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1. Introduction.

A pointed space X with a base point preserving map p: XXX— X is said
to be a Hopf space if the restriction of ¢ to X\VX is homotopic to the folding
map V. A pointed Z/2Z space X is said a Hopf space with involution if X is
a Hopf space and the structure map pg: XXX —X is equivariant and the
restriction of g to X\ X is equivariantly homotopic to the folding map V.

The concept of a Hopf space came from that of a topological group and a
topological group G has an involution 7 defined by z(g)=g "' for g&G. The
product of G is not equivariant but it has the property

t(xy) = t(y)(x).

This leads us to the definition of Hopf space with anti involution. That is,
a Z/2Z space X which is a Hopf space is said to be a Hopf space with anti
involution if the structure map p: XXX — X is equivariant with respect to the
involution 7 defined by %(x, y)=(ry, rx), and the restriction of g to XVX is
equivariantly homotopic to V.

Adams showed that S™ has a structure of Hopf space if and only if
n=0, 1,3, 7. In [4], Iriye showed that the unit sphere of a orthogonal repre-
sentation space V of Z/2Z admits a structure of a Hopf space with involution
if and only if V is R"?, R*? R**‘ R>!, R"? R“* or R"®.

In this paper we shall show that a Z/2Z homology sphere with involution
of which ‘type’ has a structure of Hopf space with involution or anti involution.
From Quillen’s localization theorem (see §4) we have that the fixed point set
of a Z/2Z homology sphere with involution is also a Z/2Z homology sphere.
Therefore we say that a Z/2Z homology n sphere whose fixed point set is a
Z/27Z homology m sphere is of type (n, m).

THEOREM. Let d=1, 2 or 4. There exists a Z/2Z space X of type 2d—1, p)
which is a Hopf space with involution, if and only if p=d—1, 2d—1. There exists
a Z/2Z space X of type 2d—1, p) which is a Hopf space with anti involution, if
and only if p=0, d.



70 H. HAMANAKA

This paper is organized as follows: In §2 we define Hopf space with
involution or anti involution and offer examples. In §3 we introduce the Hopf
construction of a Hopf space with involution or anti involution and show that
its Hopf invariant is one. Also localization theorem plays an important role
in this paper. Thus we refer to this theorem in §4. Then in §5, we shall
show when an equivariant map from S*¢°! to S** with involutions has Hopf
invariant one. This leads us to previous theorem.

The author wishes to express his hearty thanks to Professor Akira Kono
for his advices and encouragement.

2. Hopf space with involution, anti involution.

Let (X, p) be a Hopf space. Suppose that X has an involution 7, that is, X
is a Z/2Z space.

If ru(x, y)=p(rx, ty) for all x, yeX and the restriction of x# to XVX is
equivariantly homotopic to V, then we say (X, 4, 7) is a Hopf space with
involution.

If zp(x, y)=p(ry, vx) for all x, yeX and the restriction of g to XVX is
equivariantly homotopic to V where the involution of X XX is defined by

#(x, y) = (ry, 1),
then we say (X, p, 7) is a Hopf space with anti involution.

ExaMmpPLE 2.1. The unit spheres of R': R*% R** are Hopf spaces with
involution. See Iriye [4].

ExAmPLE 2.2. Let G be a Lie group. Then the ordinary product of G
makes G a Hopf space. G has an involution 7:G— G defined by z(x)=x7%.
Thus G with 7 is a Hopf space with anti involution.

EXAMPLE 2.3. G L(n, K) with the involution : G L(n, K)—GL(n, K) de-
fined by 7(A)='A is a Hopf space with anti involution by the ordinary product.

ExaMPLE 2.4, We regard S® (resp. S”) as the unit sphere in H (resp. the
Cayley numbers 0). Then the involution z defined by z(x)=Zx% makes S?* (resp.
S™ a Hopf space with anti involution by the ordinary product in H (resp. O).

3. Hopf construction with involution.

Given a map p:AXB—C, the Hopf construction H(p): A*xB—3C is
defined by H(p)Xa, t, b)=(t, p(a, b)), where ac A, beB, t<[0, 1].

Suppose that (X, g, 7) is a Hopf space with involution or anti involution.
We introduce involutions to X*X, ¥X so as to make H(p): X*X — YX equi-
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variant. We define involutions 75, 7]: X*X—X*X and 7}, 7/: 2X—2X as
follows:

To(x, t, ¥) = (tx, t, ty) Tilx, £, y) = (zy, 1—t, x) x, yE X, t < [0, 1]
i, x) = x) i, x) =(1—t, tx) x€ X, t [0, 1].

If (X, p, 7) is a Hopf space with involution then H(y):(X*X, 75)— (2 X, 77) is
equivariant. If (X, g, 7) is a Hopf space with anti involution then H(y):
(Xx*xX, t)— (XX, /) is equivariant.

Now (X, p) is a Hopf space and let f=H(y). In the following we use
Z/2Z as the coefficient ring of cohomology rings unless mentioned.

THEOREM 3.5 (E. Thomas [6]). Let (X, p) be a Hopf space and C; be the
mapping cone of f=H(u). Consider the next exact sequence:

—> H¥Z(X % X)) — HX(C[) — H¥2X) — H*( X+ X).

If u, ve H*(X) are classes such that Yu, Yve H*XX) pull back to H*(C;) then
SuSveH¥(C;) comes from X(uxv)eH*(Z(X*X)) which is isomorphic to
H*(Cy, 3X).

THEOREM 3.6. If ¢"" ' is a Z/2Z homology n—1 sphere and (¢"7', p) 15 a
Hopf space, then
Z/)2Z [ x]/(x® n>1

H*(Cy) 2{ _
Z2Z[x]/(x*) or Z)2Z n=1.

ProoF. Consider the next exact sequence:
—> X3 (a7 %0 Y) —> H¥C)) —> H¥Z o) —> H¥ (g™ x o).

And remark H*(g" 'so™ )= H*(S*" 1), H* Yo" H=H*S"), n#2n—1. Then
we have v
Z/2Z =0, n, 2n

H*(C;) = {
0 otherwise.

Let u be the generator of H* *(¢”" ') then 2u comes from x the generator of
H"(C,) and, by xUx comes from 2(uxu) the generator of
H*(X(¢"x0")). Hence x\Ux is the generator of H**(C/).

For the latter part of the theorem, consider the same exact sequence and
remark that n=2n—1=1:

— ﬁ*(Z(a"‘l xg" 7)) —> ﬁ*(Cf) — ﬁ*(Eo"“) —> ﬁ*(a"“‘*o"‘l).

We obtain that f* is a 0 map or an isomorphism. Hence, H*(C;)=Z/2Z [x]/(x?
or Z/2Z respectively,
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4., Localization theorem.

For a compact Lie group G and a G space X with a fixed base point *, we
define H¥X ; A) as follows. Let PG — BG be the universal G bundle

H¥X; A) = HPGXsX ; A)

where /A is a ring. The reduced equivariant cohomology ﬁﬁ(X ; A) is defined
as follows: '

H5X ; A) = HY(PG XX, PGXgs; A)
= ker s*
where s is the section of PG XX — BG defined by

s(x) =(y, *) where x€BG, y € p~'(x).

In the following we only consider the case G=Z/2Z and A=Z/2Z. In
that case, H}=H*(BG)=Z/2Z[t].

REMARK. If G acts on X trivially, then PGX X=BGxX. Hence H¥X)
:H*(X)®Z/2ZH§-

We refer to the next theorem (Quillen [3]).

THEOREM 4.7 (Localization Theorem). [If X is a compact G space, then the
inclusion i of the fixed point set X¢ into X induces an isomorphism

Ay = HyXOU ]
where ﬁé(X)[t”] means the localization of ﬁé‘(X) by t71,
From Localization we obtain two propositions,

PROPOSITION 4.8. If X is a compact G space and H¥(X ; Z/2Z)= H*(S';
Z/2Z) for some [=0 and X+ @, then H¥*(X®)=H*(S™) for some m=I.

PROOF. See Bredon [2].

PROPOSITION 4.9 Let X be a compact G space. If X+ @ and H¥(X ; Z/2Z)
s generated by one element as a graded Z/2Z algebra, then

7* ﬁz‘;‘(X) — ﬁé(X(") is monic.
Proor. First we prove that ﬁ;’;‘(X) is a free H}% module. Consider the

Serre spectral sequence E’* of the fiber space PG XX — BG.
Let x denote the generator of H*(X) and the degree of x be m. Then

E?i=0 (g&EmZ).
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Also, X has a fixed point and p: PGXzX—BG has a section s. Thus p*:
H*BG)— H¥(PG XX) is monic. The image of p* is @, E&Z°. Therefore
we have that

d%™(1®x) = 0.

Since x generates H*(X), the Serre spectral sequence is trivial. Therefore
H¥X) is a free H¥ module. ﬁz';‘(X) is a submodule of HX*(X) and it follows
that ﬁ;';‘(X) is a free H¥ module.

Then consider the following commutative diagram

HyX) — H&XO[]

|

HyX% — HEXOI™.

In the diagram the arrows which goes down means 7* and the arrows
which goes across are monic since ﬁ’g"(X) and ﬁé(XG) are free Hf modules,
Hence by localization theorem we have that *: HE(X)— H(X®) is monic.

5. Proof of main theorem.

Let S™™ mean the set of G isomorphism classes of all Z/2Z homology =
spheres which are compact G spaces and whose fixed point sets are Z/2Z
homology m spheres. (Proposition 4.8 says that if X is a compact Z/2Z space
and at the same time a Z/2Z homology n sphere, then X&S™ ™ for some m.)

THEOREM 5.10. Let d=1, 2 or 4. There exist g** 1S4 11, g2tV 5200
and a continuous G map f:o**" 19— g*®? such that

H*(C;) = Z/2Z[x]/(x*) where |x| =2d,

that is, the Hopf invariant is one, if and only if (¢, ¢')={Ad—1, 2d) or (2d—1, d)
or (2d—1, 0).

REMARK. Adams’ theorem of Hopf invariant one tells us that the assump-
tions on dimensions in Theorems and are inessential.

PrOOF. First we assume that there is a continuous G map f:¢**""?—
g*»? such that H¥(C;)=Z/2Z[x]/(x®%), |x|=2d, where ¢** "?2=S* "2 and
O'Zd'qIESZd’q’.

By the proof of [Proposition 4.9, ﬁE(C +) and Hx(C /%) are free H¥ modules
and from the localization theorem the ranks of H#%(C ;) and HxC /%) are same.
Note that H#(C$)=H*(C,5)QH%. Therefore we have that

H4(C,%) = Z)2ZDZ/2Z. (1)
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Denotes the restricted ‘map of f to G-fixed-point-set by f¢. Then we have
the following exact sequence :

~ Ir6* , *
——>H*(2°”o”"1’6)——>f H"‘(éf‘”1(;““'“1(’);b H*(C ;)
7* ﬁ*(O'Zd'q’G) rG* H*(a“id—l'qa)-
Here X01g2¢¢'¢ XYoigea-14% g2d.0'% and g4e-14% are Z/2Z7 homology ¢'+1,
g+1, ¢’, q spheres respectively and C,6=C,°. Then from (1) f¢ and 2Xf¢
are 0 maps. Now we obtain that

ﬁ*(C;G) ~ ﬁq+1<2‘0, 1g4d-1. q0>@ﬁq'<azd.q'(i> )

Let y be the image of the generator of He+ (3o 1g42-19% and v’ be a pull
back of the generator of 17‘1’(0”"1'6). Therefore ﬁ*(CfG) is a Z/2Z vector
space generated by y and y’. We consider y and y’ to be elements of ﬁé(C,G)
by the isomorphism ﬁé(CIG)zﬁ*(CfG)(X)Hé as an algebra over the mod?2
Steenrod algebra.

And also we can consider x, x* to be elements of H#(C,) by the isomor-
phisms

H§C)= @ Er'= @& EP* as an H§ module

70, p20 7>0. p20

@) Eye= H%(C,) as a Z/2Z module.

el

Here x, x* are the basis of H#(C,) as an H% module.

o x *x=2d
HECy) 9{
xt x=4d

~ y *x=q
H¥(C,% = {
v ox=gq+1.
First, it is easily seen that y’*=0 since
Y7 = (R¥(k*)'y))?
= k¥(k*)™y)?
= k¥ =0.

Now suppose 7*(x)=a**" %" y4+ bt~ @Yy where a, b Z/2Z, H¥=Z/2Z[1],
i: C;%— C,;. Then we have that

*#(x%) = *(x)?
= eyt ppdmRarh

— at‘d“”'yz.
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While [Proposition 4.9 says #* is monic. Hence a+0 and y*#0. Thus we have

a=1 and 2degy=¢q or ¢+1.

First case. We consider the first case 2deg y=¢q’ that implies ¢’=0.
If we assume b=0,
i*(x) = 2%y
i*(xz) — t4dy2 — t‘dy .
Thus Im #* is contained in the H¥ pure submodule generated by y which con-

tradicts to the fact that i*: A¥(C,)[t™]— H¥C,%[t*] is an isomorphism.
Therefore b=1 and we have that

i*(x) = t*2y424 @by’ in HEC ).

Here 2d=q+1, Sq(y")=y’, Sq(y)=y and Sq(t)=t+#%. Assuming that ¢+1
#2d, we shall be led to a contradiction. That is

qud-—(qﬂ;(i*x) — 2 Sqi(tzd)sqj(y)+t4d—2<q+1)y/
)

t+i=2d-(q+1
= (@ 2@y’ gince 2d is a power of 2,
while 7#(Sq?¢~@*Vx) = (0 or 4" @ Dy)
— O or ttd—(q+1)y+t4d-—2(q+1)y/.
Hence we have ¢+1=2d, that is, ¢'=0, ¢=2d—1.
Second case. Next we assume 2¢’=¢+1>0. Then (¢4+1)—¢'=¢'<2d, y*=y’
and ¥(x)=12¢"7" y4 pt2d"%" y2,
a) Now assume that b=0, i.e., i*(x)=t*¢"%y. Then
1*(Sq?' (x)) = Sq¥ (#*x)
= Sq¥(**"'y)
2d—q’ ,
:( dq/q )tzdy+t2d—q yz. (2)

Here if we suppose that ¢’+#2d (0=<q’<2d), then Sq%(x)=0 or #2'x. Thus
*(8q% x) =0 or %y
and this contradicts to (2). Therefore we obtain
qg =2d, g=4d—1.

b) The last case is that #*(x)=1*?"7y4¢*¢"%'y%  Here 2d—2¢'=0, that is,
d=q’ and 2¢'=q+1.
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In this case, let us consider the following sequence
O.4d—1.qG s o.zd,q'G - CfG s Z’o,lo.ui—l,qa — Yo Io.zd.q’G —_—
where q=2¢'—1, H¥*(C;6)=Z/2Z[y]/(»*).

By Adams’ theorem of Hopf invariant one, we obtain that 4=d=¢’=2" for
some =0, that is,

d,¢h=44, 42,4 D, 22,2 1)or (L 1D. (3)

If we suppose that ¢’#d (0<q’<d), then Sq*'(x)=0 or 1**x. And it follows
that

1*(Sq*'(x)) = 0 or #24*9 y4122y2,
On the other hand, ¢’+#d means, by (3) and the direct computation,

(S (1) = S (BT y 147 )

=2y,
This is contradiction. Thus we obtained that
g =d, ¢g=2d4d-1.

Now we complete the proof of the former part of theorem.
All we have to do is to show the existence of g*? b¢cS51¢ b9, g2d 0’ 5200
and a continuous G map f:¢** " "?—¢**? such that

H*(C;)= Z/2Z[x]/(x*) where |x| =2d,

for (¢, ¢)=@d -1, 2d), 2d—1, d), 2d—1, 0). We construct these in the theorem
5.12, 5.13. Q.E.D.

REMARK. A part of previous theorem can be proved by using Bredon’s
theorem [2, pp. 425-427, Theorem 11.17. But his proof uses a not obvious fact.
Thus we offered our own proof.

THEOREM 5.11. There exist a*9€S8", eV eS8 and a continuous G map
fio?—a"? such that

H*(Cy)=Z/2Z[x]/(x%) where |x| =1 or Z/2Z.
if and only if (g, ¢")=(, 1) or (0, 0).

PrROOF. First we assume that there are ¢t?4=St?, o9 =857 and a conti-
nuous G map f:ot?—g"? such that

H*C;) = Z/2Z[x]/(x*) where |x| = 1.
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a) We suppose (¢, ¢’)=(0, 1). Consider the exact sequence
~ o SI% ~ o B~ o~ o I% p
—> H¥( X" 1g¥ ") —> H*(X"'¢" ") —> H*(Cs6) —> H*(a"'") —> H*(c""").
It is easily seen that f* and X f% are 0 maps and that

~ Z)2ZPZ/2Z x=1
H*(C %) =
0 otherwise.

Let v, y’ be the basis of ﬁ‘(CfG). Consider v and y’ to be elements of
H#(C,% and x, x* to be elements of H#(C,) as we did in the proof of Theo-
rem 5.10.

Let #*(x)=ay-+by’ where a, be Z/2Z. Then *(x?)=0. This contradicts to
Proposition 4.9 Thus (g, ¢")#(0, 1).

b) Next we suppose (¢, ¢’)=(1, 0). Consider the exact sequence

T/ 30,1 41, 06 27 ok V01110 T Y AN e o Y/ o1.1G
—> H¥XY"'g" ") —> H¥(X*"'¢"'") —> H*(Cs6) —> H*(g" ") —> H*(g"'").

It is easily seen that f* and X f% are 0 maps and that

~ Z/27Z x=0,2
H*(C %) =
0 otherwise,

Let vy, y’ be the generator of ﬁ“(C;G) and ﬁz(CfG) respectively and consider
y and y' to be elements of H%¥C,%), x and x* to be elements of A%(C,).
Let ¢*(x)=aty where acZ/2Z. Then i*(x*)=a%?y. This contradicts to
localization theorem. Thus (¢, ¢")#(1, 0).
Next we assume that there is ¢'?=S8"¢, ¢¥=S8"? and a continuous G
map f:6"?—¢"? such that
HxC;) =0.
a’) We suppose (g, ¢')=(0, 1). Just as we have seen in a),
- Z2ZDZ/27Z x=1
H*(C /%) = {
0 otherwise.

Therefore H%(C,%)#0. This contradicts to localization theorem.
b") Next we suppose (¢, ¢')=(1, 0). Just as b),
~ Z/12Z x=0,2
H*(C% =
0 otherwise.

Therefore ﬁg(c 1% #0. This contradicts to localization theorem.
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Actually we construct f:e"?—a"? for (¢, ¢')=(1, 1), (0, 0) as follows.
Let S'={zeC||z|=1} and 7 denote the involution of S' by conjugation. Here
(8%, idgr)est! and (S}, r)est . Let f,, f, be maps from S' to S* defined by

folg) =z, filz)=2%

Both of f,, f, are equivariant whether S* takes the trivial involution or the
involution 7.
It follows easily
Crp=D? C; =RP2

Thus H¥(C,)=Z/2Z, H¥(C,;)=Z/2Z[x]/(x®*) where |x|=1.

THEOREM 5.12. Let d=1, 2 or 4. There exists g** 1 ?=S8%¢"1? which has
a structure of Hopf space with involution, if and only if p=d—1, 2d—1.

Actually the unit sphere of R**¢, R*® have structures of Hopf space with
involution.

Proor. First we show that the unit spheres of R*2? and R* ¢ are Hopf
space with involution.

Let S™™ denote the unit sphere of R™™, It is trivial that S*2¢ is a Hopf
space with involution. Hence we consider S¢ ¢,

R%*¢ is identified with L= K& Kw where w*=—1, L=C, H, Cayley numbers
0, K=R, C, H for d=1, 2, 4 respectively. And also 7|x=id, 7|x,=—1. With
this involution the natural product p of C, H, Cayley number O becomes a
equivariant map. And S® ¢ with this product is a Hopf space with involution.
See Iriye [4].

Consider the Hopf constructions with involution of S%2¢, §¢¢ and we
obtain the existence of g*¢ 198?19 ¢2¢¢ =S and a continuous G map
[t 11— g2%2 guch that

H*(C;) = Z/2Z[x]/(x® where |x| =2d,

for (¢, ¢")=(4d—1, 2d) and (2d—1, d).

For the former part of the proposition consider the Hopf construction with
involution and apply [Theorem 3.10.

Assume that ¢®¢""?=S8?*"? is a Hopf space with involution. Let f be the
Hopf construction of the Hopf structure gp.

f: o.zd—l.p*o.zd—l.p S 2‘0.16211—1.13_

Remark that
g4 1Dy g2d-1.p = G4d-1.2p+1

Joig2d-Lp = G2d.p+1
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Hence [Theorem 5.10 says
@2p+1, p+1)=@d—1, 2d) or 2d—1, d) or (2d—1, 0).
The possibility lies in cases p=d—1, 2d—1.

THEOREM 5.13. Let d=1, 2 or 4. There exists ¢*¢ 1?8 1? which is a
Hopf space with anti invelution, if and only if p=0, d.

Actually the unit spheres of R**™"', R :?*1 are Hopf spaces with anti
involution.

ProOOF. First we show that S?¢7%! S¢-1-¢+1 have structures of Hopf space
with anti involution.

Identify R?? with L=K{pKew where w*=—1, L=C, H, Cayley numbers O,
K=R, C, H for d=1, 2, 4 respectively. We introduce linear involutions z,, 7,
of K(BKw as follows

To{x+yw) = T+ yw
(x+yw) = T—yw for x, y € K.

Here the standard product of C, H, Cayley numbers O has the property

r(zw) = r(w)ry(z) for z, we L, i =0, 1.

Identify S¢-*-¢*!, S?¢-1 with the unit spheres of (R%*¢, 7,), (R®, r,) respec-
tively and then S¢-'4*1 S2¢-1.1 hecome Hopf space with anti involution with
the standard product of L.

Consider the Hopf constructions with anti involution of S2¢-1! Sdé-l.d+1 gnd
we obtain the existence of ¢*? 'S4 229 =542 and a continuous G
map f:o** "9—g?*? such that

H*(C,) = Z/2Z[x]/(x*) where |x| = 2d,

for (¢, ¢)=2d—1, 0) and (2d—1, d).

For the former part of the proposition consider the Hopf construction with
anti involution and apply

Assume that ¢?*""?=S?@"? has a structure of Hopf space with anti
involution. Let f be the Hopf construction of the Hopf structure p.

f: g2l Py gtd-Lip _, 3105241, p .

Remark that
1
(6?4 1P xg?i-1r)0 — {(x, X fx) € g b PygtitlPx = o‘”'l'p}

e Sﬂd—1,2d"‘1
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(Zrog2e-1.0)0 — {(%, *c) e IrigHLr|x (0.211—1.19)(1'} = gP P

Thus we have that
g2 1Py g2d-1.P = gid-l.2d-1

21,00.24~1,p = Szd,p‘
Hence says
2d—1, p)=(4d—1, 2d) or (2d—1, d) or (2d—1, 0),

The possibility lies in cases p=d, 0.
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