [0, T)xR™. We also assume that 0Shiji(t,x) (j,k =1,2,...,1) for all & are continuous
in [0,T] x R™ and satisfy

|0 h1ji(t, @) < Co,  (t,2) €[0,T] x R™. (2.16)

Let a = 0,1,... and |A] < p*. Then we have: (1) Both of €a(t,to) and Ga(t, to) are
well-defined on C3°(R™)! independently of the choice of X and can be extended to bounded
operators on (B®)'. In addition, they are equal to one another and are continuous in
0 <ty <t<T as (B -valued functions. (2) As |A| — 0, Ca(t,to)f for f € (B*)!
converges in (B*)! uniformly in 0 <ty <t < T and this limit satisfies the generalized
Pauli equation (1.10).

We have together with (2.6) and (2.13)

COROLLARY 2.4. Leta=0,1,... and f € (B*)'. Under the assumptions of Theo-
rem 2.3 there exist the Feynman path integrals [(expih~'S.(t,0;q))Z (t,0;q)f(q(0))Zq
and [[(expih='S(t,0;q,p))ZF (t,0;q)f(q(0))Z11Zq in configuration space and in phase
space for 0 < t < T, which are equal to one another, are continuous in 0 <t < T as
(B*)!-valued functions and satisfy the generalized Pauli equation (1.10) with to = 0.

REMARK 2.1. We have Z (¢, s;q) = exp(—i fst Hy(0,q(6))df) in case that Hy(t,x)
is a diagonal matrix. So,

/ / (expih='S(T, 0; qa, pa)) F (T, 0; qa) f(4a (0) ZTa Zga
://<expih_1/o {PA(9)-Q'A(9)11—%(97%(9),%(9))&—hH1(97qA(9))}d9>
X f(qa(0))ZUADgA.

We note that fOT{p(Q) -q(0)I; — (0, 4q(0),p(0)); —hH1(0,q(0)) }df is the classical action
in phase space corresponding to the quantum equation (1.10).
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REMARK 2.2.  Let &2,([0,T]; (B*t?)") N &,([0, T; (B*)") denote the space of all
(B*+?)lvalued continuous and (B®)!-valued continuously differentiable functions in
0<s<t<T. Weknow from the second step of the proof of Theorem in [12] that the
solutions to (1.10) are unique in (J3~ ___(&2,([0, T]; (B*T2)") N &,([0,TT; (B*)Y)).

a=—0o0

REMARK 2.3. If Hy(t,z) = 0 identically in [0, T] x R", then we have .Z(t,s) = I;
from (1.11). Hence Theorem 2.3 and Corollary 2.4 in the present paper state the same
results as in Theorems 1 and 2 in [16].

REMARK 2.4. If we suppose, besides the assumptions of Lemma 2.2 that 0, B, (t, )
(1 < j < k < n) are continuous in [0,7] x R™, then we can get the same assertions as
in Theorem 2.3 and Corollary 2.4 in the present paper where a = 0. The proof can be
given by virtue of the gauge transformation as in the proof of Theorem in [14].

REMARK 2.5. Let M > 0 be an integer and z;;(z,II) (j,k = 1,2,...,1) infinitely
differentiable scalar functions in R?". We suppose

101107 2k (@, )| < Cap(1+ |2| + DY, (2,11) € R

for all o and 5. We set the matrix z(z,II) := (z;5(x,II)) of degree I. Then we define for
aty € [0, T]

/ / (expih™'S(T,0;qa. pa))-Z (T to; 4a) =(4a (to). T (to)

x Z(to,0;qa)f(qa(0)) Z1a Zqa
as in the same way of defining (2.8). From (1.11) we note

¢

F(t,s'qk5) — 1 = —i/ Hy(0,455,(0)F (0,55 455,)do

s/

for s < s’ <t <t. Assume

identically in R*" for j,k = 1,2,...,1. We take .7 (t,t0; ¢%%)z(q% (to), ). (to, 55 ¢%%))
for s < t9 <t as w(z,Il,y) in Proposition 5.1 and Theorem 5.2 in [17]. Then from
Corollary 4.3 in [17], (2.1) and Lemma 3.1 in the present paper we can prove as in
the proof of Theorem 2.2 in [17] under the assumptions of Theorem 2.3 that for f €
(BatM)l (g =0,1,...) there exists

|ii|ril)0//(eXpih_ls(T70;C]Aﬁ”A))eg.(T’tO;QA)Z(QA(tO)vnA(tO))

x F(to,0;qa) f(qa(0)) 21 a D qn
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n (B*)!, which is equal to U(T,ty)Z(to)U(to,0)f. Here U(t,ty)f denotes the solu-
tion to the generalized Pauli equation (1.10) and Z(ty) the pseudo-differential operator

Z(X,hD, fo (to, X + 0(X' — X))df) with double symbol (cf. [19]). One can prove
the same assertions as in Theorems 2.2 and 2.3 in [17], which give the generalization of
the results for the Schédinger equation in [16], [17], in the same way that the above was
proved. The detailed proof will be published elsewhere.

REMARK 2.6.  We consider the Pauli equation. Then since the trace of o; (j =
1,2,3) is equal to zero, the trace of Hy(t,z) = (—gq./2m)B(t,x) - o is also zero. So, we
have det . (t, s; q) = 1. Consequently, we see Z (t,s;q) € SU(I).

3. Proof of Theorem 2.3.

For the sake of simplicity we set =1 and ¢. = 1.

LEMMA 3.1.  Assume that 0Shijk(t,x) (4,k =1,2,...,1) are continuous for all o
in [0,T] x R™ and satisfy

0% hijn(t, )| < Co, lal =1, (t,x)€[0,T] x R". (3.1)

Let 0 < s <t <T. Then F(t',s';qy5) for s < &', t' <t is a unitary matriz. We also
/

see that for all o and 30‘35/( t/ q;‘;) exist, are continuous and satisfy

02007 (¢, /5 4%)] < Cas (3.2)

in0<s<s, ¢! <t<T,xz€R" andyec R".

PrROOF.  We see from (1.11) that .7 (', s'; ¢%%) is a unitary matrix. So we have
(3.2) for a = 8 = 0. We also know from the theory of the ordinary differential equations
that for all v and 8 93007 (', s'; ¢%%) exist and are continuous in 0 < s < ', ¢/ <t < T,
r € R™ and y € R™. We have

ii 1ot s
dt’ 8xjy(t ' ’qw”)

= —iH (t',q5, (1) 88

[0 )
QZ y(t S Qa:,y) {axjHl(t/vqg,y(tl))} (t S Qx,y)
0
8&0] (5 s’ qu):O.

Consequently we have

'

G (0 ssats) = =i [ F )| G m e 0) |7 05 ). 63
J S J

In the same way we can prove (3.2) from (3.1) for |« 4+ 8] = 1. In the same way we can
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prove (3.2) for all @ and 8 by induction. O

Let p(xz,w) = (pjx(z,w)) be a matrix valued function of degree [. We define the
operator Pj(t,s) (j,k=1,2,...,1) on C§°(R") by

i =) " [ (exwisi(t siats)

X pik(@, (x —y)/VE—s)f(y)dy,
Pji(t,s)f = (3.4)

JmJ @) "0s - / (exp im|w]?/2)

x pik(x, w)dwf(x),

s <t,

s=t

as in [13], [14], where the oscillatry integral in (3.4) is taken pointwise in the usual sense
as in [19]. We set for f =t(f1,..., fi) € C°(R™)!

P(t,s)f = (ij(t,s))f. (35)

Let €(t,s) be the operator on C§°(R™)! defined by (1.13).

LEMMA 3.2. Let My > 0 and assume

|0V (t, )| + Z 02 A;(t, )| < Co ()™, (t,2) €]0,T] x R" (3.6)

j=1
for all av. Let f € C$°(R™)!. Then we have: (1) Let My > 0 and suppose
10507 ps(2,w)] < Cap(1+ [2] + W)™, (2,w) € R* (3.7)

for all j,k,c and 3. Then, 0% (P(t,s)f)(x) exist for all « and are continuous in 0 < s <
t <T andx € R™. (2) We see under the assumptions of Lemma 3.1 that 9 (€ (¢, s)f)(x)
exist for all a and are continuous in 0 < s <t <T and x € R".

PRrROOF. The assertion (1) follows from Lemma 2.1 in [14].
From (1.11) we have
t/
F(t',s'5q55) — I = —i /, Hy(0,455,(0))7 (0,55 ¢55,) do. (3.8)

S

So from Lemma 3.1 we get
|8§‘85{9(t, s,qi‘L) — Il}| < Copllz) +{x—y)|t—s|, (z,y) € R™"

for 0 < s <t <T,all @ and B. Consequently, the assertion (2) can be proved as in the
proof of Lemma 2.1 in [14]. O
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PROPOSITION 3.3.  Under the assumptions of Theorem 2.3 except for the assump-

tions concerning Hy(t,x) we have for a = 0,1,...: (1) There exists a constant K, > 0
such that
m n
H”%i(t—s) /(expiSc(t,s;q.tj;))f(y)dy .,
SeK“(t_s)HfHBa, 0<t—s<p* (3.9)

for f € B (2) Let q(z,w) be a scalar function satisfying (3.7) and let Q(t,s) denote
the operator defined by (3.4). Set for k=0,1,...

ol = maxc sup (1+ [z + ) )~ M2|0g00q(w, w))- (3.10)

Then there exists a k = k(a, M2) such that we have
1Q(t, 8)fll e < Calglill fll gtz (3.11)

for f € BatMz,

PROOF. The assertion (1) follows from Proposition 3.4 in [16]. The assertion (2)
follows from Theorem 4.4 in [14]. O

ProproOSITION 3.4.  Under the assumptions of Theorem 2.3 there exist constants
K/ >0 (a=0,1,...) such that we have

1€, 9)f |3 < a0 fllpa, 0<t—s<p® (3.12)

for f € (BY).

PROOF. The inequality (3.12) is clear for t = s. Let 0 < t — s < p*. From the
assumptions (2.16) for all «, (3.8) and Lemma 3.1 we have

‘6;"85{9(75, s:qt%) — L} < Cap(t—s) (3.13)

for all o and 3. We write from (1.13)

$)f = m /(expiSc(Ls;qi”sy))llf(y)dy
+m / (expiSe(t, 5:0:5) {7 (4 5:025) = L} (w)dy.  (3.14)

Hence, applying Proposition 3.3 to (3.14), we get
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1€t 5) fllpe < "= f|lpa + Const.(t = s)||f ]| =

< el fllpe, 0<t—s5<ph,
which completes the proof. O
ProrosiTiON 3.5. We write

H(t) = Ho(t)I, + Hy(%). (3.15)

Besides the assumptions of Lemmas 3.1 and 3.2 we suppose 080, A;(t, z)| < Colz)™1 in
[0,T]xR™ forj =1,2,...,n and all . Then, there exist an integer My > 0,7,1(t, s; x, w)
and r;-k(t, s;xyw) (4,k=1,2,...,1) satisfying (3.7) for all0 < s <t < T such that

at C(t,s)f —H)E(t,s)f =vVt—sR(t,s)f (3.16)
and
i%‘ﬁ(t, S)f+€(t,s)H(s)f =t —sR'(t,s)f (3.17)

for f € C°(R™)!, where R(t,s) and R'(t,s) are the operators defined by (3.5) with

pik(z, w) =k (t, s; 2, w) and pj(z, w) = rék(t, s;x,w), respectively.

PROOF. Let0<s<t<T. For0<s<s <t <t<Tand f e C&R") we
write

\/ﬁ expiS.(t', 8’54t
S o / ! D, I
12 =t

In this proof we often write Se(t,s;¢45) as S(¢ls5,) for the sake of simplicity. It follows
from (1.2), (1.4) and (1.12) that we have

) m|z _y|2

1
Sc(t,s;q;’j/ :7+(x—y)-/ At —0(t —s),z —0(x—y))db
0

2(t — s)
—/:V(G,x—ie(x—y)>d0
=”§'§:Z'2 (z —y /At— (t—s),z— 0z —y))do

~(t—s) /0 V(t—0(t— )2 — 0(z — 1))do. (3.19)
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From (1.11) and (3.18) as in the proof of Lemma 4.1 in [16] we write

iS58 — HOVEW S5 9)f

m " iS(qt o, i ’ o,
= - m /6 () )<r1(t,s,t,s,x7y)+2mm(t,s,t,s,x,y)>f(y)dy,
(3.20)

o 1 n VAN
= {aﬂs(qi:; ) g > (00, S(dy) = A1) + V<t’7x>}3](t’v §'147y),
(3.21)

T~ Al S(aL) + (0 AN ) ()
-2 Z (0n, S(qfv:’;l) — A (t',2) 0., F (', 8':4%3) +ile F (', 85423

+2mi{Hy (t', 25, (") — Hy(t',2) }.7 (¢, s'5 455 (3.22)

We can see from Lemma 4.1 in [16] and Lemma 3.1 in the present paper that setting
t' =tand s = s, r; in (3.21) and the first term on the right-hand side of (3.22) are of
the form of the right-hand side of (3.16). We see from (3.19)

0u, S (i) — Aj(t,x) = % +Vt—spj (t s, \/1%> (3.23)

for j =1,2,...,n, where p;(¢t, s; x,w) satisfy (3.7). Consequently, we see together with
(3.3) from Lemma 3.1 that setting ¢’ = ¢ and s’ = s, the second term on the right-hand
side of (3.22) is of the form of the right-hand side of (3.16). In the same way we can see
that setting ¢/ =t and s’ = s, r is of the form of the right-hand side of (3.16). As in the
proof of (3.3) we have

¢

a . a K S
O 3 1y = i / Z(t,6: qw){atHl(e,q;zy(e))}y(e,s';q;7,y)do. (3.24)

Hence, setting ¢’ = ¢t and s' = s, 0, €(t', ';t, s) f is written of the form of the right-hand
side of (3.16). Thus we can prove (3.16), noting € (¢, s;t, s)f = €(t,s)f-

Let ¢ € (R™)%T] be continuous. Let 0 < t,0,s < T. Then from (1.11) as in the
proof of (2.1) we can easily see

F(t,0;q).F(0,s,9) = Z(t,s;q).
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So from the unitarity of .Z#(t, s; ¢) we have
F(t,s:q9) ="F(s,tq) (3.25)

for 0 < t,s < T, where the right-hand side above denotes the complex conjugate of the
transposed of the matrix (s, t;q). Consequently, we have

S F(b550) = 17 (b, 5:0) Ha s, 0(5)) (3.20)

We will prove (3.17). From (3.18) and (3.26) as in the proof of Lemma 4.1 in [16]

we write

i 2B ot 5) ]+ B, s, ) H(S') S

as'
m " i t!,s! Z
- V m /6 S(qz’y ) <T/1(tla Sl;ta S, T, y) + %Té(tlv Sl;tv 57x7y)>f(y)dya
(3.27)
where
= L0u8(a0s) = = 37 (B, S@E) + As(s)E — Vi(sy) VF (F, ot
1 s/ gy m Yj Az )y AR 'Y yS 5z y))
j=1
(3.28)
!l _mn ASt7S naA / ¢t1t7s
7"2— t/ /+ Y (qu)—’_Z( Zj J)(svy) J( 7s7qmy)
j=1
n
+2 Z (By, S(dhy )+ Aj(s', )0y, F (V. 8':4%5)) — i, F (t, 55 4}%)
j=1
+2miZ (t',s'; 425 {H1(s',y) — Hi(s',q5,(s)) }- (3.29)
So, we can prove (3.17) as in the proof of (3.16). O

PROOF OF THEOREM 2.3. Let K; and K (j = 1,2,...,v) be bounded operators
on (B%)! and f € C§°(R™)!. Then, it holds that

K, x(e)Kp—1x(e) - x(e) K1 f — K;//K;//A T Kif

=Y Kux(e)---x(e)Kjnx(e) (K - Kj)Kj_; - Kif
j=1

FYK(e) (€K (1)~ K - KL (3.30)
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Let |A] < p* and a = 0,1,.... We can easily see

sup |[x(e)fllpe < Const.||f] g
0<e<1

and
tim [[(x(e) = Df] 5. =0

for f € (B*)!. So, applying Proposition 3.4 to (2.5), then from (3.30) for f € (B%)! we
have

CgA (t, t())f = (g(h Tﬁfl)%(Tu,h TH,Q) T %(TH” to)f (331)
n (B%)!. Tt follows from Proposition 3.4 that
1€at,to) fllpe < X fp, 0ty <t<T (3.32)

for f € (B)!.
From (1.3), (1.5), (1.12), (2.10) and (3.19) we can easily see

m(z —y) |’

(t B S) . t,s
I — P— + Sc(t,s34%7,)- (3.33)

S(tv&(;iz,n) = om

Consequently, from (2.11) we get

\/ﬁ / expiSe(t,s;457%)))F (t,s;45%) f(y)dy Vif2n "

X /(exp —i|2[?/2)x (ev/m/(t — )z + em(z — y)/(t — 5))d=. (3.34)

Let 0 <t — s < p*. Applying Lemma 6.2 in [16] to (3.34), we have from Lemma 3.1 in
the present paper

ll—{% Ge(t,s)f =€t s)f (3.35)

in (B%)! for f € (B%)!. From (2) of Proposition 3.3 we also have

sup HG (t,s) f‘
0<e<

ga < CallfliBe- (3.36)

Hence, applying (3.30) to (2.12) and (3.31), then from (3.12), (3.35) and (3.36) we have

GA(tvtO)f = %A(tato)f (337)



A mathematical theory of the Feynman path integral 665

in (B! for f € (B*)! as in the proof of (3.31), which completes the proof of (1) of
Theorem 2.3.

We can prove (2) of Theorem 2.3 as in the proof of Theorem 1 in [16]. So we shall
give a rough sketch of the proof. See [16] for the detailed proof. We have [030;A;(t, z)| <
Cofx) in [0,T] x R™ for j = 1,2,...,n and all o from the assumptions and (1.1). We
first note that from Lemma 3.2 and Proposition 3.5 we have

(€1, )f — Ctas)f) = / " (H(0)€(0,5)f + VT —sR(0,5)f)do (3.38)

t1

for f € C3°(R™) and 0 < s <ty,ta < T.

We take an arbitrary ¢ such that 0 < tg < ¢’ < T and a 1 < k < v such that
Th—1 < t' < 7. Let |A| < p*. Suppose p = k and tg < 7,-1. Then from (3.31) and
(3.38) we have

Z((gA(t7t0) - %A(t/7t0>)

= i(%(tm,kl) — €', 7-1))Ca(Tu—1,t0)

H(Q)%A(H to d@-f—/ \/ — Tu— 1R 9 y Tp—1 d@ch(Tu 1,t0> (339>

t/
Suppose p > k and tg < 7;—1. Then

Ca(t,to) — Calt' o)

p—k—1
= Ga(t,to) — Ca(Tu—1,t0) + Z (€a(Tu-1,t0) — Ca(Tu—i-1,t0))
=1

+ Ea(Tito) — Calt’ to)-
So, as in the proof of (3.39) we have
i(€a(t to) — €t o))

/ H %A 9 to d9+/ \/9—TM_1R(9,TM_1)d9(gA(Tu_1,t0)

n—1

pn—k—1

O I == (SRR NS

Tp—1—1
k
+/ \/6‘—kalR(e,kal)dach(kal,to). (340)
t/

Set M = max(Mas,2). Then, applying (2) of Proposition 3.3 and (3.32) to (3.40), we get
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|€a(t,to) f = Calt'st0) f| .

t t
< Const.(/ |G (0, t0) | gasrrdd + \/|A|/ d0 | Ca(Tu—1,t0) f || gasne
t’ Tp—1

p—k—1 Tu—1

+ 3 VA d6 ||Ca (Tu—1-1,t0) f|
=1

Ba+M
Tu—1-1

+ VA / do||<€A<rk_1,to>f||Ba+M)
t/

< Const. eXa+MT (1 1 /o[t — ||| f|| gasn .
Hence, we obtain

[€a(tto)f = Ealt' to)f]

pa < Const. eBarstT (1 1 /oAt —t'|| f|| garm (3.41)
when p > k and tp < 7—1. It is easy to see that (3.41) is valid in general for 0 < ¢ty < ¢,

' <T.
As in the proof of (3.41) we have

|Ca(t,to) f — Ealt. ty)f|

o < Const. KT (14 /5%t — th] | ]| o

for 0 < tg, t;, <t < T. Thus we obtain

H(gA(t7t0)f - %A(t/7t6)f’ Ba
< Const. e®e M7 (14 /p%) (It — '] + [to — to|) | | pa+as (3.42)

in general for 0 <tg <¢t<Tand 0<¢, <t' <T.

Let {A;}52, be a family of subdivisions of [0,7] such that [A;| < p* and
limj oo |Aj| = 0. Take an arbitrary f € (B**?M)l (@ = 0,1,...). Then, we
see from (3.32) and (3.42) that {%a,(t,t0)f}32, is uniformly bounded as a family of
(B+2M)l_yalued functions and equicontinuous as a family of (B*+™)l-valued functions
in0 <ty <t<T. We note from the Rellich criterion (cf. [20]) that the embedding
map from B%2M into B4*M is compact. So, from the Ascoli-Arzeld theorem we can
find a subsequence {Aj, }32,, which may depend on f, such that Cn,, (t,to)f converges
in (B**M)!l uniformly in 0 < ¢ty <t < T as k — oo. It follows from Lemma 3.2 and
(3.40) with ' = to that limg o Ga,, (t,t0)f € 624, ([0, T]; (B*TM)) N &L, (10,T0; (B4
satisfies the generalized Pauli equation (1.10). As was noted in Remark 2.2, the solutions
to (1.10) are unique. Therefore, € (,to)f converges to the solution to (1.10) in (Ba+)!
uniformly in 0 <tg <t <T as |[A| — 0.

Take an arbitrary f € (B%)!. Let A and A’ be subdivisions such that |A| < p* and
|A’| < p*. Then for any € > 0 we can take a g € (B**2M)! such that ||g — f||p« < .
From (3.32) we have
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|€a(t, to) f — %A/(t7t0)f”3a
< ||€alt.to)g — Car(t,to)g| ga + |€a(t, to)(f — 9)|| go + |G (t.t0)(f — 9)]| e

< ||Ca(t,to)g — Carlt,to)g|| garar + 205 Te.
So,

Tim, ’ - ’ < KaT .
limapja—0 o DBX | Galt,to)f — Cart to)f]| go < 2¢"Te

Hence, we can see that Ga(t,to)f converges in (B%)! uniformly in 0 < ty <t < T as
|A] — 0. Tt follows from Lemma 3.2, (3.40) with ¢ = ¢y and Lemma 2.5 in [12] that
lim| Ao Ga(t, to) f belongs to &2, ([0, T]; (B*)") N &L, ([0,T7; (B*~M)!) and satisfies the
generalized Pauli equation (1.10). Thus, we could complete the proof of Theorem 2.3. [
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