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1. Introduction and main results.

We consider the minimal Markov process {X(t)}:», on the nonnegative in-
tegers with a generator A=(a;;) defined as follows. For nonnegative integers
7 and 7,

(1.1) a:i; = P if />0 and j=/+1,
= —(B:+3d;) if >0 and j=i,
= 0, if >0 and j=i—1,
= otherwise,
where 9,=0, ;>0 for /=2, 3, ---, and B;>0 for 7=1, 2, ---. Such a process is

called birth and death process. This process is strongly Markov by its minimality.
Note that if X(s)=0 for some instant s>0, then X(#)=0 for all ¢>s, that is,
the state 0 is a trap. Also note that the state 0 is attained from other states
with positive probability whenever §,>0. Let

To(w) = inf{t>0; X(¢, w)=n}

be the first passage time for X(¢t) to n. Here we do not define 7,(w) if
{t; X(t, o)=n}=@. Let pn, be the distribution of zr, when the process starts
at m. We denote by on,(s) the Laplace transform of gn,, that is,

Tnn(s) = En(e®) = {7 6= pta(d).

Note that in the case 9,>0, the total mass of pm,, 1<m<mn, is less than 1.
We set fmn={mar/tna([0, c0)) and G 1n(S)=0mr(S)/Fm.(0). Main purpose of this
paper is to determine the class of gn., m<n, for all birth and death processes.

Let R,=[0, c0). Let @(R.) be the totality of probability measures on R..
For pe2(R,), we denote by .Lpu(s) its Laplace transform. Let G be a pro-
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bability measure on (0, co]. We say that p=P(R,) is a mixture of exponential
distributions with mixing distribution G if the distribution function F,(x) of g
is represented as ‘

(1.2) F(x) :S (1—e*)G(du),  x>0.

(0, 0]

Here, we regard the delta measure at 0 as the degenerate exponential distribu-
tion. Denote by ME. the class of mixtures of exponential distributions. Let
ME.(0)=ME(0) be the class consisting of only one measure — the delta measure
at 0. For k=1, denote by ME,(k) the class of distributions g in ME, such that
the support of the mixing distribution of g consists of 2 points in (0, c0). For
k=1, denote by CE.(k) the subclass of ®(R.) consisting of convolutions of %
distinct non-degenerate exponential distributions. For probability measures g,
and p,, we denote by p*p, the convolution of g, and g, Let g, &€CE.(m)
(m=1) with Laplace transform

Lp(s) = ,ﬁlak(wak}“

where 0<a:<a,< - <anp<oo. For 0<b;<b< - <bp<oo, let p,EME,(n)
(n=2) with {b,;1<k<n} as the support of its mixing distribution. Then there
is a sequence {¢.}i<z<n-1 Such that

O<b1<01<b2<"‘<cn_1<bn
and

L) = TL e (s+e) T bals+b0).

See Steutel [12]. We say that p=g,*p, is a CME.(m, n) distribution if
{atN[{b}U{c}]=@.

We define classes CME.(m, 1) for m=0 and CME.(0, n) for n=2 by CME.(m, 1)
=CE;(m+1) and CME.(0, n)=ME,(n), respectively. Set

CE{ = \JCE.(t) and CME!=

TCs

0 TQICMwm, n).

The superscript f stands for finite. We will discuss, in a forthcoming paper,
extensions of the classes CE., ME. and CME, to distributions on the whole line.
So we use the subscript ‘4’ in order to denote the classes on the nonnegative
real line. The following theorem is our main result.

THEOREM 1. Let 1<m<n. Then the following hold :
(i) There is k(max{l, 2m—n}<k<m) such that

,L_‘m,n+1 S CME+(n_m’ k)-
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(i) For any peCME (n—m, k) with max{l, 2m—n}=<k=<m, there is a birth
and death process for which fim, n+: coincides with p.

COROLLARY 1. The class of upward first passage time distributions of birth
and death processes with reflecting boundary at 1 coincides with the class CMEL.

It should be noted that ‘upward’ is not essential. The situation that we
are dealing with is that there are finitely many states between the boundary
and the hitting point, the starting point is located between them, and the paths
can jump only to neighboring states.

Using Stone’s result [14], Résler shows that first passage time dis-
tributions of generalized diffusion processes with local boundary conditions can
be approximated by upward first passage time distributions of birth and death
processes. Hence we have the following :

COROLLARY 2. All first passage time distributions (normalized to be pro-
bability measures) of one-dimensional generalized diffusion processes with local
boundary conditions are contained in the closure of the class CMEZ,

The definition of the generalized diffusion processes is found in Kotani and
Watanabe [9]. These processes are also called gap diffusions in Knight [8].

There are many works about the first passage time distributions of birth
and death processes. Among them, two works are very close to our result.
Rosler shows that pgn, is unimodal. Approximating diffusion processes by birth
and death processes, he also shows the unimodality of first passage time dis-
tributions for diffusion processes with absorbing or reflecting boundary. Keilson
[5] shows that an upward passage time distribution of a birth and death process
is a convolution of a finite number of exponential distributions and a mixture
of exponential distributions. Hence (i) of is a refinement of his
result. Our method of the proof is different from his. Our method has an
advantage in refining his result as in (i) of and in getting the con-
verse result (ii) of Our method also has an advantage in getting a
condition under which the first passage time distribution is strongly unimodal.
The definition of the strong unimodality is stated in Section 6. As Keilson
points out, distributions in CE{ are strongly unimodal and distributions in ME,
are unimodal and hence distributions in CME{ are unimodal, which gives an
alternative proof of Rdésler’s result.

In order to prove [Theorem 1, we restate in in Sec-
tion 2. This restatement is also useful for the study of strong unimodality of
the first passage time distributions. In Sections 3 and 4, we prove
In (i), we describe a relation between zeros of polynomials Pp(s)
and P,(s), defined by [2.I). The relation is obtained by Stieltjes [13]. We prove
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this relation in a different way. We give in Section 5 the representation of the
Laplace transforms of distributions in the closure of the class CME{. We define,
in Section 6, a class CME¢ which contains, in addition to CME{, many of first
passage time distributions of one dimensional diffusion processes, and give a
necessary and sufficient condition for a distribution in CME¢ to be strongly
unimodal. This condition partially extends an earlier result of the author [17].
We describe in Section 7 some examples and applications of our results from
Sections 1 through 6.

2. Restatement of Theorem 1.

Define a sequence of polynomials {P,(s)}n=o Dy
Pys)=1
and
(21) Pm(s) = 181 /Bm/0'1,m+1(3)

for m=1. Since the process is strongly Markov and paths are ‘continuous’, the
equality ¢1,(8)=0m(s)ona(s) holds for 1<m<n. Hence we have

(2.2) Omn(S) = Bm -+ Bn-1Pm-1(8)/Pr-i(s).

It is easy to show that {P.(s)}nz Satisfies the recurrence relation
Py(s) =1,

2.3 P(s)=s+B:+0, and

Pm(s) = (s+ﬁm+5m>Pm-1(s)_5mﬁm—1pm—2(s)

for m=2. To prove this, again use the strong Markov property of the process
and the ‘continuity’ of its paths. By this relation, we easily obtain the follow-
ing: Pn(s) is a polynomial of degree m. The leading coefficient is equal to
one. The zeros of P,(s) are simple and negative. The zeros of P,(s) are in-
terlaced with zeros of P,,,(s) for m=1. These properties of {Pn}nse are proved
in the same way as for a system of polynomials {Q.(s)} which is defined in
Section 3. See [Lemma 1 and [Lemma 2.

For each positive integer m, denote by PSN(m) the class of polynomials of
degree m whose zeros are all real, simple and negative and whose value at the
origin is positive. For notational convenience, we denote by PSN(0) the class
of positive constant functions and set PSN(—1)=PSN(0). Let W,(s)ePSN(n)
and W,(s)&PSN(n) for 1<m<n. Let

0>a,>a,>->an

be zeros of W,(s) and put a,=0 and a,+;=—c0. We say that W, interlaces W,
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in the weak sense and denote as W,JW, if there is at least one zero of W, in
each open interval (a1, a;), 0<i<m. We say that W, interlaces W, and denote
as W, <W, if W,dW, and W, and W, have no common zero. If n=1, then we
always say that W,=PSN(n) interlaces W,=PSN(0). Applying this definition to
{Pn($)} mz1, we have that Pn(s)ePSN(m) and Pp(s)<I|Pp+i(s) for m=0. Let p=
CME.,(j, k) with 7=0 and £=1. Then there are measures p,=CE.(j) and g,E
ME,(k) such that p=p*y,. For p, and p,, there are polynomials W,=PSN(}),
W,ePSN(k—1) and W,=PSN(k) such that

Lpn(s) =1/Wi(s), Lpa(s)=Wy(s)/Wy(s), W <W, and W, QW.W,.

Hence p=CME,(j, k) if and only if there are polynomials W,=PSN(2—1) and
W.ePSN(;j+£) such that

Lp(s) =Wi(s)/Wy(s) and W, I W,.
If we establish the following theorem, then is true by the above fact.

THEOREM 2. Let 1=m=n. Then the following hold:
(i) The polynomial P, interlaces Pp-, in the weak sense. Write ¢ m n+1(S) as

Om,n+1(8) = W ($)/W(8)

with W (s)ePSN(y) and W (s)=PSN(k) so that W; and W, have no common zero
point. Then

k—j=n—m+1, max{0, 2m—n—1} < s <m—1

and W (s) AW x(s).

(ii) Let j and k be nonnegative integers such that k—j=n—m-+1 and
max{0, 2m—n—1}<j<m—1. For W;=PSN(j) and W,=PSN(k) with W;<JIW,,
we can construct a birth and death process for which

W (s)/W (s) = const. 0 m, n+1(S).

3. Proof of Theorem 2 (i).
Let n=1. Define a system of polynomials {Qn(8)}osmsn bY
Qo(s) = 1:

Ql(s) = s+‘8n+6n »
(B.1) e

------------------------

Qn(s) = (s+P1+00)Qn-1(S)—0:8:1Qr-5(5) .
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LEMMA 1. For 1=m=n,
Qm(0) > 0n-m+:1Qm-1(0).
PROOF. We prove this lemma by induction in m. If m=1, then
Q1(0) = Br+0s > 01 = 0.Q4(0).
Suppose that the lemma is true for m<k. Then we have
Qr+1(0) = (Ba-r+02-1)Q2(0)—0r-k+18n-2Qr-1(0)> 0,-.Q-(0).
LEMMA 2. For 1=m<n, Qn(s)ePSN(im) and Qn-1 < Qun.

ProoF. We prove this lemma by induction in m. For m=1, it is obvious
that Q,=PSN(1) and Q,<1Q,. Suppose that the lemma is true for m<k. By the
recurrence relation (3.1) Q+.(s) is a polynomial of degree £+1. If s is a zero
point of @, then, by (3.1), Qr+(s) and Q,-,(s) have alternative signs. Thus
Q1+.(s) has at least #—1 zero points between zeros of @,. Since @,(0)>0 for
1<m=<n by and since Q-1 <1Qs, Qr-1(s))>0 for the largest zero s,
of @,. Hence Q.+:(s:)<0 and there is a zero of Q.+, between s, and 0. Since
Q:-: and Q.+, must have the same sign near —oco and have alternative signs
at the smallest zero s, of @Q,, @+ must have a zero between —co and s,.
This completes the proof.

LEMMA 3. For 1=m=n,

(32) Pn(s) - Pn-m(s)Qm(S)_571.—m+1‘8n—mPn—m—1(3)Qm—1(3)-

ProoF. The proof is accomplished by induction in m. If m=1, then by
(2.3) and (3.1) we have that

Pa() = (s Ba+82)Paci(5)— 80 Ba-1 Pa-s(s)
= Pri()Qu(8) =01 Bn-1Pn-2()Qu(s).
| Suppose that holds for m<k. Then, for m=Fk
Pp(s) = Pn—k(S)Qk(s)—an—k+lﬁn—kPn—k—1(3)Qk—l(s)
holds. Applying (2.3) and (3.1) to the above equality, we have
Po(s) = {(s+Bn-5+0n-8)Pn--1(8)—=0n-2 -t -1Pn-r-2(5)} Q1(5)
—On-p+1Bn-2Pa-p-1(8)Q-1(S) -
= n-k—:(s){(3+13n-k+5n-k)Qk(3)—5n-k+1.Bn—kQk-l(s)}
—0n-1Bn-p-1Pn-s-2()Qx(s)
= Poop-1(S)Qr+1(8)—0n-1 Br-r-1Pn-r-2(8)Q(S).
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The proof is complete.

Set
Vo ni(s) = Bm - ‘Bn/am,n+1(s)o

By and we have
3.3) Vi, n+1(8) = Qu-n(S)Rmn(s)

where
Rmn(s) = Pm(s)/Pm—l(S)_amHBan—m-l(s)/Qn—m(s)-

PrROOF OF THEOREM 2 (i). Note that for 1=<m<n
Pr(0)/Pp-1(0) > 0n+18n@Qn-n-10)/Qn-n0) >0

since Vo n4(s)>0. Let 0>a,>a,> -+ >anp-, be the zeros of P,_,(s) and let
a,=0 and ap=—occ. Since Ppn_1<Pn, Pn(8)/Pn-(s) is strictly increasing on
(ax, Gx-y) for k=1, 2, ---, m, and the range on (a;, @,-,) coincides with (—co, o)
if 2<k<m and coincides with (—o0, Pp(0)/Pn_(0)) if =1 (see Appendix). Let
0>b,>b,> --- >b,_m be the zeros of Q,_n(s) and let b,=0 and b,_pi;=—0c0.
Since Qn-m-1(S)<Qn-m(s), Om+1Bm@n-m-1(8)/Qr-n(s) is strictly decreasing on
(bg, by-y) for k=1, 2, ---, n—m~+1 and the range on (b, b,-,) coincides with
(—c0, c0) if 2€k<n—m~+1 and coincides With (Bm+18mQn-m-1(0)/Qn-m(0), o) if
k=1. Thus, for each £ (1=k<m), there is a zero of Ru.(s) in (a,, a,_,).
That is, Pn-,SJP,. From this fact, it is obvious that W;qW,, 0<;7<m—1, and
k—j=n—m+1, when we write

Omn, a1(8) = Wj(s)/Wk(s)

in the reduced form with W;ePSN(;) and W,=PSN(k). Note that P, and Pp_,
have no common zero. Zeros of P,_, may cancel only with zeros of Q,_n.
Hence 2m—n—1=<j. The proof is complete.

4. Proof of Theorem 2 (ii).

LEMMA 4. Fix 0Sm=<n—1. Let fao_.m-i(s) and fn_n(s) be polynomials in
PSN(n—m—1) and PSN(n—m), respectively, with the leading coefficients equal 1
such that fr-m-1<fn-m. Fix Om+, S0 that

0 <dn+1 < fa-m(0)/fr-m-1(0).

Then there is a unique sequence of positive numbers {Bm+1, ***» Bns Om+zs === » On}
such that the sequence of polynomials {Qr(S)}ocrsn-m defined by the recurrence
relation (3.1) satisfies ’

Qn-m-1(s) = fn-m-l(s)
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and
Qn-m(s) = fn—m(s) .

LEMMA 5. Fix m=1. Let gn-1 and gn be polynomials in PSN(m—1) and
PSN(m), respectively, with the leading coefficients equal 1 such that gm-, 1gm.
Fix Bn so that

0< Bn =< gn(0)/gn-1(0).

Then there uniquely exist a nonnegative number 8, and positive numbers By, -+,

Bm-1, 0z, -+, Om Such that {Py(s)}osrsm defined by the recurrence relation (2.3)
satisfies

Py _1(8) = gm-1(8)
Pu(s) = gn(s).
Moreover, 0,=0 if and only if Bn=gm(0)/gm-1(0).

and

Proofs of Lemmas 4 and 5 are similar. So we prove only Lemma 5.

PrOOF OoF LEMMA 5. We prove this lemma by induction in m. Let m=1
and let 0>c¢,. It is obvious that if we fix B, so that

0 < ‘Bl é _cly
then there is §,=0 such that
P(s) = S+,81+51 =8§—C1.

Here 0,=0 if and only if B,=—c¢,. Suppose now that the lemma is true for
m=<k. Let

gr+1(8) = (s—¢y) *++ (S—Cp+1)

and
gi(s) = (s—by) - (s—by)
with
0>ea>b:>¢> - >bp > Cpare
Put

Pi = Gr+1(bi) for =1, -, k.
Then we have

4.1) (=Dip; >0  for i=1, ., k.
There is one and only one polynomial
8r-a(8) = l‘:E;:ajsj
of degree not greater than 2—1 such that
—gr1(b)=p; for i=1,2, -, k.

Since g;-:(s) must have at least £—2 extremums by (4.1), we have a,_,>0and
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a,>0, that is, g,_,(s)ePSN(k—1) and g,.,<g:. Set
Gr1(S) = gr41(S)+gr-a(s),

which is a polynomial of degree £+1. The points by, -+, b, are zero points of
Gr+:(s). Denote another zero point of G,4+.(s) by b.+;. We have

Gri(8) = (s—=by) «+- (S=brs1) = (S—br41)8:(s),
that is,

Zr1(8) = (5—br+1)81(S)—gr-1(S).

Since g4+1(0), g£:(0) and g,_,(0) are positive, the number —b,., is positive. Fix
Bi+1 50 that 0< B+ =<g4+:(0)/2:(0). Since
4.2) Zr+1(0)/8:(0) = —br41—81-1(0)/8:(0) < —bp+1,

we can find 0,4,>0 satisfying Bi+1+04+1=—bs+;. Moreover, by Or+1
satisfies

81-100)/84(0) £ 0441+
Define ﬂk by ,Bk::ak-,/ak.“. Then we have

0< Br = ar-18:(0)/84-1(0).

By the assumption of the induction, we can uniquely choose a sequence of a
nonnegative number 4, and positive integers B, -**, Br-1, 0, +++, 0, SO that

Py _(s) = gra(s)/ar-y and Pu(s) = gu(s).
Hence
r+1(8) = (S—br+1)Pr(8)—ap-1Pp-1(8)
= (s+Br+1H05+1)Pa($)—0x41 84 Pr-s(s).

Note that the uniqueness of 8, and 0,4+, is obvious. Therefore, we complete
the proof letting g;+1(S)=Pr+:(s).

LEMMA 6. Let j, k and m be nonnegative integers satisfying j+1=m<k.
Let U(s), Wi(s) and W,(s) be polynomials in PSN(k), PSN(j) and PSN(k—j—1),
respectively, such that W,\W,=PSN(k—1) and W \W,<QU. Let cy-;-, be the smallest
zero of W, and set R(s)=W(s)/(s—cr-j-1). Then we can find polynomials U,&
PSN(;j+1), T,€PSN(m—1—j), T.€PSN(k—m) and T;=PSN(m—j—1) such that
W.T.€PSNm—1), U, T\ T,=U, T,T,€PSN(k—;—1), W,T;<U,T, and R T,T,.

PROOF. Let
0>a,>a > >a;

be the zeros of W, and let ¢,=0 and a;4,=—o. For /=1, 2, -+, j+1, denote
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by b; the smallest zero of U in (a;, a;-;). Set U,(s)=(s—b,) -+ (s—b;+;) and
define U,(s) by

Uy(s) =U()/Ui(s) = (s—di)(s—d3) - (s—dg-j-1).
Denote by
O > Cl > Co > > Ck—j-x

the zeros of W,(s). Then, by the choice of U,, we have that W,<U, and
0> d1 >c > dz >y > > dk—j—l > Cr-j-1.

Obviously, R<U,. Note that neither U, nor W, has a zero in each interval
(as, by), i=1,2, -+, k+1. Also, neither U, nor W, has a zero in each interval
(ci, dy), i=1,2, -, k—j—1. Choose e; in (c;, d;) arbitrarily for =1, 2, ---,
m—j—1 and set

Ti(s) = (s—dy) - (s—dm-j-1),

Ty(s) =(s—dm-j) = (S—dp-j-1)
and
To(s) =(s—ey) - (S—em-j-1).

We have, by the above choice of polynomials, that
W, T, <U, T, and R < T,T;.

PRrROOF OF THEOREM 2 (ii). Let ;j and k be nonnegative integers satisfying
k—j=n—m+1 and j+1<m=<k. Let W,=PSN(;) and W,=PSN(k) such that
W,<W,. Choose a polynomial WePSN(k—j—1) so that W,W<PSN(k—1) and
WW AW ,. Let d be the smallest zero of W and set R(s)=W(s)/(s—d). Choose
p>0 sufficiently small. Then, since zeros of a polynomial are continuous with
respect to its coefficients,

V() =W (s)/Wi(S)R(s)+p
is represented by U=PSN(k) as
V(s) =U(s)/W {(s)R(s)

without changing the configuration of zeros. Hence, by we can con-
struct polynomials U, =PSN(;+1), Ty€PSN(m—1—j), T,&PSN(k—m) and T,
PSN(m—j—1) such that W,T,ePSN(m—1), U,T\T,=U, T.T,PSN(k—j—1),
W,Ty;<U,T, and R4T,T,. Since

{U0)T10)/W 50)T5(0)}H{ T2(0) T5(0)/ R(O)} =V (0).= W, 0)/W 0RWO)+p > p,
we can choose B, and 0,4+, SO that

5m+1ﬁm = p,
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Bm = U(0)T:(0)/W ;0)T5(0)

and
Om+1 < T2(0)T5(0)/R(0).

Hence by Lemmas 4 and 5 we can choose sequences of nonnegative numbers

4.3) {B1, 5 Bm-r, 01, -+, Om}
and .
(4-4) {‘Bm+l: Tty ﬁn: 5m+2’ "ty 51&}

such that the polynomials {P,($)}osrsm and {Q:(s)}osrsn-m defined by the recur-
rence relations (2.3) and (3.1) satisfy

P i(s) =W (8)Ts(s), Pr(s) =Ui(s)Ty(s)
Qr-m-1(s) = R(s), Qrn-m(s) = To(s)Ty(s).

and

We have
We/W;=V—p)R

={U,\T\/W,;T:XT:Ts/R)—0m+1fun} R
= PnQn-n/Pn-1—0m+1PnQn-m-1.
Thus, we have by (3.3)
W (s)/W (s) = const. 0 m, n+1(S)

where 64, .+.(s) is the Laplace transform of the first passage time distribution
from m to n+1 of a birth and death process whose generator is defined by (1.1)
with quantities (4.3) and (4.4). This completes the proof.

5. Closure of CME{.
We denote by I, the class of infinitely divisible distributions on R,. Laplace

transform Lu(s) of pel, has the Lévy canonical representation :

.m@=mﬁﬂﬁijW—mwﬂ

o,

where yE R, and N is a measure on (0, co) such that
[, uu N < co.

The measure N is called the Lévy measure of g. Denote by BO the smallest
subclass of @(R.) which contains ME, and is closed under convolutions and weak
limits. We call this class BO the Bondesson class. A distribution g in I, belongs
to BO if and only if its Lévy measure N(dx) is absolutely continuous and the
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density n(x) of N is represented as

n(x) =S e M(du)
(0, c0)
where M is a measure on (0, o) such that
S . min{u, u™} Midu) < co.
(0,00

It is easy to see that #=BO if and only if its Laplace transform is represented
by the above M as
Lp(s) = exp[——;*s+s ){(x+s)“—x“}M(dx)] .

o,

See Bondesson [1]. A distribution €BO is determined by the pair [y, M]. So,
we identify the pair [y, M] with g. Since the Laplace transform of pe=
CME.(m, n) is represented as

Lp(8) = Wai(8)/Wmsals)

by W,_.,€PSN(n—1) and W ,,+,PSN(m+-n) satisfying W,_, <Wanp+,, it is easy
to show the following fact. A distribution g belongs to CME.(m, n) if and only
if p=BO, the measure M is absolutely continuous and there are sequences

{ar}osrsm+r, {Drticesn @nd {crlocrsn satisfying
{ap; 1SkS=mIN[{bs; 1SkZn} U ey ; 1Sk<n—1}]= @,

0=0a,<86: <8< <ap< apsyy =00
and
O=co<bh< << < <b,<cpp =00

such that the density m(x) of M is represented as

m(x) = my(x)+my(x)
where
my(x) =k if a,=x<apn
for k=0, 1, 2, ---, m, and
mz(x> =0 if Ck§x<bk+1 and

=1 if bpaSx<cpn

for £=0, 1, 2, ---, n—1. Thus the class CME{ is contained in BO.

We say that peP(R.:) is a CE, distribution if p=BO, M is absolutely con-
tinuous and there is a nondecreasing sequence of positive numbers {a;}i<r<p
(p< o) satisfying Slaz'<co such that the density m(x) of M is represented as
follows :
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In the case p<co,
m(x) =20 on (0, a,)
=k on (a;, Gpy) if ar<apss
=p—1 on [ap-,, )
for 1<k<p—1 and in the case p=co,
m(x)=20 on (0, a,)
=k on (@, @p+y) if a,<ajp4r

for 1<k. The class CE, coincides with the class of PF densities on [0, o).
See Karlin [4]. The classes CE, and ME, are closed in the weak convergence
sense. These facts are found in Bondesson [1] (p. 50 Remark 5.2 and p. 46).
Let CME. be the class of py=P(R.,) represented as p=p*p, with p#,CE, and
/,ZZEMEq..

THEOREM 3. ‘The class CME, coincides with the closure of CME{ in the weak
convergence sense.

ProOF. It is easy to see that every CME, distribution is approximated by
CME{ distributions. So, it is enough to show that the class CME, is closed.
Let g,=pr+p2, with p1=CE, and pi=ME,, be a CME, distribution converging
weakly as n—oco to a distribution ¢ on R,. Regard these distributions as pro-
bability measures ‘on R,=[0, 0]. Then {gi}.z; and {p2}... are relatively
compact. Choose a subsequence {n’} of natural numbers so that g3 and p3
converge weakly to probability measures ' and g? on R., respectively, as n'—
oo, Since pi([0, K1)=p,([0, K])—1 uniformly in n as K—oo, we have p'({co})
=0. Similarly p?({c0})=0. Hence g} and pi. converge weakly to g' and pg?
respectively as probability measures on R,. By the closedness of CE, and ME,,
we have p'€CE, and g*=ME,. Hence p=p'«p’*=CME,. Thus CME, is closed
in the weak convergence sense.

6. Strong unimodality of CME¢ distributions.

A probability measure g on R' is said to be unimodal if there is a€ R such
that the distribution function of g is convex on (—oco, a) and concave on (a, o).
We say that a probability measure g on R is strongly unimodal if ¢ is unimodal
and its convolution with any umimodal distribution is again unimodal. Ibragimov
[3] shows that a probability measure # on R' is strongly unimodal if and only
if p is absolutely continuous, its support is an interval and the logarithm of its
density is concave on the support. We say that p=P(R,) is a CME¢ distribu-
tion (the superscript d stands for discrete) if there are y= R, and strictly in-
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creasing sequences of extended real numbers {@;}ocesp, {br}isrsq @nd {Cr}osrsr
(p, g, r<o0), satisfying
r+l=g< oo or r=g= oo,
ao=1¢,=0, a, =by=lc, = oo,
{arhisecoNH{brhisr<p\ I {Crhisi<r ] = D,
0<b, <cp <bpas for 1<k<r

and Xicx<pai'<co such that the Laplace transform of g is represented as

(6.1) Lp(s) = exp [—78+§

where

{Get5)"—x7} {m1<x>+mz<x>}dx]

(0, )

my(x) =k on (G, Ggs1)
for 0<k<p and

my{x) =1 on (b, cr) for 1<k<g and
=0 on (¢p, bp+y) for 0ZE<r.

It is easy to see that the Laplace transform of y is represented by these 7, {a,},
{b,} and {c,} as

6.2) Lys)y=1e TI ar(s+ap)™ II ci'(s+ce)bu(s+be).
1sk<p 1sk<q

We regard c¢;'(s+c¢,)=1in [6.2) Let 0,(s)=Tlicr<q¢i'(S+Ce)br(s+bs)™. Then
g,(s) is the Laplace transform of a mixture g, of exponential distributions with
a mixing distribution G on {bz}icr<s\J{c0}. We remark that G({co})>0 if and
only if Ili<r<q¢i/br converges. The distribution function Fi(x) of g, is re-
presented with this G as

Fi(x) = S b

[o1,

](l—e’“’)G(du) for x>0.

In Section 7-3, we will discuss first passage time distributions of Bessel diffusion
processes. These distributions are not contained in CME{ but are contained in
CME?¢. So, we describe here a necessary and sufficient condition for strong
unimodality of CME¢ distributions for later application.

LEMMA 7. Let u=CME¢ with Laplace transform (6.2). Assume that y=0
and a,<oo in (6.2). Then p is absolutely continuous and the density f(x) is a C*
Sfunction on (0, o). If a;=oo, then with the above G, the density f(x) of p and
tts derivatives f’(x) and f”"(x) are represented as

(6.3) fay =\, _aww—a)ienr—eGun),

[o41,
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6.4) Frx) = S[b (= a,) (g e ) Gldu)
and
6.5) F(x) = Stblimjalu(u—al)“(a%e‘“l’”——uze““)G(du).

The proof is easy and omitted.

LEMMA 8. Let p=CME$ with Laplace transform (6.2). Suppose that y=0
and b,<a,<oo. Then (i) p has a density f(x) which is of C* on (0, o) and (ii)
f(x) and its derivatives f'(x) and f”(x) have the following asymptotics near infinity.

f(x) = Cre™"+Coe™+0(e™%),

f(x)=—b Cle-bl‘r—bzcze'bzx_‘_o(e-ng)
and
f"(x) = BICre 7+ b3Cre "7+ o(e™"2).

Here C, and C: are positive constants.

PRrOOF. If a,=oco, then the conclusion is the direct consequence of
7. Suppose that a,<<co. In this case, by the inversion formula for Laplace
transform ([16]), we have
iT
-i

f(x) = tim (Zm')“S e Lp(s)ds.
We can apply the residue theorem to get
ir
lTim (2m’)“S .Te”_fp(s)ds— ki}l resic}ue[e”.f;z(s)] < Me~4*

for x>0, where b,<u<min {b;, a,} and M>0. Heﬁce we have
(6.6) f(x) = C,e %174 C,e %274 o(eb2%)
where
Ci=(s+b)L(s)|s=-p, and C, = (5+b2)Lp(s)|s=-p,-
Note that C, and C, are positive. Let
0,(s) = Lp(s)ar'(s+ay).

Then ¢,(s) is the Laplace transform of a CME¢ distribution g,. Since a,<oo, g
is absolutely continuous. The density fi(x) of g, is of C= class on (0, c©). We
have

(6.7) ) = a.f ey,

Differentiating we have
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(6.8) f(x) = —a f(x)+a: filx).

In case as;=oco apply and in case a;<co apply to fi(x) the same
argument which is previously used for f(x). In both cases we have

(6.9) f1(x) = Cie™""+Cie " +o(e™"2%)
with positive constants C; and C;. By we have
(6.10) f(x) = a,(a,—b) 'Cie """+ a,(a,—b,) ' Cje~"2%+o(e"2%)
as x—oo, Thereforé, by (6.8)-(6.10), we get
C, = a,(a,—b,)'Cy, C, = a(a,—b,)'C;

and _ ) o
(6.11) f(x) = —b,Cie "17—b,Cre™02%+0(e~"2%)
as x—oco. If a;=o0, then by

(6.12) fi(x) = —b,Cle 1% —b,Cle 2%+ o(e2%)

as a—oo, If a;<<oo, then by the preceding argument, we have the same result.
Differentiating the both sides of [6.8) and applying [6.11) and [(6.12), we have

f7(x) = b2C,e 1"+ biCre %27+ 0(e~02%)

as x—oo, This completes the proof.

THEOREM 4. Let p be a CME{ distribution with the Laplace transform (6.2).
Then p is strongly unimodal if and only if a,<c, or a,=c,=c0.

Proor. Without loss of generality we may assume y=0. In case c¢;=co,
the conclusion is obvious since exponential distributions are strongly unimodal.
Hence we may assume that ¢;<<oco. First, suppose that a,<c¢;,. We can assume
that a,<b, interchanging a; and b, in case b, <a,. It is enough to show the
strong unimodality in case a,=oo since exponential distributions are strongly
unimodal. In this case we already know that g is strongly unimodal by [17].
But for completeness we state the proof here in this simpler case. By Lemma
7, p¢ has a density f(x) which is of C* class on (0, o). By (6.3)-(6.5), we have

fxP—=fx)f"(x) = 2““ afuv{(u—a,)v—a,)} *Alu, v, x)G(du)G(dv),

[bg, 03X by, 0]
where
A(u, v, x) ={(u—a,)’e W74 (y—a,)?e M1+ T—(y—yp)’e ¥V}
Since a,<b,, we have

{(u—a1>(l)—'al)}'1A(u’ v, JC) > Qo= wiNT
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Hence

FxP—=fx0)f"(x) = SS atuve™ =G (du)G(dv) = 0

[, 00]%[by,00]

for all x>0. This shows that f(x) is log concave on (0, o) and hence g is
strongly unimodal by Ibragimov’s theorem ([3]). Next, suppose that a,>c;.
Without loss of generality, we may assume that b,<a,. By [Lemma 8, we have

F(xP—f(x)f"(x) = —C,Cy(by—by)Pe™ 17 L g~ P1+b2) T)
as x—oo., Hence we have
f(x)P—f(x)f"(x) <0  for large x>0.

The proof when a,=co goes on the same line since the density of discrete
mixture of exponential distributions has a Dirichlet series with positive coefficients.
The proof is complete.

7. Some examples and applications.

7-1. Strong unimodality of first passage time distributions of birth and
death processes. Let u=CME{ and Lu(s)=W(s)/W,(s) where W,;=PSN(j) and
W . =PSN(k) such that W,;<{W,. In this case, is restated as follows:
¢ is strongly unimodal if and only if the largest zero of W; is smaller than the
second largest zero of W,. For gm, z+1, by this is equivalent to the fol-
lowing : ftm.n+ is strongly unimodal if and only if the largest zero of Q,-n(s)
is not less than the largest zero of P,_;(s). Of course in general, it is difficult
to solve the equations

Pr_i(s)=0 and Q,.nx(s)=0,
We list the simplest cases as examples.
EXAMPLE 1. Let m=2 and n=3. Then
Pp_y(s) = Py(s) = s+ +0: =0
Qr-m(s) = Qu(s) = s+Bs+0; = 0.
Therefore, g, is strongly unimodal if and only if B;4+0:<p8,40..

and

ExaMPLE 2. Let m=3 and n=5. Then

(7.1) Pr_i(s) = Py(s) = (3+ﬁz+5z)(5+ﬁx+51)—52,‘91 =0
and
(7.2) Qr-m(s) = Qy(s) = (3+ﬁ4+54)<3+ﬁ5+55)-‘55}94 =0.

The roots of the equation are
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—(Bi+ Ba4-8,+8:) £ [(Br+ Bat0:402)"—4{(81+0,)(Bo+8:)— 0.8, } ]'/2
and the roots of the equation are

—(But+Bs+0:+05) £ [(BuatBs+0.:+05)*—4{(Bs+0.)(Bs+05)—0d5 5.} 12,
Therefore, g, is strongly unimodal if and only if

—(B1+ B2+, 02)+L(B:+ Be+0,+0:)* —4{(B1+0,)(Bo+02.)—0.5:} ]/
< — (Bt Bs+0:405)+[(BiAtBs+0,405)°—4{(Bs+0.)(Bs+05)—058.1 1/

7-2. Relations between CME. and other classes of infinitely divisible
distributions. We call the smallest subclass of @(R.) which contains gamma
distributions and is closed under convolutions and weak convergence as Thorin
class. We denote by T the Thorin class. It is known ([1]) that a probability
measure g (=[y, M]) belongs to the Thorin class if and only if it belongs to

BO, the measure M is absolutely continuous and the density m(x) is non-decreas-
ing. The names Thorin class and Bondesson class are due to Kent [7]. We

see that
BODOCME, DT DCE,.

A probability measure ¢ on R, belongs to the class L if p is infinitely divisible,
the Lévy measure N(dx) is absolutely continuous and the density n(x) is repre-

sented as
n(x)= x"k(x)

with nondecreasing k(x) (see [2]). Choosing non differentiable k, we get that
L#&BO. Let

k(x) — e—az_e—bz+e—cx
with 0<a<b<c¢. Since

x7th(x) = Se‘”m(u)du

where
m(u) =0 for 0<u<a,

=1 for a<u<b,
=0 b=u<c and
=1 cZu,
the distribution g with Lévy measure x~'k(x)dx belongs to CME,. But if we

choose a, b and ¢ appropriately, then £/(x)>0 for some x>0. Let us show this
fact. Differentiating %k(x), we have

R'(x) = —ae~*%+-be 2% —coc%,
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Fix a and b so that 2a<b. Put

x = (c—a)log(c/a) > 0.

Then, for this x,

ce~°® = ae~°"
and

—k’(x) = exp[—b(c—a)'log(c/a)]{2a exp[(b—a)c—a)*log(c/a)]—b} .

Since
(b—a)c—a)loglc/a)—>0 as c¢—oo,

there is x>0 such that 2/(x)>0 by the choice of a and b. Therefore CME.¢ L.
It is obvious that TCL.

7-3. Location of zeros of Bessel functions with order a>—1. Let a be
a real number greater than —1. Let

Jo(2) = (2/2)° 3 (= 1"(2/2"/(n | T(@+n+1)

be the Bessel function with order a. Let
L (z) = e7*% /%[ o(e'"/%2)

= 3 /2" /(n | Ta+n+1)

and
K. (z) =2"n{I_(2)—1,(2)}/sin ax.

Let ¢3,(s) be the Laplace transform of the first passage time distribution gg,
from a to b of the diffusion process, called Bessel process, determined by the
differential operator

N ., d
2 l{dxz +Qa+1)x IEE}

with reflecting boundary condition at 0 in the case —1<a<0 (in the case a=0,
the boundary 0 is an entrance boundary). In Kent [6], the following are found:

(i) If 0<a<b, then
(7.3) a3u(s) = (b/a)*1.(a(25)"/%)/1,(b(25)''*).
(ii) If 0<b<a, then
a5(s) = (b/a)* Ko(a(2s)"*)/ Ko(b(25)''%).

Moreover in the case (ii), the first passage time distribution belongs to the
Thorin class (see [1]). It is known that if a>—1, then all zeros of z7%/,(z)
are real (see Watson p. 483). Let {j..»}nz1 be the set of positive zeros of
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z"*J,(z) arranged in ascending order in magnitude. We have
7.4 Jol@) = Tla+1"(z/2)* TL(1=2"/j2.2).
In the case (i), we rewrite and get
03y(s) = (b/a)* Jo(e'""2a(25)"/%)/ [o(e* " 1*b(25)' %)
=10 (1+250*/%. ) / TL (1+255%/2.).

The poles of a2,(s) -are
—27YJ o, u/b)? for n=1, 2, ---.
The zeros of ¢3,(s) are
—27'(ja,n/a)?  for n=l1,2, .
Since, for any 0<a<b, ps<=CME. by Corollary 2 of [Theorem 2, there are

Laplace transforms o¢,(s) and o,(s) of a CE. and an ME, distribution respec-
tively such that

o35(s) = a4(s)ax(s).

Note that o.(s)=0c3(s)/a.(s) is a meromorphic function whose poles are located
on the negative real line. We can apply the residue theorem to the inversion
formula for Stieltjes transforms and we get that the mixing distribution of a.(s)
is discrete. Hence it can be shown that the meromorphic function ,(s)o.(s) is
the Laplace transform of a CME¢ distribution. Detailed proof of this fact will
be published elsewhere.

PROPOSITION. For k=1, following inequality holds:

(7.5) ].a.k+1/ja,k = ja,k+2/].a,k+lo

PROOF. Suppose that for some integer %
Jar+/ Jar < ].a,k+2/].a,k+1-
Then we can choose 0<a<b so that
Jak+r/ Ja e < b/a < ja p+2/Ja w41

By the property of CME¢ distributions agb(é) has a pole between any adjoining
zeros of o2%,(s). Hence, if

].a, k+1/].a'. k < b/a i-eu (ja. k+1/b)2 < (].a. k/a)2
then

(];a.k+2/b)2 < (]-a,k+1/a)2 ie, b/a = Jars2/Ta be1-

This.is a contradiction. Thus we have The proof is complete,



Birth and death processes 497

Lorch proved without the equality sign. So, our result is not new
but the proof is entirely different and it may be of some interest.

EXAMPLE 3. If a=—1/2 then the process is a one-dimensional Brownian
motion on [0, o) with reflecting boundary at the origin. In this case,

I (x) =27 (e e *)2/mx)'?
and ’
azb/%(s) = cos(a(—2s)'?)/cos(b(—2s)'/?)

for 0<a<b. The zeros of cos(a(—2s)'/?) are

—(n+1/2)?%2/2a* for n=0,1,2, -
and the zeros of cos(b(—2s)'/?) are

—(n+1/2%=%/20*  for n=0,1,2, ---.
For any n=0, there is a positive integer m such that

(b/a)n+1/2)—1/2 < m < (b/a)n+3/2)—1/2.
We have
(n+1/2)x%/2a% < (m+1/2)*x%/2b%* < (n+3/2)°x%/2a®.

This shows that there is a zero of cos(b(—2s)'/%) between zeros of cos(a(—2s)*?).

By [Theorem 4, in order that gz}/? be strongly unimodal, it is necessary and
sufficient

(3/2)*z?/2b* < (1/2)*m*/2a?,

equivalently, b=3a.
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Appendix.
Let
0=by>a,>>bmn> ant1 > by = —oo0.
Let
gn(s)=11(s=b),  gna®) =TI 5—ay)
and set

U(s) = gm+1(8)/8m(s).



498 M. YaMazaTO

Then for 1<k<m-+1
UiB)>0  for a,<s<bp_i,
=0 for s=a,,
<0 for bp<s<a,,
and U’(s)>0 for s=by, by, =+, .

Proor. Differentiating log U(s) with respect to s#by, by, -+, bm, We have

m+

Us) = UG{E (s—a) = Bs—b} .

Let 1<k<m+1. If a,<s<bj.;, then (—1)*gn(s) and (—1)*g,+.(s) are negative
and

(s—a)? > (s=b)", o, (5—an)™ > (s—=bm)™", (S—am+)™t > 0.

Hence U(s)>0and U’(s)>0. If b,<s<a,, then (—1)*g,(s) is negative, (—1)¥ gn+:(s)
is positive and

(s—ay)' <0,
(s—a) ' < (s=b)7?, o, (5=Qm+1)" < (S—bm)7 .

Hence U(s)<0 and U’(s)>0. If s=a;, then (—1)*g,(s)<0, gn+(s)=0 and
(—=1)*I;4:(ar—a;<0. Hence we have

U(ak) =0
and

U'la,) = ]g(ak_aj)/gm(ak) > 0.
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