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Introduction. It is well known fact that an (n—1)-dimensional totally um-
bilical submanifold with non-zero mean curvature of an n-dimensional Eucli-
dean space is isometric with a sphere.

In the previous paper [3], making use of Obata’s theorem, the author
proved that an (n—1)-dimensional complete, simply connected totally umbilical
submanifold with non-zero constant mean curvature of an n-dimensional locally
product Riemannian manifold is isometric with a sphere.

Now it is natural to try to solve the similar problem in another Rieman-
nian manifold.

On the other hand there are many papers studying submanifolds of an
almost complex manifold. However, most of them deals with an invariant
submanifold with respect to the almost complex structure. So, this submani-
fold is necessarily a minimal submanifold. Thus it is expected to study another
submanifold of an almost complex manifold.

In this paper, from the above two points of view, the author discusses a
totally umbilical submanifold of a Kaehlerian manifold and prove that under
some conditions, a 2n-dimensional totally umbilical submanifold of a (2n-+2)-
dimensional Kaehlerian manifold is isometric with a sphere of (2n-1)-dimen-
sional Euclidean space. To prove this we find a function satisfying a certain
differential equation. The discovery of such a function enables us to use a
famous theorem about an infinitesimal concircular transformation. Thus we
can prove the above mentioned theorem completely.

In §1 we state general properties of 2n-dimensional submanifold of a
(2n-+2)-dimensional Kaehlerian manifold and in §2 we give preliminaries of
the theory of an infinitesimal concircular transformation.

Finally in § 3 we prove the above theorem under the preparation of some
properties of the second fundamental tensor.

§1. Submanifolds of a Kaehlerian manifold.

An almost complex manifold A7 is a differentiable manifold on which there

* This reseach was supported by the Sakko-kai Foundation.
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exists a tensor field J of (L.I)}type satisfying the condition
(LY Ji=—I,

where [ denotes the unit tensor field. Such a manifold M is necessarily
orientable and even-dimensional.

In an almost complex manifold M, there always exists a positive definite
Riemannian metric tensor § which is Hermitian, that is

(1.2) X, IH=8X 1),

for all X, ¥ = T(I), where T (M) denotes the tangent bundle of M.
Replacing ¥ by J¥ in (1.2), we get easily

(1.3) FJX, Vy=—5&X 1?.

An almost complex manifold with the Riemannian metric satisfying (1.2)
is called an almost Hermitian manifold.
A Kaehlerian manifold is an almost Hermitian manifold in which

(1.4 V=0,

for any Xe T(M ), where V'# denotes the covariant differentiation with respect
to the Riemannian metric g

Let M be a connected orientable real differentiable manifold of dimension
2n which is a submanifold of a (2n+2)-dimensional Kaehlerian manifold M,
that is, there exists a differentiable mapping ¢: M —M whose differential
d¢:T,,(M)—>T¢<p)(A7I) is one-to-one at each point of M, where T,(M) and
Ts»(M) denote the tangent space of M at p and the tangent space of M at
@(p) respectively.

A Riemannian metric g is naturally induced on M by the immersion ¢ in
such a way that g(X, Y)=2(d¢(X), d¢(Y)). In order to simplify the presenta-
tion we identify, for each pe= M, the tangent space T,(M) with d¢(T,(M))
CT¢<p)(M) by means of d¢.

A vector in T¢(p)(2\7f ) which is orthogonal, with respect to g, to the sub-
space do(T,(M)) is said to be normal to M at p. Let U be a coordinate neigh-
bourhood of M, in which there exist two fields of unit normal vectors to M
which are mutually orthogonal at each point of /. We denote these two unit

normal vector fields by C and D. Then we have
(1.5 1 N Ny
£C,C)=¢g,D)=1,

where and throughout the paper X, Y denote either tangent vector fields to M
or vectors tangent to M at a point p< M.
If X and Y are tangent to M, we can write
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(1.6) P ascodp(Y) =V e Y+ h(X, Y)C+E(X, Y)D

where IyY denotes the components of 7d¢<x)d¢(Y) tangent to M.
It is easily verified that VY is identical with the covariant differentiation
of Y with respect to the induced Riemannian metric g. Thus we write [(1.6)

as
%)) VY =VyY—hX, Y)C—kX, YD,
by means of the above identification.

On the other hand the identity g(C,C)=1 implies that §(17 #C, C)=0 for
any tangent vector X and so we can write
(1.8) VxC=—AX)+L(X)D,

where A(X) is tangent component of 7yCto M and L is the connection form
of the normal bundle to M. In the same way, from (D, D)=1 and g(C, D)
=0, we have

(1.9) VxD=—A(X)—L(X)C.

The curvature form 2 of the normal bundle to M is given by

(1.10) X, V=P, LX)V L)LY, X7,

and when 2(X, Y)=0 for any X, Y= T(M), the connection of the normal
bundle to M is said to be flat.

ProposITION 1.1. Let h(X, Y), (X, V), A(X) and A'(X) be as above. Then
we have

(1.11) X, Y)=g(AX), Y)

(1.12) kX, Y)=g(A(X), V).
PrOOF. From g(Y,C)=0, we get

(1.13) G0 Y, O)+5(Y, 7xC)=0.

Substituting (1.6) and (1.8) into the above equation, we get

MX, Y)=g(Y, AX)=g(AX), Y).
In the same way, we get by (1.6), (1.9) and (1.13),

kX, Y)=g(A(X), Y). Q.E.D.
Now consider the transform JX of X by J. . Then we can put
(1.14) JX={JX)+E&X)C+n(X)D .

The coefficients £&(X) and 7(X) are given by
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(1.15) §X)=20X,C),

1.16) nX)=8(JX, D).

The transform JC of C by J and JD of D by J are respectively perpendicular
to C and D, and we get easily

(1.17) JC=UC)+/D,
(1.18) JD =({D)"—fC,
where

(1.19) F=8g(c, D).

The function f seems to depend of the choice of mutually orthogonal unit
vectors to the submanifold M. However we state the

LEMMA 1.2. The function f1isindependent of the choice of mutually ortho-
gonal unit normal vectors to the submanifold M.

Proor. Let C’ and D’ be mutually orthogonal unit normal vectors to the
submanifold M. Then they can be expressed as linear combinations of C and
D. So, we can write

C’'=1L,C+LD,
D'=m,C+m,D .

(1.20)

Thus we get
fr=8(Jc’, D)= g, JC+1,JD, m,C+m,D)

= lym, §(JC, D)+1,m, &(JD, C)

=(lymy,—I,m ) §(JC, D)=(Um,—1,m,)f,

because of (1.3) and (1.19). On the other hand the transformation (1.20) being
special orthogonal transformation, we get [;m,—I;m;=1. This shows that
f=/f’. This completes the proof.

In the discussions of the paragraph we use the vector fields defined on
some neighbourhood U of ¢(p)e]\7[. Let U’ be another neighbourhood of
¢(p)eM. Then we have, at each point of U\ U’, two orthonormal frames
(X, Xon C, D} and {Yy, -, Y,,, C’, D'}, with respect to U and U’ respec-
tively. However, at ¢(¢)= U U’, C’/ and D’ being expressed as linear com-
binations of C and D, from Lemma 1.2, we know that the function f is identical
in both U and U’. Thus f is globally defined function over M.

Now consider the covariant derivatives of (JC)* and (/D)7 in the direction
of Y T(M). Differentiating (JC)” covariantly and making use of (1.17), we
have
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Vy(JOF =V (JC—fD)

=V y(JC—fD)—h(Y, JC—fD)C—k(Y, JC—fD)D

= JVyC—FT yf)D—1V yD—h(Y, JC—fDYC—k(Y, JC—FfD)D .
Substituting and into the above, we get
1.2 Vy(JOF = —JA(Y)+fA(Y )+ L(Y)JD+fL(Y)C

—W(Y, JC—fDYC—F yf)D—k(Y, JC—fD)D .
In entirely the same way, we have
(1.22) Vo(JD)* = —JA (V) —fAY )+ L(Y)JC+F y )C— (Y, JD+fC)C
+fL(Y)D—k(Y, JD+FC)D .

§2. Infinitesimal concircular transformations.

Let M be an m-dimensional Riemannian manifold with positive definite
Riemannian metric g. An infinitesimal transformation X of M is called a
gradient vector field and is denoted by grad f, if there exists a differentiable
function f satisfying
2.1 gX, Y)=df(Y),
for any vector field Y on M.

PROPOSITION 2.1. For a gradient vector field Z, we have

2.2) gWxz, Y)=8WyZ, X),

where X and Y ave any vector fields on M.
PrROOF. Since Z is a gradient vector field there exists a differentiable

function f which satisfies (2.1). So we have
8WxZ, Y)—gWyZ, X)=Vx(g(Z, Y)—g(Z, VY )V (g(Z, X))+£(Z, V¢X)
=V x(dfY NV (df(X)—g(Z, VY-V ¢ X)
=Vx(Y) =V Xf)—dfl xY -V ¢ X)
=X(Y1H)—YXH—F Y-V X)f.

On the other hand we have denoted by / the Riemannian connection and
so it is torsionless. This shows that

2.3) VoYV, X=[X,Y].

Substituting (2.3) into the above equation, we have (2.2). Q. E.D.
An infinitesimal transformation Z of M is called an infinitesimal conformal
transformation, if it satisfies the equation
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24) (L(Z2)g)X, Y)=2¢g(X, Y),

for any vector fields X and Y on M, where £(Z) denotes the operator of Lie
derivatives with respect to Z and ¢ is a differentiable function defined over
M. 1f an infinitesimal conformal transformation is a gradient vector field the
transformation is called an infinitesimal concircular transformation.

It is well known facts? that an infinitesimal concircular transformation is
an infinitesimal conformal transformation preserving geodesic circles invariant
and that any infinitesimal conformal transformation of an Einstein space is an
infinitesimal concircular transformation.

PROPOSITION 2.2. [n order that a gradient vector field grad f be an infin-
itesimal concircular transformation, it is necessary and sufficient that the fol-
lowing condition be valid.

2.5) gWxgradf, Y)=¢g(X, Y),

where X and Y are any vector fields on M.
ProOF. By means of the definition of Lie derivatives, for any vector field
Z, we have

(LK, V)=V (g(X, Y)—g([Z, X], Y)—g(X,[Z, Y])
=gW2X, Y)+g(X,V,Y)—g(Z X1, Y)—g(X,[Z, Y]).

This can be rewritten as

(2.6) (LDHX, Y)=gWxZ, Y)+g(X,V:Z),

because of (2.3). So, if grad f is an infinitesimal concircular transformation
we have (2.5) because of (24) and Proposition 2.1.
Conversely if grad f satisfies (2.5) we have

(L(grad Hg)X, Y)=2Wxgrad f, Y)=2¢g(X, V),

by virtue of (24), (2.6) and Proposition 2.1. This completes the proof.

In (2.5), if the function ¢ is of the form ¢ = —cf with positive constant
coefficient ¢, an infinitesimal concircular transformation is called an infinitesimal
special concircular transformation®. As to a Riemannian manifold admitting
an infinitesimal special concircular transformation we know the following

THEOREM 2.3 Let M™ be a complete, connected Riemannian manifold of
dimension m(=2). In order for M™ to admit a non-constant function f with

(2.6) gWxgradf, V)= —cfg(X,Y),
1) K. Yano, [6].

2) Y. Tashiro, [5]
3) M. Obata, [2], Y. Tashiro, [5]
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Sfor any X and Y, it is necessary and sufficient that M™ be isometric with a
sphere S™ of radius 1/+/c in the Euclidean (m-1)-space.

§3. Totally umbilical submanifolds.

Let M be a 2n-dimensional submanifold of a (2n-+2)-dimensional Rieman-
nian manifold M. The mean curvature vector field H of M in M is defined by

(3.1 H=aC+8D,

where = 3 h(E, E), = - 3 k(E, E) and {E,, -, E,,} is an ortho-
i=1 i<

normal frame tangent to M. If the mean curvature vector field vanishes
identically the submanifold M is called a minimal submanifold. The mean
curvature of M in M is the magnitude of the mean curvature vector field,
that is,

3.2) v=g(H, H).

When at each point of the submanifold M there exist differentiable functions
a and 8 such that

(3.3) WX, Y)=ag(X,Y), kX, Y)=8gX,Y),

for any X, Y« T(M), we call the submanifold a totally umbilical submanifold.
Differentiating covariantly, we have

VyH =¥ xa)C+al xC)+F 28D+ BF xD).
Substituting and into the above equation, we have
(34) VeH = xa—BLX)CHF f+aL(X)ND—aAX)—PA(X).

Since A(X) and A’(X) are both tangent to M, we have the

LEMMA 3.1. Let M be a submanifold of a Riemannian manifold M such
that dim M—dim M=2. In order that the covariant derivative V.H of the
mean curvature vector field be tangent to M, it is necessary and sufficient that

(3.5) Vxa=pBLX),
and
(3.6) VxB=—aL(X)

are both valid, where @ =—2— 33 h(Ey, E) and f= - 3 b(E, E.
2n i=1 2n i=1

THEOREM 3.2. Under the same assumptions of Lemma 3.1, M has a con-
stant mean curvature.
PrROOF. Substituting (3.1) into (3.2), we have
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r=g(H, H)=g(aC+pD, aC+ D)= a4 .
Differentiating the above equation covariantly in the direction of X and
making use of [Lemma 3., we get
V xpe=2alV ya+ BV 3 ) = 2AaBL(X)—Bal(X))=0.

This completes the proof.
THEOREM 3.3. Under the same assumptions of Lemma 3.1, the connection
of the normal bundle to a non-minimal submanifold M is flat.
Proor. Differentiating (3.5) covariantly in the direction of Y, we have
VyﬁxazﬁyﬁL(X)'i‘ﬁﬁyL(X),

from which, together with [(3.6), we get

Vol xo—V oV yoo = BTy L(X)—FV xL(Y)).

Since the left hand members of the above equation is [V, X Ja, using
again, we have

X, V)=V L(X)—FV s L(Y)— LY, X]) =0.

This shows that the connection of the normal bundle to M is flat.

Next we consider a totally umbilical submanifold of a Kaehlerian manifold.
At first we prove the

LEMMA 3.4. Let M be a 2n-dimensional totally umbilical submanifold of a
(2n+2)-dimensional Kaehlerian manifold M. If the mean curvature wvector
field H of M in M does not vanish at any point of M, the function f defined

by is not constant over M.
PrOOF. For any tangent vector X to M, we have by (1.19)

g(grad f, X)=g(grad f, X) =V f =V (&(JC, DY)
= B(JV xC, D)+ 5(JC, VD).
Making use of (1.3), (1.8) and (1.9), we get
g(grad f, X) = g(A(X), JD)—g(A'(X), JC).

A(X) and A’(X) being tangent to M, we have

g(grad f, X) = g(A(X), (JD)")—g(A'(X), (JC)).
from which
(3.7 g(grad f, X)= h(X, (JD)")—k(X, (JC)T),

because of (1.11) and (1.12).
Since M is a totally umbilical submanifold (3.3) and (3.7) imply that
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(3.8 g(grad f, X)=ag(X, (JD)")—pg(X, (JOI)
=g(X, a(JD)*—B(JCY") .

Suppose that f is a constant over M. As X is any tangent vector to M, it
follows that

3.9 a(JD)*—p(JC)" =0.

The Riemannian metric § on M being Hermitian, JC and JD are mutually
orthogonal and consequently (JC)” and (/D)” are also mutually orthogonal.

This fact and mean that (JC)T =(JD)" =0, because of our assump-
tions. So, from [(1.1I7) and [1.18) we have

3.10) JC=fD, JD=-fC.
Substituting into (I.15) and [1.16), we have

@11 §(X)=8(JX, CO)=—§(X, JCO)=—§(X, fD)=0,
B.12) n(X)=E(JX, D)= —§(X, JD) = &(X, fC)=0.
Substituting and into [(1.14), we get

G.13) JX=JX)r.

This shows that the submanifold M is an invariant submanifold of a
Kaehlerian manifold. However we have known?® that an invariant submani-
fold of a Kaehlerian manifold is necessarily a minimal submanifold. This
contradicts to our assumptions. So, f cannot be constant over M. This com-
pletes the proof.

THEOREM 3.5. Let M be a 2n-dimensional totally umbilical submanifold of
a (2n+2)-dimensional Kaehlerian manifold with non zero mean curvature.
Suppose that for any tangent vector X to M the covariant derivatives of the
mean curvature vector VXH be tangent to M. Then the vector field grad f is
an infinitesimal concircular transformation over M.

ProoOF. Differentiating (3.8) covariantly in the direction of Y € T(M), we
have

Bl  gWygradf, X)=—g(grad f, Vv X)+Vyag(X, (JD))+agW ¢ X, (JD))
+ag(X, Vy(JD))—V yBg(X, (JCYT)

—Bg WX, (JON—Be(X, V,(JOY).

On the other hand, the submanifold M being totally umbilical, we have
from (1.21)

4) J.A. Schouten and K. Yano, [4]
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V(JOF =JA(Y )+fA(Y )+ L(Y) JD+fL(Y )C
—ag(¥, JC—fD)C—W v /)D—Bg(Y, JC—fD)D .
As Y and JC—fD are both tangent to M, it follows that
V(JOF = —JAY )+fA (Y )+ L(Y)JD+fLY )C
—a@(Y, JOC—W v /)D—PE(Y, JOD
= —JA(Y)+fA(Y )+ L(Y)JD+fL(Y)C
—ag(Y, JCNC—y/)D—pg(Y, JOOD..
Hence we have
g(X, V(O = g(X, —JAY )+/8(X, A(Y )+ L(Y)E(X, JD)
=gUX, AY)+/EX, A/(Y )+ L(Y)E(X, D).
Substituting [(1.11) and [(1.12) into the above, we get
g(X, V(JO) = U X)), Y)+/k(X, Y)+L(Y)E(X, D).

M being totally umbilical, we get
3.15) g(X, Vy(JOY) = ag((UX)?, Y)+/Bg(X, Y)+L(Y)g(X, UD)T),

because of the fact that X is tangent to M.
In entirely the same method we can easily see that

(3.16) g(X, Vy(UD)) = Bg(UX)", Y)—fag(X, Y)—L(Y)g(X, JOY).
Substituting [3.15) and [3.16) into (3.14) and using [3.8), we have

gWygradf, X)=—ag(WVyX, UD)")+Bg VX, JC)T)
+V yag(X, UD)")+agWV X, (JD)7)
+al Bg((JX)T, YV)—fag(X, Y)—L(Y)g(X, (JC)T)]
—VyBg(X, JON—pgV v X, (JOI)
—Blag(UX)*, V)+/Bg(X, Y)+L(Y)g(X, (JD))]
= —(a*+p0fg(X, Y)+F ya—BL(Y )g(X, (JD)")

—FyB+aL(Y)g(X, (JOF).

By means of we have under our assumptions

(3.18) gWygradf, X)=—(a®+p7g(X, Y).

Thus we have, by [Proposition 2.2, the vector field grad f is an infinitesimal
concircular transformation. This completes the proof.
Furthermore, by means of [Theorem 32, under our conditions «?-+f*=const.
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And so, combinig [Theorem 2.3, 34 and 3.5, we have the

THEOREM 3.5. Let M be a complete, connected 2n-dimensional totally um-

bilical submanifold with non-zero mean curvature p of a (2n+2)-dimensional
Kaehlerian manifold. Suppose that for any tangent vector X to M the covariant

derivatives of the mean curvature vector VxH be tangent to M. Then M s
isometric with a sphere S™ of radius 1/+/p.
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