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1. Introduction.

Let us consider a system of linear ordinary differential equations of the
first order

.1 t%’; —(A+tB)F

where % is an #-vector, # is a complex variable, A and B are » by » matrices
with constant elements, such that B is a diagonal matrix with mutually dif-
ferent diagonal elements, and that A has no two eigenvalues which have
integral difference.

The system has only two singular points in the entire complex plane—
the one at the origin which is a regular singular point, and the other at the
infinity, which is an irregular singular point. For any given eigenvalue p of
the matrix A, there is associated a solution of the form

(12) A= 1 3 Fp "

where the power series converges in the whole open plane. Corresponding
to n different eigenvalues of A, there are # such solutions which constitute
a fundamental set of solutions in the open plane. On the other hand, there

are n formal solutions, corresponding to # different eigenvalues 4, 4,, -+, 4,
of B of the form
(13) gp(t) = e/lpttﬂpp %zp(S)tMS (p = 1! 27 R n)
§=0

where a,, is the p-th diagonal element of the matrix A. It is known that
these solutions represent actual solutions asymptotically in an arbitrarily
given sectorial neighborhood of the point at infinity, provided that the central
angle of the sector is sufficiently small. These » actual solutions which are
asymptotically represented by these » formal solutions, also, constitute a
fundamental set of solutions in this sectorial neighborhood.
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A natural question arises. What is the relation between those two sets.
of fundamental solutions ? Naturally, there must be a linear transformation
C which transforms the one set to the other set. However it was discovered
by Stokes in 1857 that this transformation C changes, in general, abruptly
and discontinuously from sector to sector. Namely a formal solution expresses,.
asymptotically, different solutions in different sectorial neighborhoods. This.
fact is known by the name of “ Stokes Phenomenon ”, and has been an object.
of extensive studies over a hundred years.

The object of this paper is to investigate this phenomenon from the
inverse direction, without making any use of the classical theory of irregular
singular points. We start from a solution of the form (1.2) and will obtain
its asymptotic expansion as a linear combination of formal solutions (1.3)
and an additional term which is estimated to be O(") for some positive real
h. Since the existence of such linear combinations are evident from the
classical theory, we laid our emphasis upon the method how to calculate the-
coefficients of the linear combination. We will carry out the calculation
exactly for a sector S, which is maximally admissible in the sense that when-
ever we enlarge this sector the coefficients of the combination will, in general,
necessarily change. Then we will show how to calculate these coefficients.
for another sector S’ from those for S.

An outline of our study can be described as follows. First we shall state-
in the asymptotic behavior of an entire function defined by a

Taylor series fgmtm, the coefficients of which can be expanded, for large
m=0

values of m, in inverse factorial series of m. This theorem enables us to.
convert the differential system (1.1) into a system of linear difference equa-
tions satisfied by the coefficients g5, of the solution (1.2). For if we can
expand the solution of the difference system, subject to the initial condition
for g,, in inverse factorial series of m, then we will know the asymptotic:
behavior of the solution (1.2). Section 3 is concerned with function theoretic
lemmas. Section 4 is devoted to the study of the difference system for g, .
In the final section, our main results will be stated.

This conversion from a differential system to a difference system was.
originally proposed by W.B. Ford, and was used, although in somewhat
incomplete manner, to the study of a second order linear differential equation..
Turrittin in 1950 and Langer in 1955 treated the same problem for following:
equations respectively

d'z
ds™

3
%Zs—g{—%*Zy (1; complex number).

=sPz (p: positive integer),
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These equations can easily be transformed into the systems

0 01 0--0
1 0 0 0 1---0
az _ ) p | o 3
Cat T\ nrp 2 e “
0 . 0O 0 .- 1
n—1 1 0 et 0
0 0 0 01 01
1
a4 _J|0 5+ 0 o
= 3 +# 0 0 1|\
3.0 2
2 3 1 0 0/,

respectively. But in these cases, they could dispense with the theory of dif-
ference equations to derive inverse factorial series expansion of the coefficients,
instead, simple iterations were sufficient for their purpose.

Although the system (1.1) treated here is of a very special form, it seems
‘to be quite promising that our theory might work as a clue for the study of
‘more general system. This possibility is suggested by the theorem of G.D.
Birkhoff, which says, “every system of » linear differential equations with
an irregular singular point of rank unity at infinity is equivalent at infinity
to a canonical system of the form (1.1)”. Though in a certain case, the
theorem is known to fail, it is very plausible that this theorem would hold
-under some additional restrictions. If so, our theory could cover a fairly wide
class of systems with irregular singular point of rank unity.

Moreover, according to Birkhoff’s theory, a system of equations with an
irregular singular point of rank greater than unity at infinity is similarly
reduced to a system of the form

t % = (A HtA AR (021,

A key to extend our theory to a system of this form lies in the reconstruc-
tion of the theory of the section 2, based on a single inhomogeneous equation

d , 1
b = (o bt e 28—

‘while the present theory for (1.1) needed only the study of the equation

dx 1
tW = (ﬂ‘l‘xt)x—m .
We will use following notations in the sequel:
For a given non-zero complex number 1, a sectorial neighborhood of the
point at infinity is defined to be
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(1.4) S =1{t:1¢]|> K, |arg M| < fg———n—e}.

Throughout our discussions, the letter “ K” stands for a positive constant
which can be arbitrarily large, and “e¢” for a positive constant which can be
arbitrarily small.

A function R,(¢, D) of a complex variable #, defined in D and for a real
number %~ is a function for which

(1.5) R, (¢, D) = O")
holds as ¢ tends to the infinity in D.

An arrow on a letter means that the function or a constant denoted by
that letter is an » dimensional vector. A vector valued function is holomor-
phic in a domain, when each component of the vector is a holomorphic
function in the domain. A vector is a constant vector when each component
is a constant, and so on.

The author is indebted to Prof. T. Saito, Prof. M. Iwano and Miss. A.
Boney for helpful advice during the preparation of this paper.

2. An extension of the theory of Wright.

In this section we shall first establish the relation [2.1) for the sector S(1).
The relation was originary proved by Ford for |arg ¢ | < /2, and independently
by Wright for |arg#]| <=. The extension to |argt| §»377c—s is essential,

because our sector S(1) is the sector of the maximal admissibility for the

asymptotic expansion (cf. Friedrichs [T].
LEMMA 1. For an arbitrarily given complex number [, we have

@.1) EOT(%%BT — Bt R_(¢, S(1)) .

Proor. If #=1, from{the definition of the exponential function, we have,

oo tm

Z Ty =

t

If f—1=um, is a positive integer, we have

% t’m —< i tm—l—mo )t—-mo_t—m0< 2.0 tm ‘_—’m«gl tm )
m=0 F(m+ﬂ) - m=0 T'(mo—l—m—{—l) o m=0 F(m—{‘l) m=0 F(Wl—l—l)

— p=my b mgit  gmmmo — 1=t
= }~™g"— gom = {17 Pe +R-1(t, S(].)) .

If 3—1=—m, is a negative integer, we have
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1 1 _ _
Fon T f = TdTm—my =0 =01, m—1.

Hence, we have

00 tm . mo o tm
2 T B L 2 T Dy

When f—1 is not an integer, we at once see the function x(¢) defined by
a Taylor series

= fi~Pet

oo tm
0= 2 Fonth)

satisfies the following linear inhomogeneous differential equation:

dx ¢ 1-p 1
2.2) gt =7 ey -

By quadrature, the general solution with an arbitrary constant ¢ is shown to
have the form

(2.3) x(t)=e't'~f (c—ftme‘ssﬁ*zr—wl_—l)ds> .

Since, the identity j. ooe“‘s - sP~2ds = I'(f—1) holds for non-integral value of f—1,
. 0

and by the multiple valuedness of #~#, the only one possible choice of ¢, for

which x(#) has the desired series expansion, is ¢c=1. This can be easily seen
from

3= e~ [ e SB—Zr(Tl—D s

B-2
(o 1\a=Bot =B 1 e Ly ST
=(c—DPet+etft jo(l s+ )F(ﬂ—l) ds
ty1-B
:(c—l)tl“ﬂe‘—}——ﬁi—ﬁﬁ:l—)— (Pt s

— (c—Dyp-Fe' e F(lﬁ) =5+ -

Repeated applications of the integrations by parts to the second term on
the right hand side of (2.3) will yield

x(l)zt"ﬁet-—él I’(éinm) + F(eﬂttl___?\;z_v_l) Lwe‘ssﬁ“l‘f “2]s.

The last term on the right hand side is known to be RRGB_N(z‘, S()), for N>Re§.
This completes the proof.

The following lemma is the of Wright’s paper, so the proof is
omitted.

LEMMA 2 (E.M. Wright). If @(w) is holomorphic and bounded in the vight
half plane,
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@2.4) Rew=h>0 (h>-3—Ref),

then we have
@5) B pEIe = FOFRGSW) (=D,
26) F()= ¢'Rup-repelt, SO

where £ is equal to —é—— or 0 according as |Ret|=1 or not.

THEOREM 1. If gw) is a holomovphic function of w which is bounded in
the right half plane (24), and has an asymptotic expansion of the form

@n g(w) = é %

where A, are constants independent of w. Then @ function of a complex variable
t defined by a Taylor series

(2.8) J@ =m§a§(m)tm
has the form
(2.9) (@) =@t} Per A()+-R(t, S(D))

wheve A() has the asymptotic expansion in S(R) of the form
(2.10) A= 3 AQH™.

PRrROOF. Since the series (2.8) converges absolutely for every finite value
of £, we can change the order of summation, to have

& ) A" o on(m) m
Zgomr=3[ 2 a2 ra e @

where @y(w) is a bounded function of w in the right half plane (24). Apply-
ing Lemma 1 to the first N terms, and Lemma 2 to the last term, we have

SO= 3 HCHP Ay Ray (6, SOV F QO+ Rty SO
where

F(lt) == eMR—N—ReB(t: S(l)) .
Thus we have

FO= £ gOme* = AGeY L, AQH™+ Ryt S+ Rilt, SQ).

This proves the theorem.



274 K. OkuBo

3. An asymptotic formula.

The object of this section is to prove an asymptotic formula for an
integral of Fourier-Mellin type. This formula is stated as a corollary to
Lemma 4. Though we do not make any use of “an order of a function on its

circle of convergence” originally proposed by J. Hadamard, implies
some essential property of the order.

LEMMA 3. Let P(€) be a function of a complex variable & given by a con-
vergent power Series expansion

31 P&)=3 a1
in its circle of convergence |E—1|<1. Suppose that the origin is the only pos-
sible singularity of P(E) on |&E—1|=1, and P(E) satisfies the inequality

3.2) [E-POI=C  (&-11=D

where C is a certain positive constant. Then the series
33) Z anf -1

converges uniformly on the closed unit interval 0 <& =<1, for Rew > 1.

ProoOF. For an arbitrarily small positive number ¢, we define a function
Q(&) by the formula

34 e =2 [ e-orpoac.

Clearly Q(&) is a holomorphic function of & in |£—1|=1, except possibly for
the origin, and has a power: series expansion

(35) AO = 3 it Do (=1,

for we have, from the definition of the Beta function,

§ e—ore—tyrac =@y (o) (=42 ) A(45)

— (5_1)e+m+1j'olsm(l_s)eds — F(€+1)P(m+1) {5_1)5_‘_1,”_1 .

I'et+m+2)
We will show first that the following inequalities hold for real 6:
3.6 |Q(L+e?) | =K,
3.7 |Q(L+e®) | < K|sinf |7 ' +K.

Taking the path of integration on a straight line ¢ =1+0e" (0<0<1),
and noting the inequality
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38 |1+0e?? | = 1—0,

we see immediately the following sequence of inequalities:

| QU | = prapyy S (1—o) | PA+0e) | do

1 L L \i—1 10 i0 < C Y )1
gmr(€+l)jo(1 @)1 | (1-+oe®)P(l+ce )[do:_r(1+e)fo(1 o)-1do .
The final term is less than a positive constant for positive e.
To prove the second inequality (3.7), we remark
39 |sin | <|1+ae |

which can be seen easily if we consider the distance between the origin and
the path of integration, { =1+0e¢” (0 <o=<1). Since Q(&) is analytic on and
inside the circle | #—1|=1, except for the origin, we have

Q= — e+ DS ey P+ [ e—orpoac.

The first term on the right is finite on |£—1|=1, by (3.6). Accordingly we
have only to prove the inequality

[ e—orpar| < Kisino 7
Putting £=1+4¢Y, { =1+0¢" (0<0<1), as in the case of (3.6), we have
Jle—orpoar | = [ A—oy | PA-+oe) | do

1 £ 4 (/) £6
< [t ot Lt

<cf(1 0)2 jl—{—oew[2_ 0<c|sm0]2 f(l a)“1

by and (3.9). Since we can choose ¢ so small that -—%—1 is negative, we
have (3.7).

Using Cauchy’s formula for (3.5), and integrating by parts, we have an
identity

I'(e+1) 1 -m 1 —mpys
(310) may, I‘v( +€_|_2) m' ['—(C"l) Q(g)]lc—1|=1+ 27‘L’Z j'le_nzgc_"l) Q (C)dC .
From this we can derive an estimate for the coefficients a, of P(£). Since,
by (3.6) and (3.7), the right hand side of this identity is bounded, we have

F(m—}—l)m N . I'm+1)-I'(6+1) .
Immen poniorey =% o M=o Tsrn  @=0

provided 6 >e¢. This is equivalent to say that, for any positive ¢, we can
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find a positive integer m,, such that
I'im+0-+1)

holds.
Now back to the series (3.3) for & in the interval [0.1], we have
= w m w 5 (1 EYm ew , < I'im+6+1) _ 2w
mgoamg (E—Dm| =ér m§no| Ay |- Q=5 = ER 5%:27”0 T'm+ DTG+ a-8&

< greve, - B LD, (g = greve (11— 07 = R,
This proves our lemma, for ¢, and accordingly & can be chosen arbitrarily
small.

In the following lemma we shall mean by a contour C a contour which
is composed of the three following parts; (i) the real axis from 0 to 1—e¢, (ii)
a circle of radius e described in the negative direction about 1, (iii) the real
axis from 1—e to 0.

LEMMA 4. Let ¢() be defined by a convergent power series at (=1, and
is holomorphic in a domain D, defined by

T
(3.12) D.={¢;0=1¢| <00, largC <2 }

where w is a positive integer. If ¢(1)+0 and 7 is not an integer, the integral

(3.13) O i (e V(93

27

can be expanded in a uniformly convergent factorial sevies of % in the vight
half plane

(3.14) Rew=w+te¢.
PrROOF. Make a change of variable

1
(3.15) {=¢g®

and let D, be a domain corresponding to D, then the circle |[é—1]|=1 is
contained in Dg and the only one possible singularity on this circle is the
origin £=0. The integral (3.13) is transformed into the form

(3.16) )= 5t RGO

27 - @

where C; is the image of C by (3.15). P(¢) has a power series expansion in

(¢-D

(3.17) Pe=e (0N s =Soge-1y
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where
(3.18) by=PQ)=w'T-¢Q).

The series has a radius of convergence 1, for there is no singularity of this
function in the circle |£—1|< 1. Moreover, as & approaches 0 in this circle,
we have the inequality

(3.19) |&-PO)=K.

Thus from the preceding lemma, the series EJ“I’)‘P(E):g%bsf%(f—l)s con-

verges uniformly for 0 <& =<1. On the other hand, the series converges uni-
formly in and on the circle | £—1|<# (v <1), which is contained in the image
of the circle |{—1|=1 if r is sufficiently small. Hence the convergence of

E%P(E) is uniform on the contour C; and we can integrate (3.16) term by
term

1

I(w) = j'&' (E— 1)T—12b(5 1)3dé = wéob fg (E—1)+s-14¢E .

27rz ) 2ni

From the defining integral for Beta functions, we derive a formula

e(T+8—1)7f7'

f £° O(E—LyrtdE = & (1 gersDi) f E0 (1—E)s-1dE

()

a rA—7—) T(Lrtst1)

27

Using the above formula, we have the inverse factorial series expansion in
the form

b, 1 1
(320)  Iw)= F(f~+1> Zoco rl—r—s) p(ia‘j_+r+s+1)'

Once this series converges in an open half plane Re w > w, then it is uniformly
convergent in the closed right half plane (3.14). This completes the proof.
COROLLARY. Let () has a power series expansion

3:21) o) = X d(C—1y

at £ =1, and is holomorphic in D.. Then the function gw) of a complex varia-
ble w defined by

(3.22) gw)= le*mj‘efw"l (¢ —1y(0)d¢

has an asymptotic expansion
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~ ds
(3:23) 2= B TA=F=5) TwT AT
in the right half plane (3.14), for non-integral S.
ProoF. This is an easy consequence of the Lemma 4. For if we integrate
first N terms of the integrand term by term, then the integral g(w) takes
the form

ESS ds 1 w-1 N1
B2 W= ri—g—g rawipre T s joc C—1)F+=1(0)dC

s§=

Applying the preceding lemma to the last term, we have a uniformly con-
vergent series

, T(e+D) - b,

= .Z
© T@ B g g N9 (Lt Nts 1)

From the uniformity of the convergence, we can interchange the summation
and limiting operation, and we have, by the Stirling formula

w
lim I'Go-++N) - o) bs
lim F@) S ra—p-N-9-1(“+piNrs+l)

1

— BN _
=gy -

This proves the asymptoticity in (3.14).

4. A fundamental set of solutions for a difference system.

Consider a system of linear difference equations

(4.1) {(o+w)E—A}2(w) = Bg(w—1)
with some preassigned initial condition
4.2) B0 =200  (0E—A,,=0,

where w is a complex variable, g(w) is an #-vector, and p is an eigenvalue of
the matrix A which will be fixed throughout this section. Following assump-
tions are made on the matrices A and B.
(B.1) B is a diagonal matrix with non-zero diagonal elements 2, 2,5, -+, Ane
(B.2) There is a finite positive integer w such that

(4.3) larg l—arg bl =0 (G#k G k=12, ,m).

(A1) There is no integral value of w for which
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4.4 det [(p+uw)E—A]=0.
(A.2) Quantities (B, defined by
(4.5) ﬁp:p—-apl'-al_l (p:l, 2:”':”)

with the p-th diagonal element a,, of A, are not integers.

THEOREM 2. With conditions (B.1), (B.2), (A.1) and (A.2), there is a set of
solutions 2,(w), B(w), - , &, (w) of (4.1), which is linearly independent except for
those values of w which are congruent to a finite set of complex numbers, and
each g,(w) admits an asymptotic expansion of the form

— ~ W had 1 1
“4.6) Sp(w) = Xpsgo T@T A7) A(S)
in the right half plane
“@.n Rew=w+¢

where Ep(s) arve constant vectors independent of w. Specifically,

- - __1_' ke
(4.8) A0 =1 p— gy T

where Tp is a vector with all its elements zero except the p-th.
Moveover, there is a uniformly convergent expression of g,(w), in the form

(4.9) E)=1S
50 P(?+ﬂp+s) * F(l_ﬁp“i‘s)

l-;p(s)

which is also valid in (4.7).
PrOOF. Consider a system of linear differential equations

dv

(4.10) @E—B)

=(poE—A)y.

This equation has regular singular points at # =41, (p= 1,2, -+, n) with charac-
teristic exponents 0,0, -+, 8,—1,-+,0, and there are no other singularities in
the finite »-plane. Define a function 7,(%) as the solution of this system which
corresponds to the exponent f,—1 at #=21,. By the assumption (A.2), 7,(«)
has a convergent power series expansion of the form

4.11) Bp() = (u— 207t 33 (U2, d ()
with constant vectors Ep(s). We remark that we can always define 7,(w) so
that the condition

4.12) - 4O=1,

is satisfied.
Then, as can easily be verified, the integral expression
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4.13) B,(w) = —27;2—11;(7) [ we=rs,@au

is a solution of (4.1), provided that the increment of #“~“(uE—B)i,(u) along
the path of integration is zero, namely,

4.14) [u*~ (uE—B)5 ()}, = 0.

The function (w—2A )25 (u) = zi]o(u—lp)sc?;,(s) is a holomorphic function of # in

a simply connected domain which does not contain any singularity #»=2;
except for #=2, So by the hypotheses (B.1) and (B.2), such a domain can
be so chosen that it contains the angular domain

(4.15) D,= u;0§|ul<oo,|argu—arg/1p|<% .

By the change of variable C:—;L, this domain D, is transformed into the
Vg

domain D, defined by (3.12). We shall define the path of integration /, as
the inverse image of the contour C defined in by this transforma-
tion. Then we see that the condition (4.14) is automatically satisfied for w in
the right half plane Rew = 1+-e.

If we write I7p(C) for 3,(4) =7,(3,0), then V,(¢) is holomorphic in D, and
has a convergent power series expansion in ({—1) in any circle around { =1
contained in D,:

(4.11Y V(0= 8ot ({—1)Bp-1 éol%(c —1)°d(s) .

Applying the corollary of with 8 replaced by pj, we have the
expansion

©0

(4.16) R S sg) I'l—pg,—s) tzi}’(w—l—ﬂp-l-s) dy(s)

which is valid in 4.7).

Convergent expression is obtained in the form (4.9) from (cf.
(3.20)). So it only remains to prove the linear independence of the solutions.
By taking the first terms of the expansion (4.16) for each p, we have an
asymptotic expansion of Casorati determinant G(w)= det (g,(w), g,W), -+, Z.(w))
for large positive value of Rew in a form

LI 1 > 1
G(W): pl;[llﬁﬁ 1. F—(l-—?p) ﬁm’p) ~det[1;, 15 -+, 1,1 <1+O(7)> .

1

Since 4,#0 by (B.l), and the expression =3, TwiA,) vanishes only

for those values of w such that
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w+pB,=a: negative integer,
Gw) +0 if Rew is large. As G(w) satisfies the difference equation
det [(o+w)E—AJGw)=det - B-Gw—1),
it happens that
Gw)+#0, and Gw—1)=Gw—2)= - =0
only when w is equal to one of the values for which
det [(o+tw)E—A]=0.

Therefore the linear independence breaks down only for w=a—1,a—2, -,
where « denotes any one of the roots of det [(o+w)E—A]=0. This completes
the proof,

It is to be remarked that, according to the hypothesis (A.1), linear inde-
pendence is preserved for all integral values of w.

COROLLARY. There is associated a set of n constants cy,Cy, -+, C, JOr any
preassigned initial condition (4.2) for the system (4.1), such that the solution g(m)
of the initial value problem is given by

A1) Em)= 3 c,2,m)

which is valid in (4.7).

PrOOF. Since the existence of the inverse [(o+w)E—A]™" is assured for
integral value of w by (A.l), we can determine g(m,) (m,=w-+¢) from g(0) by
the finite number of iterations

gm)=[(p+m)E—A]™" - Bg(m—1).

Then a system of » algebraic equations of the first order

(4.18) g(my) = p§1 Cpgp(mo)
for » unknowns ¢, c,, -+, ¢, has a unique solution.

It is to be noted that the asymptotic expansion (4.6) is an asymptotic
expansion of g,(w) in a neighborhood of the point w=o0, and we can deter-
mine the constants ¢, ¢y, -+, ¢, explicitly with the help of the convergent
expansion (4.9). That is to say we have solved explicitly the Stokes Pheno-
menon for the difference system (4.1).

REMARK. We shall indicate some relaxation of the condition (A.2).

(i) When B,—1 is zero, we take that path /, of the integration as the
straight line joining the origin to the point #=4, The condition (4.14) is
satisfied, and we can apply the Lemma 4 to have a convergent expansion, and
its corollary to have the asymptotic expansion, respectively. We have slightly
different expression
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1 L1
= TZJ( p) P(S-[—l) * r(w+s+1) dp(s)’
§p(w) 1
3 (=) T(s+1)- by(s) .
27z:coz pems p »
()

(ii) When B,—1 is a positive integer, the system (4.10) has a logarithmic
singularity at »=2,, corresponding to the exponent 3,—1. In this case the
expansion (4.11) takes the form

Vp(1) = (u_lp)ep'][l()g (@—2p)] 2 () Uu—2,) +(u—2 )Bp_l - U3 ()

where 73 (») is a holomorphic function of # in D, We will take the same
path /, as in the proof of the theorem, then since (x—21,)fr"3 *(u) is holomor-
phic in D, for a positive integer §,—1, we have by Cauchy’s theorem

e e 1 =0

Similarly, for a holomorphlc function ¢(%) in D,

_2}r_z " [log (u—2,)] - @(u)du
= ‘% u>=1{log (u—1,))p () Clog (u—2)—2mi () du

Ap
= j.o w*t - p(u)du .

Thus we have
- . 1 w— — _ 1 Ap Bp—1,,W= b s7
B0 =iy ) 1 B0 = iy [ A By

= pr"'ﬁp"lé)eﬁi(ﬁp“ﬁ's) _ﬁ’_(l“ %_”;;3 ) 4, d(s)
in (4.7). The convergent expression can be obtained similarly in the same
domain.

The case when 8,—1 is a negative integer is not solved yet. As it will
be clarified later, the essential hypothesis for the matrix B is that it has
mutually different eigenvalues. The condition (A.l1) means that A has no two
eigenvalues which are congruent modulo integer. So (A.2) is the only one
assumption which is not invariant under a linear transformation.

5. Main theorems.

Now we can state the theorem about the asymptotic behavior of the
function Z,(¢) defined by (1.2) for an eigenvalue p of the matrix A.
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THEOREM 3. With conditions (B.1), (B.2), (A.1) and (A.2) imposed upon the
matrices A and B, Z,(t) has an expression

G.1) FH)= 30, E00)
where E;,P)(t) is a vector admitting an asymptotic expansion
(5.2) Ep@=cmen $ DO iR 50
- PSR AT, T T

as t tends to infinity in an angular domain S defined by
G.3) S= fz\lsap)
and h is a cervtain positive number satisfying the inequality
2> max {o, —%——[—Re a1, %%—Re Aoy *** —%—%—Re Ann}

Proor. Since the coefficient g,,,, in the series (1.2) satisfies the system
(4.1) with the initial condition (4.2), applying the corollary of Theorem 2 we
have an asymptotic expansion (see (4.16) and (4.17))

O4d) gom= éll Cpsi Tom i%ﬁ—S)A’p(s) (pr(s) = Afptst. ﬁl—iz’%%jsy) .

By Theorem 1, each expression in the linear combination t”f_‘,g’rp,mtm
m=0

Ms

c,( 20 Zp(m)t™) - t° can be expanded asymptotically into the form

m=0

T2

Il

10 ) B (m)t™ == ehoty=Bo+e . 2By . io A A+ Rult, SG))
m=0 8=

= ghtern S T(T_égya’p(s)t-%zeh(t, S

as ¢ tends to infinity in the angular domain S(2,).

Since, to # different eigenvalues 1, (p=1,2,---,#) of B, correspond #
different sectors S(3,) (»=1,2, -, n), the asymptotic expansion of the function
(5.1) is valid in their intersection S. This completes the proof.

It is easy to verify that the leading term of the asymptotic expansion of
EP(#) coincides with the formal solutions of (1.1) at infinity, which corresponds
to the eigenvalue 1,. More exactly, we have the following lemma.

LEMMA 5. The formal sevies

(55) ehtern . 3 ﬁli‘p,(‘esj— S

is a formal solution of the system (1.1).

t—S
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PRrROOF. Substituting the formal solution (1.3) into the system (1.1), we
have a system of difference equations for 71},(5)

(.6) o= Bhy(s+1) = (A~ +)(s), T =T1,.

On the other hand, since Ep(s) is the coefficient of the power series expansion
(4.11), we have a system of difference equations for it, by substituting the
expansion (4.11) into (4.10),

G.7) Co—B) Byt 8)dy(s+1) = (appy—s—Ad,(s) .
The substitution ﬁ;ﬁ(s)— Ta— és) B yields a same system as (5.6) for h;ﬁ(s)
and the initial condition /zp(O):-T;a ™) 1 which is different from that

for Zp(s) by only a constant multiplier. This completes the proof.

To verify the Theorem 3, and Lemma 5 for cases where some of the
quantities B,—1 are zero or positive integers, we can only modify the asymp-
totic expansion of E“”(t). For in these cases we have, by the remark in §4,

le"'ﬂp—l K (— lp)
gp(w) 2 (ﬁp—l_S) F(w+ﬁ 2 Fs) p(s)-
Accordingly,

EP() = enttomm - 32 (1T (B, )dy( "+ Ralt, SA,)

where jp(s) satisfies the same difference equations as (5.7). The substitution
f[}; (s):(—l)sI‘(,Bers)Ep(s) yields the same system (5.6).

So, in the following discussions, we will replace the condition (A.2) by a
milder condition:

(A2 p,—1 are not negative integers.

We shall denote by a matrix X() the matrix whose k-th column is a
vector x,,(#) of the form (1.2) corresponding to the k-th eigenvalue p; of A.
Thus X({¥) is a fundamental set of solutions at the origin. And let Z() be a
matrix which has the formal solution i;?p(t) defined by (1.3) as the p-th column
vector. There are infinitely many determinations of the arguments of the
eigenvalues 1, which are different by integral multiples of 2z. Let us denote
by S@,,8,,---,60, the angular domain

=N SA)
p=1

which corresponds to the set of determinations
(6.8) arg X,=0, (p=1,2,--,m).

Then we can summarize our discussion in the form:
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THEOREM 4. With conditions (B.1), (B.2) imposed upon the matrix B, and
conditions (A.1), (A.2)* for every eigenvalue p of A imposed upon the matrix A,
theve is a wunique n by n matrix C0,,0,,--,0,) corresponding to each sector
S0,,80,, - ,0,) such that the asymptotic expansion

(5'9) X(t) = E(t)c(elr 02; Tty 0n)+Rh(lL: S(el’ 02’ Sty ﬁn))
holds as t tends to infinity in the sector S(6,,0,, -, 0,).
Cy
The column 6.2 of the matrix C(#,,0,,---,6,) which corresponds to the

solution Z,(#), or to the eigenvalue o of A, is determined from the equations
— 7 —_
g(my) = Zlcpgp(mo)-
=

If we move from the sector S(@,, -, 8,,-,0,) to the sector S, -, 0,4+ 2q,.
-+, 8, (gp: integer), which is supposed to be non-empty, this change reflects.
in the vector g,(m,) as follows: From the defining equation (4.13), we have

— 1 w-— -13
B = g Ty § A st

where @,(%) is holomorphic in D,, which is defined by Corresponding:
to the change, 1,— 1, - exp (2¢,m?), we change the variable of integration from
# to u-exp (2rqyi). Thus for an integer m,, the change which takes place is

Zp(my)— WLP u™ ™ exp [2¢,(8p—DriJ(u—2 p)ﬁpl-;o’ Lw)du

= exp [2¢,(B,—Dmi]g,(m,) .
Accordingly, we have
Cp—>CpeXP [—2¢,(f,—Dmi]=c, exp [2g,(ap,—0)7i] .

Thus we have an important connection formula:

THEOREM 5. Let cp(0y, 0, -+ ,0,) be the (p,k) element of the matrix
Cc@,8,,--,0,), then we have the relation

(5.10) cor(01+2qu7, 0,+2g,7, -, 0n+2¢,m)

= cpIG(el: Oy -+, 0,) - €XD [ZQk(app'“pk)”i] .

The sector S@,,6,, ---, 0, has usually its central angle at least =, if we
restrict ourselves for the principal values for the arguments of 2, p=1,2,
-, ». For example, if the angles 6,6, --,;60, are ordered in such an
order as

0=6,<0,< - <6,<2rm,
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‘we have, by assumption (B.2),
0,4 2n—0, = —”w— .
From the definition, the central angle of S(,,6,,-,0,) is given by

— (J;—n:—»e) —0,<argt= »—377:—5—:97,

and hence

(vg“n'—ﬁn—s) — (—%777:—}—5—491) =n+(0,+2r—0,) = 7:—}——?0——26 .

In a special case, when the inequality 6,—60, <= holds, we have

<%n-0n—e>——(———g‘7r—l>e—~0l> — 37— (0,—0,)—2¢ > 21— 2¢ .

That is to say, the sector S(0,,80.,---,60, covers an entire angle 2z of the
plane.

In the classical theory of irregular singular points, the domain of asymp-
totic validity for a formal solution gp(z‘) of the form (1.3) is determined by
the quantities arg (A,—2n), p, k=1, 2,---,n. Because the classical theory has
its foundation on the integral equations, where the relative magnitude of the
quantities exp (A,5),p=1,2,---,n to each other plays a fundamental role.
Since we have an additional term O@"), our asymptoticity is concerned with
the relative magnitude of exp (2,#) to this expression. Thus our domain of
validity is determined by the arguments of the eigenvalues of B, arg4l,,
$»=12,--,n In a way, our domain of validity is more natural than that of
the classical theory, because we deduced it from the corresponding single
inhomogenecus equation (2.2).

The conditions (B.1) and (B.2) are not essential for our discussion. For,
if B has different eigenvalues, its diagonalization is always possible, and by
the transformation

%) — M3 ()
we can always find a complex number 2 such that the conditions (B.1) and
(B.2) are satisfied for the new set of eigenvalues (A,—2,2,—2,---,2,—2). We
note that in this case the additional term has the form O(e##") and the
sector S depends on the choice of A.
We shall remark the relation between our theory and that of Hopf-Knob-

loch. The latter theory has its foundation on the following formula based
on the Cauchy’s theorem

- 1 (=
Fom) = 5y § RO
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The evaluation of this integral is done on a sufficiently large circle so that
the integrand X,(#){~"~™0~! can be replaced by its asymptotic expansion. If,
as is shown by Knobloch, the formal term by term integration is admitted
for each term in the linear combination,

N 1 n N n N
g(mo) - ‘2&2‘\{ [p;l CpEp(lL)]f_p_mo_ldll = pgl Cp- §%§Ep(f>t_p—m°—ldf .

The resulting series is

1 A N O NP < d,(s)
- ptpdpp—P—mo—1 , P t=3ds = AmotBpts . D .
i §¢ ETT—f,—s = & g, Tt s+ Ay
The formal series on the right is exactly the asymptotic expansion of g(m,).
Thus our theory gives another foundation for the formal procedure of Hopf.
In the theory of Knobloch, the above formal series has a meaning only when

the function defined by

Z ;Zp(s)

ZTA— 8,5 TonF T8,
is continued analytically to the point 1,. However he did not give the method
how to carry out the continuation procedure explicitly. Our theory furnishes
the method of the calculation, and assures the asymptoticity with respect to
M.

We have reasons to believe that the additional term OG") is identically

zevo. We shall give a proof of this fact for a system of two equations with

B= ((1) _?) and with any A for which conditions (A.1) and (A.2) are satisfied.

Let us define sectors S_ and S, by

mo+Bp+s (|z|: sufficiently small)

S_:{t; |2| =K, —~-§*+e§argt§—g—},

S+:{t; Itz K, = < argt§—3~7r—e}.

Let ?+(z‘) and Zé_(t) be the formal solutions corresponding to the eigenvalues 1
and —1 respectively, then we know in the classical theory that there are
uniquely determined solutions ¥.(¢) and X_(¢) which have the asymptotic expan-
sion

(EO=E@  (tesy),
BOZEW  (teS).

These solutions constitute a fundamental set of solutions in the combined
sector S=S,;\US_, and they maintain the same asymptotic expansions respect-
ively in S. Let Z,(#) be a solution defined by (1.2). Then by there

(5.11)
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is a set of constants ¢, and c_ such that

o) = e E D+ ciEsOFRLS)  (teS).

The solution Z(¥) = X,()—(c_X_(£)+c,x.(£)) has an asymptotic expansion

K@) (teSD),

x(8) = Ry(t, S) = -
cXEL(D (teS,

but since xX.(¢) and x_(f) constitute a fundamental set in S, and since they
are the unique solutions for which (5.11) hold, we have

X(H) = c*X_() = cFR () teS).

This is possible if and only if ¢*=¢*¥=0 by the linear independence of ¥_(¢)

and x.(®.
Tokyo Metropolitan University
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