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Abstract. In this paper we consider Jorgensen’s inequalities for classical Schottky groups
of the real type. The infimum of Jergensen’s numbers for groups of types II, V and VII
are 16, 4(1 + v2)? and 4(1 + v/2)?, respectively, each of which is the best possible for
Jorgensen’s inequality.

0. Introduction.

Jorgensen’s inequality gives a necessary condition for a non-elementary Mobius
transformation group G = {A4;, 4;) to be discrete (Jorgensen [2]): if G =<A4,4,) is a
non-clementary discrete group, then

J(G) := |tr?(4)) — 4] + |tr(A; 2471 451 — 2] > 1,

where tr is the trace. The lower bound is the best possible. We call J(G) Jorgensen’s
number for G = (A, Ay).

With respect to Jorgensen’s numbers it gives rise to the following problems: (1)
Problem 1 is to find many non-Fuchsian extreme groups, where a two-generator group
G is called extreme if J(G)=1. (2) Problem 2 is to find the minimum values of
Jorgensen’s numbers for some subspaces of the Kleinian space of rank two, for example
the Teichmuller space, the Schottky space, where the Kleinian space of rank two is
the space of all two-generator Kleinian groups. For Problem 1, Jergensen-Lascurain-
Pignataro [3] and Sato-Yamada [8] gave uncountably many non-conjugate, non-
Fuchsian extreme groups. For Problem 2, Gilman [1] and Sato [7] gave the best lower
bound of Jergensen’s numbers for purely hyperbolic two-generator groups.

In this paper we will consider Jorgensen’s numbers for classical Schottky groups of
real type of genus two (see §1 for the definition). In Sato [5] we classified the groups
into eight types. The groups of the first and the fourth types are called Fuchsian
Schottky groups. In Gilman [1] and Sato [7] they gave Jorgensen’s inequalities and the
best lower bounds for Fuchsian Schottky groups:

(1) If G=<A4,,4,) is of the first type, that is, a Fuchsian Schottky group such
that the axes of 4; and A, are disjoint, then J(G) > 16. The lower bound is the best
possible.
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(2) If G =<A41,42) is of the fourth type, that is, a Fuchsian Schottky group such
that the axes of 4, and A, intersect, then J(G) >4. The lower bound is the best
possible.

In this paper we will consider Jorgensen’s numbers for three kinds of classical
Schottky groups of real type, that is, the second, the fifth and the seventh types (see §1
for the definitions). The main results in this paper are as follows, which will be stated
in §4.

(1) If G=<A4,,A4,) is of the second type, then J(G) > 16.

(2) If G={A;,A4y) is of the fifth type, then J(G) > 4(1 + v2)%

(3) If G={A4;,4,) is of the seventh type, then J(G) > 4(1 + v/2)%

All of the lower bounds in the above inequalities are the best possible.

Jorgensen’s numbers for the rest types, that is, for classical Schottky groups of the
third, the sixth and the eighth types will appear in the coming paper [11]. The results
are as follows:

(1) If G=<A4,,4,) is of the third type, then J(G) > 4.

(2) If G={A;,A4) is of the sixth type, then J(G) > 16.

(3) If G=<A4;,A42) is of the eighth type, then J(G) > 16.

All of the lower bounds are the best possible.

In [9] we announced the main results in this paper and [11].

In §1 we will state notation and terminology, and state eight kinds of classical
Schottky groups of real type of genus two. In §2 we will consider automorphisms of
a free group on two generators, that is, Nielsen transformations and their properties. In
§3 we will state fundamental regions for the Schottky modular groups of the second and
the seventh types which are given in Sato [6]. In §4 we will state the main results in this
paper. In §5 we will list properties of Jargensen’s numbers in a series of lemmas, which
play important roles in the proofs of the main theorems. In §6 we will give a proof of
the theorem on Jergensen’s numbers for classical Schottky groups of the second type.
In §7 through §10 we will prove the main theorems on Jergensen’s numbers for the
groups of the fifth and the seventh types. In §11 we will give some examples which
guarantee that all of the lower bounds in the inequalities in the main theorems are the
best possible.

Thanks are due to the referees for their careful reading and valuable suggestions.

1. Notation and terminology.

Let Ci, Cyy1;...;Cy, Coy be a set of 2g, g > 1, mutually disjoint Jordan curves on
the Riemann sphere which comprise the boundary of a 2g-ply connected region w.
Suppose there are g Mobius transformations Ay, ..., 4, which have the property that 4;
maps C; onto Cyy; and 4;(w)Nw =90, 1 <j<g. Then the g necessarily loxodromic
transformations A, generate a marked Schottky group G = {(A,,...,A,) of genus g with
o as a fundamental region. In particular, if all C; (j=1,2,...,2g) are circles, then
we call A4;,...,A4, a set of classical generators of G. A classical Schottky group is a
Schottky group for which there exists some set of classical generator.

We denote by Mob the group of all Mobius transformation. We say two marked
subgroups G = {4j,...,A,y and G= (AAI,...,AAg> of M6b to be equivalent if there
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exists a Mobius transformation 7 such that A}z T4, T7' for j=1,2,...,9. The
Schottky space (resp. the classical Schottky space) of genus g, denoted by S, (resp. S; ),
is the set of all equivalence classes of marked Schottky groups (resp. marked classical
Schottky groups) of genus g > 1.

We denote by M, the set of all equivalence classes [{A4;,A4,)] of marked groups
(A1,A4;)> generated by loxodromic transformations A; and A, whose fixed points are
all distinct. Let [{4;,42)]e M,. For j=1,2, let 4; (|4 > 1), p; and pyi; be the
multipliers, the repelling and the attracting fixed points of 4;, respectively. We define ¢
by setting #; = 1/4;. Thus t;e D* = {z|0 < |z] < 1}. We determine a Mdbius trans-
formation T by T(p)) =0, T(p3) =0 and T(p2) =1, and define p by p= T(ps).
Thus pe C—{0,1}. We can define a mapping o of the space M, into (D*)? x
(C—-{0,1}) by setting a([<{A41,A42)]) = (t1,t2,p). Then we say [{A4;,4,)] represents
(t1,t,p) and (t;,f,p) corresponds to [(Ay,A4y)] or {A1,42). We write 1, = 1;(G),
t) = t(G) and p = p(G). Conversely, 41, 4, and ps are uniquely determined from
a given point t = (f1,t,p) € (D*)?> x (C —{0,1}) under the normalization condition
p1=0, pg=o0 and p, =1; we define 4; (j=1,2) and ps by setting 4; =1/t and
p4 = p, respectively. We determine 4, (z), A2(z) € Mdb from 7 as follows: the multiplier,
the repelling and the attracting fixed points of A4;(z) are 4;, p; and p,,;, respectively.
Thus we obtain a mapping f of (D*)? x (C —{0,1}) into M, by setting B(z) =
[41(z), A2(z)>]. Then we note that fo = aff =id. Therefore we identify M, with
«(M;). Similarly we can define the mapping «* of S, or S5 into (D*)? x (C - {0,1})
by restricting « to this space, and identify S, (resp. S5) with a*(S2) (resp. a*(S3)).
From now on we denote a(M,), a*(S,) and o*(SY) by M,, S, and Sg, respectively.

We call G = (A4, 4,) a marked group of real type if (¢;,%,,p) € RN M,, that is, #;,
t, and p are all real numbers, where (¢1, 13, p) corresponds to G = {A4;, A>>. Then there
are eight kinds of marked groups of real type as follows.

DeriniTION 1.1 (cf. [5]).
1) G is of the first type (Type I) if 1; >0, £, >0, p> 0.

(

(2) G is of the second type (Type II) if ¢, >0, £, <0, p> 0.
(3) G is of the third type (Type III) if #; >0, t, <0, p<O.
(4) G is of the fourth type (Type IV) if 4 >0, £, >0, p<O.
(5) G is of the fifth type (Type V) if #; <0, £ >0, p> 0.

(6) G is of the sixth type (Type VI) if t;, <0, £, <0, p> 0.

(7) G is of the seventh type (Type VII) if #; <0, £, <0, p<O.
(8) G is of the eighth type (type VIII) if #; <0, £, >0, p <O.

For each k=11I,...,VIII, we call the set of all equivalence classes of marked
groups (resp. marked Schottky groups and marked classical Schottky groups) of Type k
the real space (resp. the real Schottky space and the real classical Schottky space) of
Type k, and denote them by RyM, (resp. Ry S, and R;S)).

2. The Nielsen transformations.

In this section we consider automorphisms of a free group on two generators, that
1s, Nielsen transformations, and their properties.
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THEOREM A (Neumann [4]). The group @, of automorphisms of G = {Ay,A>) has
the following presentation:

@, = (N1, N2, N3|(N,N1NoN3)? = 1,
N3 !NyN3N,NiN3NiNo Ny = 1, Ny N3N N3 = N3N N3Ny )y,

where N : (A1,A2)F—->(A1,A2—l), Ny : (Al,Az)H(Az,Al) and N3 : (Al,Az)H(Al,AlAz).

We call the mappings N;, N, and N3 Nielsen transformations.

Let (21,2,p) be the point in §, corresponding to a marked Schottky group G =
{Ay, A2). Let (41()), t2(j),p(j)) be the images of (#1,%,p) under the Nielsen transfor-
mations N; (j=1,2,3). Then by straightforward calculations, we have the following.

Lemma 2.1 (Sato [5, Lemma 2.1]). (i) #1(1) =11, ©2(1) =2 and p(1) =1/p. (ii)
n(2) =, (2) =thand p(2) = p. (iii) 1 (3) = 11, n(3) + (1/0(3)) = Q*/uin(p—1)* -2
and p(3) + (1/p(3)) = P*/tip(1 — 1)> — 2, where P=p—t —ptitr + ty and Q = p — t +
phty — 1.

We note that the spaces M, S, and Sé) are all, @;-invariant, that is ¢(M,) = M,
#(S2) =S, and ¢(S7) =S? for #e®,. The following Propositions 2.1 and 2.2
are easily seen from Lemma 2.1 and the definitions of R;M,, RS> and Rksg
(k=11,..., VIII).

PROPOSITION 2.1. Let X denote the spaces M,, S» or Sg. Then Ni(RiX) = R X
for k=1]1I,...,VIIL

PROPOSITION 2.2. Let X denote the spaces My, Sy or Sy. Then
() Na(ReX) = RiX for k = LIV, VL VIL

(11) Nz(RHX) = RvX and Nz(RvX) - RIIX.

(i) N2(RmX) = RvinX and N2(RvmX) = RppX.

PrOPOSITION 2.3. Let X denote the spaces M,, S, or Sg . Then
(i) N3(RiX) = Ry X for k=111 1 IV.

(i) N3(RyX) = RynX and N3(RvuX) = RyX.

(i) N3(RviX) = RvmX and N3(RymX) = RviX.

Proor. For k =11V, see Sato [5] and for kK =11, V, VII, see Sato [6, p. 453].
Here we will only show this proposition for k£ = III, VI, VIII. By Lemma 2.1 we easily
see that N3(RmX)= RmX. Let t=(t1,52,p) € RyiX. We set N3(7) = (ff,8,p%).
Since ¢} = #;, we have #f < 0. Let p and g be two solutions of the equation

n(l—1)z* = (p—ta—ptita + 1)z + p(1 — 12) = 0.

Then pg=p(l — )/ti(1 — ) =p/ty <0. Hence p* =¢q/p < 0. Since

L4+1/4+2=(p—t+ttp—t)/htip—1)>0,

we have £ >0. Hence (ff,2,p*) e RvinX. By the same way we have
N3 (RV]HX) = RVIX. qed
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3. Fundamental regions.

Let &, be the group of automorphisms of G = {(A4;,4;) introduced in §2. Let
b1,9, € D;. We say that ¢, and ¢, are equivalent if ¢,(G) is equivalent to ¢,(G), that
is, if there exists 7' € Mob such that ¢,(G) = T¢,(G)T}, and we denote it by ¢; ~ ¢,.
We denote by [¢] the equivalence class of ¢ € @,. The Schottky modular group of genus
two, which is denoted by Mod(S>), is the set of all equivalence classes of orientation
preservimg automorphisms of S>. We denote by Mod(R.S5) the restriction of Mod(S;)
to RSy for k=1L1I,...,VII. We denote by Fi(Mod(S5y)) fundamental regions in
RiSY for Mod(RSY).

ProrosiTioN 3.1 (Sato [6]).
Fu(Mod(S3)) = {(t1,12,p) € RuS3 | (1 + (11)?12) /(11)"/? + 12)
<p<((1=)"20)/(t)?*=1))? -1 <1, <0,0 <t <1}.
PROPOSITION 3.2 (Sato [6]).
Fyn(Mod(83)) = {(t1, 12,p) € RvuS3 | ((—=12)' 2+ (=12)'/) /(1 = (1) /(= 2)/?) < (=)'
< (1= (=) (=) (=)' + (=1)V?), 1y < 11, -1 < 11 < O}.
ProposITION 3.3 (Sato [6]). The group Mod(RVHSS) is generated by [N2?] and
[N1V2).
4. Main theorems.

In this section the main theorems in this paper will be stated. The proofs of the
theorems will be given in §6 through §10. Let G be a marked two-generator group
generated by Mobius transformations 4, and A, : G = {4,,4,). The number

J(G) = |tr* (A1) — 4] + |tr(41 42477 451) — 2|
is called Jorgensen’s number of G = (A4, A;), where tr is the trace.

THEOREM 1. If G ={A,,42) € Rnsg, then J(G) > 16. The lower bound is the best
possible.

THEOREM 2. If G = (A1, 42) € RySY, then J(G) > 4(1 + V2)%. The lower bound is
the best possible.

THEOREM 3. If G = (A, A2) € RyuSy, then J(G) > 4(1 + v2)2. The lower bound
is the best possible.
5. Jergensen’s inequality.

In this section we will give some lemmas which are necessary to prove the main
theorems stated in the previous section. We introduce the following two regions:

My = {t=(t1,1,p) e B |t = (1) = 1)/ (p/* — }/?)
<Hh<01l<p<l/y,0<t <1}
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Myn = {t = (t1,12,p) € R | (=)' + (=) }) /{1 = (=01)"*(=12)/})} < (=p)"/?
< (1= (=) (=) /(-t1)* + (=8)"/?), -1 < ,, < 0, -1 < 1; < O}.
We easily see the following lemma.

LeMMmA 5.1. For each k=11, VII
Fi(Mod(S7)) & My < RiS}.

THEOREM B (Jorgensen [2]). Suppose that Mdbius transformations A; and A,
generate a non-elementary discrete group G. Then

J(G) = |tr}(4)) — 4] + |tr(41 4247 45" = 2| = 1.
The lower bound is the best possible.

Let = (t1, %, p) correspond to G= {4y, 4>. Then since |tr?(4;) —4|= |1 -1 |?/|1]
and [tr(41 4247 45") — 2| = ()1 — 12/ |a]) - (11 = /|t2])- (lol/lp — 112), we have the
following proposition by Theorem B.

PROPOSITION 5.1. Let G =<{Ay,A2) be a non-elementary discrete group and let
T = (t,t,p) be the point corresponding to {Ay,Az). Then

1-af  [1-uf|]l - 6Pl

> 1.
|t1] It |22] 1o — 12

J(1) ==

Let 7= (1,t2,p) correspond to G = {A4;,4;)>. We set
J1(G) = |tr(4)? = 4|, Ji(r) =1 = na/|nl,
J2(G) = |tr(A41 42471 451) — 2|
and

11— 4Pl - &l
t1] 22| |p = 117
Then J;(G) = Ji(7), J2(G) = Jo(r) and J(G) = J(7)

LEMMA 5.2. Jy(G) is Dy-invariant, that is, J2($(G)) = Jo(G) for any ¢ € D,.

Jz(‘t’) =

ProOF. Since J>(Nj(G)) =J/2(G) (j=1,2,3), the desired result follows from
Theorem A. q.ed.

We can easily see the following lemma.

LemMA 5.3. J,(G) and J(G) are invariant under the Nielsen transformations Ny and
N3, that is,

(1) Jl(Nl(G)) = Jl(G) and Jl(N3(G)) = Jl(G).

(i) J(N1(G)) = J(G) and J(N3(G)) = J(G).

By Lemma 5.1 we have the following.
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PropoOsITION 5.2. For k=11, VII
inf{J(G) | G € Fx(Mod 8))} = inf{J(G)| G € My} > inf{J(G)| G € RiS5}.

LEMMA 5.4. For each k =11, VIL, if 1= (t1,t2,p) € My and 19 = (11, t2,p) € OMy
(tao #0), then J(7o) < J(7).

PrOOF. Since the function (1 — t2)2 /t2 is negative and monotonously decreasing in
the interval —1 < £, < 0, the desired result follows from the definition of the space Mjy.
q.e.d.

CorOLLARY. For each k=II,VII, inf{J(G)|Ge dyMi} < inf{J(G)|G e M},
where doMy = {G € My | t2(G) # 0} and (t1(G), t2(G), p(G)) corresponds to G.
6. Proof of Theorem 1.
LEmMMA 6.1. Let
(1= x)2(1 = x)??
1 - )21 —xy)(y — x).
Then f(x,y)>16 for 1 <y<1/x and 0 < x < 1.

flx,y) = X2(

ProOF. We set X =x+1/x and Y =y+1/y. Then we have
fey) = (1= %1 =222 /x*(1 - p)*(1 - xp)(y — x)
=(X?-4H)(X-2)/(X -Y)(Y-2).

We write g(X,Y) for the last term of the above equation. We will show
g(X,Y)>16. Since X >2, Y>2and X —Y = (y —x)(1 — xy)/xy > 0, it suffices to
show

(X2 —4)(X -2)>16(X - Y)(Y -2).
Noting that X > 2, we have the desired result, since
(X2 —4) (X =2)—16(X — Y)(Y —2) =16Y? — 16Y(X +2) + (X? - 4)(X —2) + 32X
=16{Y — (X +2)/2}* + (X —2)>. qe.d.

COROLLARY. If 7= (t;,th,p) is a point on the boundary of My defined by the
equation

n=0"p"*-1)/(p"? -1 (O<p<1/n,0<t <),
then J>(t) > 16.

PrOOF. We set x=1'> and y=pY/2 By substituting 1, = (1]*p/2-1)/

(p"/2 = £/%) for the defining equation of J,(z),
11— 4P|l = &*p|
Inlle2llp — 112

Jo(t) =

Y
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we have
- -xy?
x2(1=y)2(1 = xy)(y —x)

By Lemma 6.1 we have the desired result. q.e.d.

LEMMA 6.2. Let t=(t1,t,p) € My and 19 = (t1,t20,p) € OMu (t #0). Then
Jz(t) > J2(1:0).

PrOOF. Since —1 <ty <t <0, we have (1 —t)?/|t] < (1 —12)?/|t2|]. Hence
J(t) > J(70). q.e.d.

The following corollary follows from Corollary to Lemma 6.1 and Lemma 6.2.

J2(7)

COROLLARY. Let t=(t1,tr,p) € My1. Then J>(1) > 16.

ProOOF OF THEOREM 2. By Proposition 3.1 we have that for any t eRnsg there
exists ¢ € Mod(Rnsg) such that ¢(tr) e My. Then by Lemma 5.2, Proposition 5.2 and
Corollary to Lemma 6.2, we have J(t) = J1(t) + J2(1) = J2(7) = J2(4(7)) > 16. q.e.d.

7. Proof of Theorem 3: Part 1.

In this section through §10 we will prove Theorem 3. Throughout this section let
N, N, and N3 be the Nielsen transformations defined in §2, and let ¢ = N32 and
x =NiN>. Let Myyp be the set introduced in §5. We easily see the following two
lemmas. We omit the proofs.

LemMa 7.1. (1) le = 1, N22 = 1, N1N2 ~N2N1 and N1N2N1N2 ~ 1.
. n NN, if nisodd.
(i) 2"~

1 if n is even.
i) x' ~y.
(iV) )(Nl = le_l.

(v) @N; = Nl(p_l and Nyp = go‘lNl.
LemMma 7.2.

(i) Ni(Mvn) = Myn and Ny(Mvn) = Myy.
(i) x"(Mvn) = Myn (ne Z).

Let J(G) be the Jorgensen number for G = {4, A4>)>. By Lemmas 5.3 and 7.2, we
have the following lemmas.

Lemma 7.3. Let G = {Ay,A2) € RynSY. Then

(i) J(e™(G)) =J(G) (me Z).

(i) J(x(G)) = J(N2(G)).

LemMma 7.4.

(i) inf{J(N1(G))|G e Myn} = inf{J(G)|G € Myy}.
(ii) inf{J(N2(G))|G e My} = inf{J(G)|G e Myy}.
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(lll) 1nf{J(x(G)) | Ge Mvn} = 1nf{J(G) | Ge Mvn}.

(iv) inf{J(¢p™(G))|G e Myu} =inf{J(G) |G e Myy} (me Z).

Noting that y?> ~ 1 (Lemma 7.1), we can classify elements ¢ € Mod(RyiiS5) into the

following four types by Proposition 3.3:

(T1) ¢ = "B gemk= ... yom@ ypm®,
(T2) ¢ = 20" pe™*D - 29Dy,
(T3) ¢ = Wyl ypm@ypm Uy,
(Ta) ¢ = 20" pe"*D - 2 PypmVy,

where m(k) = +1,+2, +3,....

We define marked groups G; and G/ (j=1,2,3,...) by setting
Gat-1 = Gox-1(Go) := 9" ®)xpm*=) ... xo™@ 3o (Go),

G = Gau(Go) = 29" Wypm* = - - 1™ yp™ V) (Go),

G = G31(Go) := 9" ®ygm® = - yo™@ yg™ Ny (Go),

Gyt = G3r1(Go) = 29O xpmE=) ... xom@) 3oy (Go)

for Gy = {A41,42) € Mvn.

Then we have Gy = xGx-1 and G3,, = xGy;.

LemMMA 7.5. Let Gy_1, G, Gy and G35, be the groups defined in the above.

Then

() J(Gauer) =J(Guz) (k=1,2,3,...).
() J(GL) =J(Ghy) (k=1,2,3,..).

(ii) inf{J(G%)|Go e Myn} = inf{J(Gu_1)|Goe Myn} (k=1,2,3,...).
(iv) inf{J(G3,,)| Go € Myn} = inf{J(Gxu)|Go e Myn} (k=1,2,3,...).

Proor. (i) and (ii) follow from Lemma 7.3. (iii) and (iv) follow from Lemma 7.2.
q.e.d.

ProrosITION 7.1.

inf{J(G)| G = (A1, 42) € RynS3} = inf{J(G) | G = {41, 42> € Myy}.

Proposition 7.1 follows from Proposition 5.2 if the following proposition is shown.

ProrosITION 7.2.

inf{J(G) | G = (A}, 4,) € RyuSy} > inf{J(G) | G = {A1,42) € Myy}.

This proposition follows from the following proposition and Lemma 7.5.
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PropPOSITION 7.3. Let Gy (k=0,1,2,...) be the groups as in the above. Then

inf{J(Gx) | Go = {41, 42) € Myu} > inf{J(Gx_2)| Go = {41, A>) € Myn}
k=1,2,3,..).

In this section we will only prove Proposition 7.3 for the case of k = 1, that is, the
following Proposition 7.4, and we will prove the proposition for the general case by
induction in sections 8 and 9.

PROPOSITION 7.4. Let Gy = {A1,A2) € My and let G, = y9p™(Go) (me Z). Then
inf{J(Gz) I Gy e MVII} > lnf{J(Go) | Gy € Mvn}.

We easily see the following lemma by Lemma 5.2 and the defining equation of
Jorgensen’s number, and so we omit the proof.

LeMMA 7.6. Let G=<{A,4;) and G*={A},4;) be in RvuSY. Let
(11(G), (G, p(G)) and (t,(G*),t(G*),p(G*)) correspond to G and G*, respectively.
Then the following four inequalities are equivalents:

i) J(G*) > J(G).

(i) Ji1(G*) > Ji(G).

(i) —1(G*) < —1(G).
(iv) tr}(4}) < tr?(4;) < 0.

Let Gy =<{A;,4A2) e Myy and let (#;,%,p) correspond to Gy. Then G) =
x0™(Go) = {A¥™ Ay, AT'>, where m = m(1) € Z\{0}. We consider Proposition 7.4 for
the following four cases:

(C1) p<—-1and m>1.

(G;) p<-1and m< —1.
(G;) —1<p<0and m>1.
(Cy) —-1<p<0and m< —1.

LemMA 7.7. Let Gy = <A1,A2> € Myu. Then

1) J(x9™(Go)) = J(Gyp) for Gy and G, in case (Cy) if and only if J(x9™(Go)) =
J(Go) for Gy and G, in case (Cy).

(i) J(xe™(Go)) = J(Gy) for Gy and G, in case (C,) if and only if J(x9™(Go)) =
J(Gy) for Gy and G, in case (C3).

Proor. (i) We assume that J(x¢™(Gy)) = J(Gy) for Gy and G, in case (C;). Let
(t1,t,p) correspond to Gy in case (C4), that is, —1 < p <0 and let m < —1. Then
p(N1(Go)) < —1 and —m > 1. Thus J(x¢ ™(N1(Go))) = J(N1(Gp)) by the assumption.
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Hence by Lemmas 5.3 and 7.1 we have
J(x9™(Go)) = J(N1N29™(Go)) = J(N1N29™(N1N1(Go)))
= J(N1N2N19™"(N1(Go))) = J(x¢p™ " (N1(Go)))
> J(N1(Go)) = J(Go).

Conversely, suppose the inequality holds for G in case (C;). By the same method
as above we have the inequality for G in case (C;).
We also obtain (ii) by the same way as in (i). q.ed.

In order to prove Proposition 7.4 it suffices to show Proposition 7.3 for G in cases
(C1) and (C3;) by Lemma 7.7.

LeMMA 7.8. Let G =<{Ay,A) € My and let (1, t2,p) correspond to G. If p < —1
and m > 1, then J(xp™(G)) > J(G).

PrROOF. Since x¢™(G) = (A3 A,, A7!), it suffices to show by Lemma 7.6 that
tr2(43" 4,) < tr?(4,). Since

(47" 4z) = {(p — 12) + 7" (t2p — DY/ 12(p — 1)°
and tr’4; = (14 #1)?/1, it suffices to show
{(p— 1) +8"(tap — DY > 8™ 1y(p — 12(1 + )2
Weset x=—t;,y=—-tandz=-p. Then0<x<1,0<y<1and z>1. We set
I'={(p-0)+ 5" (Lp- )Y - " "tu(p-1)*(1+ 1)
={(y—2)+ X"z - D = x> y(z+ 1)*(1 - x).
Furthermore, we set
Li={(y—-2)+x"(yz~- 1)} —x"""22(z 4 1)(1 - x)
and
L:={(y—z2)+x"(yz— D} + x4 1)(1 - x).

Then I = LI,. We will show I} <0 and I; < 0. We note that yz <1 for G e Myy.
It is easy to see I} <0, because y —z <0 and x?"(yz—1) < 0. Next we will show
I, < 0. Since G € My, we have

1< (=p)'? < {1 = (=t))' P (=)} { (=) /> + (—12)'/},
that is,
1 <22 < a1- x1/2y1/2)/(x1/2 +yl/z)_
It suffices to show
f(2) = z{1 = x¥"y — x" V2 21 — x)} = {y = x¥" + x" V221 = x)} > 0

in the interval 1 <z < {(1 — x!/2p1/2)/(x1/2 4 y1/2)}2,
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Since
fi(2) =1=x"y — x" 221 - x)
= (1 — X V2)12) (1 4 xmH1/21/2) 5 0,
it suffices to show f(1) > 0, that is,
g() = {1 = x>y = x""2Y12 (1 = x)} = {p — 2"+ x"72Y2(1 — %)} > 0

in the interval 0 < y < {(1 —x'/2)/(1 + x'/?)}2.
Set Y = y'/2, Then

g(¥) = =V (1 +x"") = 2" 2(1 = )Y + (1 +x7).

Since g(0) = (14 x*") > 0 and g({(1 — x'/2)/(1 + x'/?)}?) > 0, we have g(¥) > 0 in the
interval 0 < ¥ < (1 — x/2)/(1 + x'/?). q.e.d.

LemMA 7.9. Let G=<{A,,42) € Myn and let (t1,ty,p) correspond to G. If
-1<p<0and m=>1, then J(x9p™(G)) > J(G).

Proor. It suffices to show tr?(42™4;) < tr’(4;) by Lemma 7.6. We use the same
notation I, I; and I, as in the proof of Lemma 7.8. We set x= -1, y=—0
and z= —p. Since {(—11)'?+ (=12)'2}/{1 = (=11))'2(=12)/?} < (=p)/? < 1, that is,
(x172 +y172) /(1 = x172y1/2) < 21/2 < 1, we have

y—z+4+x"(yz—1) = —z(1 — x*™y) + y — x*"
< {2+ )/ = XY PR - xPy) + (y - x7) < 0.

Hence I; < 0.
Next we will show I, < 0. We set f(z) =L. Since

[(2) =z{=1+ x>y + x" Y2 (1 = x)} + {p = ¥ + 2121 2(1 - x)}
and
—14x¥y + x"’“l/zyl/z(l —x)=—(1- x™12p12) (1 4 xmH1/291/2) < 0,
it suffices to show f(z) <0 for z = {(x'/2 4+ y'/2)/(1 — x1/2y1/2)}2 Since
S+ 1) /(1= %2121
= —{(x2 + y122(1 — x¥my — XM=121/2 4 ym1/20,1/2)
(1= 2y Yy g I )Y (1 X222,
it suffices to show
g(z) = (x1/2 +yl/2)2(1 _ mey _ xm—1/2yl/2 +xm+1/2y1/2)
_ (1 _ x1/2y1/2)2(y — xm +xm—1/2y1/2 _ xm+1/2yl/2) > 0.
By straightforward calculations, we have

g(z) = (1+ )1+ x> (1 = y) +x/2p2{2(1 = ") = x"71 (1 = x7)}].
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Since
2(1 = x™) —x™ 11 =x) = (1 = x?) + (1 — x™ 1) + x™1(1 — x™ 1) > 0,

we have g(z) >0. Hence I, <0 and so I > 0. q.e.d.

§8. Proof of Theorem 3: Part 2.
Throughout this section let Nj, N, and N3 be the Nielsen transformations and let
Q= N32 and y = N\N;. Let Gy = (Ay0,A42) € My and set
G = 29Ok .. yo"Dyo™D(Go) € RvuSy  (k=1,2,3,...)
as in §7. In this and next sections we will show the following proposition.

ProposITION 8.1.

inf{J(Gax) | Gax € RynSy} > inf{J(Go) | Go € Myn}
for k=2,3,4,....

Let Goyr_p = (41, 43)> € Rvnsg and let (¢, 72, p) correspond to Gox_». Then we have
G = 19" (Go—2) = (A" A4y, 47"y with m = m(k +1). As in the previous section, we
consider the following four cases:

(C1) p<~1and m>1.

(C) p<~1and m< —1.

(C3) —1<p<0and m>1.

(Cs) —-1<p<0and m<—1.

By the same way as in the proof of Lemma 7.7, we have the following.

LemMa 8.1. Let G = {A;,A2) € RynSY and let (t1,t5,p) correspond to G.
(1) The inequality
(%) J(G) < J(x¢™(G))

holds for G in case (Cy) if and only if the inequality (%) holds for G in case (Cy).
(i) The inequality (x) holds for G in case (C,) if and only if the inequality (x) holds
for G in case (C3).

In this section, from now on let G = <A1,A2>ERVHS§ \Mvn and let (#,2,p)
correspond to G. Throughout this section, let

e A=y ) e a=1de-n(fTE 7R

0 4] bhp — 1
Thenwehavetr 4, = (1 + tl)/ti/zandtrAz ={(p—1t)+ (t2p — 1)}/t;/2(p —1). Further-
more we set x = —t;, y=—f, and z= —p. In this section we consider the case of

p < —1, that is, the case of z > 1.
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LEMMA 8.2. Let G= (A1,A2) € RVHSQ\MVH and let (t),t2,p) correspond to G.
Set x=—t1, y=—t, and z=—p. If z> 1, then
z—y+x(yz—1)>0.

Proor. Since G e Rvnsg\Mvn, we have

(D) 22 5 (1 = x1212) (5112 + 12 > 1.
From (1), we have

(2) 1 — X212 5 x1/2 )12

and

(3) 1> x1/2 4 12,

By (1), (2) and (3) we have
z—y+x(yz—1)=z(1 +xp) — (x+y)
> {1 =X /(Y PP+ xp) - (x+)
= (LX) + {1 +x) = M2+ 27 (612 + 122
> (L4 x)(1+p){(1+xp) = x'2 = 12} (12 4 y112)2
> (14 x)(1+p)(1 = x2p1/2 5172 _ yU2) /(512 4 V22 5 0. qeed.
Lemma 8.3. Under the same assumption as Lemma 8.2, for m=1,2,3,...

(z—y)+ x> (yz - 1) S E=y) +x(pz—1)
Xm_l/2y1/2(2+ 1) xl/2y1/2(2+ 1)

(%)

Proor. By simple calculation we can see that if we show the inequality
(z=y)—x"(yz—1)>0

holds, then we have the desired inequality ().
Since z > {(1 — x'/2y1/2)/(x"/? + y1/2)}2, we have

(z=) = x"(yz = 1) > (L+ {1 = )1 +x™) = 2x2Y12 (1 = x™)}/ (62 + y12)2.
Since 1 > x!/2y1/2 4 x1/2 4 3112 we have
(1= p)(1+x™1) = 251 2p12(1 = x™)
> (1= 2 (x2 4+ y12) 4 (1 — y)x™! 4 2xmH1/2)1/2 5 0, q.e.d.
REMARK. Lemma 8.3 means tr(42"14,) <tr(4;42) < 0.

COROLLARY. Let G =<{Ay,A2) € Ryn\Mvyn and let A; and A, be the matrices as
in (xx). Then for m=1,23,...

(i) tr(d¥145) > 2.
(i) tr(4%m-34,) < —2.
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ProOF. By Lemmas 8.2 and 8.3, we have
tr(4{" " 42) = {(p — 1) + §" " (t2p — DY/ V202 (o — 1)
={(z=y) +x*"(yz = }/xB" D22z 4 1)
>{(z=y) +x(yz—1)}/x'?yV2(z+1) > 0.

Since 49”14, is a hyperbolic transformation, we have tr(4*"~14,) > 2.
1 ype 1
(i) By Lemmas 8.2 and 8.3, we have

tr(41" 3 4) = {(p — 1) + 1" (t2p — D}/ A28 (p - 1)
= ~{(z =) +x*"3(yz — 1)} /a2 2 (2 4 1)
< —{(z=y)+x(yz— 1D)}/x'?12(z+1) < 0.

Since A{™34, is a hyperbolic transformation, we have tr(47"34,) < —2.

LEMMA 8.4. Under the same assumption as Lemma 8.2
(z—y)—x*(yz—1) > 0.
Proor. Since z > {(1 — x'/2y1/2)/(x'/? + y1/2)}2 we have

(z—y) = ¥*(yz— x%) > {(1 = x/5'2) ) (x"2 + Y2 P (1 = x%p) - (p — x?)
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g.e.d.

= {1 = XYL = xy) — (V2 4 Ry~ )} (2 4 VP

Since 1 > x1/2y1/2 4 x1/2 4 y1/2 we have
(1= X291 22(1 = x2y) = (x"2 + 1) (y - x%)

=14+ +x*—y—yx*— 2x12p1/2 4 2x2x1/2y1/2)

> (14 p){(1 =y (32 + 1) + 531 = p) + 2x?%1/2p1/2} > 0.

LemMA 8.5. Under the same assumption as Lemma 8.2,

(c=p)=—x"(pyz=1) _ (z=y)—x*(yz—1)
xmyPz+1) T P41

for m=1,2,3,....

Proor. The inequality in this lemma is equivalent to the following one:

(*) (1 =x""D{(z~») + (yz = )x"*'} 2 0.

q.e.d.

If yz—12>0, then it is obvious that the inequality (*) holds. Therefore we assume

yz—1<0. Then since 1> x!/2y1/2 4 x1/2 4 y1/2 we have

=) +x" M yz-1)>z-y)-x(1-yz)>z—y—x>1—-y—x

S x2pV2 L2 12

= x12(1 = x12) V21— 1) 4 X212 5 .

q.e.d.
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REMARK. Let 4; and A4, be the matrice (xx). Then the inequality in Lemma 8.5
means itr(A2mA4;) < itr(434,).

LeMMA 8.6. Let G =<{A;,A>) be as in Lemma 8.2 and let A, and A, be the
matrices (xx). Then

(i) itr(Af"243) <0 (m=1,2,3,...).
(ii) itr(4jm4;) >0 (m=1,2,3,...).
Proor. (i) Let x, y and z be as in Lemma 8.2. By Lemmas 8.4 and 8.5, we have
—ite(A}" 2 Ay) = —{(z = y) = x*" 2 (yz = )}/ Y2z 4 1)

< —{(z—y) - x*(yz— )}/xp"*(z+1) < 0.

(i) By Lemmas 8.4 and 8.5, we have
itr(A}"42) = {(z = y) = x*(yz = D}/x*"y! 2 (z + 1)
> {(z—y) - x*(yz - )}/xy'?(z+1) > 0. q.e.d.

The following lemma is easily seen and so the proof is omitted.

1 0
AZI/tiﬂ(O t1)'

LemMMA 8.7. Let

Then for m=1,2,3,...,
(i) itr(4*3) > 0.
(i) tr(4*"?) < -2.
(iii) itr(4*1) <O.
(iv) tr(4*") > 2.

ProrosITION 8.2. Let Gy = {Aig,Ar) € Mvn and let sz = X¢m(j))(¢m(j_l) <o
10" D™ V(Gy)  with m(l)e Z\{0} (I=1,2,3,...). Suppose that p(Gy) < -1
and m(k+ 1) >1 (k =1,2,3,.. ) If J(GZk_z) < J(GZk), then J(sz) < J(GZk+2)
k=1,2,3.).

ReMARK. This proposition means that J(Gy) < J(Gx42) (K =1,2,3,...) holds in
case (C1).

PrROOF OF PRrOPOSITION 8.2. We set Gy = <A1,2k,A2’2k> = <BI,Bz>. Then
J(Gu_z) < J(Gy) if and only if tr’(B)) <tr’(B;) <0. We have Gyyzr=
(B?"By,B{'), where m =m(k +1). We set Y :=tr?(B) — tr’(B?"B,). Then

Y = (itr(B?™B,) + itr(By))(i tr(B?™B,) — itr(By)).
We note that

(%) itr(B?™B,) = itr(B[")tr(B["B;) — itr(By).
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Then we may assume that
1 0 p—t p(ta—1)
B =1/4? d B=1/8*(p-1 :
G m=yd() )) ad B=yPe-n(fIR 20T
Then we have tr(B;) = (1 — tl)/ti/2 and tr(B) ={(p— 1) + (bp— 1)}/t2(p = 1).

(i) The case of m=4n—1 (n=1,2,3,...).

By corollary to Lemma 8.3, we have tr(B{"B;)>2. Since itr(B;) >0 and
itr(B") <0 by Lemma 8.7, we have itr(B?"B,) < 2itr(B") —itr(B,) <0. Hence
itr(B¥"B,) —itr(B;) < 0. Therefore if we show itr(Bi"B,) + itr(B;) < 0, then we have
the desired inequality ¥ > 0. By (x) and corollary to Lemma 8.3, we have

itr(B?"B,) + itr(B)) = itr(BY)tr(BT'By) — itr(B,) + itr(By)
< 2itr(B{" 1) —itr(B,) + itr(By)
< =2itr(By) —itr(B,) +itr(B;) < 0.
for m=1,2,3,....

(i) The case of m=4n-3 (n=1,2,3,...).

By corollary to Lemma 8.3, we have tr(B"B;) = tr(B{"3B,) < —2. By () and
Lemma 8.7 we have

itr(B¥™By) = itr(B[")tr(B'By) — itr(B,)
< =2itr(B") — itr(B;) < 0.
Hence itr(B?"B,) — itr(B;) < 0. Therefore if we show itr(BZ"B,) + itr(B;) < 0, then
we have the desired inequality Y > 0.
By () and corollary to Lemma 8.3, we have
itr(B¥"B,) + itr(By) = itr(B)tr(BI"By) — itr(B,) + itr(B)
< =2itr(By") — itr(B,) + itr(B)
< —2itr(Bl) — itr(Bz) + itr(Bl) <0
for m=1,2,3,....
(iii) The case of m=4n—-2 (n=1,2,3,...).
In this case we have
Y = (itr(B¥"*B,) + itr(By))(itr(BY"*By) — itr(By)).

1) The case of n=2/ (I=1,2,3,...).

By corollary to Lemma 8.3, tr(B?"~!B,) = tr(B{"~1B,) > 2. Hence by (), Lemma
8.7 and corollary to Lemma 8.3, we have itr(Bf"2B,)+itr(B;)<0. Thus
itr(Bf"~2B,) < —itr(B;) < 0. By using this inequality and the hypothesis of induction
itr(By) > itr(B;), we have

itr(B¥"*B,) — itr(B;) = itr(B{"2B,) trB{"~2 — itr(B,) — itr(B;)
> —itr(By)tr(B{"2) — itr(By) — itr(B)
> 2itr(B;) — itr(By) — itr(By) > 0.
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Furthermore, since itr(B;) > 0, we have
itr(B¥"=4B,) + itr(By) > itr(B3"*B,) — itr(B;) + 2itr(B)
> 2itr(B;) > 0.

Therefore we have Y > 0.
2) The case of n=2/-1 (I =1,2,3,...).
By corollary to Lemma 8.3, we have

tr(B?"~1B,) = tr(Bf'3B,) < —2.
Hence
ite(B{"2B,) + itr(B)) = itr(B¥ ' By)tr(B¥~) — itr(By) + i tr(By)
< =2itr(B™ 1) —itr(By) + itr(B))
< =2itr(By) — itr(B,) + itr(B))
= —itr(B;) — itr(B;) < 0.
Thus we have
itr(B{"2B,) < —itr(B;) < 0.
Hence by Lemma 8.7 and the hypothesis of induction itr(B;) > itr(B;), we have
itr(B¥"*B,) — itr(B)) = itr(B{" 2 By)tr(B{""2) — itr(B,) — i tr(B;)
> —itr(By)tr(B{"%) — itr(B,) — i tr(By)
> 2itr(By) — itr(By) — itr(B;) > 0.
Furthermore, since itr(B;) > 0, we have
ite(B¥4By) + itr(By) = itr(B¥"*B,) — itr(B)) + 2itr(B,)
> 2itr(By) > 0.

Therefore we have Y > 0.
(iv) The case of m=4n (n=1,2,3,...).
In this case we have

Y = (itr(B¥"By) + itr(B,)) (i tr(B¥"B,) — itr(B)).
By (*) we have the following:
itr(BYB,) = itr(B{"B,) tr(B{") — itr(B,),
itr(B{"B,) = itr(B¥B,) tr(B*") — itr(B,),
and
itr(Bi"B,) = itr(B}B,) tr(B") — itr(B,).
1) The case of n=4/—-1 (I =1,2,3,...).
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By corollary to Lemma 8.3, tr(B?B;) = tr(B}"!B;) > 2. Therefore by Lemma 8.7
we have
itr(B¥"By) + itr(By) = itr(B}By)tr(B}) — itr(By) + itr(By)
< 2itr(B}) —itr(By) + itr(By)
< —2itr(B1) — itl‘(Bz) + itr(Bl)
= —itl‘(Bl) — itr(Bz) <0.
Hence itr(B?"B;) < —itr(B;). By using this inequality and the hypothesis of induction
itr(B;) > itr(B;), we have
itr(B{"By) — itr(By) = itr(B> B))tr(B>") — itr(B,) — itr(B)
> —2itr(B¥By) — itr(B,) — itr(B;)
> 2itr(B1) - itl’(Bz) — itl’(B;) > 0.

Thus itr(B{"B,) > itr(B;). By using this inequality and the hypothesis of induction
itr(By) > itr(B;), we have

itr(B¥"B,) — itr(By) = itr(B{"By)tr(B") — itr(B,) — itr(By)
> itr(By)tr(B{") — itr(By) — itr(B;)
> 2itr(By) — itr(B,) —itr(B;y) > 0.
Furthermore since itr(B;) > 0, we have
itr(B¥"By) + itr(By) = itr(B¥"By) — itr(By) + 2itr(B;) > 0.
Therefore we have the desired inequality Y > 0.
2) The case of n=4/-3 (I=1,2,3,...).
By corollary to Lemma 8.3, we have tr(B!B;) = tr(B{/3B;) < —2. By using this
inequality we have
itr(B?"B,) + itr(By) = itr(B})tr(B}B,) — itr(B;) + itr(By)
< =2 tr(B{') - itr(Bz) + itr(Bl)
< =2itr(By) — itr(B,) + itr(B;) < 0.
Hence itr(B?'B;) < —itr(B;) < 0. By hypothesis of induction itr(B;) > itr(B,) and
Lemma 8.7, we have
itr(B{"B,) — itr(B)) = itr(B¥By)tr(B¥) — itr(B,) — itr(B))
> —itr(By)tr(B") — itr(B,) — itr(By)
> 2itr(By) — itr(By) —itr(B;) > 0.

Hence itr(B{"B,) > itr(B;) > 0. By this inequality and the hypothesis of induction
itr(B;) > itr(B;), we have
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itr(B¥"B,) — itr(B)) = itr(B{"By)tr(B{") — itr(B;) — itr(B)
> itr(By)tr(B{") — itr(B,) — itr(B;)
> 2itr(Bl) - itl‘(Bz) - itr(Bl) > 0.
Furthermore noting itr(B;) > 0, we have itr(B¥B,) +itr(B;) >0 and so Y > 0.
3) The case of n=4/-2 (I=1,2,3,...).
This case is similarly treated to the case of (ii), that is, the case of m =4n — 2.
4) The case of n=41 (I=1,2,3,...).
By Lemma 8.7 and the same way as the case of m =4n, n = 2/, we have
itr(B]% By) + itr(B;) = itr(BY By)tr(BY) — itr(By) + itr(By)
> 2itr(Bl) - itI‘(Bz) + itr(Bl).
By the hypothesis of induction itr(B;) > itr(B;), we have the desired inequality
itr(Bi%B,) > itr(B). q.e.d.
§9. Proof of Theorem 3: Part 3.

Let (t1,%,p) correspond to G = {(A4;,4;>. Then we write t; = t;(G), t, = ©(G)
and p = p(G), respectively. In this section we will show the following proposition.

PROPOSITION 9.1.  Let Goe Myn and set Gy = yo" Wy .- 9" ye™V(Gy) with
m(l)e Z\{0} (I=1,2,3,...). Suppose p(Gu) < —1 and m(k+1) < —1. If J(Gx_2)
< J(sz), then J(GZk) < J(G2k+2) (k =1,2,3,.. )

ReMARK. This proposition means that J(Gau) < J(Gau42) (k=1,2,3,...) holds in
case (C;) in §8.

LEMMA 9.1. Let Gy= <A10,A2()> eMvyy and G = )((p_l(Go) = {(By,B>. Let
(t1,t2,p) correspond to G, and set x = —t,, y=—ty and z= —p. Then

x(z=y)+(yz—1) >0,
that is, tr(B7!B;) > 0, where

- b /)(12-1))_

oo} 8) o mettoon (18
ProoF. We note z!/2 > (1 + x1/2y1/2)/(y/2 — x1/2). By this inequality, we have
x(z=y)+z-1) =z(x+y) - (1 +xy)
> {(1+x2912) /(1 = AP (x +y) — (14 xp)
= 2x12p12(1 + x)(1 4+ y) /(¥ = x1/%)? > 0. q.ed.

LeMMA 9.2. Let G = <A1,A2> € RVIISg\MVII and set H =X¢_1(G) = <Bl,Bz>.
Let x=-1(G), y=—-06(G), z=—p(G); x1 = —-ti(H), y1 = —t(H), z1=—p(H). If
x(z—y)+ (yz—1) >0, then xi(zi — y1) + (y1z1 = 1) > 0.
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REMARK. Since tr(47'4y) = {x(z —y) + (yz — 1)}/x1/%y!/2(z + 1) and tr(B'B,) =
{x1(z1 = 1) + Onz1 — 1)}/x}/2y{/2(zl + 1), this lemma means that if tr(47'42) > 0, then
tr(B'B,) > 0.

PrOOF OF LEMMA 9.2. Since By = A724, and B, = 47!, we have tr(B['B;) =
tr((A7242) 71 ATY) = tr(47' 4,) > 0. q.e.d.

LemMma 9.3. If —1 < p(G) <0, then p(x(G)) < —1.

Proor. This lemma follows from p(x(G)) = 1/p(G). q.ed.
By straightforward calculations we have the following lemma.

LeMMA 9.4. If —1 < p(G) <0, then —1 < p(¢p~'x(G)) < 0.

Lemma 9.5. If —1 < p(0™'%(G)) < 0, then

J(xo™'2(@) < J(xp™"2(G)) (m=2).
Proor. By Lemma 7.1, we have
J(xe™"x(G)) = J(NiN29p™"x(G)) = J(N2N197"x(G))
= J(N20" N1x(G)) = J(N1N29" N1x(G)) = J(x¢" N1x(G)).

for m=1,2,3,.... Since p(pN1x(G)) < —1 by Lemmas 7.1 and 9.4, we have
J(xoN1x(G)) < J(x¢™N1x(G)) (m = 2) by the same way as in §8. Therefore we have
the desired inequality, J(x¢ 'x(G)) < J(x¢ ™x(G)) for m > 2. q.e.d.

LEMMA 9.6. Let G = (A, 42> € RyuS3\Mvyn, Hi = 0~ '(G) and H,, = x9o™"(G)
(m=2). If —1<p(p7(G)) <0, then J(H)) < J(Hy).

Proor. We consider G in this lemma as y(G) in Lemma 9.5. By Lemma 9.5, we
have J(H;) = J(xp~1(G)) < J(x9™™(G)) = J(Hp). q.e.d.

LemMa 9.7. Let G=<{A;, A€ RVHSS\MVH with —1 < p(G)<0. Let H*=
2(G) =<{By,By>. Then J(H*) < J(xp~'(H*)).

Proor. By Lemmas 9.1 and 9.2, we have tr(47!4;) > 0. Hence by Lemma 9.2,
we have tr(B['B,) > 0. Since yp~!(H*) = {(B[%B,, B{!), by Lemma 7.4 we have that
J(H*) < J(xp~'(H*)) if and only if tr?(B7?B;) < tr’(B;) < 0. Hence it suffices to show
that Y := i2tr?(By%B,) — i tr>(B;) > 0. By induction we will show Y > 0, that is, we
will show that if itr(B;) > itr(B,), then itr(By2B;) > itr(B;). Since tr(By'B,;) >2 by
Lemmas 9.1 and 9.2, we have

itt(By2B,) — itr(By) = itr(By ' By)tr(By!) — itr(By) — i tr(By)
> 2itr(By!) —itr(B,) — itr(B;) > 0.
Since itr(B;) > 0, we have
itr(By2By) + itr(By) = itr(ByB,) — itr(By) + 2itr(B;) > 0.

Therefore we have the desired inequality Y > 0. q.e.d.



966 H. Sato
COROLLARY. Let G = {A1,42> € RVIIS;)\MVII with —1 < p(G) <0. Let H*=
x(G). Then J(H*) < J(xp™™(H*)) (m=1,2,3,...).

Proor. By Lemma 9.7, we have J(H*) < J(xp~'(H*)). Since —1 < p(p~'x(G)) <
0 by Lemma 9.4, we have J (o' (H*)) < J(x¢™(H*)) (m=1,2,3,...) by Lemma 9.5.
Hence we have the desired inequality. q.e.d.

Proposition 9.1 follows from this corollary. Proposition 7.3 follows from Prop-
ositions 7.4, 8.2 and 9.1. We have Proposition 7.2 by Proposition 7.3 and Lemma 7.5.
§10. Proof of Theorem 3: Part 4 and Proof of Theorem 2.

In this section we will finish the proof of Theorem 3 and give a proof of Theorem 2.
First we will show the following proposition.

PROPOSITION 10.1.  Let G = (A1, 42> € Myyi. Then J(G) > 4(1 + V2)2.  The lower
bound is the best possible.

We set
" My ={(t,12,p) | (=p)'* = {1 = (=) (=02)' 2} {(—=11)"* + (—12) "/},
-1<1<0,-1<1t <0}
and
0~ My = {(t1,02,p) | (—=p)"/* = {(=11)"* + (=) 2} /{1 = (=11)V*(=12)/?},
-1<<0,-1<1 <0}
LemMma 10.1.
mf{J(G) | Ge 6+Mvn} = 1nf{J(G) | Ge a_Mvn}.

PrOOF. Noting that Ny (6% Mvyy) = 8~ Myy, we have the desired result by Lemma
5.3. g.e.d.

LemMma 10.2. J(G) = 4(1 +v/2)? on 0" Mvyy. The lower bound is the best possible.

ProoF. Let 7= (t1,t,p) €0t Myy. We set X = (—1;)1/2 and Z = (—p)'/2. Then
the equation

(—12)"2 = {1 = (=p)"2(=0) *}/{(=p)"/* + (-01)"/}
turns into
h=—{(1-X2)/(X +2)}.
By substituting #; = —X?, p=~2Z? and t, = —{(1 — XZ)/(X + Z)}? for

[1—ul>  [1-n]*1- 5|
|1 1t 22| |p — 1]?

J(7) =

b
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we have

; _ (1 -|—X2)2 (1 +X2)4ZZ
O =% Trx+zra-xzr

By calculus we have that J(r) attains the minimum value 4(1+ +/2)? at the point
(t1,22,p) = (t0, 120, —1), where 119 = —(1 + v2) + V2 + 2v2and 10 = —{(1 — (=t10)"/?)/
(1+ (—t10)1/?)}2. q.e.d.

By corollary to Lemma 5.4, Lemmas 10.1 and 10.2 we have Proposition 10.1.

PrROOF OF THEOREM 3. We can prove Theorem 3 by Proposition 7.1 and 10.1.
We can see by Example 2 in §11 that the lower bound 4(1 + v/2)? is the best possible.
g.e.d.

PrOOF OF THEOREM 2. Theorem 2 follows from Theorem 3, Proposition 2.3 and
Lemma 5.3. Example 3 in §11 shows that the lower bound 4(1 + /2)? is the best
possible. q.e.d.

§11. Examples.

Let 7, = {(fin, tan,p)} (n=1,2,3,...) be a sequence of points in R*N M, and let
G, = (A, Ay,) be the groups representing 7,. In this section we will give sequences of
classical Schottky groups {G,} whose Jergensen’s numbers J(G,) tend to the lower
bound in the inequalities in Theorems 1, 2 and 3.

ExampLe 1 (Type II). Let 11, = (1—1/n)% tyy=—-(2—-V3)+(3-+3)/2(n+5)
and p,=2/V3n+1(n=1273,..). Then (i) G,e RySy for all sufficiently large
integers n and (i) lim,_,.J(G,) = 16.

ExamMpLE 2 (Type VII). Let ¢, = —(\/:T]a—- 1/11)2, thy = g and Pn= -1
(n=1,2,3,...), where tjp = —(1 + v2) + V2 + V2 +2v2 and t2 = —{(1 — (=t10)"/?)/
(1 4+ (—t10)"/2}%. Then (i) G, e RynS, for all sufficiently large integers » and (ii)
lim, o J (G,) = 4(1 + v/2)2.

ExampLE 3 (Type V). Let t, = (tin,ton,p) (n=1,2,3,...) be as in Example 2, and
let G, = (Ain, A € Rvnsg represent 7. We set G, = N3(G,), where N3 is the Nielsen
transformation defined in §2. By Proposition 2.3 and Lemma 5.3, we have (i) G, €
RyS] for all sufficiently large integer n and (ii) lim,_.J(G.) = 4(1 + v2)2.
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