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Integration of the equation of evolution
in a Banach space.
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§ 1. Introduction. Theorems.

In what follows we consider the integration of the equation of
evolution?’

(1.3) dx@)/dt=A) zO)+1 (), a<t<bp,
and the associated homogeneous equation
(1.1) dx(t)/dt=A@) x(2).

Here the unknown x(#) is an element of a compléx Banach space 8
depending on a real variable £, while f(¢) is a given element of B and
A(t) is a given, in general unbounded, linear operator in %, both
depending on ¢

The solution of is formally given by

(1.2) x(O=U(, a) x+ j' UG s)f(s)ds, x=xa),

where U(¢, s) is a linear operator in B depending on s,¢ with s<C¢
The main purpose of the present paper is to give some sufficient con-
ditions for the existence of U (¢, s) and to study its properties.

If A(#)=A is independent of ¢, U(¢, s) is given formally by U (¢, s)
=exp[(¢—s)A], and the rigorous definition of the exponential function
has been given by Hille and Yosida in connection with the analytical
theory of semi-groups.? As we are going to generalize some of their
results to the case in which A(#) actually depends on ¢, it is natural
to take over their assumptions on the infinitesimal generator A for our

1) The terminology after Schwarz
2) Hille Chap. XII, in particular Theorem 12.2.1; Yosida
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A(t) for each £. Thus it is convenient to introduce the following de-
finition. o

DEFINITION 1. An operator A in B will be said to have property
S if the following conditions are fulfilled: 1) A is a closed linear
operator with domain dense in ¥ ; 2) the resolvent set of A includes
all positive reals and

(1.3) NHI—a AL for a>0."

Then our first assumption can be expressed as

C. A(t) is defined for a<t<b and has property S for each t.

As regards the continuity property of A(¢), we introduce the fol-
lowing conditions successively.

C,. 1) The domain © of A(t) is independent of t (then it follows
from Lemma 2 below that B(¢, s)=[I—A#)][I—A(s)]"1* is a bounded
operator® for each s,t). 2) B(t,s) is uniformly bounded, that is, therc
is @ M >0 such that ||B(t,s)||<M for every s, t (this is the case if
B(t, s) is continuous in # in the sense of the norm || || at least for
some s). 3) B(t,s) is of bounded variation in t in the sense that there
is a N=0 such that

21 IB(t;, $) =Bty s)|| <N

for every partition a=t,<t,<---<t,=b of the interval (a,b), at least
Sfor some s (then it follows that the same is true for every s and that
N may be taken as independent of ¢ and s).

Cs. B(t,s) is weakly continuous in t at least for some s (then it
follows that B(t, s) is even continuous in ¢ in the sense of the norm
Il || for every s).

Cy,. B(t,s) is weakly differentiable in ¢ and 4 B(¢, s)/at is strongly
continuous in ¢, at least for some s (then it follows that the same is
true for every s).

3) Cf. note 2). It should be noted that implies actually that the half-plane
Re A > 0 belongs to the resolvent set of A.

4) More generally, we may take B (¢, s)=[AT—A (¢)]1 [AI—A (s)]-1 with an arbitrary
constant A >0, without any essential modification.

5) By a bounded operator we mean a bounded linear operator with domain 8. Also
all operators are assumed to have domain and range in B, unless the contrary is expressly
stated,
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Our main results are summarized in the following theorems.

THEOREM 1. Let the condition C, be satisfied. Let x(t) be defined
for a<t<\b and satisfy the following conditions: 1) x(t) is strongly
continuous for a<\t<"b; 2) x(¢) has strong righl-derivative D* x(¢),
xt)e D[ADP, and D* xt)=A @) x(t) for a<t<b. Then tx(@®)]] is a
non-increasing function for a <t=.

COROLLARY. Under the assumption of Theovem 1, the solution
x(t) of is uniquely determined by the initial value x(a).

THEOREM 2. Let the conditions C,, C, be satisfied. Then the
operators A(t+0) are defined in a sense described below, have the
same domain D as A(t), and A(t+0)=A(t) holds except at most at a
denumeruble set of t. There exists an operator function U(t,s) deﬁned
Jor a<s<t< b with the following properties :

(1.4) U(,s) is a bounded operator in B and ||U(, s)||<1;

(1.5) U (t 5) is strongly continuous in s and t simultaneously, and
Ui =1,

(1.6) U, »n=U(t,s)Uf(s,7), r<s<t;

(1.7) if xeD, we have for ¢ |0
e NfU({t+e, t)—1]1x—>A(E+0) x, a<t<b,
e l[Ut—e)—I]x—> A(t—0)x, a<t<b

in the strong sense.
If in particular B is reflexive, we have further

(1.8) U(t, s) DD, and for each xe D, x(t)=U(t,a)x has strong
right-derivative and satisfies D* x(t)=A(t+0) x(t) for a<<t<b.

In this case U(t,s) is uniquely determined by these properties.
THEOREM 3. Let the conditions C,, C,, C; be satisfied. If B is
uniformly convex, we have, in addition to the assertions of Theorvem 2,

(1.9) D" x(t)=A@)x{t) and At) x(t) is strongly right-continuous.

6) We denote by D (A) the domain of the operator A.
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If in particular B is a Hilbert space and i A1) is self-adjoint, we
have
(1.10) x(t) is strongly differentiable, d x (t)/dt=A(t) x(t), and A) x(t)
is strongly continuous.

THEOREM 4. Let B be arbitrary and let the conditions C,, C,, Cs,
Cy be satisfied. Then the operator U(t,s) introduced in Theorem 2
satisfies U(t, s) DD and (1.10) holds for x()=U(t, a) x with xeD.

THEOREM 5. Let the hypotheses of Theorem 4 be satisfied. If
xeD and if t—>f(t) is a function on (a,b) into D such that [A(»)
—I1f({&)” is strongly continuous in t for some fixed r, the expression
(1.2) is well defined, belongs to D for each t, strongly differentiable
in t and salisfies the differential equation (1.1) with the initial condition
x(@)=x. Moreover d x(t)/dt and A(t) x(t) as well as A x(t) are strongly
continuous, wheve A is any linear operator with a closed extension and
with domain containing .

REMARK. (1.2) is defined for every xe ¥ and for every strongly
continuous (or even Bochner integrable) function f£(#). In view of
Theorem 5 and Corollary to Theorem 1 (uniqueness theorem), it may
be justified to regard (1.2) as giving the solution in the generalized
sense of (1.1) for such general x and f(¢#), although it does not neces-
sarily satisfy (1.1) in a strict sense.

In the next section we shall prove some lemmas to be used in the
sequel and which may also be of some independent interest, and in §3
we shall give the proof of the theorems. As an illustration of the use
of these theorems, we shall consider in §4 their application to the case
in which A (f) is an ordinary differential operator.

§2. Some lemmas.

First we collect some important results of the theory of semi-
groups? which will be of frequent use in the following. If the oper-
ator A has property S (see Definition 1)), there is defined an operator
exp (¢t A) for every t=>0 with the properties:

(2.1) exp(tA) is bounded and |lexp (t A)||<1;

7) The result is the same if we take, in place of A (#)—1I, any closed linear operator
A with domain ® and with A-! bounded.
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(2.2) exp(tA) is strongly continuous in ¢ and exp (0 A)=1;

(2.3) exp[(t+s) Al=exp (t A)exp(sA);

(24) exp(tA)DA)TD(A), and for each xeD(A), exp(tA)x is
strongly differentiable with (d/dt)exp(t A)x=Aexp(tA)=x
=exp(tA)A=x.

(2.5) exp(t A) is permutable with the resolvent (A I—A)™1.

LEMMA 1. If the operator A has property S, we have for each
xedD(A)
T +e A) x| Sl xll +o(e), elO.

Proor. We have (I+eA)x=(I—A)(J—ec A 'x=T—c A 'x
—e?2 A(I—e A)? Ax and hence ||(I+¢ A) x||<Zlix||+¢el|B. A x|| by (1.3),
where we have set B,=¢ A(I—¢ A)'=—I+(I—e A)".. Hence ||B,]||<2
by (1.3) and B, is uniformly bounded. On the other hand if y € ®(A),
B.y=e(—e A)!' Ay and ||B,y||<¢e||Ay||—0 for ¢/0. Thus we have
B.—0 strongly, for ®(A) is dense in ¥, and the above inequality
proves the lemma.

LeEMMA 2. Let A be a closed linear operator, and let B be a linear
operator with a closed extension and such that ©(B)>D(A). If A
belongs to the resolvent set of A, then B(\ I— A)™! is bounded.

Proor. Set C=B(AI—A)"'. C is defined everywhere in ¥ so
that it is sufficient to show that C is closed. Let x,—x and Cx,—y.
Then AWI—A)'x,=z,—2=ANI—A)'x and Bz,=Cx,—y. This
shows that y=B,z, where B, is a closed extension of B. But since
ze D(A) < D(B), we must have y=Bz=Cx, showing that C is closed.

LEMMA 3. Let A, B have property S and let D(A) - D(B). Then
we have for t=0, A >0,

lI[exp (¢ A)—exp ¢ B)](A I-A) M I<tN(A-B) A [-A)7],

where (A—B)(ANT—A)'=AWNI—A)'—B(\ I—A)!is bounded by Lem-
ma 2.

PRrROOF. For each xe ®(A), exp[(t—s)Blexp (s A)x is differentiable
in s for 0<s<¢ for :

h Y exp[(t—s—h) Blexp[(s+h)Alx—exp[(t—s)Blexp(sA)x}
=exp[(t—s—h) Blh {exp[(s+h)Alx—exp(sA)x}
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+ A Y{exp[(t—s—h) B]—exp[(t—s)Bllexp(s A) x

and, since xe D(A), exp(sA)xeD(A) <= D(B) by (2.4) and hypothesis,
we obtain by making %2-—0

(d/ds){exp[(t—s)Blexp(s A)x} =exp[(t—s)B]Aexp(sA)x
—exp[(t—s)B]Bexp(sA)x=exp[(t—s)B] (A—B)exp(sA)x

by (2.2) and (2.4). Now let ye B be arbitrary and set x=( I—A) 'y
e®(A) in the above result. Since exp(sA) and (AJ—A)-! are per-
mutable, the right-hand side is strongly continuous in s, for (A—B)
(M I—A)™! is bounded as stated in the lemma. Thus the above identity
can be integrated from 0 to ¢, yielding

[exp(tA)—exp(tB)] (A [—A) 'y

:j; expl(t—s) BI(A—B) W [— A)texp(s A) y ds .

This gives immediately the desired inequality by (2.1).

LEMMA 4. Let {A.(s)}, {Bn(s)} be two sequences of bounded linear
operators depending on a variable s in a compact set S of a euclidean
space. Let A,(s)—A(s), Bu(s)—B(s), n— oo, strongly and unifomly
with respect to s, wherve B(s) is strongly continuous in s. Further let
there exist @ M =0 such that |A,()|<M for all s and n. Then
A (8) By (s)— A(s)B(s) holds strongly arnd uniformly wiih respect to s.

PROOF. For each xe®¥ we have

|| An(s) By (s)x—A(s)B(s) x|l
SNAR(S)[Bu(s)—B(s)]xll + lI[An(s)— A(s)]1B(s) x]] .

The first term can be made arbitrarily small independently of s by
making # sufficiently large, for || A,(s)|| <M and B,(s)— B(s) uniform-
ly in s. The second term is

<I[A,(s)—A(s)IB(so) x|l + ||[An(s)— A(s)][B(s)—B(so)]xl
S |I[Ax(s)—A(s)IB(sp) x|l +2M||[B(s)— B(sp)]1xl|

for a fixed s,. Since B(s) is strongly continuous, to each ¢ >0 there
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is a §>>0 such that {|B(s)—B(s))]xli<"e/2M for |s—s,|<6. Then we
can take s so large that ||[A,(s)—A(s)]B(sp)x|l< e for every seS.
Thus, for each ¢ >0 and s,eS, there are §=25(sy, e) >0 and 2= #,(so, €)
such that

HA,(S)Br(s)x—A(s)B(s)x||<3e for n_>un,, |s—sol<8.

For fixed e, there is thus defined a neighborhood |s—s,|<8 for each
s,e S with the above property. Since S is compact, it can be covered
by a finite number of these neighborhoods. Let N be the largest among
the corresponding #, Then the above inequality holds for all seS pro-
vided 2> N, and this completes the proof. .

LEMMA 5. Let W be rveflexive and let A be a closed linear operator
with non-emply resolvent set.  Let {x,}be a sequence such that x,e D (A),
weak limx,=x, and {{|Ax,ll; is bounded. Then xe¢D(A), and

nroe

Ax=weak lim A x,.

Ve dad

Proor. We may assume without loss of generality that A=0 be-
longs to the resolvent sct of A. Thus A™! exists and bounded so that
(A D)* also exists and we have for every x™eW™

(A Xn, (AN* 27 )= (AL A Xy %)= (2, 2) = (¥, 2*) P

But (A )*W* is dense in B, for otherwise there would exist a ze¥,

z-}=0, orthogonal to (A™H)*WV*, for W is reﬂexive by hypothesis, which
lcads to the contradiction 0—=(z,(A™)*x*)=(A"'z,x%), A1z=0, z=0.
Since {Ax,} is bounded, it follows that IAx,,} is weakly convergent.
Since a reflexive space is weakly complete, there is a ye¥ such that
y—weak lim Ax, Thus we have

[A X (A x%) > (9,(A7)* 2" )= (A 1y,x").

A comparison of these two relations gives (x,x*)=(A'y,x%), x=A"1y
This shows that xeT(A4), Ax=y=-weak lim Ax,.

LEMMA 6. Lect ¥ be uniformly convex and let {x,} be a scquence
such that x,e, weak lim x,=:x, and lim sup |ix, || < |lx|l. Then x,—x

[ indad 1> o0

holds strongly.
Proor. Thereis a x*<W* such that (x,x*)=|lx|], llx"ll=1. Then

8) We denote by (x,x*) the scalar product of xe3 and x5 eB*,
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the relations (x,,x*)— (x,x*)=|lxll, |(x.,2*)|<||x.|| show that lim inf
|22l >|lxil. Hence the hypothesis implies lim||x,|| =||xi]. Since the
lemma is trivial if x=0, we may assume x=30 and x,3=0. Setting
Yn=|124]1"" 2, and y=||x||"'x, we have ||y,||=Ily[|=1 and (¥, x*)=]| x,]|
(X, %) = 121712, ) =1, (5,2")=]lx]I"(x,x*)=1 so that ((y.+»)/2,x%)
—1. On the other hand |((yn+y)/2,x*‘)lgll(yn+y)/2llﬂ(lly¢z||+||y||)/2
=1. Hence we must have ||(y,+3)/2]|—1, |ly.ll=]lyll=1. Since W
is uniformly convex, it follows that ||y,—yI||— 0, that is, y,—y strong-
ly. Hence we have x,=|lx,lly.—ilxlly=x by |lx,ll—|lx]] already
proved.

§3. Proof of the theorems.

1. Proof of theorem 1. For fixed ¢, we have by hypothesis || x (¢ +¢)
~[I+e A ]x@)|I=0(c) for €]0. It follows by that ||x(¢+¢)l
SIT+e A®]x @) +o0(e) <[l x(®) [|+0(e). This shows that the upper
right derivative of || x(¢)|| is not positive. Since ||x(£)|| is by hypothesis
a continuous function of ¢#, it follows that [|x(¢)|| is non-increasing.

2. Before proceeding further, we make the following convention
in order to simplify the notation. We shall write A(#) instead of
A(t)—1I so far considered. This is equivalent to assuming

(3.1) NAGOM<1, -« ABOI<(1+a)t, a>-—1,

from the beginning and there is no loss of generality, for we have only
to multiply U(¢,s) and x(¢) by the numerical factor exp (/—s) in the
theorems stated above. Thus the only change in the results to be
proved is

3.2) HU¢,s) || <exp[—(t—s)]

in place of (1.4).
With this convention, the conditions of C, can be written as

(3.3) B(t,s)=AW)A(s)'=B(s,0)"", NABOAGSMI<M.

3. First we prove various assertions stated in parentheses in C,
etc. If B(¢,s) is continuous in # in the sense of the norm || || for
some s, the same is true for its inverse® B(s,t), and both are bounded

9) See e.g. Hille ['1], p, 92.
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as {|B(t,s)|i<M, || B(s,))|| < M"” with M’, M" independent of £. Then
we have for arbitrary ¢ and & ||B(,t)||=||B(t,s)B(s,b) || <M'M".
Next, by virtue of the inequality |iB(t;,»)—B(t;-1, NI B(t;,s)—
B(t;j—-,9)Il | B(s,7)|| and ||B(s,n)||<<M, it is clear that B(¢,s) is of
bounded variation in the sense of C, for each s if this is the case for
some s, and that the total variation of B(¢,s) has a finite upper bound
N independent of s. The assertions in C; and C, can be proved in a
similar fashion (note the next paragraph for C;).

4. Next we give the definition of A (#+0) mentioned in Theorem
2. Set B(t)=B(t,s) for a fixed s. Since B(t¢) is of bounded variation
in the strong sense of C,, B(t+0)=1imB(t+¢e) exists in the sense of
convergence by the norm || ||l. Since

B(t')'--B(®)'=B() ' [B()—B()]B®)™

and B(t)"!=B(s,t) is uniformly bounded, it follows that B(f+0)"! ex-
ists, is bounded, and is equal to the limit of B(¢+¢)! for €0. We
now define the operator A(¢t+0) with domain ® by A({+0)=B(({+0)
A(s). Then A(¢+0)1'=A(s)'B(t+0)! is bounded, so that A(¢+0) is
closed. Since it is clear that A(¢{+e)x— A(t+0)x for each xeD, A(¢+0)
is actually independent of s used in defining it. Also it is easily seen
that A(t+0)"'=1lim A(¢+¢)"! in the sense of convergence by the norm,
so that we have ||A(¢+0)"1||<1. Since similar results are obtained
by considering [AT—A({)][AI—A(s)]™? instead of B(?), it follows that
A(t+0) has property S. Also we see casily that A(#) A(sx0) is of
bounded variation with the total variation not larger than /&, and that
B(t+0,s+0)=A({+0)A(s+0)! is also bounded by M. Finally we note
that B(¢t+0)=B(¢f) holds except at most at a denumerable set of ¢
Hence the same holds for A (#).

5. We shall now give the proof of in several steps.
First let us construct the operator U(t,s). We consider a partition 4
of the interval (a,b)

(3.4) a=tH<-th=¥b, i1 <7;<t; (7=1,2,--,m)
and set
(3.5) U()=X,Xn-1-X1,

X;j=expl(t;—t;-0A;1, Aj=A(r;)  (7=12,-n).
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It is our purpose to show that U(4) converges strongly to a limit
when the maximum chord |4!=Max(¢; —¢;_;) tends to zero. For this
purpose we further set

(36) | Uj,k:Xij..l"' (2, Wj:AjUj,lAal, AO:A(a)
We note that
(3.7) NXll<exp[—(¢t;—t;-1)]<X1, HUjpell <expl—(i—t-1)]1<1

by (2.1) and the fact that A(¢)+71 has property S on account of our
convention. Thus X; and U}, are uniformly bounded. The same is
true for W, for we have A;X; > X;A;° by (24) and hence

Wi=A;X; X1 A;'=X,;A; A1 X; 1A 1470, X - X1 A, A5,
which shows that W is bounded and that
Wil <1 A; A4 11451 A7Ll - 1 AL Agtl]
by (3.7). But we have
A AR =T +(Ap— Ap-) AR I K1+ (A — Ap-r) AZ4

STHIA—Ar-) A T A AL S 1+ MI(Ap— Ar-D A I
so that :

(38) Wl <exp[3] Mll(As—Ax) AT I <exp(MN) (i=1,2,n),

In the same way it can easily be shown that

NA; A5 Wi || <exp(MN) (G=2,--n),
I|AU(4) A" l|=I| A A;' Wyl < Mexp(MN).

(3.9)

where A is any one of A(s) or A(s+0).

6. Let 4 and 4’ be two partitions of the interval (a, ) such that
4 is a subpartition of 4/, and let us construct U(4) and U(4’) as above.
As 4 is a subpartition of 4’, each factor X; of U(4’) corresponding to

10) A > B means that A is an extension of B.
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(3.5) can further be decomposed by (2.3) into the product of several
factors in such a way that we can write

Ud)=XuXn1 X1, Xj=expl(t;—t; )A;], A;=A()),
Ud)=X,X,-1X{, Xj=expllt;—t;)A}], A=A,

with the same n and t;. The only point to te noted is that, whereas
tjo1<7;<t;, 7; does not in general satisfy this inequality, although

77 and 7; belong to the same subinterval of the partition 4'.

If we define Uj, and W; by replacing =; by =, in U;, and W;
of (3.6), it is clear that they satisfy the same inequalities (3.7) to (3.9).
We have now

U(4') -U(A)z;i; Un i A(Xj—X)U;j 11,

where we set U, ,.,=U,;=1. On multiplying from right by A,! and
noting that U;_, ,A;'=A;'A;A;!, W;_, by (3.6), we obtain
HU() = U] AN < ZINX;—X5) A5 1A AL W4l
< exp(MN)31(X;— X ;) A5'il,

where we have used (3.7) and (39). But we have by

IX;—X ;) A5t li=l{exp[(t;—t;-1) Aj1—exp[(t;—t; 1) A1} A;']|

SEG= DA = AN AT <=t D 1 (A5— A7) Al 11 Ao AF I

Hence it follows by || A, A;!|| <M that
(3.10) LU (4" )—=U(4)]1Aq" i

:<.:Mexp<MN>]_zfl<tj—t,--1>n<A;-—Aj>Aal||.

To calculate the right-hand side, we first take the sum for those
subintervals (¢;_;,¢;) contained in a fixed subinterval, say I}, of the
partition 4’. Then both -, and =, belong to I;, and [|(A;—A;)As'l|
is not larger than the oscillation, and a fortiori, than the variation
v(l;), of A(t)Aq! in the interval I;. Thus the sum under consideration
is not larger than () X3 (¢;—¢;-)=v(I;) [1x1<v(l;)|4'|, where |4'|
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is the maximum chord of 4. On adding these for all ], we obtain
(3.11) U —U(D)]AHM < L|L), L=MNexp(MN)),

since > v([;) is not larger than the total variation of A(t) Ayt and
hence <M.

7. Let 4’ and 4” be arbitrary two partitions of (a,b). If we
denote by 4 their common subpartition, we have and a similar
inequality for 4. Hence

(3.12) U@ =U )AL 4| +]4")).

It follows that U(4’)Ag' has a uniform limit for |4’|—0. For each
xe®, we can write x=Ag'y, y=Ayx, so that U(4)x=U(4')A;'y has a
limit for |4'|—0. On the other hand U(4’) are uniformly bounded by
NUU) |=11U, 1| <exp[—(b—a)]<{1 by (3.7). Since ® is dense in ¥,
it follows that U(4’) converges strongly to a limit for j4'|—0. Let us
denote the limit by U(d,a). Clearly U(b,a) is a bounded operator and
NU(b,a)|| <exp[—(b—a)]<<1. Incidentally we note the following in-
equality obtained from by letting |4”]—0:

(3.13) U4 —Ub,a)]AMN < L 4').

Clearly the above construction can be applied to any subinterval
(s,t) of (@,b) and leads to an operator U (f,s) with ||U(¢,s)||<<exp[—(¢
—s)], which proves Also we set U(t,t)=1 by definition. (1.6)
can now be proved easily. Let 4’ and 4" be partitions of the intervals
(7,s) and (s,f) respectively, and let 4 be the partition of (7,t) obtained
by combining 4’ and 4”. Then we have U(4)=U(4")U(4') by (3.5).
If welet {4'|—0 and | 4”|—0, then also | 4|]— 0 so that we have U(4)
—U(s,r), U4")> U(t,s), and U(4)— U(t,r) strongly, and we obtain
(1.6) for »r<s<t. Of course (1.6) is trivial if s=# or s=¢

Incidentally we note that U(¢,s)=exp[(t—s)A] if A(¢)=const.=A.

8. Suppose that there is another operator function A’(¢) satisfying
the conditions C,, C,, and such that its domain ®’ contains ®. Then
we can define the operator U’(¢,s) for A’(t) in the same way as we
have defined U(¢,s) for A(f). Now the following generalization of
holds :

(3.14) U (65~ U 6,91 45| < Mexp(MMN)|' 1[4’ ()~ A(r)] 45" | dr.
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This can be proved by considering a partition 4 of (s,£) common to
A(f) and A’(#) and proceeding in the same way as in paragraph 6;
then we can deduce an inequality similar to (3.10), and on passing to
the limit |4]|— 0, we obtain the desired result (3.14). The constants
M, N and the operator A,! are those belonging to A(f) and not to
A’ (D).

We use (3.14) to generalize the inequality [(3.13). Let 4 be again
the partition of (@,b) given by (3.4), and let A’(¢) be the step function
defined by

A @)=A;=A(r)), tia<tt; (7=1,2,--,n).

Then the corresponding operator U’(d,a) is identical with U(4) given
by (3.5). In general let us write U(t,s; 4) for U’(t,s). Clearly U(t,s; 4)
has the form

(3.15) U(t,s; d)=exp[(t—t;-1) A;lexp[(tj-1—tj-2) Aj1] - exp[(te—s) Al
for i St<t;, L s te.

In this case (3.14) becomes

(3.16) LU (55 )~ U (t,5)]A;" || < Mexp(MN) N| 4|=L| 4|

quite in the same way as in deducing [3.1I1). [3.16) shows that
U(t,s; 4)—> U(t,s), |4]—0, holds strongly and uniformly with respect
to s, .

9. By virtue of (2.2) it follows from (3.15) that U(¢,s; 4) is strong-
ly continuous in s, ¢ simultaneously. Furthermore, since each factor of
(3.15) takes D into D by (2.4), U(t,s; 4)x is strongly differentiable to
the right in ¢ provided xe¢®. ThLus we have

D;U(t,s; )x=A")U(,s; d)x, xedD.

The right-hand side is strongly piecewise continuous in £, so that we
can integrate both sides and obtain

[U®,s: 4)—U(t,s: A)Jx:S:'A' DUl s; dyxdr, s<t<t.

But it can easily be shown that ||A'(H)U(t,s; 4)A;'l|<exp(MN) in
the same way as (3.8). Hence we have
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B17y | LUW,s; H—=U(t,s; DIx|| < —exp(MN)|| Aox]|l, s<<t<t.

Similarly we have .
[Ut,s'; )~ U, s; 4)]x= _S"U(t,a A A (o) xdo
and
(3.18) U@ s )=Ut, s; D] x| (' —s) M| Apxl], s<s'<t.
These inequalities show that ||U(¢, s; 4)x|| are equicontinuous with

respect to the partitions 4, at least in s or ¢ separately, provided xe®.
We note that (3.17) and (3.18) can also be written as

U, s; )=Ult,s; H1A| < —texp(MN),
U@, s )= U(t,s; D] AN (' —s) M.

(3.19)

On making |4|—0 in (3.17) and (3.18) and noting that U(t,s; ) x
— U(t,s)x by paragraph 8, we obtain

U, s)=U@,)xl| <’ —t)exp(MN)|| Aox|l,
U@, s) Ut s)]xll <(s"—s) M|| Aox]|.

(3.20)

These inequalities show that U(¢,s)x is continuous in s or ¢ provided
xe®. But as U(t,s) is uniformly bounded by already proved, it
follows that U(¢, s) is strongly continuous in s or £ By making use
of the relation U(t, s)=U(t, »)U(r,s), s<<»=<t, we then conclude that
U(t, s) is strongly continuous in s and ¢ simultaneously (see the note at
tee end of the paper). Thus we have proved (1.5).

10. Next we set t=s+¢, A (1)=A(s+0), s<+=<t, in (3.14). Then
we have U'(¢, s)=exp[e A(s+0)] and the right-hand side of (3.14) is
o(e) by the definition of A (s+0) given in paragraph 4. Thus we have

[[{exp[e A(s+0)]—U(s+e,s)} Agtl|=0(e).
It follows that for each xe®
e Hexp[e A(s+0)]x—U(s +e,s)x}—0, el0,
for x may be written as x=A44'y, y=A,x. But as

e {exple A(s+0)]x—x}— A(s+0)x
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by (2.4), we obtain the first relation of (1.7). 1ne second relation can
similarly be proved.

It should be noted that (1.7) does not imply that D} (¢, s)x=A(t+0)
U(t, s)x, for it is not proved that xc® implies U(¢, s)xe®. This can
be proved, however, at least if ¥ is reflexive. We have shown in
paragraph 5 that AU(4)A;! is uniformly bounded by [|AU(4)Aq!ll
< Mexp(MN) (see (3.9)). Let {4,} be a sequence of partitions of
(a,b) such that |4,]—0, and set x,=U(4,)x for a fixed xe®. Then
we have x,— U(b,@)x and ||Ax.||<||AU(4,) Agtll || Aox]l is bounded
for n— . It follows from Lemma 5 that U(b,a)xe™® and ||AU(b,
a)Ag'|| < Mexp(MN).

In the same way we can show that U(¢,s)xe® whenever xe®.
Hence we have

e [U(tte, S)—U(t, s)]x=e M [U(t+e, t)—1]U (t,5)x

and (1.8) follows from (1.7). That U(t, s) is uniquely determined is
then a consequence of [Theorem 1. With these results, the proof of
is complete.

11. We now proceed to the proof of [Theorem 3. We recall that
the condition C,, together with C, and C,, implies that B(#)=A(t) A(s)™!
and B(#)"! are continuous in the sense of the norm || || (paragraphs
3 and 4).

We have shown in the preceding paragraph that ||AU(b,a) Ayl
< Mexp(MN), provided ¥ is reflexive. Hence we have ||AU(b,a) A™'||
< M?exp(MN). We recall that here A may be any A(») for a fixed
7, M is an upper bound of ||A(#)A(s)7!|| for a<s, t<\b, and N is an
upper bound of the total variation of A (f)A(s)™! as a function of ¢ for
a<<t<b. Of course a similar inequality holds if we replace U(b,a) by
U(t,s), (s,t) being any subinterval of the small interval ({,—e, & +¢) for
a fixed ¢, A by A(t,) and M, N by the corresponding quantities M.,
N, defined for the interval (fy—e, f,+e). But as A(#)A(s)™ and its
inverse are continuous and of bounded variation in ¢ in the sense of
the norm || ||, we have M.,—1 and N,—0 for ¢]0. Thus we have
(3.21) lsl_g: sup HAU((t,s)A L1, A=A().

On the other hand we know that strong lim U(¢,s)=1 by (1.5) already
proved. It follows that
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(A U(t,s)A x, (A"l)*x*)
= (U(t, S)Alx, x*) — (A 1x,x*)= (x, (A“l)*x*)

for every xe®B and x*eB*. But as (A )*B* is dense in B* as was
shown in the proof of Lemma 5, it follows that A U(t,s) A 'x converges
weakly to x. If B is uniformly convex, we conclude by and
that AU(t,s)A'x—x even strongly.

If we let ¢|t for a fixed ¢ in the identity

AU, s)A'=AU{,HH) ATAU(t,s)A™, s<t<t, A=A({),

and note that AU(t, ) A"'— I strongly as we have just proved, we
have AU({t',s)A*—> AU(t,s) A ! strongly. Thus AU(#,s)A™! is strong-
ly continuous to the right with respect to /. Then the same is true
for A(HU,s)Ag'!=A{tYATAU{',s) A1 AA;Y, and this completes the
proof of (1.9).

If B is a Hilbert space and i A(¢#) is self-adjoint, there is no dis-
tinction between the positive and negative sense of # so that A () x(?)

is continuous to the left as well as to the right. This proves the last
part of [Theorem 3.

1. Next we prove We again consider the partition
4 and the operators Uj,;, W), etc. introduced in paragraph 5. We

note that by virtue of the relation A; X, >X; A,
Uz,-,kAkA;_l.ka_lej,kHXkAkUkhl,IAo‘l
=Ujen1ArXeUp-1,1 40" = U401 AU k1 A = U j, 101 W,
where k=1,2,---,7 and we set U, ;..=W,=1. It follows that

Wi—Ujp= 31 Ujpi(As At — 1) Wiy

=31 U (s = Au) Ai A Ay Wi
From now on we take 7.=#, and set
Bi=Ar As'=At:) As* =B (%) (B=A0A:Y),
Cr=B;'=A,A;!, ‘ k=0,1,2,--,n.

(3.22)
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Then all B, and C, are bounded operators, and the above identity can
be written as

(323)  W;=Uin=32Usu(Bi=Ba) Gt Wit, =12,

This can be regarded as a recurrence equation of Volterra type for
W ;. Hence it can be solved for W; by the method of successive ap-
proximation, yielding

(3.24) W= g W,

W;O):UJ.’I (UO’IZI)’
(3.25)

W(p)——ZU],k(Bk“Bk I)Ck 1 p D, j———O,l,---,n, pzl)zy .

Of course is a finite series, for it is easily seen that W{»=0 for
J<p. However, as we shall ultimately let #— o and | 4| — 0, we need
an estimate of the magnitude of each term of the series. We shall
show by induction that

M? ~ (MN)? j=1,2,.n,
326 2 < dBt s scy Ty T8
@26) wwiril< ([ naBon) < M2 o
Since this is clear for p=0 by || W®||=||U;,;||<1, we assume that it

is already proved for p—1. Then, noting that ||U;,.|!<1 and ||C,||< M,
it follows from (3.25) that

” _ M2
nWﬁn<ank Bl 1 (X naB@n)”

s M 2 (Pnasan)’

as we wished to show. Thus we see that the series converges
not less slowly than the series of exp(MN), uniformly with respect to
7 and independently of the partition 4.

13. Before letting |4|—0, it is convenient to change the notation.
We introduce the following step functions :

(ZnaBon [naswn | =
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C(t; A)=Cj

W(t,a; H)=W; for t;<t<t;.1, 7=0,1,---,m;
327) WP a; =W l | |

t<t<tjm, J=0,1,-,m—1,
V(t,S;A)ZUj,k fOI‘{
tk~1§s<tky kzlyz"”’ny

where s<t¢ and it should be recalled that U}, ;. 1=Uy,,=1. Then
and (3.26) can be written as

(328)  Wta; =X WP (ta; 4), |IWP(6a; 2| <(MN)/p!.

So far we have been assuming only the conditions C;, C,, C;. Now
let us introduce C,. Since B(t)=A(t) A;! is weakly differentiable and

B(t)de(t)/dt is strongly continuous, it follows easily that for each
xeB

(Bi—By-)x=[B(t)—B(t)]x= |, B(s)xds.

(Incidentally this implies that B(#) is actually strongly differentiable.)
Thus we have by (3.27)

Uj,e(Br—Bp-1) Ce WEtiVx
=" V(t,5: 0)B(s) Cls; ) WO D55 d)x s,

where ¢# may be any value such that ¢;<#<{¢;,;, and (3.25) may be
written as

WP(t,a; )=Vt a; 4),
(3.29) N
WP (t a; A)xzj "Vit,s; 4)B(s)C(s; ) WPV (s,a; 4)x ds,

tj_g_t<tj+1-

It should be noted that the integrand is a step function so that there
is no difficulty in the meaning of the integral. Also the integrand has
an upper bound independent of s,# and 4, for we have the inequalities
NV (#,s; DIZLIC(s; DI M, || WP (s,a; 4)]| <exp(MN) by (3.27) and
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(3.26), and there is a K>>0 such that HB(t)HgK by the strong conti-

nuity of B(t). Therefore the value of the above integral is changed
only slightly if we replace ¢; by t; more precisely, we have

(3.30) ||W'P(t.a: A)x—j'wt,s; 4) B(s)C(s; ) WPV (s,a; g)x ds|]

< KMexp(MN)| 4| ||x||

since [t—t;| <] 4].
14. We shall now show that

(3.31) Vit,s; )= Ul(s,s), |4]—0,

strongly and uniformly in t,s. For this purpose it is convenient to
compare V(t,s; 4) with U(t,s; 4) introduced in paragraph 8. It is clear
that V(¢ te1; 4)=U(lj,te-; 4)=Uj,.. Hence we have for t,_;<s<t,
t_,‘gt<tj;1 and s,<__t ’

Ult,s; )~V (t,s; A)=U(t,s; )—Ul(t;,ty 1; )

LU, s; )= Ult),s; ]+ [UR, s; )~ Ultjte s )], e <tj,
{[U(t,s; H=Ultt;; DI [ULE;; 4)—1], te-1=t5,
and hence by (3.17) and (3.18) it follows that

HU(s; Hx—Vts; x|l <|4|[exp(MN)+M]|| Aox|]

provided 1. Thus the left-hand side tends to zero uniformly in s, ¢
when |4|—0 for x«®. But as U({,s; 4)—V(I,s; 4) is uniformly bound-
ed, it converges strongly to zero. Since U(t,s; 4)— U(¢,s) holds strongly
and uniformly in s, as we have shown in paragraph 8, this proves
(3.31).

shows in particular that W®(t,a; 4)— U(t, @) strongly and
uniformly in £ We shall prove in general that

(3.32) W (ta; 4)— WP (ta), |4{—0, »=0,1,2,--,

strongly and uniformly i1 t, where W® (t,a) are operators defined by
the recurrence formulas :
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W (t,a)=U(t,a),
(3.33)

W‘”(t,a)x:St U(t, s) B(s)C(s) WP V(s a)xds,
C(t):AOA(t)hli P:LZ,”'-

First we note that W (¢,a) are well defined and strongly conti-

nuous in ¢ This is easily shown by induction, for U(¢,s), B(s), and
C(s) are all strongly continuous in t,s. Next we prove also by
induction. As it is already proved for p=0, we assume that it is already
proved for p—1 and prove it for p. It is clear that C(f; 4)—C(?),
| 4]—0, holds strongly and uniformly in ¢, for C(¢) is continuous even
in the sense of the norm || || as was shown in paragraph 4 and
C(t; 4)=C(t;) for t;<t<t;... Thus we have Vit,s; )= U(t,s), C(s; 4)
—C(s), W V(s,a; 4)—> WP V(s,a) strongly and uniformly in s,¢
Noting that these operator functions are uniformly bounded and that
their limits are strongly continuous in s,#, we conclude by
applied successively that

V(t,s; 4)B(s)C(s; ) WP V(s,a; 4)— Ult,s) B(s)C(s) WD (s,a)

strongly and uniformly in s,£. On making |4]|—0 in (3.30) and noting
(3.33) we therefore obtain and complete the induction.

15. shows that each term on the right-hand side of (3.28),
being majorized by the corresponding term of the series of exp (M N)
independent of 4, converges strongly to W ({,a). It follows that

(3.34) Wt a; 4)— W(t,a>=-—=g W (ta), 14]—0,

where
(3.35) [[W(ta||<exp(MN), ||[WP(a)|<(MN)*/p!, p=0,1,2, -,

and W (¢,a) is strongly continuous in ¢ since this is the case for all
WP (¢, a). ‘

Since Wb,a; )=W,=A,U,, 1 A;'=Ab) U(4) A¢' and U(4)—
U(b,a), W(b,a; 4)— W (b,a) for |4|—0, we have for each ye

U(4) As'y—U(b,a) As'y, ABYU () As'y— W (b,a)y.
This shows that U(b,a) A;'y belongs to the domain ® of the closed
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operator A () and that A(b)U(d,a)A;'y=W(b,a)y. In other words,
we have shown that U(,e)® <D and AB)U(b,a) A=W (b,a). It
is clear that the same is true if we replace b by any ¢ e<1<5b.
Then an argument similar to that given in paragraph 10 shows that
x(®)=U(t,a)x for x=D is strongly differentiable to the right. But as
D x(t)=A{#)x({t)=W(t,a) Ayx is continuous in #, we must have

x(t’)—x(t)——-ﬁA (&) x () dt

and, since the integrand is continuous, it follows that x(#) is actually
strongly differentiable and dx(¢)/dt=A()x(¢). This completes the proof
of Theorem 4.

16. Finally we prove We note that W (¢, s) can be
defined for s<(t¢ quite similarly as W (¢, a) defined in We have
only to replace W (t,a) by W (¢,s), which are to be defined by re-
currence formulas similar to (3.33). It is easily shown that W (¢, s)
and hence W(t,s) is strongly continuous in 4s. Also we have the
relation

(3.36) AUt s)A(s) 1=W(L,s)

as in the preceding paragraph where this was proved for s=a.

Let now f(s) be as in According to our convention
to replace A(t)—I by A(t#), the hypothesis implies that A(»)f(s) is
continuous in s for some 7, and hence A(s)f(s)=A(s)A») LA f(s)
is also continuous in s as well as f(s)=A(»)t'A(»)f(s). Then
shows that A U(t,s)f(s)=W(t,s)A(s)f(s) is continuous in s as well
as U(t,s)f(s). It follows that the right-hand side of can be differ-
entiated in the usual way and we have

(3.37) dx(t)/dt=A@®) Ut,a)x+f@) +£A O U s)f(s)ds

by virtue of U(t,t)=1I and the result of [Theorem 4. But as A(#)! is
bounded, we have

A(t)ﬂf:A O U@, ) f(s)ds= S:A O 1AW = s' Ut s)f(s)ds.

This shows that gt U(t,s)f(s)ds belongs to ® and that
Ja
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(3.38) A (t)ﬁ Ut,s)f(s)ds= j:A ) U(t,5)f (s)ds.

Thus shows that x(¢) satisfies the differential equation [(1.1). It
is clear that x(e@)=x. The continuity of dx(f)/d¢ and of A)x(t)
follows from (3.37) and [3.38), together with the above remarks. Finally,
if A is an operator stated in the theorem, AA(»)! is bounded by
Lemma 2, so that Ax()=AA(»)'AF)A@)TA@)x(t) is continuous
with A () x(2).

§ 4. Application to differential operators.

1. As an illustration how our theorems are applied to concrete
problems, let us consider the case in which A(#) is an ordinary differ-
ential operator. Since we do not aim at the generality, we restrict
ourselves to the case of a second order linear differential operator de-
fined on a circle S. It is convenient to introduce on S the coordinate
£ — oo <¢< + o, and identify the points & and &+2nx (=0, +1,
+2,--). In what follows all functions of & are assumed to be periodic
with period 2w unless the contrary is expressly stated.

We consider the formal differential operator T given by

(4.1) Tx]=pE&)x"+q&)x' +7E)x, x=x(§),

where ' means d/d¢ and p(&), q(&), »(&) are real-valued functions with
continuous derivatives of second, first, and zeroth order respectively.
Further we assume that p(¢)>>0. The formal adjoint 7% of T is de-
fined by

(4.2) T*[y]=p@&)y" +q* &)y +7r*(8)y,
qa*=2p'—q, r*=p'—q+r.

In what follows we also assume that

(4.3) 7(§) <0, r"(£) =0,

which does not affect the generality, for otherwise we have only to
add a negative constant to #(£).

Then the Green function G.(¢,n) for the differential equation 7T\[x]
=T[x]—Ax=0 (with the periodic boundary conditions) exists if A >0.
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To show this, we have only to show that there is no non-trivial
(periodic) solution of T.[x]=0, and this follows from the fact that the
solution of 7.[x]==0 has neither a positive maximum nor a negative
minimum. Similarly the Green function Gj (§,7) for TX[y]=T"'[y]—\y
=0 exists for A>>0 and we have G (&,7)=Gi(n,&). The Green func-
tion has the important property

(4.4) Gr(&,7) >0, A>0.

To show this, we note that G.(§,7), as a function of £, satisfies the
differential equation T.[GA]=0 except at &=n+2n=w. It follows as
above that G, has no negative minimum for &é=F7+2n=, and it is
clear by the characteristic singularity

(4.5) G (n+0,7)—G)(n—0,7)=—1/p(#n)

that G. has no minimum at ¢=7+2n= too, thus proving [(4.4).
We next show that

(4.6) [ Gugmaz<n, [ Gugman=a.
For this purpose we take the formula

§0 (T\[x]y—xT[yl)de==[px'y—x(py) +qxyl;.0
and set x(&)=Gi(¢,7), ¥y(&)=1. Then we have by

[" =16 a1,

and the first inequality of follows by »"(£)=<(0. The second in-
equality can be proved by exchanging 7T and T*.

2. We now introduce a Banach space ¥. In the following we
take as B one of the complex function spaces L,(S), 1<p<Tc, and
C(S). Let ®, be the totality of complex-valued functions x(&) with
continuous derivative of the second order. Then D, is dense in ¥ and
the operator A, defined by A,x==T[x] for xe?,; is a linear operator in
B, and we have the following

THEOREM 6. The clesure A of A, cxists and has property S
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(introduced in Definition 1)). The domain D(A) of A is the totalily of
xeB such that x and x' are absolutely continuous and x' e B.
PrROOF. If xe®, WI—A)x=—T\[x]=y, we have

4.7) x©O=| " Gy mdn

by the fundamental property of the Green function. Conversely, to
each continuous function y(¢), (4.7) defines a function x(£&) belonging
to ®, and (WI—A))x=y, so that the range of AT—A, is dense in .
Moreover, it is well known that the integral operator G, with the
kernel G,(&,7) is defined everywhere in ¥ and bounded. Hence (A7
—A))7! exists and is a contraction of G,, and it is easily seen that the
closure A of A, exists and (A I—A4)'=G,. Thus D(A) is the totality
of x expressed by with yeB. Tt follows easily that D(A) is
characterized by the properties stated in the theorem. Since G,=([7
—A)™! is bounded for A >0, the resolvent set of A contains the posi-
tive real axis. In order to prove that A has property S, it only remains
to show that ||G,||<A"!. In thecase W=L, 1<p< o, this is shown
by the following inequalities: for x, y of

x@I=] | G man |7 | [ Guemivmirdn |2,

Ixiie=| " 1x@1rde<n o0 [7 Guemivalednde=n- ol

where use is made of and [(4.6). In the case BV=L, or C, the
proof is similar and even simpler.

REMARK 1. shows, in particular, that the domain ®(A)
is independent of p(¢), q(¢), »(¢), as long as these functions satisfy the
general conditions stated above.

ReMARK 2. If B=C(S), A coincides with A4, and ®(A4) with D,.

3. With these preparations, we proceed to the consideration of a
formal differential operator

(4.8) Ti[x]=pE 2" +qE )2 +#E Dx

depending on a parameter £. For simplicity we assume that (p, g, »
are periodic in ¢ and) a°p/0 &2, oq/o¢&, r, ap/ot, aq/ot, ar/at all exist and
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are continuous for —oo<{¢<+ oo, a<t< b, and that >0, r=<0,
r*=6*ploE—o6q/oE+r=0.

Then the results obtained above are valid for each {£. Thus we
can determine from 7T, a closed linear operator A(¢) in B for each {,
which has property S and has domain D independent of t, as is seen
from Remark 1 above. The condition C,; and the first part of C, are
obviously satisfied. To see if other conditions are also fulfilled, we
note that A(f) can be written as

A=Pt)D,+Q{t)D;+R(?),

where the operators D,=d/d¢, D.=d?*d& are assumed to have domain
D, and P(t) etc. are multiplicative operators defined by [P(f)x](¢)
=p(&t)x(&) etc. It is clear that D, is identical with A of the preced-
ing paragraph for the special case p(&)=1, q(¢§)=»(¢)=0 so that D, is
closed. It is easily seen that D, has a closed extension. Thus D,[A(s)
—1I1! and D,[A(s)—1I]* are bounded by [Lemma 2. Furthermore, it
is easily seen that P(f), @(¢), R(¢) are bounded operators, differentiable
in ¢ in the sense of the norm || ||, and that dP(¢)/dt etc. are continuous
in ¢ in the sense of || ||. Noting that

AGLA(S)—I1'=P@)D.[A(s)—1T"!
+Q@)Di[A(s)—I]'+ RMO[A(s)— 1],

it follows easily that the rest of C, and C;, C, are also satisfied.
Thus Theorems 1, 4, and 5 are applicable; we see that the differ-
ential equation

0x __ °x x

has a unique solution x(&,£) for any initial value x(¢)=x(&,a) belonging
to ® at least in a generalized sense, provided that f and #*f/6&® are
strongly continuous in ¢ (note that we may take D, instead of A(») of
Theorem 5). In general it is difficult to decide how far x(&,¢) satisfies
the concrete differential equation (4.9). However, the situation is rather
simple if B=C(S), for in this case the existence of the derivative
dx(t)/dt in the strong sense implies that of §x(&,£)/6¢ in the usual sense,
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and the strong continuity of x(f) and dx(¢)/dt implies that x(&¢) and
dx(&t)/at are continuous in & and ¢ simultaneously.

We therefore consider the case B3=C(S) and assume that the initial
value x=x(£) has continuous derivative of second order so that xeD.
Further let 3%f/6& exist and be continuous in &, { with f itself. Then
D,f is strongly continuous in £, and the hypotheses of are
fulfilled. It follows that there exists a unique solution of the differential
equation in the ordinary sense. Moreover, shows that
1) dx(t)/dt is strongly continuous in ¢ and that 2) x(t)e® for each t
and D, x(t), D,x(t) are strongly continuous in ¢, for D, and D, satisfy
the condition for the operator A of that theorem. Translating these
properties into ordinary language, we see that 1) 6x(&t)/at is conti-
nuous in & ¢ and 2) ax(&,t)/0& and 9°x(&,t)/0& are continuous in &, t.
In this way we have proved the following theorem as an application
of our general theory.

THEOREM 7. Let p(&,0), q(&,1), 7(&,¢), f(&1) be defined for — o < &
<+ oo, alt=<b and periodic in ¢ with period L. Let p, 0p/o&, ?p/o&,
q, 09/3¢, 7, f, 3°f/0 &% oplot, aq/ot, or/at exist and be continuous in &
and t simultaneously. If x(&) is periodic with period L and has conli-
nuous dervivative of second order, the differential equation (4.9) has
one and only one periodic solution such that x(&a)=x(&) and x(&,t),
ox(&t)/0E, *x(E,t)/08, ax(&t)/dt are continuous in & and t simulta-
neously. )

4. In this way we see that our general theorems give fairly satis-
factory results when applied to ordinary differential operators. It seems,
however, that matters are not so simple when A(t) is a partial differ-
ential operator. The method stated above may perhaps be used to
show that, under certain general conditions, that A(f) has property S
for each £. But the characterization of the domain of A(¢) is not so
simple as above, at least for the spaces 8=L,; and C. Thus we do not
know at present whether the domain of A(?#) is independent of ¢ or
not, although it can be shown that this is the case at least for B=L,
The writer wishes to discuss these problems elsewhere.

In conclusion the writer wishes to express his hearty thanks to
Professor K. Yosida for his interest in this work and valuable sugges-
tions,

Department of Physics, University of Tokyo
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Note (added in proof). The proof of the continuity of U (t,s) given
at the end of §3.9 was incomplete, since it covers only the case

s <t. However, a complete proof can easily be derived directly
from (3.20).
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