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\S $0$ . Introduction.

Let $X$ be a smooth complete intersection of dimension $n\geqq 3$ . In this paper,
a complete interseciton always means a complete intersection of hypersurfaces
in a projective space over the complex number field $C$ . Let $C(X)$ (resp. $\mathcal{L}(X)$ )

denote the variety of all conics (resp. lines) on $X$. Then we have the cylinder
homomorphisms

$\Psi_{c}$ : $H_{n- 2}(C(X), Q)arrow H_{n}(X, Q)$

$[\gamma]$
$-[ \bigcup_{t\in\gamma}C_{t}]$

$\Psi_{1}$ : $H_{n- 2}(\mathcal{L}(X), Q)arrow H_{n}(X, Q)$

$[\gamma]$
$-[ \bigcup_{s\in r}L_{s}]$

where $C_{t}$ is the conic corresponding to $t\in C(X)$ and $L_{s}$ is the line corresponding
to $s\in X(X)$ .

A complete intersection $X$ is called a Fano complete intersection if its anti-
canonical line bundle $-K_{X}$ is very ample. The purpose of this paper is to
prove the following:

THEOREM. If $X$ is a general Fano comPlete intersection of dimension 43,
then $\Psi_{C}$ and $\Psi_{X}$ are surjective.

COROLLARY. If $n=2m-1$ , the Abel-Jacobi maps $J^{m- 1}(C(X))arrow J^{m}(X)$ and
$J^{m-1}(X(X))arrow J^{m}(X)$ are surjective for a general Fano comPlete intersection $X$ .

We say that a property holds for a general complete intersection if it holds
for all complete intersections belonging to some Zariski open dense subset of
the Hilbert scheme of complete intersections of given dimension and multi-
degree.

It is known that every Fano complete intersection is covered by conics on
it (cf. [9]), and every Fano complete intersection of index 1112 is covered by
lines on it (cf. [21]). (See \S 1 for the definition of the index.) These facts are
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the basis of our whole argument.
The method of our proof is as follows. The Hodge level of $H^{n}(X)$ is de-

fined to be $\max\{|p-q||p\perp_{q=n}, h^{p,q}(X)>0\}$ . In \S 2, we prove our Theorem
in the case where $H^{n}(X)$ has the Hodge level $n-2$ by using the method of
infinitesimal Abel-Jacobi mapping (cf. [5], [7], [12], [22]). If $X$ is a hypersur-
face, an essentially same result as ours in this section has been obtained in [5].

In \S 3, we prove a general result about a cylinder homomorphism (Proposi-

tion in \S 3). Let $\subset\nu$ be a smooth projective variety. Let $\tilde{W}$ be a general hyper-
plane section of $c_{V}$ and $W$ be a general hyperplane section of $\tilde{W}$ . We consider
the cylinder homomorphism $\Psi(\tilde{W})$ (resp. $\Psi(W)$ ) associated to a family of sub-
schemes in $c_{V}$ contained in $\tilde{W}$ (resp. $W$ ). Our Proposition says that, under
certain conditions, if the vanishing cycles of $W$ in $\tilde{W}$ are contained in the image
of $\Psi(W)$ , then the vanishing cycles of $\tilde{W}$ in $c_{I\nearrow}$ are contained in the image of
$\Psi(ffl)$ . This result enables us to prove Theorem by induction with respect to
the dimension of $X$ . The proof of Proposition is quite topological and different
from the method of infinitesimal Abel-Jacobi mapping.

For a Fano hypersurface of index 1, the cylinder homomorphism $\Psi_{f}$ has
been studied and its kernel is determined in [13], [14], [15]. Also there are
many cases where cylinder homomorphisms are known to be isomorphisms (cf.

[2], [3], [4], [6], [7], [12], [20], [22]. See also the forthcoming paper [17] $)$ .
In [18], Shioda studied a cylinder homomorphism associated to the family

of lines on a hypersurface with ’inductive’ structure. On the other hand, it is
known that, if $X$ is a smooth cubic hypersurface, then $\mathcal{L}(X)$ is smooth (cf. [1]).

Combined these, we get the surjectivity of $\Psi_{\mathcal{L}}$ for a smooth cubic hypersurface
via the monodromy argument. Unfortunately, if $X$ is a hypersurface with
inductive structure and of degree $\geqq 4$ , then $\mathcal{L}(X)$ is singular and this method
cannot be applied.

The author would like to thank Prof. T. Shioda, Prof. Y. Kawamata, Prof.
T. Terasoma, and Prof. N. Nakayama for their useful advice and warm en-
couragement. He also wishes to thank the referee for many helpful suggestions.

\S 1. Preliminaries.

Let $X$ be a smooth complete intersection in $P^{N}$ of dimension $n\geqq 3$ and
multi-degree $(a_{1}, a_{2}, \cdots , a_{d})$ , with $2\leqq a_{1}\leqq a_{2}\leqq\ldots\leqq a_{f}(\cdot$ A complete intersection
$X$ is a Fano complete intersection if and only if $f:=N+1-\Sigma_{i=1}^{f}(a_{i}>0$ . This
number $f$ is called the index of a Fano complete intersection $X$.

LEMMA $0$ . The Hodge level of $H^{n}(X)$ is $n-2$ if and only if $1\leqq f\leqq a_{d}$ .

PROOF. See [23], SGA $7II$ , Corollaire 2.8. in Expos\’e XI.
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LEMMA 1. If $X$ is general, the variety $C(X)$ of all conics on $X$ is smooth
and comPlete.

PROOF. Let $V$ be the variety of all conics in $P^{N}$ , defined as in [19]. This
variety $V$ is smooth and complete. Since $C(X)$ is a closed subscheme of $V$ ,
$C(X)$ is complete. Let $Q$ be the variety of all complete intersections in $P^{N}$ of
multi-degree $(a_{1}, a_{2}, \cdots , a_{d})$ . Suppose that

$a_{1}=\ldots=a(:_{1}<a_{l_{1}+1}(=\ldots=a_{d_{1}+\mathfrak{c}l_{2}}<\cdots$

$...<a$ $d_{1^{+(}}l_{2}+\cdots+(l_{\nu-1}+1=\ldots=a_{d_{1}+cl_{2}+\cdots+a_{\nu}}$ ,

where $d_{1}+d_{2}+$ $+d_{\triangleright}=d$ . We put $a_{(i)}$ $:=a_{d_{1}+\cdots+d_{i}}$ . Then we have a sequence
of morphisms

$\gamma_{(\nu)}$ $\gamma_{(\nu-1)}$ $\gamma_{(2)}$ $\gamma_{(1)}$

$Q=Q_{(\nu)}arrow Q_{(\nu-1)}-\cdotsarrow Q_{(1)}arrow Q_{(0)}=SpecC$

where $Q_{(t)}$ is the variety of all complete intersections in $P^{N}$ of multi-degree
$(a_{1}, a_{2}, \cdots , a_{\overline{a}_{1}+\cdots+a_{i}})$ . Let

$X_{(i)}=P^{N}\cross Q_{(i)}$

$\downarrow 7_{(i)}$

$Q_{(i)}$

be the universal family. Then the coherent sheaf $\pi_{(t)*}O(a_{(i+1)})$ is locally free
because the function $\dim_{k(y)}H^{0}(X_{y}, \mathcal{O}(a_{(i+1)}))$ of $y\in Q_{(t)}$ is constant where $X_{y}$ is
the fibre of $\pi_{(i)}$ over $y\in Q_{(i)}$ . Hence we have a smooth morphism

Grass $(d_{i+1}, \pi_{(i)*}O(a_{(i+1)}))arrow Q_{\mathfrak{c}i)}$ .
It is obvious that $Q_{(\tau+1)}$ is a Zariski open dense subset of Grass $(d_{i+1}, \pi_{(i)*}O(a_{(i+1)}))$ .
Hence the morphism $\gamma_{(t+1)}$ is smooth. In particular, $Q$ is smooth. Let $Z_{(i)}\subset$

$V\cross Q_{(t)}$ be the incidence correspondence

$Z_{(i)}$ $:=\{(C, X)\in V\cross Q_{(i)}|C\subset X\}$

with the natural projection $\beta_{(i)}$ : $Z_{(i)}arrow Q_{(t)}$ . Then we have a commutative

$Z_{(i+1)}\underline{\beta_{(i+1)}}Q_{(i+1)}$

$Z_{(\iota)}Q_{(i)}\downarrow\alpha_{(i+1)}\downarrow\gamma_{(i+1)}\overline{\beta_{(i)}}$

where $Z_{(0)}=V$ . We shall show that the natural morphism $\alpha_{(i+1)}$ is smooth. Let
(Sl $=P^{N}\cross V$

$\downarrow$

$V$
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be the universal family of conics. We put

$\mathfrak{C}_{(i)}$ $:=\mathfrak{C}\cross_{V}Z_{(t)}$

$Sb_{(i)}$ $:=x_{(i)}x_{Q(t)}Z_{(i)}$ .
Then we have the following commutative diagram:

$\mathfrak{C}_{(i)}arrow$ iiii (i) $c_{arrow}P^{N}\cross Z_{(i)}$

where $\tilde{\pi}_{(i)}$ is the natural projection. Consider the coherent sheaf
$\mathscr{F}_{(t)}$ $:=O(a_{(t+1)})\otimes \mathscr{L}_{\mathfrak{C}_{(i)}}$

on $\mathfrak{X}_{(i)}$ , where $\ovalbox{\tt\small REJECT}_{\mathfrak{C}_{(i)}}$ is the ideal sheaf of $\mathfrak{C}_{(t)}$ in $\overline{X}_{(t)}$ . This sheaf is flat over
$Z_{(i)}$ by construction. Take an arbitrary point $z\in Z_{(t)}$ . Let $(C_{z}, X_{z})$ be the
corresponding pair of a conic and a complete intersection which are defined
over $k(z)$ . Then we see that the kernel

$K_{1}$ $:=ker(H^{0}(P_{k(z)}^{N}, O(a_{(i+1)}))arrow H^{0}(X_{z}, O(a_{(i+1)}))$

of the restriction to $X_{z}$ is contained in the kernel

$K_{2}$ $:=ker(H^{0}(P_{k(z)}^{N}, O(a_{(i+1)}))arrow H^{0}(C_{z}, O(a_{(i+1)}))$

of the restriction to $C_{z}$ , and the dimensions of both spaces over $k(z)$ are indepen-
dent of $z$ . We have

$\dim_{k(z)}H^{0}(X_{z}, \mathscr{F}_{(t).z})=\dim_{k(z)}K_{2}-\dim_{k(z)}K_{1}$ .

Thus $\tilde{\pi}_{(i)*}\mathscr{F}_{(i)}$ is locally free. It is easy to see that $Z_{(i+1)}$ is a Zariski open
dense subset of Grass $(d_{i+1},\tilde{\pi}_{(i)*}\mathscr{F}_{(i)})$ . Hence $\alpha_{\mathfrak{c}t+1)}$ is smooth. Since $Z_{(0)}=V$ is
smooth, so is $Z:=Z_{(\nu)}$ . We put $\beta:=\beta_{(\nu)},$ $\alpha=\alpha_{(\nu)^{O}}\alpha_{(\nu- 1)^{\circ\cdot O}}\cdot\cdot\alpha_{(1)}$ , and consider
the following diagram:

(1.0)
$\alpha\downarrow^{\beta}Zarrow Q$

$V$

By the theorem of generic smoothness, $\beta^{-1}(X)=C(X)$ is smooth for a general
$X\in Q$ . $\square$

Next, we investigate the normal bundle $N_{C/X}$ of a smooth conic $C$ on $X$.
Let $O_{C}(k)$ denote the unique line bundle of degree $k$ on $C\cong P^{1}$ .

LEMMA 2. Let $Z$ be the incidence corresPondence defined as in the Proof of
Lemma 1. For a general Pair $(C, X)\in Z$ , the normal bundle $N_{c/X}$ of $C$ in $X$ is
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given as follows.

$N_{C/X}\cong\{$

$O_{C}(1)^{\oplus 2(f-1)}\oplus 0\partial^{n-2f+1}$ if $1\leqq f\leqq(n+1)/2$

$O_{C}(2)^{\oplus 2f-n-1}\oplus \mathcal{O}_{C}(1)^{\oplus 2(n-f)}$ if $(n+1)/2\leqq f\leqq n$

$\mathcal{O}_{C}(2)^{\oplus n- 2}\oplus \mathcal{O}_{C}(4)$ if $f=n+1(i. e. X=P^{n})$ .

PROOF. This Lemma is obvious if $X=P^{n}$ . We assume $f\leqq n$ . We may
assume that $X$ and $C$ are smooth. As is well known, every vector bundle on
$P^{1}$ can be written as a direct sum of line bundles. Thus, we can set $N_{C/X}\cong$

$\oplus_{i=1}^{n-1}O_{C}(b_{i})$ , where $b_{1}\leqq b_{2}\leqq.$ $\leqq b_{n-1}$ . We have the exact sequence

$0arrow N_{C/X}arrow N_{C/P^{Narrow}}N_{X/P^{N}}|c\lambdaarrow 0$

and isomorphisms

$N_{C/pN}\cong O_{C}(2)^{\oplus N-2}\oplus O_{C}(4)$ , $N_{x/pN}|c\cong\oplus_{i=1}^{ei}O_{C}(2a_{t})$ .
Hence the integers $\{b_{i}\}$ satisfy the following conditions:

$\sum_{i=1}^{n-1}b_{\ell}=2$( $N- \sum_{i1}^{d}$ a $i)=2(f-1)$ , $b_{n-2}\leqq 2,$ $b_{n-1}\leqq 4$ .

Thus, in order to prove Lemma 2, it is enough to show that, for a general pair
$(C, X)\in Z$ , following equalities hold:

(1.1) $h^{0}(C, N_{C/x}\otimes \mathcal{O}_{C}(-3))=0$ ,

(1.2) $h^{0}(C, N_{C/X} \otimes \mathcal{O}_{C}(-2))=\max(0,2f-n-1)$ ,

(1.3) $h^{0}(C, N_{C/X}\otimes O_{C}(-1))=2(f-1)$ .

Choose homogeneous coordinates $(x_{0}, x_{1}, \cdots , x_{N})$ in $P^{N}$ such that $C$ is defined
by

$x_{0}^{2}-x_{1}x_{2}=x_{8}=\ldots=x_{N}=0$ .
If $X$ is defined by $f_{1}=f_{2}=\cdots f_{a}=0$ , where $f_{i}$ is homogeneous of degree $a_{i}$ ,

then each $f_{i}$ is of the form

$f_{i}=(x_{0^{2}}-x_{1}x_{2})\tilde{h}_{i}(x_{0}, x_{1}, x_{2})+x_{3}\tilde{g}_{st}(x_{0}, x_{1}, x_{2})+$

... $+x_{N}\tilde{g}_{Ni}(x_{0}, x_{1}, x_{2})+\Sigma A_{t_{0}i_{1}\cdots t_{N}}(x_{0^{i_{0}}}x_{1}^{\iota_{1}}\cdots X_{N^{i}}N)$ ,

$whereA_{i_{0}i_{1}\cdots i_{N}}\in C,$ $i_{0}+i_{1}+\cdots+i_{N}=a_{i},$ $andi_{3}+i_{4}+\cdots+i_{N}\geqq 2$ . Then the morphism

$N_{C/P^{N}}( \cong O_{C}(4)\oplus O_{C}(2)^{\oplus(N-2)})arrow N_{X/P^{N}}|_{C}(\cong\bigoplus_{i=1}^{d}O_{C}(2a_{i}))$

$\lambda$

$is_{X}^{v}given$ by the matrix $(h_{i}, g\backslash t),$ $1\leqq i\leqq d,$ $3\leqq\nu\leqq N$, where

$h_{i}:=\tilde{h}_{i}|_{C}\in H^{0}(C, \mathcal{O}_{C}(2a_{i}-4))$

$g_{\nu i}:=\tilde{g}_{\nu i}|_{C}\in H^{0}(C, \mathcal{O}_{C}(2a_{i}-2))$ .
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For $s=1,2,3,$ $H^{0}(C, N_{c/X}\otimes O_{C}(-s))$ is the kernel of the morphism

$\lambda^{0}(-s):H^{0}(C,$ $N_{CfpN\otimes \mathcal{O}_{C(-S))}}arrow H^{0}(C, N_{X/P^{N}}|_{C}\otimes O_{C}(-s))$

given by $(h_{i}, g_{\nu\ell})$ . It is easy to see that $H^{0}(C, N_{c/x}\otimes O_{C}(-3))=0$ unless $h_{1}=$

$=h_{\mathfrak{c}l}=0$ . Thus the equality (1.1) holds for a general $X$ containing $C$ . The
equality (1.2) (resp. (1.3)) holds if and only if the linear map $\lambda^{0}(-2)$ (resp.
$\lambda^{0}(-1))$ has the maximal rank. Because

$h^{0}(C, N_{C/P^{N}}\otimes \mathcal{O}_{C}(-s))-h^{0}(C, N_{X/P^{N}}|_{C}\otimes O_{C}(-s))$

$=\{$

$(N+1)-(2$$\sum_{i=1,d}^{d}$ a $t-d)=2f-n-1$ if $s=2$

2$N-2\Sigma a_{t}=2(f-1)$ if $s=1$ .
$i=1$

The subset
$M_{*}=$ { $(h_{i},$ $g_{\nu i})|\lambda^{0}(-s)$ has the maximal rank,}

of $\oplus_{i=1}^{a}\{H^{0}(C, O_{C}(2a_{\iota}-4))\oplus H^{0}(C, O_{C}(2a_{i}-2))^{\oplus(N-2)}\}$ is Zariski open. Therefore,
if $M_{1}$ and $M_{2}$ are non-empty, the equalities (1.2) and (1.3) hold for a general $X$

containing $C$ . It is not difficult to find examples of elements in $M_{1}$ and $M_{2}$ . $\square$

REMARK 1. For a general Fano complete intersection $X$ of $dimension:n$

and index $f$ , and a general line $L$ on $X$, the normal bundle $N_{L/x}$ is given as
follows:

$N_{L/X}\cong\{\mathcal{O}_{L^{\oplus(n-f+1)}}\oplus \mathcal{O}_{L}(1)^{\oplus(f-2)}\mathcal{O}_{L}(-1)\oplus \mathcal{O}_{L}^{\oplus(n- 2)}$

if $1=f$

if $2\leqq f\leqq n+1$

\S 2. Proof of the theorem.

Let $X,$ $C(X)$ , and $\Psi_{C}$ be as in the introduction. We shall prove that the
dual cylinder homomorphism

$\Psi_{c}^{*}$ : $H^{n}(X, Q)arrow H^{n-2}(C(X), Q)$

is injective. We have the incidence correspondence

$\Omega-X$

$p\downarrow$

$q$

$C(X)$ ,

where $\Omega$ is $\{(C, x)\in C(X)\cross X|x\in C\}$ and $p,$ $q$ are the natural projections. The
dual cylinder homomorphism $\Psi_{c}^{*}$ is by definition the composition of maps

$H^{n}(X, Q)arrow H^{n}(\Omega q^{*}Q)arrow H^{n-2}(C(X)p_{*}Q)$ .
2. $a$ . Monodoromy argument. Let $(a_{1}, a_{2}, \cdots , a_{\dot{a}})$ be the multi-degree of
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$X$ in $P^{N}$ , with $2\leqq a_{1}\leqq a_{2}\leqq...\leqq a_{cl}$ . If $X$ is Fano and general, we have a
smooth Fano complete intersection $Y$ in $P^{N}$ of multi-degree $(a_{1}, a_{2}, \cdots , a_{d-1})$ ,
and a Lefschetz pencil $\{X_{t}\}_{t\in P1}$ on $Y$ cut out by hypersurfaces of degree $a_{d}$

which contains $X=X_{o}$ as the member corresponding to $0\in P^{1}$ . Recall that $V$ is
the variety of all conics in $P^{N}$ . We set

$\tilde{c}:=\{(C, t)\in V\cross P^{1}|C\subset X_{t}\}$

and let $\pi:\overline{C}arrow P$ ’ be the natural projection. By Lemma 1, we may assume
that there is a non-empty Zariski open subset $U$ on $P^{1}$ such that

$0)$ $0\in U$ ,
1) $X_{t}$ is smooth for all $t$ on $U$ , and
2) $\pi$ is smooth over $U$ .

Then the fundamental group $\pi_{1}(U, 0)$ acts both on $H^{n}(X, Q)$ and $H^{n- 2}(C(X), Q)$ ,

and the dual cylinder homomorphism $\Psi\beta$ is $\pi_{1}(U, 0)$-equivariant. Consider the
Lefschetz decomposition of $H^{n}(X, Q)$ . If $n$ is odd, the action of $\pi_{1}(U, 0)$ on the
vanishing cocycles $H^{n}(X, Q)=H_{prim}^{n}(X, Q)$ is irreducible (cf. [11]). If $n$ is even,

the primitive decomposition $H^{n}(X, Q)=H_{prim}^{n}(X, Q)\oplus Q[\omega]^{n/2}$ coincides with the
decomposition into the vanishing cocycles and the invariant cocycles, where
$[\omega]\in H^{2}(X, Q)$ is the cohomology class of a hyperplane section. In this case,
the action of $\pi_{1}(U, 0)$ is irreducible on $H_{prim}^{n}(X, Q)$ and trivial on $Q[\omega]^{n/2}$ .
Hence, in order to prove the injectivity of $\Psi\beta$ , it is enough to show the follow-
ing two claims:

CLAIM 1. If $n$ is even, $\Psi\beta([\omega]^{n/2})$ is not zero.

CLAIM 2. The composition

$\Psi_{C,prim}^{*}$ : $H_{prim}^{n}(X, Q)arrow H^{n}(X, Q)-H^{n- 2}(C(X), Q)$

of the inclusion and $\Psi_{c}^{t}$ is not-trivial.

2. $b$ . Proof of Claim 1. We set $n=2m$ . We fix a $(N-m)$-plane $P^{N-m}$ in
$P^{N}$ , and set $W=X\cap P^{N-m}$ . The Poincar\’e dual of the homology class $[W]\in$

$H_{n}(X, Q)$ is $[\omega]^{m}\in H^{n}(X, Q)$ It is enough to show that there exists an alge-

braic cycle $\Xi\subset C(X)$ of dimension $m-1$ such that the intersection number
$\Psi_{C}([\Xi])\cdot[W]$ is not zero. Let $\Gamma,$ $\Gamma_{1}$ be the closed subvarieties of $V$ defined as
follows:

$\Gamma:=\{C\in V|C\cap P^{N-m}\neq\emptyset\}$ ,

$\Gamma_{1}$ $:=\{C\in V|\dim(C\cap P^{N-m})\geqq 1\}$ .
The codimension of $\Gamma$ in $V$ is $m-1$ . Recall that in the diagram (1.0), the
natural projection $\alpha$ is smooth. Then we see that $\alpha^{-1}(\Gamma)$ is a subvariety of $Z$
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of codimension $m-1$ . The morphism $\beta$ maps $\alpha^{-1}(\Gamma)$ onto $Q$ surjectively, be-
cause every Fano complete intersection is covered by conics (cf. [9]). Thus,
for a general $X\in Q$ , the intersection $\alpha^{-1}(\Gamma)\cap\beta^{-1}(X)$ is a closed subvariety of
codimension $m-1$ in $\beta^{-1}(X)=C(X)$ . On the other hand, the codimension of $\Gamma_{1}$

in $V$ is more than $m-1$ . For a general $X\in Q$ , the codimension of $\alpha^{-1}(\Gamma_{1})\cap\beta^{-1}(X)$

in $\beta^{-1}(X)=C(X)$ is more than $m-1$ . Therefore, for a general $X$, we have
a closed $(m-1)$ -dimensional subvariety $\Xi$ of $C(X)$ which intersects with
$\alpha^{-1}(\Gamma)\cap\beta^{-1}(X)$ at points and does not intersect with $\alpha^{-1}(\Gamma_{1})\cap\beta^{-1}(X)$ . The sub-
variety $q(P^{-1}(\Xi))$ of $X$ intersects with $W$ at points. The homology class of
$q(p^{-i}(\Xi))$ is just $\Psi_{c}([\Xi])$ . This completes the proof of Claim 1. $\square$

REMARK 2. It is known that every Fano complete intersection of index
$f\geqq 2$ is covered by lines (cf. [21], the proof of Lemma 1 in Lecture 4). For a
Fano complete intersection $X$ of index $f=1$ , we can easily see that a subvariety
of $X$ of codimension 1 is covered by lines. Hence the above argument can be
applied to the family of lines.

2. $c$ . Proof of Claim 2 for the case where $H^{n-1,1}(X)\neq 0$ . In this subsec-
tion, we assume that the Hodge level of $H^{n}(X)$ is $n-2$ . The map $\Psi_{C,prim}^{*}$ :
$H_{p\Gamma 1m}^{n}(X, Q)arrow H^{n- 2}(C(X), Q)$ is a morphism of Hodge structure of type $(-1, -1)$ .
We dencte the $(n-1,1)$-part $0\underline{f}\Psi\beta$ prim by $\varphi:H^{n-1,1}(X)arrow H^{n-2,0}(C(X))$ . We
shall prove that $\varphi$ is a non-zero map. Take a general point $0\in C(X)$ , and let
$T_{o,C(X)}^{*}$ be the cotangent space of $C(X)$ at $0$ . We define the infinitesimal dual
cylinder map

$\tau:H^{1}(X, \Omega_{X}^{n-1})-\wedge T_{0,C(X)}^{*}n- 2$

at $0$ to be the composition of the following maps:

$H^{1}(X, \Omega_{X}^{n-1})\simarrow H^{n-i}1(X)$ , (Dolbeault [isomorPhism)

$H^{n-1}1(X)H^{n- 2}\overline{c}0(C(X))$ ,

$H^{n-2}0(C(X))arrow\sim H^{0}(C(X), \Omega_{C(X)}^{n-2})$ (Dolbeault isomorphism) and
$H^{0}(C(X), \Omega_{C(X)}^{n-2})arrow n_{AT_{o,C(X)}^{*}}$ (restriction at o).

We show that $\tau$ is non-trivial. Let $C_{o}$ be the conic on $X$ corresponding to
$0\in C(X)$ . The map $\tau$ can be described as the composition of five maps (cf. [22]
p. 21, [10] p. 826):

$\tau_{1}$ : $H^{1}(X, \Omega_{X}^{n-1})arrow H^{1}(C_{0}, \Omega_{X}^{n-1}|_{C_{0}})$ ,

$\tau_{2}$ : $H^{1}(C_{o}, \Omega_{X}^{n-1}|_{C_{O}})arrow H^{1}(C_{0}, \Omega_{c_{o}}^{1}\otimes^{n}\Lambda^{-2}N\beta_{o^{/X}})$ ,

$\tau_{3}$ : $H^{1}(C_{0}, \Omega^{1}C_{O^{\otimes^{n}\overline{\Lambda}^{2}c_{o}/x)arrow H^{0}(C_{o}}}N^{\star}\sim, n- 2\Lambda N_{C_{O}fX})^{*}$ ,
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$\tau_{4}$ : $H^{0}(C_{0}, n_{\overline{\Lambda}^{2}N_{C_{O}/x})^{*}}arrow(\wedge H^{0}(C_{0}n-2N_{C_{0}/X}))^{*}$ , and

$\tau_{5}$ : $(^{n}\overline{\Lambda}^{2}H^{0}(C_{o}, N_{c_{o}/X}))^{*\sim}arrow n_{\overline{\Lambda}^{2}T_{o.C(X)}^{*}}$

Here $\tau_{1}$ is the restriction map, $\tau_{2}$ is derived from the exact sequence:

$0arrow n_{\overline{\Lambda}^{1}N\delta_{0^{fX}}}arrow\Omega_{X}^{n-1}|_{C_{O}}arrow\Omega^{1}c_{O^{\otimes^{n-2}}}\wedge N\delta_{o^{fX}}arrow 0$ ,

$\tau_{8}$ is the Kodaira-Serre duality, $\tau_{4}$ is the dual of the natural map:
$\tau_{4}^{*}:$

$n2\overline{\wedge}H^{0}(C_{o}, N_{C_{O}/x})arrow H^{0}(C_{0}, n-2\Lambda N_{C_{O}/X})$ , and $\tau_{5}$ is derived from the canonical
isomorphism $H^{0}(C_{o}, N_{C_{O}/x})\cong T_{o.C(X)}$ . In order to show that $\tau$ is non-trivial, it
is enough to prove the following inequality:

(2.1) $co\dim$ {im $(\tau_{2^{\circ}}\tau_{1})\subset H^{1}(C_{o},$
$\Omega_{c_{o}}^{1}\otimes^{n}\overline{\Lambda}^{2}N_{c_{o^{fX}}}^{\star})$ } $<\dim$ (im $\tau_{4}$).

Note that $\dim$ (im $\tau_{4}$ ) $=\dim(im\tau_{4}^{*})$ . By Lemma 2, it is easy to see that $\tau_{4}^{*}$ is sur-
jective, and

(2.2) $h^{0}(C_{o},$ $n_{\Lambda^{-2}N_{c_{o^{fX}}})=2nf-4f-n+3}$ .

Next, we compute the left-hand side of (2.1). Recall that $Y$ is a smooth
complete intersection in $P^{N}$ of multi-degree $(a_{1}, \cdots , a_{d-1})$ which contains $X$ as
a hyperplane section of degree $a_{d}$ . We have the following commutative dia-
gram of exact sequences:

$0$ $0$

$\downarrow$ $\downarrow$

$0arrow N_{x/Y}^{*}|_{C}\simarrow N_{x/Y}^{*}|_{C}arrow 0$

$\downarrow$ $\downarrow$ $\downarrow$

$0arrow N\delta/Y$ $arrow\Omega_{Y}^{1}|_{C}$ $arrow\Omega_{c}^{1}arrow 0$

$\downarrow$ $\downarrow$ $\downarrow l$

$0arrow N\delta/x$ $arrow\Omega_{X}^{1}|_{C}$ $arrow\Omega_{c}^{1}arrow 0$

$\downarrow$ $\downarrow$ $\downarrow$

$0$ $0$ $0$

(Here, we omit $0$ in $C_{0}.$ ) By taking n-th exterior product of the middle row
and tensoring $N_{X/Y}|_{C}$ , we get the commutative diagram:
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$0$ $0$

$\downarrow$ $\downarrow$

$0arrow$ $n-1\Lambda N\delta/x$
$arrow\Omega_{X^{-}}^{n1}|_{C}$

$0$

$arrow n-2\Lambda\prime N\beta_{/x}\otimes\Omega_{c}^{1}\downarrow$

$arrow 0$

$\downarrow l$ $\downarrow$ $\downarrow$

$0arrow\wedge N\delta/Yn\otimes N_{x/Y}arrow\Omega_{Y}^{n}\otimes N_{XfY}|_{C}arrow\wedge N\beta_{/Y}\otimes\Omega_{C}^{1}\otimes N_{X/Y}n-1arrow 0$

$\downarrow$ $\downarrow$ $\downarrow$

$0$

$arrow\Omega_{X}^{n}\otimes N_{X/Y}|_{C}arrow\downarrow\sim\wedge N\partial/x\otimes\Omega_{C}^{1}\otimes N_{X/Y}n1\downarrowarrow 0$

$0$ $0$

with exact lines and rows. Then, we have the commutative diagram ofjco-
homology groups:

$H^{0}(X, \Omega_{X}^{n}\bigotimes_{1_{1}}N_{X/Y})arrow H^{0}(Cv^{1}\sigma_{1}\Omega_{X}^{\sigma_{2}}n_{\otimes}\iota^{N_{X/Y}|_{C})arrow H^{0}(C}$

’
$n_{\overline{\Lambda}^{1}N\partial/x\otimes\Omega_{c}^{1}\otimes N_{X/Y})}\downarrow$

$H^{1}(X, \Omega_{X}^{n- 1})arrow\tau_{1}$
$H^{1}(C, \Omega_{X^{-}}^{n1}|_{C})$

$arrow H^{1}(C\tau 2 n2\overline{\wedge}N\delta_{fX}\otimes\Omega_{c}^{1})$

$H^{1}(X, \Omega_{Y}^{n}\otimes 1V_{X/Y})\forall|arrow H^{1}(C, \Omega_{Y}^{n}\otimes N_{X/Y}|_{C})\downarrowarrow H^{1}(C,$ $n_{N\Lambda^{-1}\partial\prime Y\otimes\Omega_{c}^{1}\otimes N_{x/Y})}\downarrow$

where the vertical sequences are exact. It is clear that the map $\sigma_{2}$ in this
diagram is an isomorphism. The line bundle $\Omega_{X}^{n}\otimes N_{x/Y}$ is isomorphic to
$O_{P^{N}}(-f+a_{a})|_{X}$ . Because the restriction map $H^{0}(P^{N}, \mathcal{O}_{P}(-f+a_{d}))arrow$

$H^{0}(C, O_{P}(-f+a_{d})|_{C})$ is surjective, the map $\sigma_{1}$ in this diagram is also surjective.
Therefore we have

$co\dim$ {im $(\tau_{2^{\circ}}\tau_{1})\subset H^{1}(C,$
$\Omega_{C}^{1}\otimes^{n}\wedge^{-2}N\delta/x)$ } $ $h^{1}(C,$

$n_{\Lambda^{-1}N\delta/Y\otimes\Omega_{C}^{1}\otimes A_{X/Y}^{7})}$

$=h^{0}(C,$ $n_{\Lambda^{-1}N_{C/Y}\otimes N_{x/Y}^{*})}$ (Kodaira-Serre duality)

Since $Y$ is a Fano complete intersection of index $f+a_{d}$ , we can use Lemma 2
to compute $N_{C/Y}$ . We set $N_{C/Y}\equiv\oplus_{i=i}^{n}\mathcal{O}_{C}(c_{i})$ . Then we have

$h^{0}(C, n1 \overline{\wedge}N_{c/Y}\otimes N\mathfrak{X}/Y)=\sum_{i=1}^{n}h^{0}(C, \mathcal{O}_{C}(2(f+a_{d}-1)-c_{i}-2a_{d}))$

$= \sum_{i=1}^{n}\max(O, 2f-1-c_{i})$

$=\{$

$0$ if $f=1,$ $(n+2)/2\leqq f+a_{d}$ ,

$n-1$ if $f=2,$ $d=1,$ $(i. e. Y=P^{n+1})$ ,

$2nf-n-2f-2a_{d}+2$ otherwise.
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By virtue of Lemma $0$ , we may assume $f\leqq a_{d}$ . Comparing the above results
with (2.2), we see that (2.1) holds under this assumption.

The case that the Hodge level of $H^{n}(X)$ is less than $n-2$ is dealt with in
the next section.

REMARK 3. Let $X,$ $Y$ be as above. For a general line $L$ on $X$, we have
the following results:

$\dim$ (im $\tau_{4}$ ) $=h^{0}(L,$ $n_{\overline{\Lambda}^{2}N_{LfX})}=nf-n-2f+3$ ,

$co\dim$ {im $(\tau_{2}\circ\tau_{1})\subset H^{1}(L,$
$\Omega_{L}^{1}\otimes^{n}\wedge^{-2}N\Sigma_{/X})$ } $\leqq h^{0}(L, \Lambda N_{L/Y}\otimes N\ovalbox{\tt\small REJECT}_{/Y})n-1$

$=\{\begin{array}{l}0 if1=fnf-n-f-a_{d}+2\end{array}$

if $2\leqq f$ .

\S 3. Geometry of vanishing cycles.

Let $c_{U}$ be a smooth complex projective variety of dimension $n+1$ . Let $\mathscr{F}$

be a variety parametrizing a flat family $\{P_{u}\}_{u\in \mathscr{F}}$ of $k$ -dimensionai subschemes
of $CV$ . For any subvariety $S$ of $CV$ , we put

$\mathscr{F}(S):=\{u\in \mathscr{F}|P_{u}\subset S\}$ .
Let $L$ and $M$ be very ample line bundles on $\subset\nu$ . For a smooth member $\pi$ of
$|L|$ , we denote by $V_{n}(\tilde{W}/c[\nearrow, Q)$ the subspace of $H_{n}(\tilde{W}, Q)$ generated by vanish-
ing cycles of $\tilde{W}$ in $CV$ . For a smooth member $W$ of $|M|_{\overline{W}}$ , we define the
subspace $V_{n- 1}(W/ii^{7}, Q)$ of $H_{n-1}(W, Q)$ in the same way. We have the cylinder
homomorphisms

$\Psi(W:H_{n-2k}(\mathscr{F}(\tilde{W}), Q)arrow H_{n}(\tilde{W}, Q)$ and

$\Psi(W):H_{n-1-2k}(\mathscr{F}(W), Q)arrow H_{n-1}(W, Q)$ .
Let $c_{*}:$

$H_{n}(W, Q)arrow H_{n}(\tilde{W}, Q)$ be the natural map induced from the inclusion
$c:W$q1717. The main result of this section is the following:

PROPOSITION. SuPPose that, if we take a general member $\pi_{\in}|L|$ and a
general member $W\in|M|_{\iota\tilde{V}}|$ , then

(a) $\mathscr{F}(W)$ is smooth and comPlete, and
(b) the image of $\Psi(W)$ contains $V_{n-1}(W/^{\pi}, Q)$ .

Then we have
im $\Psi(\tilde{W})+im’*\supset V_{n}(\tilde{W}/^{c}V, Q)$ .

for a general $\overline{W}\in|L|$ .

Before proving Proposition, we shall show how to deduce Theorem from
Proposition.
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PROOF OF THEOREM. We fix the multi-degree $(a_{1}, \cdots , a_{d})$ of a Fano com-
plete intersection $X$ and prove Theorem by induction with respect to the dimen-
sion $n$ of $X$. In \S 1, we have proved Theorem for a general Fano complete
intersection $X$ with $f\leqq a_{d},$ $i.e$ . $n\leqq a(f-d-1+\Sigma_{i=1}^{l}(a_{tf}$ . Now assume that Theo-
rem is true for a general Fano complete intersection of multi-degree $(a_{1},$ $\cdots$ , $a_{f}()$

and dimension $n-1$ . We apply Proposition to the following case: $c_{U}$ is a
general complete intersection of multi-degree $(a_{1}, \cdots , a_{d-1})$ and dimension $n+1$ ,
$L=O(a_{d}),$ $M=O(1)$ , and $\mathscr{F}$ is $C(CV)$ or $\mathcal{L}(\subseteq v)$ . Then the assumption (a) of Pro-
position is satisfied by Lemma 1, and the assumption (b) is satisfied by the in-
duction hypothesis. If $n$ is odd, the image of $c_{*}:$

$H_{n}(W, Q)arrow H_{n}(\tilde{W}, Q)$ is zero.
If $n$ is even, the image is the space generated by the homology class of an
intersection of $i\pi$ and a linear subspace of $P^{N}$ of codimension $n/2$ . Thus we
have $H_{n}(\pi, Q)=V_{n}(\pi_{/\subset\nu}, Q)\oplus imC*\cdot$ Since Claim 1 in \S 2 holds for a general
Fano complete intersection of any dimension, we see that im $\Psi(\pi)\supset imc_{*}$ . Now
by Proposition, we see that Theorem is true for a general $\pi_{\in}|L|,$ $i$ . $e$ . for a
general Fano complete intersection of multi-degree $(a_{1}, \cdots , a_{a})$ and dimension
$n$ . $\square$

PROOF OF PROPOSITION. First, we shall show some general lemmas. Let
$\varphi$ and $h$ be holomorphic functions defined in a small neighborhood of the origin
$0$ of $C^{n+1}$ such that $\varphi(0)=h(0)=0$ . We denote by $T_{o}$ the holomorphic tangent
space of $C^{n+1}$ at $0$ . Suppose that $0$ is a non-degenerate critical point of $\varphi$ .
Then we have the Hessian

$\varphi_{**}:$ $T_{o}\cross T_{o}arrow C$

of $\varphi$ at $0$ , which is a non-degenerate symmetric bilinear form of $T_{o}$ . Suppose
also that $0$ is not a critical point of $h$ . Let $(dh)_{0}^{\perp}$ be the kernel of $(dh)_{0}\in T_{o}^{*}$ .

LEMMA 3. Assume that $\varphi$ and $h$ satisfy the following condition:
$(\#)$ the restriction of $\varphi**$ from $T_{o}$ to $(dh)_{0}^{\perp}$ remains non-degenerate.

Then there is a local coordinate system $(w_{1}$ , $\cdot$ . , $w_{n+1})$ of $C^{n+1}$ around $0$ such that
(3.1) $\varphi=w_{1}^{2}+\cdots+w_{n+1}^{2}$ ,

(3.2) $\frac{\partial h}{\partial w_{i}}\equiv 0$ for $i=1,$ $\cdots$ , $n$ ,

(3.3) $\frac{\partial h}{\partial w_{n+1}}(0)\neq 0$ .

PROOF. We have a local coordinate system $(z_{1}, \cdots , z_{n+1})$ of $C^{n+1}$ with the
center $0$ such that $h=z_{n+1}$ . For $s\in C$ which is small enough, we denote by $\varphi_{S}$

the restriction of $\varphi$ to the hypersurface $h^{-1}(s)$ . The critical points of $\varphi_{s}$ are
given by
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$\{(z_{1}, z_{n+1})|z_{n+1}=s,$ $\frac{\partial\varphi}{\partial Jz_{1}}(z)=\ldots=\frac{\partial\varphi}{\partial z_{n}}(z)=0\}$ .

We put $y_{i}=\partial\varphi/\partial z_{i}$ $(i=1, \cdot - , n)$ . By the condition $(\#)$ , the $n\cross n$ matrix

$( \frac{\partial^{2}\varphi}{\partial_{Z_{i}}\partial z_{j}})_{i,j=1,\cdots,n}=(\frac{\partial y_{j}}{\partial z_{i}})_{if=1},\cdots n$

is non-degenerate at $0$ . Hence $(y_{1}, \cdots , y_{n}, z_{n+1})$ is a local coordinate system of
$C^{n+1}$ with the center $0$ . (Note that $y_{1}=...=y_{n}=0$ at $0$ because $0$ is a critical
point of $\varphi.$ ) Since $\varphi_{s}(y_{1}, , y_{n})=\varphi(y_{1}, , y_{n}, s)$ has a critical point at $y_{1}=$ $y_{n}$

$=0$ , the Taylor expansion of $\varphi$ is of the form

$\varphi(y_{1}, \cdots , y_{n}, z_{n+1})=z_{n+1}^{2}\cdot\varphi_{1}(z_{n+1})+\sum_{i,j=1}^{n}y_{i}y_{j}\cdot H_{if}(y_{1}, \cdots , y_{n}, z_{n+1})$

where $H_{ij}=H_{ji}$ . We see that $\varphi_{1}(0)\neq 0$ and the matrix $(H_{ij}(0, \cdots , 0))_{i,j=1,\cdots,n}$ is
non-degenerate, because the critical point $0$ of $\varphi$ is non-degenerate. In the
same way as the proof of lemma of Morse (cf. [16] p. 6), we can get a local
coordinate system $(w_{1}, \cdots , w_{n+1})$ such that

$\varphi=w_{1}^{2}+\cdots+w_{n+1}^{2}$ , $w_{n+1}=z_{n+1}\cdot\sqrt{\varphi_{1}(z_{n+1})}$ .

The function $z_{n+1}arrow w_{n+1}=z_{n+1}\cdot\sqrt{\varphi_{1}(z_{n+1})}$ has its inverse in a small neighborhood
of $w_{n+1}=0$ . Since $h=z_{n+1}$ , we get (3.2) and (3.3). $\square$

We take a sufficiently small polydisk $\Delta^{n+1}$ in $C^{n+1}$ with the center $0$ . We
put

$i^{r_{\epsilon}}=\varphi^{-1}(\epsilon)\cap\Delta^{n+1}$ $V_{\epsilon,*}=\varphi^{-1}(\epsilon)\cap h^{-1}(s)\cap\Delta^{n+1}$

We fix $\epsilon\neq 0$ which is small enough. From Lemma 3, we have

LEMMA 4. Under the condition $(\#)$ in Lemma 3, we have a small disk $\Delta$ in
$C$ with the center $0$ , and two values $s_{+1},$ $s_{-1}\in\Delta$ such that

(i) $V.,$
$*$ is smooth for all $s\in\Delta\backslash \{s_{+1}, s_{-1}\}$ , and

(ii) $V_{\epsilon.s_{i}}(i=\pm 1)$ has one and only one singular $po$ int $p_{i}$ , which is an ordinary
double Point.

Note that, if $(w_{1}, \cdots , w_{n+1})$ is the local coordinate system in Lemma 3, then
$h$ is a function $h(w_{n+1})$ of one variable $w_{n+1}$ , and we have $s_{+1}=h(\sqrt{\epsilon})$ , $s_{-1}=$

$h(-\sqrt{\epsilon})$ .
NOW we shall consider the vanishing cycles of $V_{\epsilon}$ and $V_{\epsilon.s}$ . For simplicity,

we assume $\epsilon$ to be a small positive real number. Then the vanishing cycle
$[\tilde{S}_{\epsilon}^{+}]\in H_{n}(\tilde{V}_{\epsilon}, Z)$ corresponding to the ordinary double point $0\in\tilde{V}_{0}$ is represented
by the $n$ -dimensional sphere

$S_{\epsilon}=\{(w_{1}, \cdots w_{n+1})|w_{1}^{2}+\cdots+w_{n+1}^{2}=\epsilon, w_{i}\in R(i=1, \cdots n+1)\}\subset V_{\text{\’{e}}}$
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with an orientation $+(cf. [11])$ . We define a path $\gamma_{0}$ : $[$ –1, $1]arrow\Delta$ connecting

S-l and $s_{+1}$ by $\gamma_{0}(v)=h(v\cdot\sqrt{\epsilon})\in\Delta$ . We put

$S_{\epsilon,\gamma 0^{(v)}}=\{(w_{1}, \cdots w_{n+1})|w_{1}^{2}+\cdots w_{n}^{2}=(1-v^{2})\epsilon$ ,

$w_{n+1}=\iota)\cdot\sqrt{\epsilon},$ $w_{i}\in R(i=1, \cdots, n+1)\}$

$\subset\tilde{S}_{\epsilon}\cap V_{\epsilon.\gamma_{0}(v)}$ .
We choose an orientation $+of$ the $(n-1)$ -dimensional sphere $S_{\epsilon}\gamma_{0^{(0)}}$ . It is easy
to see that

$H_{n- 1}(V_{\epsilon,\gamma 0^{(v)}}, Z)=Z[S_{\epsilon,\gamma 0^{(v)}}^{+}]$ for $v\in(-1,1)$ , and

$S_{\epsilon.\gamma_{0^{(-1)}}}=\{p_{-1}\}$ , $S_{\epsilon,\gamma_{0^{(+1)}}}=\{p_{+1}\}$ .

We also have
$\tilde{S}_{\epsilon}=\bigcup_{v\in\ddagger- 11\ddagger}.S_{\epsilon.\gamma 0^{(v)}}$ .

By deforming the above construction continuously, we get the following:

LEMMA 5. Let 7: $[$ –1, $1]arrow\Delta$ be a path satisfying the following three con-
ditions:

(C1) $\gamma(-1)=s_{-1},$ $\gamma(1)=s_{+1}$ .
(C2) $\gamma$ is of $c\propto$ , and if $v\neq v’$ , then $\gamma(v)\neq\gamma(v’)$ .
(C3) $\gamma$ can be deformed to $\gamma_{0}$ preserving the properties (C1), (C2).

Then we have an $(n-1)$-dimensional sphere $S_{\epsilon.\gamma^{(v)}}$ in $V_{\epsilon.\gamma(v)}$ for each $v\in(-1,1)$

such that,
(i) with an orientation $+,$ $S_{\epsilon.\gamma(v)}^{+}$ represents the vanishing cycle correspond-

ing to both of the two ordinary double points $p_{-1}\in V_{\epsilon.\gamma- 1}()$ and $p_{+1}\in V_{\epsilon.\gamma(+1)}$ ,

(ii) $\{p_{-1}\}\cup\bigcup_{v\in(- 1.1)}S_{\epsilon.\gamma(v)}\cup\{p_{+1}\}$ is an $n$-dimensional sphere in $\tilde{V}_{\epsilon}$ , and that
(iii) with an appropriate orientatio $n$ , this $n$-dimensional sphere represents the

vamshing cycle $[S_{\epsilon}^{+}]$ in $H_{n}(V_{\text{\’{e}}}, Z)$ .
Let $\{\pi_{t}\}_{t\in P^{1}}$ be a general Lefschetz pencil of the members of $|L|$ . Suppose

that $\pi_{0}$ has an ordinary double point $0\in\tilde{W}_{0}$ . Let $\{H_{s}\}_{s\in P^{1}}$ be a general Lefschetz
pencil of the members of $|M|$ such that $H_{0}$ is smooth and $0\in H_{0}$ . We may
assume that $0\in\varphi$ is not contained in the base loci of these pencils. Let $\varphi(w)$

$=t$ (resp. $h(w)=s$ ) be the local defining equation of $\tilde{W}_{t}$ (resp. $H_{s}$ ) in a small
neighborhood of $0\in\wp$ . By the assumption of generality, we may assume that

(3.4) $\varphi$ and $h$ satisfy the condition $(\#)$ in Lemma 3.

We fix a small positive real number $\epsilon$ . Let $\{W\text{\’{e}}, S\}_{s\in P^{1}}$ be the pencil cut out on
$\tilde{W}_{\epsilon}$ by $\{H_{S}\}_{s\in P^{1}}$ . We may also assume that

(3.5) $\{W_{\epsilon.s}\}_{s\in P^{1}}$ is a Lefschetz Pencil.
By the assumption (3.4), we can apply Lemmas 4, 5 to the local geometry



Cylinder homomorphisms 733

of $i\pi_{\epsilon}$ and $W_{\epsilon}\epsilon$ around $0\in CV$ . We continue to use the notation $[S_{\epsilon}^{+}]\in H_{n}(\pi_{\epsilon}, Z)$ ,

the vanishing cycle corresponding to the ordinary double point $0\in\tilde{W}_{0}$ . It is
enough to show that

im $\Psi(\pi_{\epsilon})+imt_{*}\ni[S_{\epsilon}]$ .

Note that because of (3.5), the image of the natural map

$H_{n}(W_{\epsilon,\}, Q)arrow H_{n}(\tilde{W}_{\epsilon}, Q)$

is independent of $s\in P^{1}$ , and this image is just $ime_{*}$ . By Lemma 4 and the
assumption (3.5), we have a small neighborhood $\Delta\subset P^{1}$ of $s=0$ and two points
$s_{+1},$

$s_{-1}\in\Delta$ such that (i) $W_{\epsilon}\epsilon$ is smooth for $s\in\Delta\backslash \{s_{-1}, s_{+1}\}$ , and that (ii) $W_{\epsilon.s_{i}}$

$(i=\pm 1)$ has one and only one singular point $p_{i}$ , which is an ordinary double
point. Let $\gamma:[-1,1]arrow\Delta$ be a path which satisfies the three conditions in
Lemma 5. By Lemma 5, we have an $(n-1)$-dimensional sphere S. $\gamma(v)\subset W_{6}\gamma(v)$

for each $v\in(-1,1)$ which has the three properties in Lemma 5. In particular,
we see that

$[S_{\epsilon,\gamma(v)}^{+}]\in V_{n-1}(W_{\epsilon.\gamma(v)}/\tilde{W}_{\epsilon}, Q)$ .
Let Eii. $\subset P^{1}\cross \mathscr{F}$ be the incidence correspondence

$\tilde{\mathscr{F}}_{\epsilon}=\{(s, u)\in P^{1}\cross \mathscr{F}|P_{u}\subset W_{\epsilon.S}\}$

with the natural projection $\Pi:\overline{\mathscr{F}}_{\epsilon}arrow P^{1}$ . By the assumption (a) of Proposition,
there is a Zariski open dense subset $U\subset P^{1}$ over which $\Pi$ is proper and smooth.
Then, for $s\in U,$ $H_{n- 1-2k}(\mathscr{F}(W_{\epsilon,s}), Q)$ has a $Q$-Hodge structure of weight $n-1-$

$2k$ , and if $W_{\epsilon,S}$ is also smooth, then the cylinder homomorphism

$\Psi_{s}:=\Psi(W_{\epsilon.s})$ : $H_{n-1-2k}(\mathscr{F}(W_{\epsilon.s}), Q)arrow H_{n- 1}(W_{\epsilon.*}, Q)$

is a morphism of Hodge structure of type $(k, k)$ . Let $\omega\in H^{2}(\mathscr{F}(W_{\epsilon,s}), Q)$ be the
restriction of a polarization class of 9. to $\mathscr{F}(W_{\epsilon}s)$ . By construction, $\omega$ is in-
variant under the monodromy action of $\pi_{1}(U, s)$ . Let

$L_{*}$ : $H.+2(\mathscr{F}(W_{\epsilon.S}), Q)arrow H.(\mathscr{F}(W_{\epsilon.s}), Q)$

be the cap product with $\omega$ . We have the Lefschetz decomposition

$H_{n-1-2k}(\mathscr{F}(W_{\epsilon.s}), Q)=\oplus L_{*}^{\nu}P_{n- 1- 2k+2\nu}(\mathscr{F}(W_{\epsilon,s}), Q)$

where $P_{n- 1- 2k+2\nu}(\mathscr{F}(W_{\epsilon,S}), Q)$ is the primitive part of $H_{n- 1- 2k+2\nu}(\mathscr{F}(W_{\epsilon}s), Q)$ . Note
that this decomposition is compatible with the monodromy action of $\pi_{1}(U, s)$ .
On the other hand, we have the decomposition

$H_{n-1}(W_{\epsilon.i}, Q)=V_{n-1}(W_{\epsilon,s}/\tilde{W}_{\epsilon}, Q)\oplus I_{n-1}(W_{\epsilon,s}/\tilde{W}_{\epsilon}, Q)$

where $I_{n- 1}(W_{\text{\’{e}}}s/\tilde{W}_{\epsilon}, Q)$ is the space of invariant cycles (cf. $L11]$ ). This decom-
position is also compatible with the monodromy action of $\pi_{1}(U, s)$ , and $\pi_{1}(U, s)$

acts irreduciblly on $V_{n-1}(W_{\epsilon,s}/\tilde{W}_{\epsilon}, Q)$ and trivially on $I_{n-1}(iV^{n}., s/\tilde{W}_{\epsilon}, Q)$ . Hence
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any $\pi_{1}(U, s)$-invariant subspace of $H_{n-1}(W_{\epsilon,\epsilon}, Q)$ which does not contain
$V_{n-1}(W_{\epsilon}s/^{\pi_{\epsilon}}, Q)$ must be contained in $I_{n-1}(W_{\epsilon.s}/\tilde{W}_{\epsilon}, Q)$ . By assumption (b) of
Proposition, there is at least one $\mu$ such that

(3.6) $\Psi_{s}(L_{*}^{\mu}P_{n-1-2k+2\mu}(\mathscr{F}(W_{\epsilon.s}), Q))\supset V_{n-1}(W_{\epsilon.s}/\tilde{W}_{\epsilon}, Q)$ .

We denote by $\Psi^{\mu_{s}}$ the restriction of $\Psi_{s}$ to $L^{\mu_{*}}P_{n-1-2k+2\mu}(\mathscr{F}(W_{\epsilon}s), Q)$ . Because
$L^{\mu_{*}}P_{n-1-2k+2\mu}(\mathscr{F}(W_{\epsilon,s}), Q)$ has a polarized $Q$-Hodge structure and $\Psi_{s}^{\mu}$ is a morphism
of Hodge structure, we have the orthogonal decomposition

$L_{*}^{\mu}P_{n-1-2k+2\mu}(\mathscr{F}(W_{\epsilon,s}), Q)=ker(\Psi_{s}^{\mu})\oplus ker(\Psi_{s}^{\mu})^{\perp}$ .
Note that

(3.7) this decomposition is compatible with the monodromy action of $\pi_{1}(U, s)$ ,

and that

(3.8) the natural isomorPhism $(ker\Psi_{s}^{\mu})^{\perp}\simeq$ im $\Psi_{s}^{\mu}$ is $\pi_{1}(U, s)$-equivariant.

NOW we can take the path $\gamma:[-1,1]arrow\Delta$ which satisfies an additional condition:

(C4) $\gamma(v)\in\Delta\cap U$ for $v\in(-1,1)$ .

We devide the situation into two cases

Case 1. $V_{n-1}(W/\tilde{W}, Q)\neq 0$ , for general $\tilde{W}$ and $W$ .
Case 2. $V_{n-1}(W/\tilde{W}, Q)=0$ , for general $\tilde{W}$ and $W$ .

In Case 1, we see that $[S_{\epsilon.\gamma(v)}^{+}]\neq 0$ in $H_{n-1}(W_{\epsilon,\gamma(v)}, Q)$ , because every vanishing
cycle of $W_{\epsilon,\gamma(v)}$ in $\pi_{\epsilon}$ is conjugate to each other by the action of the global
monodromy (cf. [11]). By (3.6), there is a unique cycle $[\tau_{\gamma \mathfrak{c}v)}]\in(ker\Psi_{\gamma(v)}^{\mu})^{\perp}$ with
coefficients in $Q$ for each $v\in(-1,1)$ such that

(3.9) $\Psi_{\gamma \mathfrak{c}v)}([\tau_{\gamma(v)}])=[S_{\epsilon.\gamma(v)}^{+}]$ .

Let $\eta$ be a positive real number $<1$ which is sufficiently close to 1. Let $\omega_{1}$ :
$[0,2\pi]arrow U$ (resp. $\omega_{-1}$ : $[0,2\pi]arrow U$ ) be a small circle with the center $s_{+1}=\gamma(1)$

(resP. $S- l=\gamma(-1)$ ) and $\omega_{+1}(0)=\omega_{+1}(2\pi)=\gamma(\eta)$ (resp. $\omega_{-1}(0)=\omega_{-1}(2\pi)=\gamma(-\eta)$ ) whose 2
interior does not contain any point of $P^{1}\backslash U$ except $s_{+1}$ (resp. $s_{-}\underline,\backslash$ .

Figure 1.

Let

$w_{+1.*}$ : $H_{n-1-2k}(\mathscr{F}(W_{\epsilon.\gamma\eta)}(), Z)arrow H_{n-1-2k}(\mathscr{F}(W_{\epsilon,\gamma\eta_{J}^{\backslash }}(), Z)$

$w_{+1.*}’$ : $H_{n-1}(W_{\epsilon.\gamma\eta)}(, Z)arrow H_{n-1}(W_{\text{\’{e}}.\gamma(\eta)}, Z)$
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be the local monodromies along $\omega_{+1}$ . We shall show that there is a cycle $[\beta_{0}]\in$

$H_{n-1-2k}(\mathscr{F}(W_{\epsilon}\gamma(\eta)), Q)$ such that
$[\tau_{\gamma(\eta)}]=q\cdot([\beta_{0}]-w_{+1,*}([\beta_{0}]))$ in $H_{n-1-2k}(\mathscr{F}(W_{\epsilon.\gamma \mathfrak{c}\eta)}), Q)$

where $q\in Q^{\cross}$ . Since the intersection form of $H_{n-1}(W_{\epsilon,\gamma(\eta)}, Q)$ restricted to
$V_{n-1}(W_{\epsilon,\gamma \mathfrak{c}\eta)}/^{ffl_{\epsilon}}, Q)$ is non-degenerate, there is a cycle $[\alpha]\in V_{n-1}(W_{\epsilon,\gamma(\eta)}/^{\pi_{\epsilon}}, Q)$

such that $[\alpha]\cdot[S_{\epsilon,\gamma(\eta)}^{+}]\neq 0$ . Let $[\beta_{0}]$ be the unique element of $(ker\Psi_{\gamma(\eta)}^{\mu})^{\perp}$ such
that $\Psi_{\gamma(\eta)}([\beta_{0}])=[\alpha]$ . By the Picard-Lefschetz formula, we have

$w_{+1.*}’([\alpha])=[\alpha]\pm([\alpha]\cdot[S_{\epsilon,\gamma(\eta)}^{+}])[S_{\epsilon.\gamma(r,)}^{+}]$ .

By (3.7) and (3.8), we see that
$[\beta_{0}]-w_{+1,*}([\beta_{0}])\in(ker\Psi_{\gamma(\eta)}^{\mu})^{\perp}$ and

$\Psi_{\gamma(\eta)}([\beta_{0}]-w_{+1,*}([\beta_{0}]))=\pm([\alpha]\cdot[S_{\epsilon,\gamma(\eta)}^{+}])[S_{\epsilon.\gamma(\eta)}^{+}]$ .
Hence we have

$[\tau_{\gamma(\gamma)}]=\pm 1/([\alpha]\cdot[S_{\epsilon.\gamma \mathfrak{c}\eta)}])\cdot([\beta_{0}]-w_{+\iota.*}([\beta_{0}]))$ .

Let $i:H_{n-1-2k}(\mathscr{F}(W_{\epsilon,\gamma(\eta)}), Z)arrow H_{n-1- 2k}(\mathscr{F}(W_{\epsilon}\gamma(\eta)), Q)$ be the natural map.
Note that $keri$ is the torsion part of $H_{n-1-2k}(\mathscr{F}(W_{\epsilon}\gamma(\eta)), Z)$ . There is an integer
$N$ such that $N\cdot(keri)=0$ . Now we have topological cycles $[T_{\gamma(\eta)}],$ $[B_{0}]\in$

$H_{n-1-2k}(\mathscr{F}(W_{\epsilon}\gamma(r_{l})), Z)$ such that

$i^{(}\backslash [T_{\gamma(\eta)}])=\Lambda f_{1}\cdot([\tau_{\gamma(\eta)}])$ , $i([B_{0}])=M_{2}\cdot([\beta_{0}])$ and

$[T_{\gamma(\eta)}]=[B_{0}]-w_{+1.*}([B_{0}])$

where $M_{1},$ $M_{2}$ are non-zero integers. For each $\theta\in[0,2\pi]$ , we can construct a
topological $(n-1-2k)$-cycle $B_{\theta}$ in $\mathscr{F}(W_{\epsilon,\omega(\theta)}+1)$ such that $B_{0}$ represents $[B_{0}]$ in
$H_{n- 1-2k}(\mathscr{F}(W_{\epsilon}\omega+1(0), Z)$ and $B_{\theta}$ deforms continuously as $\theta$ moves. Then $B_{2\pi}$

represents $w_{+1}*([B_{0}])$ , and we get a topological $(n-2k)$-chain $\tilde{B}_{+1}$
$:=U_{\theta\in\zeta 0}2\pi JB_{\theta}$

in Eii,, contained in $\bigcup_{\theta\in I0}27j\mathscr{F}(W_{\epsilon}\omega+1(\theta))=\Pi-1(\omega_{+1}([0,2\pi]))$ , with the orientation
satisfying $\partial B_{+1}=B_{0}-B_{2}.$ . For each $v\in[-\eta, \eta]$ , we also have a topological
$(n-1-2k)$-cycle $T_{\gamma(D)}$ in $\mathscr{F}(W_{\epsilon}\gamma(v))$ which deforms continuously in $v$ and satisfies

(3.10) $i([T_{\gamma(t)}])=M_{1}\cdot[\tau_{\gamma(\mathcal{D})}]$ for each $v\in[-\eta, \eta]$ .
We get a topological $(n-2k)$-chain $7^{\backslash }:$

$= \bigcup_{v\in\ddagger-\eta}\eta jT_{\gamma(v)}$ in $\tilde{\mathscr{F}}_{\epsilon}$ with the orientation
satisfying $\partial T=T_{\gamma(\eta)}-T_{\gamma(-\eta)}$ . Since $\partial B_{+1}=B_{0}-B_{2}$. and $T_{\gamma(\eta)}$ represent the same
homology class in $H_{n- 1- 2k}(\mathscr{F}(W_{\epsilon}\gamma(\eta)), Z)$ , we have a topological $(n-2k)$-chain
$J_{\gamma(\eta)}\subset \mathscr{F}(W_{\epsilon.\gamma(\eta)})$ such that $\partial J_{\gamma(\eta)}=B_{0}-B_{2\pi}-T_{\gamma(\eta)}$ . Then $\partial((-\tilde{B}_{+1})+J_{\gamma(\eta)}+ir)=$

$-T_{\gamma(-\eta)}$ . NOW, around $\gamma(-1)=s_{-1}$ , we can construct in the same way a topo-
logical $(n-2k)$-chain $\tilde{B}_{-1}$ contained in $\Pi^{- 1}(\omega_{-1}([0,2\pi]))$ such that $\partial\tilde{B}_{-1}$ is a
topological $(n-1-2k)$-cycle contained in $\mathscr{F}(W_{\epsilon\gamma(-\eta)})$ which represents the same
homology class as $[-T_{\gamma(-\eta)}]$ in $H_{n- 1-2k}(\mathscr{F}(W_{\epsilon}\gamma(-\eta)), Z)$ . Let $J_{\gamma(-\eta)}\subset \mathscr{F}(W_{\epsilon}\gamma(-\eta))$

be a topological $(n-2k)$-chain such that $\partial J_{\gamma(-\eta)}=\partial\tilde{B}_{-1}+T_{\gamma(-\eta)}$ . Then
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$\partial(-\tilde{B}_{+1}+1_{\gamma(\eta^{)}}+ir_{+J_{\gamma(-\eta)}-\tilde{B}_{-1})=0}$ .
Thus we get a topological $(n-2k)$-cycle in $\tilde{\mathscr{F}}_{\epsilon}$ , which we will denote by $\Gamma$ .

There is a natural morphism $j:\tilde{\mathscr{F}}_{\epsilon}arrow \mathscr{F}(\pi_{\epsilon})$ induced by the inclusion $\mathscr{F}(W_{\epsilon}s)$

$L\mathscr{F}(\tilde{W}_{\epsilon})$ . Because of (3.9) and (3.10), we have

(3.11) $\Psi_{\gamma(v)}(i([T_{\gamma(v)}])=M_{1}\cdot([S_{\epsilon,\gamma(v)}^{+}])$ in $H_{n-1}(W_{\epsilon.S}, Q)$

for $v\in[-\eta, \eta]$ . Recall that the $n$-dimensional sphere $\{p_{-1}\}\cup\bigcup_{v\in(-1}1)S_{\epsilon,\gamma(v)}\cup$

$\{p_{+1}\}$ with an appropriate choice of the orientation represents $[_{\iota}9_{\epsilon}^{+}]$ in $H_{n}(ffl_{\epsilon}, Z)$ .
We see that

$\Psi(\overline{W}_{\epsilon})(J*[\Gamma])-M_{1}\cdot([S_{\epsilon}^{+}])$ or $\Psi(ir_{\epsilon})(J*[\Gamma])+M_{1}\cdot([S_{\epsilon}^{+}])$

can be represented by a topological $n$ -cycle $C_{+1}+C_{-1}$ with coefficients in $Q$ such
that the support of $C_{+1}$ (resp. $C_{-1}$ ) is contained in $\bigcup_{s\in\delta_{+1}}W_{\epsilon}s\subset\overline{W}_{\epsilon}$ (resp.
$U_{s\in\delta_{-1}}W_{s}s\subset\tilde{W}_{\epsilon})$ where $\delta_{+1}=\omega_{+1}([0,2\pi])\cup\gamma([\eta, 1])$ (resp. $\delta_{-1}=\omega_{-1}([0,2\pi])\cup$

$\gamma([-1, -\eta]))$ .

Figure 2.

In fact, the topological cycle $C_{+1}+C_{-1}$ is constructed as follows. For a topo-
logical chain $A$ in $\overline{\mathscr{F}}_{\epsilon}$ , let $\psi(A)$ denote the topological chain $\cup {}_{u\in j(A)}P_{u}\subset\pi_{\epsilon}$ .
By (3.11), the cycle $M_{1}\cdot[S_{\epsilon.\gamma(v)}^{+}]-[\psi(T_{\gamma(v)})]\in H_{n-1}(W_{\epsilon,\gamma(C)}, Z)$ is contained in the
torsion part of $H_{n-1}(W_{\epsilon}\gamma(c), Z)$ . Let $N’$ be a non-zero integer such that $N’$ .
(torsion part of $H_{n-1}(W_{\epsilon}\gamma(v),$ $Z)$ ) $=0$ , which is independent of $v\in[-\eta, \eta]$ . Then,
because of $N’\cdot M_{1}\cdot[S_{\epsilon,\gamma(0)}^{+}]=N’\cdot[\psi(T_{\gamma(t)})]$ in $H_{n-1}(W_{\epsilon}\gamma(\tau), Z)$ , we have a topo-
logical $n$ -chain $I_{\gamma(C)}\subset W_{\epsilon}\gamma(v)$ such that

$\partial I_{\gamma(v)}=N’\cdot\psi(T_{\gamma(v)})-N’\cdot M_{1}\cdot S_{\epsilon,\gamma(v)}^{+}$ .
Let $b:\pi_{\epsilon}’arrow\pi_{\epsilon}$ be the blowing up of $\pi_{\epsilon}$ along the base locus of tbe pencil
$\{W_{\epsilon}S\}_{s_{\overline{\subset}}P1}$ . We have the natural morphism $iV_{\epsilon}’arrow P^{1}$ , which is topologically trivial
over $\gamma([-\eta, \eta])\subset P^{1}$ . Thus we may assume that $I_{\gamma(0)}$ deforms continuously as
$v$ moves. Let M. be the $n$ -chain $\bigcup_{v\in[-\eta,\eta]}S_{\epsilon,\gamma(v)}$ in $W_{\epsilon}$ with the orientation
satisfying $\partial\tilde{M}_{\epsilon}=S_{\epsilon,\gamma(\eta)}^{+}-S_{\epsilon,\gamma(-\eta^{)}}^{+}$ . We have an $(n+1)$-chain $j_{\epsilon}^{t}=b(U_{c\in I-\eta}\eta jI_{\gamma(v)})$

in $\tilde{W}_{\in}$ with the orientation satisfying

$\partial\tilde{I}_{\epsilon}=I_{\gamma(\eta)}-I_{\gamma(-\eta)}+N’\cdot M_{1}$ . $M.-N’\cdot\psi(\tilde{T})$ .

Let Z5, $+1$ (resp. $\tilde{D}_{\epsilon}-1$ ) be the n-chain

$\{p_{+1}\}\cup\bigcup_{\mathfrak{o}\in I\eta}1)S_{\epsilon\gamma(\mathbb{C})}$ (resp. $\{p_{-1}\}\cup\bigcup_{v\in \mathfrak{c}-1,-\eta^{J}}S_{\epsilon\gamma(v)}$ )
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with the orientation satisfying $\partial\tilde{D}_{\epsilon,+1}=-S_{\epsilon,\gamma(\eta)}^{+}$ (resp. $\partial D_{\epsilon,- 1}=S_{\epsilon,\gamma(-\eta)}^{+}$ ). Then we
see that

$D_{e.+1}+\tilde{M}_{\epsilon}+D_{\epsilon.- 1}=+\tilde{S}_{\epsilon}^{+}$ or $-\tilde{S}_{\epsilon}^{+}$ , and

$N’\cdot\psi(j(\Gamma))-N’\cdot M_{1}\cdot(D_{\epsilon.+1}+\tilde{M}_{\epsilon}+D_{\epsilon.- 1})$

$=-\partial l_{\epsilon}\neq N’\cdot\psi_{(j(}-\tilde{B}_{+1}+J_{\gamma(\eta)}))+I_{\gamma(\eta)}-N^{f}\cdot M_{1}\cdot\hat{D}_{\epsilon.+1}$

$+N’\cdot\psi(](-\tilde{B}_{-1}+J_{\gamma \mathfrak{c}-\eta)}))-I_{\gamma \mathfrak{c}-\eta)}-N’\cdot M_{1}\cdot\tilde{D}_{\epsilon,-1}$ .
Then we have

$C_{+1}= \frac{1}{N’}(N’\cdot\psi(](-\tilde{B}_{+1}+J_{\gamma(\eta)}))+I_{\gamma(\eta)}-N’\cdot M_{1}\cdot\tilde{D}_{\epsilon,+1})$ , and

$C_{-1}= \frac{1}{N’}(N’\cdot\psi(](-\tilde{B}_{-1}+J_{\gamma(-\eta)}))-I_{\gamma(-\eta)}-N’\cdot M_{1}\cdot D_{\epsilon.- 1})$ .

It is easy to see that the cycle $C_{i}$ can be deformed to the cycle contained in
$W_{\epsilon}\gamma(i)(i=\pm 1)$ . Hence $[C_{+1}],$ $[C_{-1}]\in imf*\cdot$ Thus we get

$M_{1}\cdot[\tilde{S}$‘
$]$ $\in im\Psi(W_{\epsilon})+imt_{*}$ .

In Case 2, $i$ . $e.,$ $V_{n- 1}(W/\tilde{W}, Q)=0$ for general $\tilde{W}$ and $W$ , we shall prove that
$V_{\gamma\iota}(\tilde{W}/\subset\nu, Q)\subset imr_{*}$

for a general $\overline{W}$ . It is enough to show that $[\tilde{S}_{\epsilon}^{+}]\in imt*\cdot$ By the assumption
of this case, we may assume that the homology class $[S_{\epsilon,\gamma(v)}^{+}]\in H_{n-1}(W_{\epsilon,\gamma(v)}, Z)$

is a torsion for $v\in[-\eta, \eta]$ . Hence there is an topological $n$ -chain F. $\gamma(v)\subset$

$W_{\epsilon,\gamma(v)}$ such that $\partial F_{\epsilon}\gamma(t)=N’’\cdot S_{\epsilon,\gamma(v)}^{+}$ where $N’$ is a non-zero integer which does
not depend on $v\in[-\eta, \eta]$ . We may assume that the $n$ -chain $F_{\epsilon,\gamma(v)}$ deforms
continuously as $v$ moves, and we get an $(n+1)$-chain $\tilde{F}_{\epsilon}=\bigcup_{v\in\zeta-\eta}\eta IF\epsilon,\gamma(v)$ .
NOW, by the similar argument as in Case 1, we have a topological n-cycle
$E_{+1}+E_{-1}$ in $\tilde{W}_{\epsilon}’$ such that tbe support of $E_{+1}$ (resp. $E_{-1}$ ) is contained in
$\bigcup_{v\in\zeta\eta},W\subset\tilde{W}_{\epsilon}’$ (resp. $\bigcup_{v\in I-1}-\eta 3W_{\epsilon\gamma(v)}\subset\tilde{W}_{\Xi}’$ ), and

$N’\cdot\tilde{S}_{\epsilon}^{+}-(E_{+1|}-E_{-1})$ or $-N’\cdot\tilde{S}_{\epsilon}^{+}-(E_{+1}+E_{-1})$

is the boundary $\partial fi_{\epsilon}$ . Because $[E_{+1}],$ $[E_{-1}]\in imc_{*}$ , we see that $N’\cdot[\tilde{S}_{\epsilon}^{+}]\in imc_{*}$ .
$\square$
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