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Automorphic forms and the periods
of abelian varieties
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There are three interrelated topics to be treated in this paper:

I. Monomial relations between the periods of abelian varieties with
complex multiplication ;

II. The derivatives of automorphic forms of arithmetic type;

M. The non-vanishing of the first cohomology group of a discrete sub-
group of SU(n, 1).

To describe our results, let A be an abelian variety of dimension g
defined over @, whose endomorphism-algebra contains a totally imaginary
quadratic extension K of a totally real algebraic number field F such that
[F: Q=g. Throughout the paper, we denote by @ the algebraic closure of
the rational number field @ embedded in the complex number field C. Let @
be the representation of K on the space of holomorphic 1-forms on A. Then
@ consists of g injections = of K into C, and for each 7, there is a Q-rational
1-form @, on A on which an element x of K acts as a scalar x°. As shown
in [13], there is a constant p(z, @) such that

0.1) Swfw- pz, ®)  for all l-cycles ¢ on A.

Here and henceforth, we write a~b for two complex numbers a and b if
a/beQ. The first principal aim of this paper is to prove monomial relations
between p(z, @) for various @ with the same K, as well as relations between
such “periods” for a given K and those for an extension of K. The constant
p(z, @) can be obtained from a Hilbert modular function f with respect to a
congruence subgroup of GL.(F) as follows. Take the variable z=(z,, ---, z,) on
the product £# of g copies of the upper half plane $,. Let ®=3%_ 7, and
we=(w", -+, w'¢) with an element w of K such that Im(w®)>0 for all v.
Then

(0.2) @f/0z)wo)~m-p(r,, @ (v=1, -, g),

if fis Q-rational, i.e., if f is the quotient of two Hilbert modular forms with
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Fourier coefficients in @ (see [13]). Now we can speak of Q-rational auto-
morphic functions on 9% for a more general type of algebraic groups of which
GL,(F) is a special case. The generalization of to such functions will be
our second main subject.

As the third topic, which is a sort of by-product, we show the existence
of a discrete subgroup I' of SU(n, 1) such that H(I'\D,, R)+ {0}, where

Dn={(z1, =+, 2,)EC™| Z}=1 124 12< 1}.

Such a non-vanishing was first proved by Kazhdan in [3]. Subsequently
Wallach obtained more general results for SU(p, ¢) in the case of compact
quotient [1, Ch. VIII].»

Our results will be obtained by considering a family of abelian varieties
of dimension mg with the above K as a subalgebra of the endomorphism-
algebra. This is parametrized by the points of a symmetric domain 9© of
which 9, is a special case. We embed ® into the Siegel upper half space
Dne of degree mg, and pull back a certain modular form on $,, to ®, which
gives rise to a non-vanishing holomorphic 1-form on I'\®,,., when D=, _..
The study of the first two topics are made by analysing the pull-back of
another type of (meromorphic) modular form at CM-points. This combined
with our previous results concerning l-forms on A in yields the main
theorems on the monomial relations of p(z, @) as well as those on the gener-
alization of

Obviously our investigation of the second topic admits of a further ex-
tension to the algebraic groups of a more general type; even for the groups
in the present paper, no effort is expended to make the sharpest statement.
The author believes, however, that our theorems and propositions are given
to such an extent as to explain the basic ideas and indicate what their
generalizations or analogues in other cases should be.

1. The main theorems on monomial relations between the periods.

We let an isomorphism ¢ of a field act on the right; thus x¢ denotes the
image under ¢ of an element x of the field. Throughout the paper, we
denote by p the complex conjugation. By a CM-field, we understand an
algebraic number field K of finite degree with an automorphism ¢ of order
2 such that oz=r7p for every injection z of K into C. Such a ¢ is obviously
unique for K; therefore we use the same letter p for ¢; we also denote by
K, the fixed subfield of K by p. Then K, is totally real and K is a totally

1) The reader who is interested only in this topic may dispense with §§2, 5, 6,
and 7.
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imaginary quadratic extension of K, Conversely, such an extension is a
CM-field.

Given an algebraic number field K of finite degree, we denote by g
(resp. Ix(®)) the module of all formal linear combinations @=3.c.r with
c.€Z (resp. c.€Q) of the injections 7 of K into C. If ¢.=0 for all z, ® may
be considered an equivalence class of representations of K by complex
matrices; we then put tr @(a)=>.c.a” for ac K. We call (K, @) a CM-type
if K is a CM-field and the sum of @ and its complex conjugate @p is the
class of regular representations of K over @. We shall also say that @ is a
CM-type of K.

Let A be an abelian variety defined over C, and ¢ an injection of K into
End(A)®AQ. We say that (A, ¢) s of type (K, @) if the representation of K
through ¢ on the space of holomorphic 1-forms on A belongs to @. Suppose
(K, @) is a CM-type and (A4, ¢) is of type (K, ®) and defined over Q. Let
[K: Q1=2g and ®=3%,7r,. For each v, there is a Q-rational holomorphic
l-form w, on A satisfying w,°¢(a)=a"vw, for all a= K such that «(a)=End(A);
w, is unique up to algebraic factors. In [13, Remark 3.4], we have proved:

PROPOSITION 1.1. There exists a non-zero complex number p(z,, @) depend-

ing only on K, @, and 7, such that S w,~7- p(r,, D) for all l-cycles ¢ on A.

The constant p(z,, @) is determined up to algebraic factors. If the
multiplicity of z in @ is 0, (i.e., if & {zy, --+, 7,},) We simply define p(z, @)
to be 1. Now our first main result, in a (seemingly) weaker form, can be
stated as

THEOREM 1.2. Let @y, -+, @, be CM-types of a CM-field K, and t an
injection of K into C. Then the number ‘

(11) H;';l[p(r} (p])/p<7p’ @J):l ’

up to algebraic factors, depends only on = and @,+---+@,. Moreover, let (L, ¥)
be a CM-type such that KCL and the restriction of ¥ to K is @,+---+®D,,. Let
qx(z, ¥) denote the product of p(e, &) for all injections o of L into C which
coincide with v on K. Then qg(z, ¥)/qx(zp, ¥) differs from (1.1) by an algebraic
factor.

The proof will be given in §5.

Let 12 (resp. 12(@)) denote the submodule of [x (resp. I x(Q)) consisting of
all 2.c.t such that c.+c., does not depend on z. Notice that if ¥ is a
CM-type of an extension of K, the restriction of ¥ to K belongs to [ Now
we state the stronger form of the above theorem as

THEOREM 1.3. Let @,, -, @, be CM-types of K and suppose Xm,7,0,=0

with r,€Q. Then, for every injection v of K into C, we have
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i Lp(z, @i)/P(TP, @)]i~l.

Moreover, let ¥ be a CM-type of an extension L of K. Suppose the restriction
of U to K can be written 37,5,@; with s;Q. Then, for every injection = of
K into C, we have

a(z, ¥)/qx(zp, )~ L0(z, @)/ p(zp, D)I%,

where qx(z, U) is defined as in Theorem 1.2.

PrROOF. The first assertion can be derived from by express-
ing the equality >,7,@,=0 as X;a;0,=>.6,@,; with positive integers a; and
b;. To prove the second assertion, observe that the restriction of ¥ to K
can be written X2, @; with CM-types @} of K. Take positive integers f, ¢;
and d; so that fs;=c;—d;. Then fX,0;+3:d.P,=>;c;D,, so that the desired
result follows from

Let us now insert here a few propositions which can easily be derived
from our definition.

PROPOSITION 1.4. Let (K, @) and (L, &) be CM-types such that KCL and
the restriction of ¥ to K is [L: K] times @. Then p(z, O)~p(o, ¥) if ¢ is
the restriction of o to K.

PrROOF. Let (4, ¢) and (A4’, ¢/) be of type (K, ®) and (L, ¥), respectively.
By [7, Proposition 147, A’ is isogenous to the product of [L: K] copies of
A. Our assertion follows immediately from this fact.

PROPOSITION 1.5. -Let (K, @) be a CM-type, and o an isomorphism of a
field K, onto K. Then p(oz, 6@)~p(r, ), where we let ¢ act on Ix on the
left in an obvious way.

This is obvious.

The nature of the periods of the anti-holomorphic 1-forms @, can be seen
from

PrROPOSITION 1.6. p(z, @)~ p(z, D).

PROOF. As shown in [13, pp. 381-383], the number p(z, @) can be obtained
as the value A(w,) of a quotient ~A=f,/f, of two Hilbert modular forms f; and
fs, with Fourier coefficients in K§, at a point w,=(w®, ---, w8 with wekK
such that Im(w™)>0 for all z,. We can take w to be pure imaginary. Then
h(w,) is real.

We have so far been interested in p(r, @) only up to algebraic factors.
Let us now refine this point by considering them and their products up to
factors belonging to smaller fields. For simplicity, let us assume that all
number fields in the following discussion are subfields of C, and denote by
K,, the maximal abelian extension of a number field K. For each @<y, let
K? denote the field generated over @ by tr @(a) for all ae K. Let M be the
Galois closure of K over @, and let G=Gal(M/Q) and H=Gal(M/K). Then I



Periods of abelian varieties 565

can be identified with the Z-module generated by the cosets Ha with a=G;
G acts on Ix on the right. It is easy to see that

GalM/K®)={reG|pr==0} (cf. [15, §8.3]).

CONJECTURE 1.7. Let 7 be an injection of a CM-field K into C, and @ 1}.
Then we can specify a non-zero complex number P(z, @), up to factors belonging
to (K®)g,K5, with the property that if @=>75,Q; with CM-types @; of K and
$;EZ, then

P(T, @)NH:'LIEZ)(TJ @1)/17(7,0: @i>]si .

We now show that this conjecture can be reduced to a certain special
case. Let [K: Q]=2g and let £ denote the sum of all injections of K into
C. Every element @ of I2 can be expressed as @=af+5 with a=Z and

E:2§=1[auru+(n _av)fyp:l ’

where the 7, are g injections which form a CM-type of K, and the g, are
non-negative integers such that n—a,=a,<---=<a,=n. Such n is uniquely
determined by @. In view of Proposition 1.5, we can put P(z, @)=P(c, 5).
Let us prove:

(1.2) Conjecture 1.7 is true if either n is odd or n=0;

(1.3) Conjecture 1.7 is true if it is true for n=2.

First if n=0, we can put P(z, &)=1. If n=1, & is a CM-type, and
P(z, £) must be ~p(z,, &) or p(z,, £)™* according as z=z, or r=7,p. Now
p(r,, Z) can be given as the value A(w) as explained in the proof of Proposi-
tion 1.6, which settles the problem, since the quotient of two such values
belong to (K%),,Ki». If n=2, & has the form

(1.4) 532;=127u+ E§=T+1<TD+TDP)

with 0<r=g. Let us assume that one can specify P(r, &) for such 5 as in
our conjecture. Suppose n>2. If a,>n/2 (which is the case when = is odd),
& can be written

E=20-10b84+(n—b,)§,0]

with partial sums &, -+, §, of X4.,7, such that 3%_,§,=2>¢ 7, and positive
integers b; such that n—b,<b,<---<by=n. Then we can find CM-types
@, -, D, such that £=>72,0; and each @, has an expression @,=&,+---+
Est+Esmp+---+E,p. Observe that if 5y=5 for an element y€G, then &;7=¢;
for every j, and hence @;y=@; for every i. This implies that K% CK?Z.
Therefore we can put P(z, Z)=II%,P(r, ;). Next suppose a,=n/2; then
n=>4. We are going to define P(z, £) by induction on n. We observe that

E:Z:=1[av7»+(n _an)fyp]_}_(n/z) 2§:r+1(7v+7»10)
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with the integer r such that a,.;>a,=:-=a,. Put
w:25=1279+21€=r+1(7v+7up)

and 5=V +5’. Then Ey=~F implies ¥'y=¥ and £’'y=5’, and hence KYK¥
CKZ%. By induction, P(z, ¥) and P(z, £’) are meaningful. Therefore we can
put P(z, &)=P(z, ¥)P(z, ).

We shall prove in §7 that if 5 is given by P(z,, &) can be specified
as in our conjecture at least for v<r. Thus the conjecture is reduced to the
problem of finding P(z,, Z) for such £ and for v>r.

2. Applications and examples.

The above theorems imply various interesting relations between the
periods p(z, @). For simplicity, we assume in this section that all fields are
subfields of C. Let us begin with the simplest case where K is an imaginary
quadratic field. There are two CM-types (K, ¢) and (X, p) with the identity
map of K as ¢. The period in these cases is given by means of an elliptic
modular form & of weight 1 with algebraic Fourier coefficients. In fact, if
w is an element of K such that Im(w)>0 and h(w)#0, we have p(p, p)~
p(p, p)~h(w) by [13, Remark 3.4]. As a special case of [Theorem 1.2, we
obtain

PROPOSITION 2.1. Let (L, ¥) be a CM-type. Suppose that L contains an
imaginary quadratic field K and the restriction of ¥ to K is ro+4sp with non-
negative integers v and s, where ¢ denotes the identity map of K. Then
QK<§0’ w)/QK(.O’ U)~h(w) >

A similar but somewhat different result has been obtained by Gross
with no mention of p(z, @) in the higher-dimensional case.

EXAMPLE 2.2. Suppose in particular r=s in [Proposition 2.1. Then we
have gx(p, ¥)~qx(p, ¥) which is a non-trivial relation between the periods;
this happens even when (L, ¥) is primitive. For instance, let L, be a totally
real extension of @ of degree 4 with no subfields of degree 2, and let L=L,K
with an imaginary quadratic field K. We can define a CM-type ¥=3_,7, of
L so that z,=7,=¢ and z;=7,=p on K. Then (L, ¥) is primitive and

2.1) (i, O)plzs, O)~p(zs, U)p(z,, ).

Similar examples can be obtained for fields of higher degree.

We now study the periods in connection with the reflex of a given CM-
type. First, for a fixed CM-field K of degree 2g, take a pair of CM-types @,
and @, of the forms

@0271+Tz+"'+7g ’ @1:71+(72+"'+Tg)9 ’
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where 7, is the identity map of K, and for each injection z of K into C,
define an element pg(r) of C*/Q* by

p(TI; Qo)p(fh @1) if =1,

I/Ep[‘rl’ @0)1)(71’ @1>] lf T:P »

bz, o)/ p(rip, @) if =1y,

P(Tip, @1)/.0(1'1‘; d)o) if T=7T;0 -

By this definition does not depend on the choice of 7, -+, 7,.
Let @ be an arbitrary CM-type of K, and (J, ¥) the reflex of (K, @) in the
sense of [11, 1.3] (i.e., the dual defined in [9, 5.1] and [15, 8.3]). Then J=K2.
Let M be the Galois closure of K over @ and let G=Gal(M/Q). Consider @
and ¥ as the sets of injections of K and J into M. For each o=¥ take
yeG which gives ¢ on J. Observe that @r is a CM-type of K depending

only on o, since Qa=® for a=Gal(M/]); therefore we write @7 also Do.
THEOREM 2.3. If (J, V) is the reflex of (K, @) and c¥, we have

p(aa w)ZNHreq)o'pK<T) .

PROOF. Observe that (J?, o7'¥) is the reflex of (K, @o). By
1.5, we have p(o, U)~p(, 6 ¥). Therefore, taking @o and ¢ ¥ in place of
® and ¥, it is sufficient to prove

(2.3) pA, ¥)*~IlecoPx(7)

(2.2) Px(t)~ l

when 1€® and 1€¥. Since M is a CM-field, we can define py(a) for each
acG. We consider p an element of G, which is actually contained in the
center. For a subset X of G, we use the same letter X for the element of
I, which is the sum of the elements of X. Let us now prove

(24) Maexpua)~p(1, 1+ X' +Y)/p(, 1+-X""p+Y)

if X and Y are subsets of G such that 1+X"'+Y is a CM-type of M, where
X '={r'|reX}. This is obvious if X is empty. Assume is true for X
and let W=X\U{B} ; suppose 14+W~'4-Z is a CM-type. Then we have

Pu(B)~p(B, 1+ B+BX+8Z)/p(Bp, 1+Bp+BX'p+pZp)
~pA, 1+W+2)/p(A, 1+-X'+Bp+2Z).

This multiplied by with Y=Z+48""'p proves the case of X\U{A} ; thus the
proof of is completed by induction. Let H=Gal(M/K). Then px(Hp)
for G is meaningful. Now we have

(2.5) PK(H,B)NHaeHﬁPM(a) .
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In fact, if Be&H, we take a CM-type X%.,7, of K so that z;=idg and 7, is
represented by HfB. Let HB, represent 7, for v>1 with 8=p,. Then

Px(T)~p(te, Titret+7,)/ p(rep, Titop+F1,0)
~p(B, H+-Hps+-+HB)/p(Bo, H+HBzp+---+HB,p)
by Proposition 1.4 Define Y by Y +pB=Hp,+:--+HB,. Then
Px(z)~p(8, H+B+BY)/p(Bp, H+Bp+BY p)
~p(, 1+ 87 H+Y)/p(A, 148 Ho+Y)~1acns Pu(Q)

by [2.4); this proves in the case < H. To prove the case HB=H, put
A=H—1 and B=Hp,+-+HB,. Then

Iecupu(a)~pu(1) Ilocapu(a)
~p(l, 1+ A+ Bp)p(l, 1+Ap+B)p(1, 1+ A+ B)/p(1, 1+ Ap+B) (by
~p(l, H+B)p(l, H+ Bp)
~p(ty, Tt ) p(Ta, T (Tt +175)p) (by [Proposition 1.4)

~pk(ty).

This completes the proof of Now let @ be represented by Hy,, ---, Hy,,
and let S=Hy,+--+Hr,=1+X. By and

Hecorx(@)~TLacs Pu(@)~pu(1) Iocx Pula)
~p(, 1+X9pA, 1+ X"10)p(l, 1+X"1)/p(1, 1+X""p)
~p(l, I+ X" ~p(l, S7H)2.

Now the restriction of S™* to J is exactly [M: J]¥ according to the definition
of the reflex. Thus p(1, S H)~p(, ¥) by [Proposition 1.4, and we obtain [2.2)
This completes the proof.

REMARK 2.4. Let &; denote the set of all CM-types of K. Then €x has
2¢ elements and G acts on €4 on the right. Let {@,, ---, @,} be a complete
set of representatives for €x/G, and let (J;, ¥,) be the reflex of (K, @;). Then
{@,7|7= G} contains exactly [/;: @] elements, so that >3.,[J;: @]=2%. Since
the reflex of (K, @,7) is (J7, r~¥,), the CM-types (J,, ¥;), for i=1, ---, s,
“represents” the reflexes of all the CM-types of K. Observe that px(rp)
=px(r)"t. Therefore the above theorem shows that the 22-! numbers p(g, ¥,)*
are monomials of g numbers px(z,), -, Px(z,) and their inverses. As shown
in [11, 1.9, 1.10], it can happen that s=1 and [/,: Q]=2%. In any case, at
most g of the numbers p(o, ¥,) can be algebraically independent. We can
refine this point as follows.
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THEOREM 2.5. Let U'=3}_,0, be a CM-type of a CM-field | of degree 2h,
and M the Galois closure of | over Q. Further let t(¥) be the dimension of the
svbspace of I%Q) generated over @ by ¥y for all y=GalM/Q), and let o)
=h+1—t@). Then the module

{(xy, -+, )€ ZMTTji (03, ¥)72~1)

has rank at least 0(¥).

PrROOF. We note that 6(%)=0, since /%@Q) has dimension A+1. Let (K, @)
be the reflex of (J, ¥), and (J/, ¥’) the reflex of (K, @). Then the restriction
of ¥ to J/ is [J: J/I¥’. Obviously t@)=t(¥"); therefore [Proposition 1.4
reduces the problem to (J/, ¥’); so we assume J=]'. Now by Kubota [17],
we have

(2.6) t(@)=1D).

(This is non-trivial, but can be proved in an elementary way.) Changing @
for @p if necessary, we may assume that p&@. Let W be the subspace of
IQ) generated by @o¢ for all o€¥. Since O@r+0rp=0+Dp, we see that
OreW+Q®p for all y=G. Observe that @pe&W. Therefore W has dimension
HP)—1. If 3t ,x;@0,;=0, then implies that

I13-1p(o, U)**2~1.
This proves our theorem.

REMARK 2.6. (a) Since t(ll’):t(llf’)§—;—[]’: Q1+1, we have 6% )=0 only

when ¥ is primitive. The converse is not true, however.
(b) If J is a Galois extension of @, it can easily be seen that t(¥) is the
dimension of the space generated over @ by 7¥ for all y=Gal(J/Q).
PROPOSITION 2.7. Let (K, @) and (L, ¥") be CM-types. Suppose that KCL,
o@)=0, and L is a Galois extension of Q. Then, for each injection v of K
into C, we have

(27) p(f) @)NHaEGp(a’ w)bd

with b,=Q, where G=Gal(L/Q).

PROOF. There is a CM-type ¥, of L whose restriction to K is [L: K]@®.
Take B G which gives z on K. If 6(¥)=0, IXQ) is generated by a¥ for all
acsG, so that ¥',=3 ,ccc.a¥ with c,Q. Then, for r®,

p(z, @)~ p(B, ¥ )~Tlacclp(B, a¥)/p(Bp, a¥)]
~acclpla™'B, T)/ plaBp, ¥)]

by and Proposition 1.5l This proves our assertion.
REMARK 2.8. (a) It often happens that I is generated over Z by a¥ for
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all a=G. In such a case, we have with b,eZ.

(b) The above proposition includes the case K=L. Therefore, when L is
normal over @ and 6(¥)=0, the quantities p,(a) are algebraically dependent
on pla, ¥) and vice versa.

Let us now assume that K is an imaginary cyclic extension of @ of
degree 2g. It can easily be seen that if @=3¢-l¢”> with a generator ¢ of
Gal(K/Q), we have 6(®)=0, and ¢*®@ for v=0, 1, ---, g form a basis of /2 over
Z. Let (L,?) be a CM-type such that KCL. Then the restriction of ¥ to
K belongs to I, and hence can be written >£.4s,6*®@ with s,Z. By Theo-
rem 1.3 and [Proposition 1.5, we have

(2.8) ax(a?, U)/q(o*+, )~TIE [ p(0*~, @)/ p(a**e~>, )]
(2=0,1, ---, g—1).

If the restriction of ¥ to K is Xi&;'r.0” with 0=r,€Z, we have s,=r, s;=
71—y *** 5 Sg-1=Tg-1—Tg-3, and s,=r,—7,_;+7,. Consider as “linear
equations” in the variables p(o#, @) for p=0, 1, ---, g—1. The determinant
of the coefficients can be given in terms of »,; if it is non-vanishing, we can
express p(c#, @) by means of gx(c? ¥). For example, if g=2, we obtain

PROPOSITION 2.9. Let K be an imaginary cyclic extension of Q of degree 4,
and @=1+c with a generator o of Gal(K/Q). Let (L, ¥) be a CM-type such
that KCL, and let the vrestriction of ¥ to K be 33_,v,0° with 0Zr,Z.
Suppose roFr, or ri#r,, and let

a=(r—r)/[(ri—r* +(ro—r)*], b=(ro—r)/[(ri—r)*-+(e—r)*].

Then we have
p(ly Q)NQK(]-, Q/‘)aqK(o.Z’ w)_aQK(U, w)_DQK(Us; w‘)b ’
(o, O)~qg(l, Tq(a®, U)Pqx(o, T)qx(a® ¥) 2.

Observe that r,+r,=r,+r,=[L: K]. Therefore if [L: K] is odd, we
have 7,#7, or r 7.

Coming back to the case of an arbitrary degree, if equations [2.8) are not
independent, we obtain non-trivial relations among p(z, ¥).

ExAMPLE 2.10. Suppose that L is a cyclic extension of @ of degree 18,
[L: K]=3, and z a generator of Gal(L/Q) which coincides with ¢ on K. Put
U=14+7°4+38%_,7. Then (L, ¥) is primitive. In this case, the right-hand sides
of [2.8) for 2=0 and A=2 are the same; for A=1, we obtain its inverse.
Therefore

@, pe, )/ p(®, W)~ p(et, E)p(e, )/ p(", T)
~p(, V)p(®, U)/p(z®, )~p(1, O)p(a®, )/ p(o, D).
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In fact, we can easily verify that 6(¥)=2, and these relations arc those
guaranteed by and its proof.

The relations given by [Proposition 2.7] can be used to express the periods
in terms of the values of the gamma-function. For example, let L=@Q(]),
{=exp(2ri/l) with an odd prime I As shown by Weil [16], if ¥ is the
CM-type of L obtained from a curve of the form y'=x%(1—x), p(a, ¥) is the
product of an algebraic number, a power of =, and a monomial of I'(t/l) for
t=1, ---, [—1. It was shown by Kubota that 6(¥)=0 for a=1. Therefore
[Proposition 2.7 guarantees an expression for p(r, @) in terms of I'(¢/l) for
every CM-type @ of every imaginary subfield of Q(0).

More CM-types of cyclotomic fields can be obtained from the factors of
the jacobian of the curve x?+y°=1 with arbitrary positive integers d and e.
The periods of abelian integrals in the case d=e have been computed by
Rohrlich in [2, Appendix]. It seems that and the idea in the
proof of [Proposition 2.7, together with a careful analysis of these CM-types,
will lead to a general result about an expression of p(r, @) as a monomial of
the values of I' for an arbitrary CM-type @ of an arbitrary imaginary cyclo-
tomic field, which will give a generalization of the formula of Chowla and
Selberg in [6]. In the cases in which the periods are expressed by ['(¢/D),
our monomial relations can often be checked directly by means of the known
relations of I' such as I'(s)['(1—s)~r for s€@Q. Probably this is always so
in such cyclotomic cases. In other words, it is unlikely that our relations
produce new algebraic relations between the values of I.

Finally we mention that p(z, @) is closely connected with the values of
L-functions of a CM-field with Hecke characters, as shown by [12, Theorem 2].

3. The symmetric domain of a unitary group.

To simplify our notation, we denote by diag[X,, ---, Xn] the square
matrix with square matrices X, ---, X,, on the diagonal blocks and with 0
in all other blocks. If S is a ring, we let S? denote the module of all pXxgq
matrices with entries in S; we put S?=S? and M,(S)=S3 For a complex
hermitian matrix H, we write H>0 if H is positive definite. Given two
non-negative integers » and s, put [/, ,=diag[l,, —1,], m=r+s, where 1,
denotes the identity matrix of degree r, and define a unitary group U(r, s) by

3.1 Ur, s)={acGL(O)'A]. sa=]r s} ;

we understand that J, =1, if rs=0. The quotient of U(r, s) modulo a maxi-

mal compact subgroup is isomorphic to a bounded symmetric domain @(r, s)
defined by
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(3.2) Nr, s)={z=C;|1,—z-'2>0} .

To define the action of U(r, s) on ¥(r, s), let X be the set of all elements Y
of GL,(C) such that 'Y/, ,Y=diag[ A, —B] with 0< A='A<C7 and 0<B=
tBeCs. Put

1, =z
(3.3) Y(z):[té 13] (2D, ).
it can easily be seen that
u 0
(z, u, v)HY(Z)(O U)

gives a bijective map of ¥(r, )X GL(C)XGL(C) onto X. Obviously aY X if
acsU(r, s) and YeX. Therefore, if 2eD(r, s), we can define a point a(z) of
D(r, s) by

3.9 a-Y(z)=Y(a(z))-diag[A(a, 2), pla, z)]

with Ala, 2)eGL,(C) and pla, z2)&€GL(C). Notice that both 2 and p are
holomorphic factors of automorphy. Put

(35) Rz, wy=Y G, Yay=[ "1 50 17 .

tz—tw fzw—1;
Substituting a(z) and a(w) for z and w, we find

(3.6) R, w>=[7(“’ 2) O_]R(a(z), a(w))[

Ao, w) 0 ]
0 tula, z) )

0 wla, w)
Comparing the upper right blocks of both sides, we obtain

3.7 dzea="'2a, 2)'dzpla, 2)™* (e U(r, s)).

Put &(z)=1,—z-'Z and 7(z)=1,—'2z. Since R(z, z)=diag[£(z), —n(2)],
yields

(3.8) §(2)="Aa, 2)§(a())a, 2), n@)='ula, 2)nla())ua, 2).

Now we can easily verify that det(Y(z))=det((z))=det(y(z)). Taking the
determinant of and using we find

3.9 det(u(a, z))=det(a)det(A(a, 2)) (acU(r, s)).

If »=0 or s=0, the group U(r, s) is compact. In this case, we denote by
9(r, s) the space consisting of a single point, say z, and put Y(z,)=1,,; the
action of U(r, s) on ¥(r, s) is trivial.
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4. A family of abelian varieties.

Let K be a CM-field, and @ an element of /x which represents a class
of representations of K. We consider a structure (A4, ¢, C) such that: (i) (4, ¢)
is of type (K, @); (ii) C is a polarization of A; and (iii) the involution of
End(A)XQ determined by C sends ¢(a) to ¢(a®). Take an isomorphism of A
onto a complex torus C"/D with a lattice D in C™ so that @(a) corresponds
to ¢(a), where we use @ for a matrix representation in the given class. Then
K acts on @D through @, and hence there is an isomorphism p of K, onto
QD such that plax)=0(a)p(x) for a=K and x K}, where m=2n/[K: Q].
Put M=p-%(D). Then M is a lattice in K. Let E(x, y) be the Riemann
(alternating) form of a basic divisor in €. As shown in [7], there is an
element T of GL,(K) such that ‘T°=—T and

E(p(x), p(3)=Trg(xT-*y)  (x, )€K, XK3},).

In this situation, we say that (A, ¢, O) is of type (K, @, T, M), or simply of
type (K, @, T) if only the isogeny-class is the question. Let [K: @]=2g and
take g injections 7y, -+, 7, of K into C which form a CM-type of K; put
O=3%_\(r,7,+s,7,p) with integers », and s,. Then a structure of type (K, @, T)
exists if and only if —i7T" has signature (r,, s,) for every v (see [7]); espe-
cially r,-+s,=--=r,+s,=m, and hence @<I2Q. Suppose in particular @ is a
CM-type and @®=>%.,7,. Then m=1 and T is an element of K such that
T°=—T and —iT" >0 for all v. If m>1, the structures of a given type can
be parametrized by the points of a symmetric domain ®, as proved in [7].
Let us now recall this explicit parametrization.

With a fixed element T of GL,(K) such that 'T°=—T, define a group
Gq by

4.1) Go={aeGL(K)|aT ta*=T} .

Assuming the signature of —i7% to be (r,, s,), take an element Q, of GL,(Q)
so that .

4.2) —iT%=0%0/,, - 'Q,.
Then G, can be embedded into T14.,U(r,, s,) by the map
(4'3) aH(Ql_laTIPQL’ Tty anlargpQg) .

We let G4 act on the domain
(4.4) @:@(7’1, Sl>><"'><€®(7’g, Sg)

through the map Notice that 7,5,=0 may happen for some v. For
ac G, and z=(zy, -+, 2,)E€D with 2,=V(r,, s,), we put 4,(a, 2)=AQ,'a"*Q,, z,),
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pla, 2)=p(Q,'a™Q,, z,),

1 z
v (r,5,>0),
Y.(2)=Y(z)= [‘2» 18»]

]-m (7',,3,,:(» .

Each point z of ® determines a structure of type (K, @, T, M) as follows.
First put

Yy(z)-‘Q,?:[Ifmu:”] =1, -, g)

P Y
with ut=C™ and vieC*, and define 1,(z2)eC™¢ by
Te(2)=Cuk, vk, -+, "uf, f).
Put n=mg, and define an n-dimensional diagonal representation @ of K by
O(a)=diagla™l,, a1, -+, a*¢1,,, a*¢’l,,] (a€K).
For a=(a,, -+, a,)= K}, and z€D, put
pa)=p(a, 2)=270(ar)ts(2) .

Then p, can be extended to an R-linear isomorphism of (KXeR). onto C™”.
Therefore, if Nt is a lattice in KL, C"/p, (W) is a complex torus. Define an
R-valued alternating form E, on C" by

Ez(pz<a)7 pz(b)):TrK/Q(aT'tb‘a) (a,’ bEK;).

This defines a Riemann form on C”, so that the torus has a structure of
abelian variety ; the action of @(a) defines an endomorphism. In this way we
obtain a structure (4, ¢,, C,) of type (K, @, T, M) for each zeD. Conversely,
every structure of type (K, @, T, M) can be obtained in this fashion. For
details, see [7].

We now define an embedding ¢ of © into the Siegel upper space
H,={zeC?|'z=z, Im(2)>0} .

First take a basis {k,, -+, hsn} of KL over @ so that

0 —1,
45) (TrxiahteT- Bisnn=]; o],

and define the period matrix (w,(z), w,(2z)) by
(4.6) 01(2)=(p(h1) = p(ha)), @(2)=(Ps(Nns1) - D(h2n)).

As is well known, w,(z) is invertible, and w,(z) 'w,(2)€9,. Thus we obtain
an embedding
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4.7 e: D-9,, c2=wy(2)'w(z) (ze9D).

This is holomorphic, since ,(z) is holomorphic in z. Every ﬁz(él g)eSp(n, R)

acts on 9, as usual under the rule 5(Z)=(AZ+B)(CZ+D)™* for Z€9,. Now,
for every a<G,, define an element a*=(a;;) of GL,,(Q) by ha=X1,a;;h;.
Obviously a*=Sp(n, @). Moreover we have

(4.8) cca=a*ec.
To show this, we first observe that, for a< G,
(4.9) Y (2)-'Q0-"a»=Aa, 2)Y (a(2))-°QF,

where
diagl’afa, 2), ‘pfa, 2)°]  (1,5,>0),

HQr arQ,) (r,5,=0).
Define A(a, z) and A,(a, z) by

Ae, Z):{

(4.10,) Ala, z)=diag[A\(a, 2), -+, A (a, 2)],
diaglA(a, 2), mla, 2] (r.5,>0),

(4.10,) Afa, 2)=1 (Q7'a™Q,) (s,=0),
QrlaQ, (r,=0).

Then implies that
(4.11) p(xa, 2)="A(a, 2)p(x, a(z)) (xeKL, zeD).
Therefore we have

(0,(2), wy(2))-*a*="A(a, 2)(:(a(2)), w(a(2)),
which proves At the same time we see that

(4.12) tw(a(2)) A(a, 2)-fwy(2)'=C-e(2)+D  if a*:@ g)

Let 7 : GL,(C)— GL,(C) be a rational representation. Given a CZ%-valued

function f on £,, an element ﬁ:(A of Sp(n, @), and k=Z, define a

c b
C?-valued function f|, ;3 by

(fly. 2 BYZ)=det(CZ+ D)y *y(CZ+ D) f(B(Z)) (Z€9Dy),
and also a function f¢ on ® by

(4.13) fi(@)=det(wx(2)) *n(wu(2) ) f(e(2))  (z€P).
For every a< G, we have, by
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fla(z))=det(A(a, 2)*n(Ala, 2)(f|; ra*)(2).
Now define a congruence subgroup I’y of G4 by
4.14) I'v={reGqldet(y)=1, mr=m, m(1—y)CNm} ,

where N is a positive integer and m=2>3,Zh;, The map a—a* sends I'y
into the group

(4.15) Ady={B=Sp(n, Z)| =1,,(mod N)} .
Therefore, if f|, .=/ for all B4y, then f¢ satisfies
(4.16) F(r(@)=det(A(r, 2))*n(A(r, 2)) f*(z) for all yel'y.

The members of our family with complex multiplication can be obtained
as follows (cf. Miyake [5]). Let

(4.17) Y=M, (L)D--DOM,(L,)

with CM-fields L; containing K, and let 0 be a positive involution of Y.
Suppose m=2)}_,n; [L;: K] and there is a K-linear injection i of Y into
M, (K) such that hA(x®)=T-'h(x)°T-* for all x€Y. Put

(4.18) Yol={ceY|ci=1}.

Then A(Y[0]) is contained in G, and has a unique common fixed point z, on
®. There is a Q-linear injection =, of Y into M, (C), for each v, such that
H(c)="4,(h(c), z,) for every c=Y[d]. Moreover, there is a CM-type ¥; of
L; such that ¥;=>¢.¥,, and n;tr(¥;,(a))=tr(5(a)) for every acL, If
(A, ¢) is of type (L;, ¥,), the member A,, is isogenous to A,"1X---X A"
Conversely, let (L;, ¥',) be CM-types such that KCL,, and let (A4, ¢;) be of
type (L;, ¥;), Suppose the sum of the restrictions of n, ¥, ---, n, ¥, to K is
®. Then A=A,"1X---X A,™ has a polarization which defines an involution of
End(A)®Q whose restriction to the image of K corresponds to p. As shown
in [7], A can be obtained as a member of a family of our type with suitable
T and 9. We state here two facts about such special members as lemmas.

LEMMA 4.1. Let @y, -+, @, be CM-types of K, and let (A;, ¢;) be of type
(K, @,)). If O=31,@;, the above family (without changing T or M) contains a
member 1sogenous to A; XX Ap.

PrROOF. We can easily find (by induction on m, for example) elements
Cy, -+, & of K such that T is equivalent to diag[{,, ---, {,»] and Im({5)>0 for
7 belonging to @, for every i. Then there is a structure (A4}, ¢, C}) of type
(K, @,, ) (see or [7]), and A{x---X A] is isogenous to a member of our
family.

LEMMA 4.2. Suppose the member A, is isogenous to a product of abelian
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varieties belonging to CM-types. Then the coordinates of w,(z) and wy(z) are
algebraic.

PROOF. Observe that the action of G, on ® is Q-rational. As explained
above, z is obtained as a unique fixed point of Y[d]. Therefore the coordi-
nates of z are algebraic, so that the vector p,(a) is algebraic for every
a= K}, which proves our lemma.

5. Proof of Theorem 1.2.

The notation being as in put @=@,+---+@,,, and consider
the family of §4 with this @ and any choice of T and M. If >4 .,7,5,=0,
we have @,=--=@,. In this case, follows from [Proposition 1.4.
Therefore we may assume that ® is a domain of positive dimension.

Suppose first that either I'y\® is compact or mg>2. We denote then
by (") the field of all [ y-invariant meromorphic functions on ©, and by
A, the union of A,([ ») for all positive integers N. If I'y\D is not compact
and mg=2, I'y is conjugate to a congruence subgroup of SL.,(Z); so we can
similarly define %,(I"y) and ¥, under the usual cusp-condition. In either case,
we can speak of canonical models, due to Miyake (cf. also [8], [11]).
Therefore Q-rational elements of 9, are meaningful. We denote by U (Q)
the subfield of ¥, consisting of all @-rational elements. We note that if f is
a @Q-rational Siegel modular function on 9, and f-e is meaningful, then fe¢
E%O(Q)'

Let P(Z) be a C?-valued meromorphic function on &, such that

* ok

CD)

with a positive integer M. We can find such a P which is “@Q-rational”,
holomorphic at e(z), and with det(P(e(2)))=+#0, for any given point z of D, as
proved in [13, Proposition 1.2]. Take a generator b of K over @ such that

S

V(Z2)=PZ) (CZ+D)'Pla®(Z)) (Z€Dn),

(5.1) P(B(Z)=(CZ+D)P(Z) for every ﬁz( edy

bb°=1; put a=bl,, a*z(

U(z)="V(e(2)) (zeD).

We see easily that the entries of V are 4dy-invariant for some N. Moreover,
they are @Q-rational by [13, Proposition 1.47; hence the entries of U belong to
A, (Q). By (4.12), we have

(5.2) 'wy(2)D(b)-'wy(2)"'=C-e(2)+ D,
and hence P(e(2))7!-'wy(2)D(b)-‘wy(z) ' P(e(2))=U(z)"*. Since K is generated by
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b, we see that
a— P(e(2))7! - 'wy(2)D(a)- 'wy(2) " P(e(2))

is an A,(Q)-rational representation of K, so that there is an element Y of
GL,(,(Q)) such that

P(e(2))!+ 'wa(2)D(a)- "0o(2) P(e(2))=Y ' @(a)Y

for every a= K. In view of our definition of @ in the diagonal form, we
have
(5.3) 'wy(2)"'P(e(z))=diag[Ry, Sy, -+, Ry, S,1Y

with square matrices R, and S, of size r, and s,, whose entries are mero-
morphic functions on ®. From we see that

A1, 2)R(2) (r,5,>0),
(5.4,) Ru(T(Z)):{
(QJITT”‘OQJ"R»(Z) (Sp:o) ’
v ’ SD vy O b
5.4,) S.(r(@)= { w7, 2)Su(2) (7,5,>0)
lerr”vaSy(z> (7’,,:0) ’

if rel'y. for sufficiently large N'.

Let us now consider the special member at the fixed point z, of A(Y[0d])
as in §4. For simplicity, we take t=n,=1 and drop the subscript 1; thus
the member at z, defines a structure (A, ¢) of type (L, ¥) and [L: K]l=m.
(This is sufficient for our proof of The following argument
with obvious modifications applies to the general case.) Put W=e(z,). Then
C*"/(WZ"+Z™) is isogenous to A. Now take the projective embedding

(5.5,) O: C/(WZr+Z™— A,

of the torus onto an abelian variety A, by classical theta functions as defined
in [13, (1.5,)]. Then A, is isogenous to A, and by [13, Theorem 1.1], is
defined over Q. Define an isomorphism

(5.5p) O’ : C*/[w(20)Z"+wy(20)Z™]— A,

by @'(x)=0(w.(z,)"'x). Let x,, -+, x, be the coordinate functions on C*. By
[13, Theorem 1.5], there are Q-rational 1-forms &,, ---, &, on A, such that

51 a’xl
(5.6) [ : :|'@’:n'-‘P(e(zo))wz(zo)‘l[ : }
En dxn

We have a direct sum decomposition of C™ into subspaces V,, V) such that
@(a) acts as a™» on V, and as a™ on Vj. Let xi,---, x/, and y}, ---, yi be
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the coordinate functions on V, and V], respectively, which are renamings of
some of x,, -+, x,. Multiplying with a @-rational matrix Y(z,)"!, we
find that

dx% dy]
(5.7) 7-'R(z,) and =w-:S,(z,)| : jl (r=r,, s=s,)
dx’ dy

correspond to Q-rational 1-forms on A,.
Define diagonal representations ¥ and ¥'; of L by

wt:diag[gbul: Tty Sbw]) w‘;:dlagl:sb;b Tty (r/};s]

with injections ¢,; and ¢}; of L into C belonging to ¥ which give 7z, and
t,0 on K, respectively. Then r=r,, s=s,, and F=35,F;+¥;). Take a
generator ¢ of L over Q such that cc’=1. As explained in §4, c— A4,(h(c), z,)
is essentially diag[¥}(c), ¥;(c)]; moreover, (if 7,5,>0,) ¥}(c) corresponds to
ALh(c), z0) and ¥;(c) to u,(h(c), z,). Therefore we can find invertible Q-rational
matrices C, and C, such that

Z,(h(c), ZO) (7’,,3,,>O) ’
(5.8 Cy3 (C)CyZ{
(Q;lh(c)fupQu)p (sy:o) »
v h » <0 v y>0 ’
58) CL“W:(C)C;:{ (h(c), z0) (r,5,>0)
Q' h(e)Q, (r,=0).

Since ‘A,(h(c), zo) or (Q;'h(c)"»*Q,)° represents ¢(c) on the subspace V,, if we

put
du “dx¥
N S (r=r.),
du? dx?

then duyec(c)=c?wdw}. By [Lemma 42, du’, considered a 1-form on A, has
algebraic periods. By [Proposition 1.1, =« p(¢,;, ¥)du; is Q-rational, and hence

(5.9.) diag[p(us, &), -+, g, T)I'CLRA20)EGLAQ),
and similarly

(5.95) diaglp(@ly, &), -+, p(¢he T)1'CIS(20)E GLAQ) .
Put f,(z)=det(R,(2z)) and g,(2)=det(S.(z)). Then we obtain
(5.10) Fz)~qx(r, ), glz0)~qx(z.p, ¥).

We can apply the whole procedure to a point of D corresponding to a

member of a somewhat different type. In fact, take CM-types @,, ---, @, of
K so that @=@+---+®@,. Let (A, ¢;) be of type (K, @,). guar-
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antees a member of our family isogenous to A,X---X A,. Let v be a point of
D corresponding to this member. Since v can be replaced by any point in
the set {a(v)la= Gy} which is dense in ©, we may assume that the functions
of are all holomorphic at v and det(P(¢(»)))+#0. For each injection 7z of
K into C, put ¢()=II%,p(z, ;). Repeating the above reasoning with the
direct sum of m copies of K in place of L, we find that f,(v)~q(zr,) and
8,(v)~q(z,p).

Suppose 7,s,>0. By virtue of (5.4,,, and we see that f,/g,€%,,
and ¢(z,)"'q(z,p)(f,/g.)w)EQ. Now v can be replaced by a(v) with acG, if
the functions of as well as (P-¢)”! are holomorphic at a(v). Since such
points a(v) form a dense subset of D, we see that ¢(z,) 'q(r,0) [,/ g, € Ao(Q).
Now ¢(z,)/q(z,p) depends only on @, ---, @, and 7,. On the other hand,
/v/g, depends only on v, @, T, and 9. Therefore ¢(z,)/q(r,p) depends only
on @ and 7,, which proves the first assertion of in the case
r,5,>0. Moreover, we have ¢(z,)"'q(z,p)(/./8.)(z,)€Q, and hence

Q(fu>/q<7yp)va(zo)/gu<20)~q1{(rw w)/QK<TuP; w) )

which is the second assertion. If s,=0, we see from (5.4,) that f,e%, and
conclude that ¢(z,)"'f,€ A(Q) by the same reasoning as above. Therefore the
above conclusions hold with g,=1 and ¢(z,0)=qx(r,p, ¥)=1. The case r,=0
can be treated in a similar way. This completes the proof.

6. The derivatives of the elements of U, (Q).

The functions R, and S, obtained in §5 are (meromorphic) automorphic
forms on ® with arithmetic properties (5.9, ,). Let us now study the rela-
tionship between R,, S,, and the derivatives of the elements of %,(Q); namely,
we prove :

THEOREM 6.1. Suppose r,s,>0 and let 23, be the (j, k)-entry of the variable
z, on Dr,, s,); define for fEeU,(Q) a matrix-valued meromorphic function 4,f
on D by

(6.1) 4,f=0f/0z5,) (A=j=r,, 1=k<s,).

Then there is a matrix W with entries in Ny(Q) such that =4, f=R,W-*S,.

REMARK. (1) Our assertion with %, instead of (@) is obvious from [3.7)
and (5.4, ).

(2) Combining (5.9,,,) with the theorem, we obtain a description of the
value of 4,f at a CM-point z, in terms of p(¢,;, &), similar to [0.2)

PrROOF. Let k=3%_,r,s,. We can find Q-rational Siegel modular functions
f, -, ¥, on $, so that f,-¢, ---, j.c¢ are algebraically independent. Put
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k;=1;ec. Then 6/0h,, -+, 0/0h, are well-defined derivations of (@) and
Auf: ';'==1(af/ahj)dvhj-

Therefore it is suffcient to prove our theorem in the case where f=j-¢ with
a @-rational Siegel modular function j. To simplify the notation, we put
=7, s,=s and 7;=7, and prove our assertion for yv=1. We may put T in
the form T=diag[{,, -, {n] with {;€ K such that i{(5<0 for 2=r and i{3>0
for A>r. Take real numbers ¢, -+, g, S0 that ¢3=—i{3 for A=r and ¢j=i{}
for A>7. Then we can take Q=diag[q,, -, gm] as the matrix Q, of
For each 4, choose bases {a;i, -, a;,} and {a}, ---, ai,} of K, over Qfso
that

(6.2) Trgye(liaa;ain)=0,/2.

Let {e;, -*-, en} be the standard basis of K, and let h;;=~a,,e; and hj;=
Ciase;. Then the elements

4 ! ’ ’
hlly "ty hlg; Tty hml; Tty hmg) hll; Tty Mgy 77 hmly Tty hmg

can be taken as hy, -+, hymg Of (4.5). Focusing our attention on the first m
rows of matrices, we have

b z:¢ N (b’ z.¢’
w(z)=|'z:b c |, wz)=|—tz:b’ —¢’
* * * %

/

with b, b’'eC7, and ¢, ¢’eC3,. Consider the functions on ©® as functions in
z;, keeping the variables z,, ---, z, constant; thus df=2_,>;_,(0f/0z}:)d 2},
=tr(4d,f-*dz,). Since de=w;*(dw,—dw.c), we have

w.de-'w,=dw," 'w;,—dw, ‘o,

dz,(c-tc’—c’-t¢)'z, —dz(c-'c¢"+c ) *
:i tdz,(b-tb"+b'-tb) tdz,(b"-'b—b-'b")z *
\ 0 0 0

This must be symmetric. The entries of b, ¢, b/, ¢/ can be given in terms of
gia%; and ¢;(5ay. By virtue of we find that

0 dz, 0
w,detw,=—1|tdz, 0 0

0 0 0
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For a Q-rational Siegel modular function { on 9,, define a C?-valued function
4% on 9, by

(146, O _
Ar—( 5 aij) (Z=(Z;)E9s).

Then di=tr(df-dZ), so that d(fee)=tr([(df)-e]de). Put X=x"'P-4i-*P-! with
the function P of Then the entries of X are Q-rational modular func-
tions on 9, Consider R,, S,, and Y of [5.3); put V=Y:(X-¢)-'Y and U=
diag[R,, S;, -+, R, S;]. Then

7 ld(Jee)=tr(V-'Uw,de-‘'w,U)=—2i-tr(Rw,-'S,-'dz,),

where v, is the (1, 2)-block of V. Therefore z '4,(fee)=—2iR,v:5+%S;, which
completes the proof, since the entries of v, belong to Ay(@).

7. The derivatives of automorphic forms on 7.

Let F be a totally real algebraic number field of degree g, and B a
quaternion algebra over F. Let 6,, ---, 6, denote the injections of F into R,
and suppose that B is unramified at 6,, -+, 6,, and ramified at 6,,,, --- 0,.
Then there is an R-linear isomorphism

(7.1) BRQeR=M,(R) < H*"

where H denotes the Hamilton quaternions. Let B* denote the multiplicative
group of all elements « of B with totally positive reduced norm to F. We
fix an isomorphism so that B is embedded in M@ \R)"; then B* can
be embedded into GL3}(R)", where

GLi(R)={acs GL,(R)|det(a)>0} ,
and thus acts on the product 7 of » copies of the upper half plane ,. With
an arbitrarily fixed lattice a in B and a positive integer N, let
(7.2) Ey={reB*|rr‘=1, ra=aq, (y—1)acNa} ,
where 7+—7¢ is the main involution of B. For a<B, let («y, -+, a,) denote
the image of a in My(R)". Given k=(ky, -, k)€ 27, a< B* with a,,:(g: 5)
and a function f on 9], we define a function f|,a by

(7.3) (f1ra)(@)=fla(DIL-s(c,2,+d.) 5

We denote by A,(Ey) the set of all meromorphic functions f, meromorphic
even at cusps, such that f|,r=f for all y€ Ey; the cusp-condition is neces-
sary only when B=M,(Q). Further we denote by A, the union of A (Ey)
for all N. Let F’ denote the field generated over @ by X;_,a% for all aeF.
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The results of and enable us to speak of (FJ,)-rational elements of
A,. More generally, if A is a subfield of C containing F.,, we can define
the field A (A) consisting of A-rational elements of A,.

Let J be a totally imaginary quadratic extension of F embeddable in B,
and & an F-linear injection of J into B. Then A(/*) has a unique fixed point
w=(w,, -+, w,) on . Each 6, can be extended to two injections of J into
C. If v<r, we can specify one of them, say &,, by

o e[S

a*>  for every a<].

(Cf. [9, 2.6, 27].) Thus (J, h) determines (J, 5,) with &,=X7_,&,; this is a
CM-type if r=g. Let J’ denote the field generated over Q by tr(& (b)) for all
beJ. The main theorems of and assert

(7.5) fw)elan if feA(Fu) and f is finite at w.

Now the generalization of can be stated as
THEOREM 7.1. The notation J, w, and &,, -+, &, being as above, take injections
Errry o, &g of J into C which extend 0.y, -+, 04, and put 5,=3%_,5, and 5,=

S8 b, Let f be an element of AAQ) holomorphic at w. Then, for
120, < <y =7, we have

(asf/azyl azys)(w)mn-s 5:1[17(5%, 51)P(Syi, 52)] .

Notice that p(&,, £)p&,, &,) for v=<r depends only on &, ---, &, and is
independent of the choice of &,,,, -+, &, by virtue of Before
proving the theorem, we make some observations. First note that df/dz,#0
for every v=r if f is a non-constant element of A,.

PROPOSITION 7.2. Let q,=(0u/0z,) *0v/0z, with non-constant functions u and
v of A(F,). Then q#EJO(Q_). Moveover, q,(wys Jo,Fl: for the fixed point w
of h(J*) as above, if q, is holomorphic at w.

ProoOF. Take a non-constant element f of A,(F),). Given w, we may
assume, changing f for f-B with a suitable B B*, that df/0z,(w)+0 for
every u<r. Take a<] so that J=Q(a’/a); put a=h(a), ¢;=(a’/a)*, and
s;=fea* for A=1, ---, . Then

0(sy, =+, S7) r of .
- == Y . cy ;_LO )
5z, -, 2)) (w) };[1 5z, (w)-det(c,%)

Therefore s,, -+, s, are algebraically independent, and hence 0/ds,, ---, 0/0s,

are well-defined derivations of A,(F;,). Then 0u/0z,=>;(01/0s;)(052/0z,), s0
that

(0f/02,) " (0u/0z,)(w)=3,(0u/ds Yw)e  n € J i J r=JarF'x,
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if u is finite at w. Thus g, (w)E]e,F?* whenever both u and v are finite at
w and (0u/0z,)(w)=0. Since such points w with the same J and {3, -, &}
form a dense subset of 9}, we see the q#eJlo(j,{,,F”/‘), which implies our
assertions.

The above proof tempts us to make the following

CONJECTURE 7.3. (i) (0u/0z,) Y0v/0z,) & A(FaoF"*) if u, ve Ay(Fg,).

(i) If u is a non-constant function in AEy)NALFL), the divisor of
0u/0z, on a canonical model of Ex\97 is rational over FiF’x

We now prove in the case s=1, i.e,,
<76) 77:_1<af/azv)(w)~p(§w 51)]—'7(5” 52) for )J:1, e, T

In view of [Proposition 7.2, it is sufficient to prove this for one particular f
in A,Q). Take a totally imaginary quadratic extension K of F, not isomor-
phic to J, which splits B. Identify M,(K) with BXrK. We can find an
element T of GL,(K) such that !7°=—T and

(7.7) B={ace My(K)|a'T=T-'a" ,

where ¢ denotes the main involution of M,(K). To show this, let 7 be the
involution of M,(K) which coincides with p on K and with the main involu-
tion on B. Then x"=u-'x?u-! with a hermitian element u of GL,(K). Putting
T={u with a pure imaginary element { of K, we obtain [7.7) We can easily
verify that i7%. is indefinite or definite according as v=<r or v>r (cf. [9, 7.2],
[10, 6.2]). Define G, of with this 7. The group {a¢< B|aa‘=1} is con-
tained in G4, and there is a holomorphic isomorphism j of 7 onto ®©; which
makes the action of a on 97 and on ®© compatible (cf. [9, (7.3.1)]1, [10, 6.6]).
Moreover we have U(Q)-j=A,(®), as our construction of canonical models
in and shows ; we note that j is given by fractional linear trans-
formations with algebraic coefficients.

Let feA,(Q). If w is the fixed point of A(J*), we have, by [Theorem 6.1,

(7.8) oo 1)/ 0z J(w)~x - Ri(j(w)S,(j(w))

since the derivatives of j at w are algebraic. Note that m=2 and r,=s;=1
in the present case. Now take injections 7y, ---, 7, of K into C so that
r,=0, on FF and —iT">»>0 for v>». Then

(p = 25: 1(Tu+Tvp) _l_ Z§:T+ 122.11

in the present case. The point j(w) of ® corresponds to an abelian variety
of type (L, ¥) with L=JK and a CM-type ¥=3%_,(a,+B,) of L defined by
the table
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\ V=r 3 y>r

I on J onKion]’ on K

1
a,= ‘ &, T, | & T,

(7.9)

8.,= ‘ & 7,0 ‘ .0 7,

as shown in [9, 6.5] and [i6, 6.8]. By [5.10) and [Theorem 1.2, we have

R, (j(w)S:(j(w))~ pla,, wﬂ)p(ﬁl, qf)”;b(fl, El)p(él; 52),

which combined with proves (7.6).

Let us now prove the statement at the end of §1. Put £=5,+5%, and
observe that J'=J%. By [Proposition 7.3, the left-hand side of (7.6) is deter-
mined up to factors belonging to J.,F?. Therefore we can put P(c,, &)=
7~%0f/0z,)(w) with non-constant fe A(F),) for each v<r, which has the
desired property of Conjecture 1.7. It should be noted that (0f/0z,)(w) depends
on the choice of the algebra B in which J is embedded and also of the
isomorphism [7.1).

The existence of “@-rational forms of weight 1” can be shown by

PROPOSITION 7.4. For each p=rv, there is a non-zero element t of A, such
that nt?=u-9f/0z, with u and f in A(Q), where k is determined by p in an
obvious way.

Proor. The notation being as in the proof of (7.6), we have proved
in §5 that 6R,/S,eUQ) with d=q(z,p)/q(zr;). As already remarked, we
have i, -+, z)=(@zm-+b)/(ez+dy), ) with (@ 59 in SL,(@). Then t=

1

0Y% (R, j)/(ciz,+d;) has the required property for p=1, by virtue of
6.1.

Let A,(Q) denote, for k=(k,, -+, k,)EZ", the set of elements ¢ of A,
such that @*=zx"'"®fII;_,(0u/0z,)* with a fixed non-constant element u of
A(FL) and an arbitrary f of A(Q), where {k}=3V_,k,. [Proposition 7.4
shows that A,(@)+ {0} for every % ; obviously A,(Q) is a one-dimensional
vector space over A,(Q). By [Proposition 7.2, A,(Q) does not depend on the
choice of u. This implies in particular

PROPOSITION 7.5. If v€ ALQ) and a< B*, then v|,ac Q).

For k=(ky, -, k,) and e=(e,, -+, e,) in Z" with ¢,=0, define a differential
operator df of degree {¢} acting on the functions on 97 by

nim L Ry F2e,—2 0 ky+2 0 k, 0
di=(2ri)® E( id L )( + - ,,7)( + >’

z,—32, ' 0z, z,—%, 0z z,—2, 0z,

where {e} =>_,e,; we understand that df is the identity operator (cf. [12,
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§1D).

THEOREM 7.6. Let fe A, (Q) and v& Ay,0(Q) with e,=0 for all v. Suppose
that both f and v™* are holomorphic at the fixed point w of h(J*) as above.
Then (v7'dsf)(w)EqQ.

This is a generalization of the main theorem I of and can be proved
in exactly the same fashion.

COROLLARY 7.7. If fe A(Q) and 0<y, < - <y, <r, then

7750°f/0z,, -+ 02,,€ A(Q),

where k 1s determined by vy, -+, vs in an obvious way.

This follows immediately from and proves, combined with
(7.6), the general case of [Theorem 7.1.

The above results concern the archimedean primes of F unramified in B.
Let us now prove an analogue of Proposition 7.4 for the remaining primes.
Let X, for y=#-+1, ---, g be injections of B into My@) such that X,(a)=a%1,

for a=F. We consider M,(C)-valued meromorphic functions t on $! such
that

(7.10) (G (2)=X(NH=) for every yeEy

with some N. The existence of such t can be shown as follows. Identifying
B with a subalgebra of M,K), we can find an element U, of GL,(Q) such
that U, (a)U,=(Q;'a"*Q,) for all ac B. Put t=U,R,-j with the function
R, of for a fixed v>r». Then (5.4,) implies (7.10). Moreover, for any
point v of 7, we can take t so that t is holomorphic at v and det(t(v))=0.

To define the Q-rationality of t, we consider the fixed point w of A(J*)
as before, and define &,, 5, and &, as in [Theorem 7.1l Then"there is an
element D, of GL,(Q) such that

(7.11) DX, (h(x))D;'=diag[ x5, x%] for all x=J.

Put ¢.=[p¢., &,)/p&.p, £.)]Y2.. We now consider the following property
of 1.

(7.12) . diaglq,, ¢;'1D.H(w)e M,(@).

Observe that this property does not depend on the choice of D,.
PROPOSITION 7.8. For each v>r, there exists an M(C)-valued meromorphic
Sunction t on 9] whose determinant is not identically equal to 0, and which
satisfies (7.10) for some N and (7.12) at every fixed point w of the above type
where t 1s holomorphic.
ProoF. The notation being as in the proof of (7.6), put z,=j(w) with
the fixed point w of A(J*). Define ¥'=3¢_,(a,+f,) by (7.9). Since



FPeriods of abelian varieties 587

DUQ h(x)»*Q.) U5 Dy =diaglx®, x%]  for x&],
we can take DU, as C, of (5.8,); hence we have, by (5.9,),
diagl[p(B,, ¥), pla,, O)I'DUR(20)EGLA(Q) -
By (if v>7,) we have
pla, )/ p(Bs, )~ E)/pEup, &),
plas, OB, ¥)~p(z, Dp(rs, Do),

where @,=>¢.,r, and @,=X)_,7,0+X% ,.7,. Therefore, if we put b=
Cp(z,, @)p(z,, D,)]Y? and t=b"'U,R,-j, then t satisfies at w. Let w* be
the fixed point of A*(J**) with some other A* and J*. Since b and U are
independent of & and J, t satisfies at w*, whenever the functions of
as well as (P-¢)™! are holomorphic at j(w*). Now we can find a func-
tion t* which satisfies at w* and such that det(t*(w*))#0. Both t and
t* satisfy at the points in a dense subset S of $7. Put j=t*"t. We
see that the entries of | belong to A, and take algebraic values on S, and
hence belong to A,(Q). Since t is holomorphic at w* if and only if | is
holomorphic at w*, we see that t satisfies at w* whenever t is holo-
morphic at w* This completes the proof.

One can prove the analogues of the above theorems for the derivatives
of the functions t satisfying (7.10) and [7.12). Also, the field @ can be
replaced by smaller fields depending on the weight. We have not pursued
these points to their full extent in order not to obscure the ideas and tolkeep
the paper short. In fact, almost all of the results in this section can be
generalized (at least) to the group

{aeGL(B)|'a‘acs F}

acting on 97, which was treated in and [1I]. It should be noted that
(5.9..b), (7.12), or their generalizations can be utilized for defining the arith-
meticity of automorphic forms, especially in the case of compact quotient.

As a final remark, we give here a paraphrase of Proposition 2.1 in terms
of modular forms. Let f be a (meromorphic) Hilbert modular form of weight
k, i.e., an element of A, with B=My(F), and let ¢ be an element of F such
that ¢’»>0 or <0 according as v=r or >r. Put

(713) H(Z>:f(qﬁlz, ) (IBTZ; an—lE’ Tty qﬁgé) (ZES;’I) ’

and suppose ky=+-=k,=—Fk,=-=—k,=A Let v(z) be a (meromorphic)
modular form of weight A(2r—g) with respect to a congruence subgroup of
SL,Z). Observe that
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(/)7 2)=(u/v)(2)[(cz+d)/(cZ+d)]**

k *
for r:<c d) in a congruence subgroup of SL,(Z).

PROPOSITION 7.9. Let z, be a point of 9, which generates an imaginary
quadratic field K, and suppose both f and v are Q-rational. Then (u/v)(z,)EQ.

PrROOF. Put L=FK and define a CM-type ¥=>% .0, so that ¢,=6, on
F, z,2v=2z, or Z, according as y<r or >7. Then

Wz~ (04, W) -TTEerss (o, U)~Ar(zy)

by [Proposition 2.1l

8. The non-vanishing of H'(I'\D,, R).

Let © be an irreducible bounded symmetric domain, and /" a fixed-point-
free discontinuous group of holomorphic automorphisms of & such that I'\&
is compact. It was shown by Matsushima that the first cohomology
group of I'\© over R vanishes unless & is isomorphic to

8.1) D =Dr, D=A(z1, =+, 2)€C" | Zj1]z,|*<1} .

The purpose of this section is to show that the last condition is actually
meaningful. In other words, for each 7, we can produce an example of [’
acting on ®, such that there is a holomorphic closed 1-form on I'\®, whose
cohomology class is not 0. The paper by Kazhdan and a forthcoming
work [1, Ch. VIII] by Wallach should be mentioned as previous investigations
on this topic. Our result can be stated as

THEOREM 8.1. Let K, T, and =z, -+, v, be as in §4. Define Go by (4.1)
and a subgroup I'y of Gq by (4.14) with N=1 and with an arbitrary lattice m
of Ki,. Let (r,, s,) be the signature of -iT". Suppose s;=1 and sy=---=s,=0
(so that D=D,,-,). Then there is a subgroup I' of I'y of finite index such that
I'\D has a closed holomorphic 1-form whose cohomology class is not 0. Moreover,
we can find m—1 such 1-forms &, -+, Em-1 S0 that E,N--+NEn_1 0.

This applies to both compact and non-compact quotients. Notice that,
under the assumption on s, in the theorem, I'\D is compact if g>1; it is
not compact if g=1 and r,>1.

To prove our theorem, we introduce the classical theta function

Ou, Z; a, b)=2 xezme((1/2)-(x+a)Z(x+a)+*(x+a)u+b))
(ueC", 2<9,, acR", beR"),

* *

where e(v)=e*". It is well known that, for every r:( )edz, one has

C D
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(8.2) 0((CZ+D)u, 7(Z); a, b)
=ZXe(("'ab—"a’b")/2)det(CZ+D)*e((1/2)-'u(CZ+ D) "Cu)(u, Z ; a’, b'),

where (‘a’, b")=("a, ‘b)7, and 2, is a fourth root of unity depending only on

7. With fixed a,, -+, a, in Q, define an M,(C)-valued function V on 9, by
V(Z)=;(Z)), v;:(Z)=(00/0u;)(0, Z; a,, 0).

We see from (8.2) that

* *

¢ )

where N is a suitably large even positive integer depending on a,, ---, a,.
Moreover, as shown in [13, Proposition 1.2], given a point Z, of 9,, we can
choose a,, -+, a, so that det(V(Z,))#0. Now define a function V¢ on ® by

Ve(z)=det(w,(2))?-'wn(2) ' V(e(2))  (2€D)

V(r(Z))=2det(CZ+D)"*(CZ+D)V(Z)  for every 7=( cdy,

with any choice of det(w,(2))"'?, where ¢ and w, are as in §4. By [4.16
(4.10, 1), and we have

(8.3) Ve(a(z))=ta)[T,det(pa, 2))- Ala, 2)V(z) for acl'y

with a fourth root of unity #(«), where II, is the product over all v such
that r,s,#0. Obviously ¢ is a character of I'y. Choose the a; so that
det(V¢) does not vanish identically on .

Now assume that r,=m—1, s;=1, and s,=:-=5,=0. Then ®=9D,,_,. If
R is the first m—1 rows of V¢, (8.3) implies that
(8.4) R(a(z))=t(a)p,(e, 2)A(a, 2)R(2) for asly.
Take an arbitrary non-vanishing column of R(z) and call it ¢(z), and its
components ¢, =+, m-1- Let z, -+, zZn-, be the components of the variable
point z on ®. Define a I-form & on D by
(8.5) §=211qx(2)dz,="q(2)dz.

From (8.4) and we see that Seca=t(a)f for all a=l'y. Therefore if
I'=Ker(t), then [I'y: ["]<4, and £ defines a non-vanishing holomorphic 1-form
on I'\®. Since R has rank m—1, we can choose m—1 columns of R(z) which
produce 1-forms &,, -, §,-; such that §A--AEp- #0.

If I'\® is compact, & is closed and the cohomology class of & is auto-
matically non-vanishing; our proof is completed in that case. In the non-
compact case, a further reasoning is necessary. As mentioned above, if
D=D,,-;, the non-compact quotient occurs only when g=1. We are naturally
interested only in the case m>2. First, to show that & is closed, we use the
unbounded domain
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3={(w, 2€C™*xCli('wSw+z—2)>0},

which is isomorphic to ©,-, and was introduced in [14]. Here S is a diagonal
skew-hermitian element of GL, . ,(K) determined by 7. We defined in [14,
§ 3] an embedding &’ of 3 into 9, similar to ¢; so we can define everything
with respect to 3 and ¢’ instead of © and e. The function on 3 correspond-
ing to V¢ is defined by

(8.6) Xw, z2)="%w, 2)"*V(e'(w, 2)) (w, 2)€3)

with X of [14, (3.12)] (cf. (3.19) and Proposition 3.2 of [14]). Then ¢ corre-
sponds to the first m—1 elements of a suitable column of X(w, z), which can

be given as
xl J’1°€’
D=, 7|, 3e=(00/6u.)(0, Z; a, 0)

Xm Ymoe'

with a suitable a€@Q™. Thus & corresponds to a 1-form p=2 77 x,dw,+xn,-1dz
on 3. Using the explicit form of X in [14, (3.12)], we find

=Y’ —($aW2/2)Vm-106 —(0S,Wr/2)Vmoe’ if k<m—1,
Xm-1=(Ym-1°6"—0ym°e")/2,

where s, is the k-th diagonal element of S and ¢ is a generator of K used
in [14, §3]. Now [14, (3.7)] shows that

0 dw odw
de'(w, z2)=| 'dw dz—'wSdw —d-'wSdw
0-'dw —d-'wSdw —0*(dz+'wSdw).
Combining this with the well known relation
(0%0/0u;0u)u, Z; a, b)=2zi(1+0;.)(00/0Z;)u, Z; a, b),

we can show by a direct calculation that 0x,-,/0w,=0x,/0z and 0x;/0w,=
0x,/0w; if j<m—1 and k<m—1, which proves the desired closedness.

To show the non-vanishing of the cohomology-class, we go back to D
and take T in the diagonal form T=diag[{,, ---, {n]. Since the equivalence
class of T can be determined by its signature and the class of det(7) modulo
Ng ol K*), we can choose £, -+, {n 80 that {10 >0 and ol E Ny (K ).
(We are naturally assuming m>2.) Put

e={aeGL(K)|aT -'a=T"} , T'=diaglln-1, {nl.
Then Gy acts on the disc ®,. Moreover, a—diag[l,-;, a] gives an injection

of G, into G, which is compatible with the embedding 2H<2> of ®, into
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Dn-1. Take a congruence subgroup I/ of G, so that I'/ is mapped into I'y.
Then I has a subgroup of finite index I'” which is mapped into I'. We
can construct the above & of so that its pull-back to ©,, say &/, is not
0. Our choice of 7/ implies that I'’\®, is compact, so that there is an

(w)
element 7 of I'” and a point w of ®, such that Sr £’#0. This shows the

non-vanishing of the cohomology-class of & on I'\®, and completes the proof.

Instead of taking the first m—1 columns, we can consider the m columns
W, of V¢ corresponding to the v-th diagonal block A,(a, z) of Aa, z) for
y>1, when g>1. Then

Wa(2)=tla)p,(a, 2)A )W,(z)  for acly,

where A,(a)=(Q;'a™*Q,)*. Obviously 4, is an injection of G4 into U(m).
Thus W, gives a rather interesting type of automorphic form.
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