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Introduction.

Gelfand patterns and strict Gelfand patterns are triangular arrays of non-
negative integers satisfying certain conditions. I.M. Gelfand and M.L. Zetlin
used Gelfand patterns for the parametrization of the weight vectors of repre-
sentation spaces of general linear groups [4].

Since then, many mathematicians and physicists have used them in order
to study representations of the classical groups and corresponding particles.
Still, strict Gelfand patterns have mainly been studied from the combinatorial
point of view. However, R.P. Stanley has demonstrated an interesting relation
between a generating function of strict Gelfand patterns and the ‘most singular’
values of the Hall-Littlewood polynomials [14], [107].

Since the Hall-Littlewood polynomial is a fundamental tool for investigating
the representations of general linear groups over finite fields and local fields,
there must be a strong connection between the Gelfand-Zetlin parametrization
and the formula of Stanley.

The initial motivation of this paper was to find a natural deformation of
Stanley’s formula so that it involves the Gelfand-Zetlin parametrization as a
specialization. In the course this searching, we encountered a more important
formula, Weyl’s character formula, as another specialization of our formula.
The following is Weyl’s character formula for GL(n, C).

(3-2-1*) Sl(zh 29yttt y Zp-y Zn) = —&ts—' .
H (z i"‘Zj)
>t .

In the above formula, 6 is “the half of sum of positive roots”, and V, de-
notes the “Vandermonde-type determinant” of type fS.

The left side of (3.2.1*) is called the Schur function associated with the
highest weight 2, which is the character of an irreducible representation of
GL(n, C). Its actual definition will be shown in Section 2. We often denote
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U, for S; when a=4+34.
Our formula is the following :

THEOREM 2.1.

Jla; t; 21, 25,y Zn-1y Zy) = {11—5 (ZH‘ZJt)} Uaz1, 235 ) Zn-1, Zn)
>

where J is the generating function of strict Gelfand patterns defined in 1.3, and
the product is taken over all pairs (i, j) satisfying n=j>i=1.

From the specializations substituting 0, 1, —1 for the parameter ¢ in our
theorem, we get three classical formulas mentioned above: Gelfand’s parametri-
zation, Stanley’s formula, and Weyl’s character formula.

Besides, as a corollary, we have a neat generalization of Weyl’s denominator
formula for general linear groups.

COROLLARY 3.4.-(x).
. X)) |

II d-+ter) = X 1+—1—)s )t““”e"'“.

acd, XEAlty t
4. is the positive root system of type An-. (cf. [2]), Alt, is the set of all alter-
nating sign matrices (see Definition 3.4.3) of size n, s(X) and i(X) are the “num-
ber of special elements” and “number of inversions” of X respectively, and d is
the half sum of all the positive roots of the root system of type A,-_..

One of the motivations of this article is the work of Mills, Robbins, and
Rumsey Jr. [9]. The notations required in the corollary above had been given
there.

1. Combinatorial notations.

A partition is a weakly decreasing finite sequence of nonnegative integers.
A distinct partition is a strictly decreasing sequence of nonnegative integers
(its last entry may be a zero).

For a partition (or distinct partition) A=(4;, 43, =+, 42), |4] = 22.4;.

DEFINITION 1.1. A Gelfand pattern T'(a,,;) of size n is a triangular array

all a12 a13 --------------- aln
azz a23 --------------- aZn

Gnn
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of nonnegative integers which is weakly decreasing in each row and satisfying
Qi-1,j-1 = A4, j = Qy-1, j for any indices 7 and 7.

For a partition 2, G(2) is the set of all Gelfand patterns having A as their
top rows,

A Gelfand pattern is called strict if each row of it is a strictly decreasing
sequence. For a distinct partition «, SG(a) is the set of all strict Gelfand pat-
terns having « as their top rows.

SG((3,2, 1)=1{321 321 321 321 321 321 321}
21 21 31 31 31 32 32
1 2 1 2 3 2 3
Figure 1. Example of strict Gelfand patterns: This is the set of all
strict Gelfand patterns having (3,2,1) as their top rows.

An entry a,, ; of a strict Gelfand pattern 7T is called “special” if
2517 and Qi-1,j-1 > 4,5 > Qi1 .
An entry a,,; of a strict Gelfand pattern T is called “lefty” if
22155 and Qi ;= Qs-1,j-1-

s(T) (resp. I(T)) is the number of special (resp. lefty) entries in the strict
Gelfand pattern T.

d«(T) denotes i-th row sum, the summation of the entries in the -th row
of T. We set

my(T) = di(T)—di(T) for i=1,2, -, n—=1 and m,(T)=d.(T).

31
ExampLE 1. If T= 5 s(T)=1, (T)=0, and (m(T), my(T)H=(2, 2). 1If

31
T= 5 s(T)=0, (T)=1 and (m(T), mx(T))=(1, 3).

DEFINITION 1.2. Let a be a distinct partition of length n. Then we define
the generating function H of SG(a) by
def

e
Ha; x; 9521 2s, **y Zn-1y Za) = 2 x5 Dyl ZUD
TeSG(a)

In the above, Z¥ P =II%\(z7"").
We shall study it in the special case of x=y+1.

def
DEFINITION 1.3. Jla;t; 21,25, Zn-1,22) = Hla; t+1; t; 21,25, , Zn1s Zn)-



674 T. ToKUYAMA

NOTE. H(a) and J(a) should be regarded as generalizations of the more
simple generating function f.(z1, 25, ** , Zn-1, Zn)= 2recscw>Z ¥,

ExaMPLE 2. (1) H((2,0); x; v; 21, 2o) = 22+ x2:2,+ 22, and
JU2,0); t; 21, 22) = (21 + 25t )21+ 22).

(2) H((3,2,1); x5 9; 21, 20, 25) = 232325+ y232:25+ y22232,+ V202,25 + ¥ 212328

+3°z12323+ xyztz32;,  and

J(3, 2, 1); t; 21, 22y 25) = (21F 208 )(21F23t) (224 25t)212225 .

2. Schur functions and theorem.

Let us recall some basic notations in the representation theory of general
linear groups. GL(n, C) is the general linear group of rank n over the complex
number field €. The equivalence classes of irreducible finite dimensional poly-
nomial representations of GL(n, C) are usually parametrized by means of parti-
tions of length n. Here ‘length’ of a partition 4 means the length of the
sequence A regarded as a sequence of nonnegative integers. More precisely,
there is a canonical one-to-one correspondence between the set of partitions of
length n and the set of equivalence classes of irreducible (finite dimensional
polynomial) representations of GL(n, C). Refer and for details.

We write p, for the irreducible representation of GL(n, C) corresponding
to the partition A2 of length n. The character S; of p, is called the Schur
function associated with A. It is regarded as a symmetric polynomial in n
variables defined as

Sa(z1y 29, *+, Zn-1y Zn) = Tr(Pl(DZn))

where Tr is the usual trace symbol and DZ,=diag(Z,) denotes the diagonal n
by n matrix with z; as its each (7, /) component. Note that since the poly-
nomial representation p; is extended uniquely into a polynomial map on M, ,(C),
S, is well defined even if some z; are zero.

As is well known, we can write S; as a quotient of a Vandermonde-type
determinant of rank n by the Vandermonde determinant of rank n. See Section
3, (3.2.1) and (3.2.1%).

For a partition A of length 7, we correspond a distinct partition 2+ of
length n defined by (A+0);=24;+n—:.

NOTE. This ¢ corresponds to the “half sum of the positive roots” of the root
system of type A,_;.

Our theorem is the following:
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THEOREM 2.1. Let 2 be a partition of length n and let a=2+03. Then the
following formula (2.1) holds.

(2'1) ](a; t; 21y 22y *** 5y Zp-1 Zn) = {};I;;(Zi_i_zjt)}sl(zh 22y, *** 5 Bn-1y Zn)
where the product is taken over all pairs (7, j) satisfying n=j>i=1.

To prove this theorem, we shall recall some branching rules of representa-
tions of general linear groups. We refer to for the proof of the following
lemma 2.2 and lemma 2.4.

Ln = {g:(gi,j>i,j=1,2,...,nEGL(TL, C) Satisfying g,,,j-—‘gj,n:O
for any j=1, 2, ---, n—1}
is a Levi subgroup of GL(n, C), which is isomorphic to the direct product

GL(n—1, C)XGL(1, C). First we shall recall the branching rule of the restricted
representation of the irreducible representation p; of GL(n, C) to L,.

LEMMA 2.2 ([13], Section 66). 4
(2.2) PlanE (Za)p#Xeill—lm

where p, is the irreducible representation of GL(n—1, C) corresponding to the
partition p=(pt1, ta, ==+, Un-1), and e? denotes the linear character of C*=GL(1, C)
defined by e%(z)=z% for any element z of C*. The summation is taken over all
partitions p of length n—1 satisfying the condition

(a) Ac2 pi Z Ay for any i=1,2, -, n—1.

We shall write the identity 2.2 in terms of Schur functions. For conveni-
ence’ sake, we shall write U, for the Schur function S; where a=A4+d. Then
2.2 becomes the equation 2.3 below.

(2.3) Ualzi, 20, 5 Znes Z0) = 23 Uplzy, 23, o+, Zn-y) Xz @ 7181041
a;>Piza;yy

where the summation runs over all distinct partitions 8 of length n—1 satisfying

the indicated condition a;>B;=a;4.

Now we introduce the k-th exterior tensor product representation A, n, of
GL(m, C). For any element g of GL(m, C), A, =>(g) is an automorphism of

the %-th exterior tensor space /me of C™ defined by
Az, mx(@)Vi AV -+ Avy) = SWINEWIN -+ Ng(vy)

k
for any element V,=@w,Av, A - Av,) of AC™.
In the notation using partitions, A, m»=0a*Hr=0a.1,.. 1>

~ &

-
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Let us recall the branching rule of the tensor product representation of
A, my and an arbitrary representation of GL(m, C).

LEMMA 2.4 ([13], Section 79). Let p, be an irreducible representation of
GL(m, C). Then,

(2.4) 0@ Ak, m> =

Oy
(b1, (b2)

where & is the inner tensor product symbol among the representations of GL(m, C),
and the summation runs over all partitions v of length m satisfying both

(b1) vl = lpl+k, and
(b2) pitl=zv, = py for any 1=1,2, -, m.

Taking the character value at DZ,, of both sides of [(2.4), we have
S,u(zly 22yttt Zm)XTr{A(k.m)(DZm)} = 2 Sy(zl’ 2oyttt Zm) .

(b1), (b2)

In another expression, using 8=pg+0 and y=v4-0 instead of ¢ and y themselves,

(24*) Uﬁ(zh 22, "ty Zm)XTr{A(k.m)(DZm)} = Z U7<ZI) 22y " Zm)

Bit+1zyiz by

where 8 and y are distinct partitions of length m satisfying

(b1*) [yl =1Bl+E.
Now we begin the proof of [Theorem 2.1. Let us keep our eye upon the

identity (2.1). Since both sides of (2.1) are polynomials, it suffices to show it
under the condition (2.5) below.

(2.5) t is a positive real number and z; are real numbers which are
larger than t for all i=1,2, ---, n.

From now on, we shall assume the condition (2.5).

Let a=(a;, a,, -+, a,) and B=(Bi, Bz, ==+, Bn-1) be distinct partitions. We
say Bea if a;=B;=a;., for any i=1, 2, ---, n—1. When B«a, we set s(a, )
and /(a, B) to denote the numbers of indices 7 such that a;>8;>a;4, and B;=a;

respectively. We shall use

~ def
Hla; x; 95 21, 22, ***y Zn-1y ) = H(a; X5 Y5 20, Zn1, 5 22, 21)

and
v def ~
J(a; t; z1, 2y 0, Za-r, Za) = Hla; t+15 85 24, 24, 201, 20)
=J(a; t; Zny Bn=1y ***y R, zl)

instead of H and J themselves in order to shorten the expressions occurring in
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our proof.
The following formula is easily seen from the definition of the generating

function of the strict Gelfand patterns.

(2-6) H<a; X3 Y521, 22 "y Zn-1y Zn) - ﬂgaH(B; X5 3’; 21y Zgy "7 Zn—l)
in(a1~1ﬁ|xs<a,ﬁ)yl<a,ﬁ) .

Fixing t and (z,, 2, ***, 2n-1, 2») satisfying (2.5). We can define a real number
pm=log (zm+:""t)/log(I17.2,) and a representation ¥,, of GL(m, C) given as

V(@)= 33 {1det(@)|**nX A, my(@)}  where g=GLOm, €)

for each m=1, 2, ---, n—1.

Let us calculate the product of Tr{¥,.,(DZ,.,)}, the character value of the
representation ¥, _, at the diagonal element DZ,_, of GL(n—1, C), and the Schur
function U.(zy, 22, **-, 2Zn-1, 2o) using the identities (2.3) and (2.4*).

We set

(L) =Uulz1, 22y **+, Zn1, Z20) X Tr{¥ 0 (DZ 1)}

Applying (2.3),
(L): { 2 Uﬂ<21; R2y *t7 Zn—l)Xanlﬂ‘sl—nH}XTr{wn-l(DZnﬂ)}'
a>Bizagyy

On the other hand, from (2.4%),
Uﬁ(zb 22y "ty zn—l)XTr{wﬁn—l(DZn—l)}

= 2 [{U,(zl, Zo, v Znot)} X(":Zj>(\r|—|ﬁ|)pn~1:| .

Bi+1z742 B4 J

Then

n-1 )(Iyl-—l,@l)pn_l

(Y= [ Y {znlal—lﬁl—n+1x(HZj

ch L j=1

XUy, 20, 202} |

cn [(CEZ) {anm—“sl—nﬂX(Zn_lt)m-lﬂ' XU)’(Zx; 23, 0, Zn—l)}:l .

The summations run over the distinct partitions 8 and y of length n—1 satisfy-
ing the indicated conditions

(CI) (477 > Bi Z [4 FFY and
(c2) Bi+tl=y.=p:; for any i=1,2, -, n—1.

It follows (c1) and (c2) that y«—a. Calculating the number of B satisfying both
(c1) and (c2) for a fixed y using the binomial theorem, we have

@7 (L) = B! @M 1 P XU (21, 20, -+, 20-)
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Let us consider the polynomial F defined below.

Fla:t: 2 2o ) 2yors 20) o [:ﬁlsz,lmxTr{wm(Dzm)}]
XUd(21, 22, *** Zn-1, 22)  fOor n=2,  and
F((P);l‘;z)d;fUp(z):zp in case n=1.
It follows that
(2.8) Fla;t; 2, 20 ) Zno1y 20) = D F(r5t5 21, 20y 05 20-1)
g

Comparing [(2.8) with [2.6), we deduce that both J(a; t; 21, 2o, 5 Za1, 2n) and
Fla;t; zy, 2o, **+, Zn-1, 2n) satisfy a same inductive formula with respect to n.
Moreover, since

J(pyst; 2)=2P =F((p); t; 2),
the initial conditions coincide. So, by induction on 7, we have
j(a; t: 21, 227 *ty Zn-1, Zn) = F(a; t; Zl: Zoy Zn—ly Zn)
2.9) n-1
= |10 2nes™ X T aDZ W} | XUlzs, 23, 20ms0 20,
while

210 Tr@aDZw}l = 3 Gnn P Tr{damwDZa = I1Ennzat+1)

Substituting (2.10) into (2.9), we have

~

s t5 2, 20, 2aes, 2) = { I @it +2) XU, 23, -+ 2aess 22
Since U, is a symmetric polynomial, exchanging the roles of suffixes 7 and j,
Jla;t; 21, 20, 00, Znony 20) = {g(zjt+zi)}an<ZI, 22, "y Zn-1, Zn).

This is the identity we have been looking for.

3. Specializations.

Now we shall show how classical results come out of our formula., We
may remark that we do not intend to give a ‘new proof’ of these, since we
essentially used Weyl’s character formula and Gelfand’s parametrization in the
proof of our theorem. What we would like to claim is that our formula is a
deformation with respect to the parameter ¢ which connects at least three im-
portant classical results. In this section, we fix a partition A of length n and
the distinct partition a=A21+d.
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3.1. Gelfand’s parametrization. I[. M. Gelfand and M. L. Zetlin used Gelfand
patterns to parametrize the weight spaces of the representation spaces of general
linear groups. In particular, in the representation space of p;, the dimension
of the weight space corresponding to the weight (m,, m,, ---, m,) With respect
to an arbitrary maximal torus coincides with the number of the Gelfand patterns
T equipped with A as their top rows and satisfying m(T)=m,; for any /. That
is,

(3.1.1) 11 zi’”i‘“} = Sa(zy, 22, Zn-1, Zn) -

TEG(j){i’—‘l

This formula comes from our formula as follows. Substituting 0 for ¢ in (2.1),
we have the following identity (3.1.2).

(3°1'2) j(a; O; Zl) 22; Y Zn—l; Zn) = {gzin_i}xsl(zlr Z2> Tty Zn—ly Zn) .
From the definition of the generating function J, the left side of (3.1.2) equals

(3.1.3) T zi"”"T)} .

TESG(a){izl
I(T)=0
There is an injection ® from G(R) into SG(a) defined as
GA)  veeeeens — SG(a)

T=(t;) oo = O(T)=(ts,;+n—7).

It is easy to see that m;(O(T))=m«(T)+n—i, and the image of © coinsides with
the set of all strict patterns in SG(a) with no lefty element. By means of O,
we exchange the summation occurring in [(3.1.3) into the summation over G(2)

to modify as

3.1.4)

n
{ Z_mi(T)+(n—i)}
i .
TEGW \i=1

Substituting for the left side of (3.1.2), we have easily.

NoTE. The results of Gelfand and Zetlin are far deeper than itself.
These show a nice orthogonal basis corresponding to the symmetry breaking
GL(n, C)DGL(n—1, C)D - DGL(1, C) by means of Gelfand patterns. That
basis plays a significant role in quantum mechanics. See [1], and for
their theory and its applications. Algebraically, that basis is often called
“standard monomials”.

3.2. Weyl’s character formula. The standard form of Weyl’s character
formula for GL(n, C) is the following. Cf. [3], and [12].
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3.2 3 {(—1)i<w>i121lzi“w<i>} - {jr>1i<zi—zj)} XSi(21y 22y ) Zn-1, Zn)

wES
where S, is the symmetric group of degree n, whose element w acts on the
set {1, 2, ---, n} in usual way, and i(w) denotes the number of inversions of w.
i(w) is often called the length of w, cf. [5].
We remark that the left side of (3.2.1) can be written as a determinant, say
V 1+5, which resembles the Vandermonde determinant V;. Then we can rewrite
(3.2.1) into the following (3.2.1*) refered in the introduction.

Vs
(3.2.1 ) SZ(ZI; 23, y Zn-1 Z"> ]H>i(zi__zj) *

The formula (3.2.1) comes from our formula as follows:
Substituting —1 for ¢ in (2.1), we have

(3.2.2) Jla; —1; 2z, 25, =+, Zney, Za) = {J];[i(zi——zj)}XSg(zl, 2o,y Zn-1y Zn) .
From the definition of J, the left side of (3.2.2) equals

n
(3.2.3) S {-pe fzmen).
t=SG(a) =1
$(I=0
For an element w of the symmetric group S,, T.. . denotes the strict Gel-
fand pattern belonging to SG(a) defined such as its any j-th row is the sequence
consisting of all the elements of {@wy¢, Xwcj+13 = » @weny} arranged in the de-

creasing order.

541

123). Then Ty 5.0 1= 544.

ExaMPLE 3. Let w:(3 19

It is easy to see that {TeSG(a)| s(T)=0}={Tw..| weS.,}. Moreover,
I(Tw,q) is independent of a, and is equal to the number of inversions of the
permutation w. Since the 7-th row T, , consists of both > and the entries
of its (z+1)-th row,

myT w,:) = TOR

Then becomes
(3.2.4) > {(_1)i(w) ﬁ Ziaw“)} .
i=1

WESy,
Substituting for the left side of (3.2.2), we get (3.2.1).

NOTE. Weyl’s character formula was firstly given by H. Weyl for the
classical groups in [12]. It has more general expressions applied for any reduc-
tive algebraic group and Kac-Moody algebra. Cf. [6].
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3.3. Stanley’s formula.

DEFINITION 3.3.1. The Hall-Littlewood polynomial of type a is

(3.3.1)  Ralzi, 225 =, Znm1, Zas @)= 2 w{(y:z?i)xg(zi—qzj)(zi—zj)“},

weSy
where the permutation w acts naturally on the polynomials in z,, z,, **, Zn-1, Zn.
NOTE. This definition is a convenient version. The Hall-Littlewood poly-

nomial has a more general expression in which we can loosen the condition for
@ in (3.3.1) from a distinct partition to an arbitrary partition. Cf. [8].

The following formula was given by Stanley [14], and was also given by
Mills et al. [9] for a special case using different methods.

3.3.2) 5 {2® [ 2m®) = Ratzr, 20, 5 20, 203 =1

TeSG(a) i=1
This formula is an easy corollary of [Theorem 2.1. Substituting 1 for ¢ in (2.1),
we get

(3.3.3)  Jla;1; 2z, 25, Zaoy, 20) = {g(zi+zj)}xsl<zl; Zgy *** 5 Zn-15 Zn) .
Substituting —1 for ¢ in (3.3.1), we get

(3.3.4)  Rulzi, 23, + 5 Zner, 223 — D) = {jl;[i(zi+zj)}><51(zl, Za, "ty Zn-1) Zn) «
From (3.3.3) and (3.3.4),
(3‘3-5) ](a; 1; Zyy 22y, ' 5y Bn-1, Zn) = Ra(zly 22y *** 3y Zn-1y 20, _1)'

From the definition of the generating function J,

(3.3.6) ;152,20 vy 2oy, 20) = 5 {2%D [T 2D},
TeSG(a) i=1

(3.3.5) and mean [3.3.2).

The Hall-Littlewood polynomial is a basic tool to determine the characters
of Chevalley groups over finite fields and local fields. The value of it at g=—1
is its most singular value, which shows very interesting behavior from both
combinatorial and representation theoretic points of view. Cf. [8], [14]. In
particular, Stanley showed using an expansion formula of the Hall-Little-
wood polynomials.

3.4. Weyl’s denominator formula and alternating sign matrices. In case
2=, 0, ---,0), a=6=(n—1,n—2, ---, 1, 0) and Weyl’s character formula (3.2.1)
becomes
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(34.1) wésn{(_l)i(‘w) EziWCn+l-i)—l} — {.;[;[L(Zl__ZJ)} .

This formula is called Weyl’s denominator formula for GL(n, C). Although it
is known as a expansion formula of the Vandermonde matrix of rank n clas-
sically, it is generalized for the category of the reductive algebralc groups play-
ing significant roles in the representation theory.

Now, what should we have from our formula (2.1) specializing it to the
case 1=(0, 0, ---, 0)?

From the definition of the generating function J,

) CEE TN A I IR (R VL) | PR

TESGO

Thus, it follows (2.1) that

(3.4.2) > {(t+1>s<T>tl<T>f=[l zimm} = I (zitz0).

TeSG(d)

To investigate the meaning of [3.4.2), we must study the set SG(d).

DEFINITION 3.4.3. An n by n matrix X is called an alternating sign matrix
if X satisfies the following four conditions: |

1. Any entry of X is 1,0, or —1.

2. In any row (xii, Xi:9, ***, Xi.n) Of X, its k-th partial row sum R(@; k)
satisfies

RG; k) = élxm._—_o or 1 for any £k=1,2, -, n
=

3. In any column ®(x,;, Xxs,j, ***, Xn,;) Of X, its k-th partial column sum
C(;j; k) satisfies

k
C(]; k>= glxi,j:() or 1 for any k:l’ 2’ e,n

4. For any i-th row and j-th column of X, the row sum and column sum
R(G; n)=C(j; n)=1.

Any permutation matrix is an alternating sign matrix, although there exists
some alternating sign matrices which are not permutation matrices.

ExAMPLE 4. The number of the 3 by 3 alternating sign matrices is 7, and
that of 4 by 4 alternating matrices is 42. The following is the only 3 by 3
alternating sign matrix which is not a permutation matrix.

0 1 0
1 -1 1
0 1 ©
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DEFINITION 3.4.4. Let X be an n by =» alternating sign matrix, then (X),
the number of inversion of X, is defined by
0 = 3 3 {resX T S xea} -
i=1 j=1 ki D>j

REMARK. If X is a permutation matrix, (X) equals to the usual “number
of inversion” of a permutation.

DEFINITION 3.4.5. The number of the entries —1 in X is denoted by s(X),
which is called the number of special elements in X.

Now we refer a proposition from [9]. For an element T of SG(J), we
define an n by n matrix Q(T) as follows.

QTYy, ;=1 if and only if n—; is an entry in the i-th row of T,
and otherwise it is 0.

Let us consider the matrix Q(T)=BQ(T), where B is the n by n matrix de-
fined by
1 if j=1¢
B ;=4 —1 if j=i+1
0 otherwise.

PROPOSITION 3.4.6. 1. £ is a canonical bijective mapping from SG(8) onto
Alt,, the set of n by n alternating sign matrices.

2. For any element T of SG(8), s((T)) = s(T).

3. Q)= UKT)+s(T).

4. my(T) coincides with the i-th component of Q(T)0 where we consider & as
an n-dimensional vector.

3210
EXAMPLE 5. Suppose T= 33210 Then,
2
1111 1-1 0 O 0 0 1 0
(1101 o 1-1 0 o 1-1 1
D=1 o 1 0 B=lo o 11| 2 2D={; ; 1 of
0100 0 0 0 1 0 1 0 O

REMARK. $X(T,, ;) coincides with the permutation matrix corresponding to
the permutation w.

Applying this proposition to [3.4.2), we get the following formula.

COROLLARY 3.4.7.
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(347) 11 (zi—{—z,-t) — E (t+1)s(X)t(i(X)—s(X)) ﬁ Zi(l’&)i ,
>t XeAlty i=1
where 0 is the n-dimensional vector ‘(n—1, n—2, ---, 1, 0).

If we substitute —1 for ¢ in since an alternating matrix is a per-
mutation matrix if and only if it has no —1 entry, we have

. 7 .
I (zi—z) = 3 (=1 [ z00+1-971,
J>t weSy i=1
This is nothing but Weyl’s denominator formula.
For readers who know the notations of the representation theory of semi-
simple groups, we write in “root language”.

Let ¢" denote the linear character of the maximal torus of SL(n, C) corre-
sponding to the weight y. We define the weight y; for /=1, 2, ---, n such that
e'(Z,)=z"". Then {r:—y;li#j} is a root system 4 of type A,-,, and 4, :=
{ri—7; | j>i} is a positive root system of 4. The action of an alternating
matrix X on a weight y of SL(n, C) naturally comes from the action of X on

the weight space of GL(n, C), since X stabilizes the n-dimensional vector
t(l’ 1} N ) 1)’

COROLLARY 3.4-(x). Let 0 be the half of the sum of the all positive roots.
Then is rewritten as follows:

11 (I—He“) = <1+ _1_>S(X)ti(X)e(5—X5.
acd, Xedlty t

This corollary gives evidence that “alternating sign matrix” is a naturally
extended notion of permutation, although Alf, is not a group.

Some analogues of Gelfand pattern are given for other classical groups. But
it is an open problem to define nice generating functions of “strict Gelfand
patterns” for orthogonal groups (or symplectic groups) which describe some de-
formations of character formulas for those groups.
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