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On decomposable symmetric affine spaces.

By Atsuo FuJiMOTO

(Received Oct. 5, 1956)

§ 1. Decomposable spaces

Consider two affinely connected spaces without tforsion A, and
A, , of the dimension p and n—p respectively. Denote by I'ii,.(x")
and I'iz;(x") the connections, (x") and (%) the coordinates on A, and
A,_, respectively. As to the ranges of indices we shall adopt the
following convention 1i,j,k,1=1,---,m ;14,7 k', ' (indices of the first
kind)=1,---, p; ¢% 7%, k%, I (indices of the second kind)=p-1,---, n.

The n-dimensional affinely connected space A, with coordinates
(x", x*) and the connection f‘gk will be called the product space of A,
and A,_,, if the components of the connection with the indices of
different kind vanish and I, =I"%u(x"), I =I%(x"). In this case
A, is said to be decomposable, and the coordinates (x*, x”) are called
a code. When (y") and (y") are normal coordinates on A, and A4, _,
respectively, then (y*, ¥”) is a normal code on A4, ([1]).

An object defined on a decomposable A, is said to be breakable
if its components with the indices of different kind are all zero with
respect to a code. If an object is breakable and its components with
indices of the same kind depend, in any code, only on the variables of
that kind, then the object is called a product object.

§ 2. Symmetric affine space

An n-dimensional affinely connected space A, without torsion is
said to be symmetric in Cartan’s sense if the reflexion about any
point in A, is an affine collineation. An A, with connexion I%, is
symmetric if and only if the first covariant derivative of the curva-

ture tensor vanishes, i.e.

R .,=0,

J
where

A, i T
Riyy=Ttg =Ty Tl — TGy

7
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and we denote by a semi-colon the covariant differentiation, while by
a comma the partial differentiation.

A symmetric A, admits always a transitive group of affine col-
lineations cosisting of transvections and of isotropic subgroup.

The generators & (a=1,.--,n) of the transvections along the geo-
desics given by

y'=0
yi=s (i==a)

in the normal coordinates (y?) at 0 are given as the solutions of the
differential equations

El;j;k+R]?;§$S:O

satisfying the initial conditions

E@=0,, (2] —o,
9y; 1o
where R}, are the components of the curvature tensor for A, with
respect to the above normal coordinate system.
The generators 7, (x=mn+1,---,m+7) of the isotropic subgroup
fixing the point 0 are given, in the normal coordinates (y') at 0, by

Tu=Cl¥7,
where C%, are the complete solutions of the following equations with
the unknowns &
@B, — ;B —aiBig,— aiBi,=0
Bi,, being the components of the curvature tensor evaluated at the

point 0.
In this case, putting

fzi Of
X.f 5’8yf

wa:ﬂi gj{; (i,j=1,--',ﬂ; C(:n—}—l,-'-, 1’l—}—1’) ’

we can write the structural equations for the complete group of
affine collineations of symmetric A, in the following form

[}(h Xi] = Cio;'Yw
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[Xi7 Yw] :Cjz.'an
[Ym Yg]:CaCBYT (i,j:]-)"’yn; o, B, 7:n+1;"" n+7') .
Moreover, if the generators are taken as above, then we obtain

B, =Ci.Cy,.

§3. The group G

ntr

We congider an (n 4 7)-parameter continuous transformation group
G,,, of which structural equations are given by

[)(i’ X.]]:C?’}Yw
(3.1) [X;, Y, 1=Ci,X;
[V, Y1=CY, (Gj=L1n; apr=n+l,,nt+r)".

In this case we can define an involutive automorphism o of G,,,.
We shall call the subgroup generated by Y, which is invariant under
o an sotrvopic subgroup and denote it by H,. We shall call X; (z=1,
---,m) the generators of the tramsvections of G,,.,. In the following,
we shall call the group having the above structure merely group
G,., for the sake of simplicity.

The group G,., is said to be effective if H, does not contain any
invariant subgroup of G, ,,.

As for the effectiveness of G,,, we have the following

LEMMA 1. The group G,., is effective if and only if the matrix

C=1C
is of rank v, where o denotes the rows and i and j the colomns.

PROOF. Suppose that the rank of C is #—s (s>0), then the set
of equations

(3.2) e*Cj;=0
has s independent solutions

e =u" (A=1,...,5).
If we define new generators Z; by

ZA:u%Yw (’{:17"', s),

1) We assume hereafter that the indices 7,7, & 7/ run from 1 to # and «, 8,y run
from n+41 to nt7 unless otherwise stated.
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we get
[Z;, X 1=u4CL,X ;=0

because #% are solutions of
Furthermore making use of the Jacobi relations

;BC{,',- + Cgicj;zw + Cikwcj}eﬁ =0 ’
we get
ugCraCli=usC,Chi+u3CliCip=0.
that is, #4C1; are again solutions of Hence we can put
u4Cro=A4gur,
with some constants A’s and we obtain

Consequently Z; (2=1,---,s) generate an invariant subgroup of G,.,.

Conversely, let us assume that H, contains an invariant subgroup
of G,., and Z;=u3Y, (A=1,.--,5) are its symbols, then the matrix C
is of rank << 7 because we have

[Z;, Xi1=u3CiX;=0.

§4. The symmetric A, determined by G,,,

THEOREM 1. If an effective group G,,, is given, then there always
exists an n-dimensional symmelric affine space A, whose complete group
of affine collineations contains the subgroup isomorphic to G,_,.

ProOOF. First we shall define the symmetric A,. Let L, ., be
the group space with (0)-connexion of the group G,;,. The canonical
parameters eA (A=1,---,n+7) give a normal coordinate system at the
identity. Let L, be the subspace of L, , which consists of the trans-
vections. Then L, is given by

e*=0 (a=n+1,-,n+7r).

It is well known that L, is totally geodesic, and is a symmetric
affine space ([3]).

If we define A, with normal coordinates (y') from L, with
normal coordinates (¢) by the transformation

ei:2yi7
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then A, is a symmetric affine space and the components in (y’) of the
curvature tensor of A, are given at the origin 0 by

Now we determine the structural equations for the complete
group & of affine collineations of A,.
From the Jacobi relations for G,,,
O+ G Ci - C8,Cpy =
C;: ]C;’S+C§rcclts+cgmcfy =

and from we see that CJj, are 7 solutions of the equations with
the unknowns a:

sl

Moreover these Cj, are » independent solutions of by the as-
sumption of effectiveness.
Let EJ, (A=n+1,---,n+s; s=7) be the complete solutions of
We can assume without loss of generality that
Ejy=Ci,.
According to § 2, the generators 77 of isotropic subgroup fixing the
point 0 are
7 =ELy (A=n+l,-,n+ts).

Let & be the generators of the transvections along the geodesics

y'=0

y'=s  (i=Fa)
in the normal coordinates (y?) at 0.

We can write the structural equations for & in the following
form (§2)

[X;n Yj] =Dy Y’m + D?}X-w
[j‘(i’ Ym] :D];'w‘)’zj

[Xi’ Yw’]:D];'w’Xj Z,j:1,-",%

(4.3) N - s a Byr=n+1,,nt+7r
[Yw, Yﬂ]:DgBYT+DgBYT, a,’ B,, r,:n+1’+1"..’%+s
[V, Yy1=D1, Y, + DY,

[Yw/, YBI] == DZ«’B’ YT + DZ"”B/ YT’
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where we have put
X. = g; f
oy’
V. f—Ey in (A=n+1,eynts),

and D’s are structural constants for ®.
From the relations

~. o7t o~ a~i %
& T 5, %) —DyE),

“ By oyl 1,
and from
=i i ~i o7} N~
(£0)o=107 (77/1)0:0 (a;;)O—EjA
we get
(4.4) =FEi =Ci,, D =Ei,.

Making use of the Jacobi relations for G,,,

Cf,aC’]B “l” C;BC;I ‘{" Cjblcé'o& = 0 ’

we get
6773 -~ 877w —Cr5
77w oy UN: 8y 3777
Hence we have

From § 2, the components of the curvature tensor are given at 0 by
B, =Di, D}, —=CL D%, + EE, D%,
On the other hand, Bi, are given by therefore we must have
C.;Dy,+EL, Dy =C, ,Cy, .
Since matrix ||E};|| where 2 denotes rows and ¢ and j colomns is of
rank s, we obtain
From [(4.8), (4.4), (4.5) and [(4.6) we see that & contains the subgroup

generated by X, Y, which is isomorphic to G,,,.
REMARK. In the case where G,., is not effective, let g,_, be the
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maximal invariant subgroup of G,,, which is contained in H, We
consider the factor group G,,,=G,,,/g,.,. This group G,., has the
structural equations similar to and is effective. It is easily seen
that the symmetric A, which is defined from G,,, in the same manner
as in the proof of Theorem 1 is equivalent to the symmetric affine
space which is defined from G,,, in the same manner as in the proof
of Theorem 1. According to Theorem 1, the complete group of affine
collineations of this space A, contains the subgroup isomorphic to
G,., and consequently homomorphic to G,,,.

From Theorem 1 and the above Remark, if G,,, is given, then
we obtain a symmetric A, whose complete group of affine collineations
contains the subgroup isomorphic or homomorphic to G,,, according
as G, ., is effective or not. We shall call this symmetric A, symmetric
A, deteyrmined by G,,,.

§ 5. Decomposable symmetric affine space

If an affinely connected space without torsion is decomposable,
then the curvature tensor is product tensor in any code. Hence we
have the: following

THEOREM 2. A decomposable affinely connected space without tor-
sion is symmetric if and only if each composition space is symmetric.

Let J={1,---,m#} be the index set for the z-dimensional space A,.
We decompose J into two subsets J'={1,.--,p} and J?={p+1,.--, n}, and
we fix this decomposition. If the values of the components of a
tensor with respect to a coordinate system vanish at one point when
its indices are of different kind, then we shall say that they are
breakable (with respect to the decomposition J=J'-+ J?).

THEOREM 3. A symmetric affine space A, is decomposable if and
only if there exists a coordinate system such that the components of the
curvature tensor evaluated at any point in this coordinate system are
breakable.

Proor. If a symmetric A, is decomposable, then the curvature
tensor is product tensor in a code. Therefore the components B, of
the curvature tensor evaluated at a point in this code are breakable.

Conversely, suppose that there exists a coordinate system (xf) such
that the components in this coordinate system of the curvature tensor
are breakable at a point 0. We introduce in A, the normal coordinate
system (»)) at 0 corresponding to the coordinate system (x). Let
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Nj-kll...,u be the #-th normal tensor of A,. Since our space is sym-
metric, we have [3]

J

N'.kll"'lgs:O (S:]., 2,"') .

Next, we shall prove that Njkll...,?erl(O) are breakable.

Given two tensors S}.; and T} .,, we can define new tensors
Sj‘x"']‘a Til'"kt—llk/+l"'kb(Tkll"'kbS;:l"'jt—ll]'l+1"'f.a)’ We shall call this mUItipli'
cation the Cs (Cyp)-process. If two temsors Sj.; and Tj., are both

breakable, then Cy(T}..,) and Cx(S}..;) are breakable.

Now, let TT, be the components of the connection with respect
to the normal coordinate system (y?), then we have

Rifr 1 s Y, =R 15 lt_l'lt“’].—[zt(Rjk'z; tysei 1)

-1
— ] %
- Rﬁl.ll.m,li + ;J(Hlu+1(Rjél; s zu); Lyrorly ?
where
*
].—Ih(Rbc‘zll; dyses du) = H?th:ecfl; dyiid, thRZZ; dyi=id,

—TT.R* —TT.. R* _ I R¥*
Hcthl(‘jZ,; dysdgii d, Hthbc‘?; dyis dy, 2 Hdtthatil; dyssdy_gslidyyyid, *

(R%,; the components of the curvature tensor with respect to (y%)).

On the other hand, we have
P (N fkh ---zu):()

where P denotes the sum of the (#+1)(#+2)/2 terms obtained by
the permutations of the lower indices which do not yield equivalent
terms. [cf. L. P. Eisenhart, Non-Riemannian Geometry]. Hence from
the above relations and from the fact that our space is symmetrie,
we can derive, by a direct calculation, the following expression:

Mikh’" bst1™ o(N),

where ¢(N) is the polynomial of the normal tensors Ny, of order
<2s—1 and its each term is obtained by effecting the C,-processes
on N,_,. From the relation

. 1 .. :
fu(0)= g (Bju+Bi;)
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(0)

and from the breakability of B},, we can conclude that Ny oy, "
are breakable.

Now, we have

. . 1 .
(5.1) IT=N. jen(0) ¥+ e Ny 1,(0) ylyyla ...

Tt Nttty (0) Yhe--yhsti oo

Since every Ni, wtyg,(0) i are breakable, we see that TT,
vanishes if its indices are of different kinds and [T, and [T%.
depend only on y" and y™” respectively. Hence our symmetric A, is
decomposable.

THEOREM 4. The symmelric A, determined by an effective group
G,., is a product space of A, and A,_, of dimensions p and n—p
respectively if and only if the n-dimensional vector space V spanned by
the transvections of G,,, is a direct sum of p-dimensional subspace V,
and (n—p)-dimensional subspace V, salisfying the following conditions ;

1° [)(1'1’ ‘)(i?]:o

2° [[Xa, X;3]l, X;p1(2A=1,2) are linear combinations of X only,
where X arve the bases of V, (A1=1,2) and i',j', k', 1I'=1,--,p and
iz, jz’ kzy r =p+ 1,"'7 n.

PrROOF. Suppose that the symmetric 4, determined by G,,, is
decomposable. We write the structural equations for G,., in the
form

[Xi, Xj]:C?jYw
(5.2) [X:) Y, ]=CPX;
[Yw ’ YB] - C(L’BYT .

In the same manner as in §4, we obtain the symmetric A, with
normal coordinates (y’). In this normal coordinate system, the com-
ponents of the curvature tensor evaluated at the origin 0 are given
by

In general, we can not state that B’,, are breakable. But by the
assumption of decomposability of our space, we can introduce in A,

the normal code (y'#, »'®) at the point 0 such that the curvature

tensor R}, in this code is a product tensor. Hence, if we evaluate
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the transformation law for the curvature tensor at 0, we have
a (R, =asatalBl,,

where @’ are constants and det [a’|==0.
Consequently, by effecting the change of base of the transvections

X;:afin ’
we have
(@) [[X;'U X;'IL Xllel] = (R}ellliljl)oX}l
(0) [ X, Xl X]=0
(¢) [[Xia,X}], Xpu]=0
(6.4)

(d) [[X;I, X;'2]’ XIé?]ZO
(e) [[X%, X}ﬁ]: Xl :(R’I;ﬂj?)oXEZ
(f) [[X;% X;l]’ XI;Q]::O

because (R}2,), are breakable.

Let V, be the p-dimensional subspace spanned by X and let V,
be the (n—p)-dimensional subspace spanned by X),. Then we have
(5.5) V: V1 + V2 .

From (5.4 c,d) we get

[ X, X, X;1=0.
Since G, is effective, we get
(5.6) [X:'I, X}z]:O .

From (5.4 a,e), and we have proved the first part of

Theorem 4. :
Conversely, let us assume that G,., satisfies the conditions of

Theorem 4. We consider the symmetric A, determined by such G,,,.
The components of the curvature tensor at the origin are given by
From the condition 1°, we get

Ccl:”g:() »
Hence we get
(5.7) B_’;kllgzo .

Furthermore in the relations
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B§k112+B21[2j+B{2jk1=O ’
by putting j=j' and j=j%, we get

(5-8) B;gilklzo
and
(5°9) 321]2]'2 = 0

Finally, by the condition 2°
[[X—zl ’ le]’ Xkl] = Cz‘tl”jlcoollel

are linear combinations of X, only. Hence we get

(5'10) B}fklp—-:o .
Similarly, we get
(5.11) B]i‘zlkglz:() .

It follows from, [5.7), [6.8), [5.9), [6.10) and that B}, are

breakable. Thus our space is decomposable by Theorem 3.

It is easily seen that each composition space is equivalent to the
space determined by the subgroup generated by X1, [X;1, X 2](2=1,2)
and consequently composition spaces are of p and #»—p dimensional
respectively. :

THEOREM 5. If the symmetvic A, determined by G,., is decom-
posable where G,., is semi-simple and effective, then G,., is decomposed
into a direct product of two groups by which composition spaces are
determined. ‘

PrROOF. According to Theorem 4, the vector space V spanned by
the transvections of G,,, is direct sum of two subspaces V, and V,
such that the conditions 1° and 2° of Theorem 4 are satisfied. Let
X, (@'=1,---,p) and X, (@=p+1,.--,2) be the bases of V, and V, re-
spectively. ‘

Since G,., is semi-simple and effective, the subgroup of H, gener-
ated by [X;,X,] coincides with H, ([2]). From this fact and from
the condition 1° of Theorem 4 we can write each base Y, of H, in
the form

Y, =al7 [ Xy, Xj1+ 007 [ Xy X

with constants a@’s and b’s.
From this we can easily see that X; [X1, X;1] (=1, 2) generate
the invariant subgroups g; (1=1,2) of G,,.
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On the other hand, if we denote by #£,(1=1,2) the invariant
subgroups of H, generated by [Xa,X ] (A=1,2), then H, is direct
product of %, and %, because of effectiveness. Consequently G,,, is
the direct product of g, and g,. It is clear that composition spaces
are determined by g, and g,.

CorOLLARY 1. If G,., ts simple (and semi-simple). and effective,
then symmetric- A, deteyrmined by G,., is non decomposable.

PROOF. Suppose, on the contrary, that A, is decomposable. Then
the group G,,, contains invariant subgroup by Theorem 5. This
contradicts the hypothesis.

Let I-T, be the linear adjoint group corresponding to H, and
acting on the transvections of G,,,. Then we have the following

COROLLARY 2. If G,., is effective and H, is irreducible, then the
symmetric A, determined by G,., is either flat or non-decomposable.

PROOF. Since H, is irreducible, either G,,, is semi-simple or
[X;, X;]1=0 ([2]). In the case [X;, X,]=0, our space is flat.

Now we consider the case where G,,, is semi-simple. Suppose
that A, is decomposable. According to Theorem 4, the vector space
V spanned by the transvections is direct sum of two subspaces V,
and V,. These two subspaces are invariant under H . In fact, let
X,(2=1,2) be any generator of V, and let Y be any generator of
H,. Since H, is the direct product of %, and k,, we can write Y in
the form

Y=Y, +Y,,

where Y, and Y, are generators of the invariant subgroups %, and
h, of H, respectively. Then we have

1Y, XA]Z[YF“ Y,, XA]:[YA’ XA] (2=1,2).
Therefore [Y, X,] (1=1,2) are generators of V,, that is, V, and V,

are invariant under H . This contradicts the hypothesis that H, is
irreducible.

The author wishes to express his sincere gratitude to Prof. J.
Kanitani for the kind guidance and encouragement during preparation
of the paper.

Kyoto University.
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