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A REMARK ON ALMOST SURE GLOBAL WELL-POSEDNESS OF
THE ENERGY-CRITICAL DEFOCUSING NONLINEAR WAVE
EQUATIONS IN THE PERIODIC SETTING
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Abstract. In this note, we prove almost sure global well-posedness of the energy-
critical defocusing nonlinear wave equation on T4 ,d = 3,4, and 5, with random initial data
below the energy space.

1. Introduction.

1.1. Energy-critical nonlinear wave equations. We consider the Cauchy problem
for the energy-critical defocusing nonlinear wave equation (NLW) on the d-dimensional torus
T = R/27Z)?,d = 3,4 0r5:

2 _4_
ofu—Au+ ul=2u =0

(1.1) (t,x) e R x T¢,

(u, )|,y = (uo, 1),
where u is a real-valued function on R x T¢. In particular, we prove almost sure global
well-posedness of (1.1) with randomized initial data below the energy space.

NLW on the Euclidean space R? has been studied extensively from both applied and
theoretical points of view. Due to its analytical difficulty, the energy-critical defocusing NLW
(1.1) on R has attracted a tremendous amount of attention over the last few decades. After
substantial efforts by many mathematicians, it is known that (1.1) on R? is globally well-
posed in the energy space and all finite energy solutions scatter [29, 13, 14, 27, 28, 16, 12, 2,
1,21, 22, 31]. Thanks to the finite speed of propagation, these global well-posedness results of
(1.1) on R? in the energy space immediately yield the corresponding global well-posedness of
(1.1) on T in the energy space. We point out that these well-posedness results in the energy
space are sharp in the sense that the energy-critical NLW (1.1) on R is known to be ill-posed
below the energy space [10].

In recent years, there has been a significant development in incorporating non-deter-
ministic points of view in the study of the Cauchy problems for hyperbolic and dispersive
PDEs below certain regularity thresholds, in particular a scaling critical regularity. For ex-
ample, the methodology developed in [6, 8, 4, 25] readily yields almost sure local well-
posedness of (1.1) with respect to randomized initial data below the energy space. There

2010 Mathematics Subject Classification. Primary 35L05; Secondary 35L71.

Key words and phrases. Nonlinear wave equation, probabilistic well-posedness, almost sure global existence,
finite speed of propagation.

The first author was supported by the European Research Council (grant no. 637995 “ProbDynDispEq”).



456 T. OH AND O. POCOVNICU

are also results on almost sure global well-posedness that go beyond the deterministic thresh-
olds. Burg-Tzvetkov [9] considered the energy-subcritical defocusing cubic NLW on T3 and
established almost sure global well-posedness below the scaling critical regularity. Subse-
quently, Lithrmann-Mendelson [19] applied the probabilistic high-low method developed in
[11] and proved almost sure global well-posedness for some energy-subcritical NLW on R3
below the scaling critical regularity. See [20] for a recent improvement on this work.! More
recently, the authors [25, 23] incorporated the deterministic energy-critical theory and proved
almost sure global well-posedness below the energy space of the energy-critical defocusing
NLW (1.1) on R?, d = 3,4, and 5. Our main goal in this paper is to consider the energy-
critical defocusing NLW (1.1) on T in the probabilistic setting and prove almost sure global
well-posedness below the energy space. In the classical deterministic setting, the finite speed
of propagation immediately allows us to transfer a deterministic global well-posedness result
of NLW on R to the corresponding deterministic global well-posedness result on T¢. This
finite speed of propagation also plays an important role in our probabilistic setting. As we see
below, however, the probabilistic results on R4 in [25, 23] are not directly transferrable to the
periodic setting and some care must be taken.

1.2. Main result. The energy-critical NLW (1.1) on R? is known to enjoy the fol-
lowing dilation symmetry: u(¢, x) +— u,(t, x) := )\#u()\t, Ax). Namely, if u is a solution
to (1.1) on R?, then u;,_is also a solution to (1.1) on R¢ with rescaled initial data. It is easy to
check that the H'(RY) x L2(R?)-norm and the conserved energy E (u) defined by

d—2
| T2 dx

1 2, 1 2
E(u) = E(u, d;u) := E(B,u) +§|Vu| +

are invariant under this dilation symmetry. Note that by Sobolev’s inequality, E (u, d;u) < 00
if and only if (u, o;u) € H'(R?) x L%(R?). For this reason, the space H'(RY) x L2(R?) is
called the energy space. While there is no dilation symmetry on T¢, we still refer to H'(T%) x
L*(T9) as the energy space for (1.1) posed on T?.

Our main goal is to prove almost sure global well-posedness of (1.1) on T¢ below the
energy space. We use the following shorthand notation for products of Sobolev spaces:

HY (M) := H*(M) x H*~'(M),

where M = T¢ or RY.

Given s < 1, fix a pair (ug,u1) € H°® (T?) of real valued functions. In terms of the
Fourier series, we have

wj(x) =Y uajme™, j=0,1,
nezd

such that u;(—n) = u;(n). We introduce a randomization (u§, u{’) of (uo, u1) as follows.
For j = 0,1, let {gy, j},cz« be a sequence of mean zero complex-valued random variables
on a probability space (2, F, P) such that g_, ; = g, foralln € Z9, j = 0,1. In

I There is also a recent work by Sun-Xia [30] on almost sure global well-posedness for some energy-subcritical
NLW on T3.
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particular, go, ; is real-valued. Moreover, we assume that {go, j, Re g, j, Im gy, j}nez, j=0,1 are
independent, where the index set Z is defined by

d—1
(1.2) 7:= U 7K x 7y x {041,
k=0
Note that Z¢ = 7 U (—Z) U {0}. Then, we define the randomization (ug, u?) of (uo, u1) by
(1.3) g, uf) = ( > gnotto(m)e™™ . Y guti (n)e""‘*).
neZd neZd

In particular, if {go j, Re gn, j,Im gy, j}nez,j=0,1 are independent standard complex-valued
Gaussian random variables, then the randomization (1.3) corresponds the white noise ran-
domization: (ug,u{) = (Eo * uo, &1 * u1), where &y and & are independent Gaussian
white noise on T¢. See [23] for more on this.

In the following, we also make the following assumption on the probability distributions
tn,j of gn, j; there exists ¢ > 0 such that

(1.4) /eV‘Xdun,,-(x) <P =01,

foralln € Z¢, (i) all y € R when n = 0, and (ii) all y € R?> when n € Z¢ \ {0}. Note that
(1.4) is satisfied by standard complex-valued Gaussian random variables, standard Bernoulli
random variables, and any random variables with compactly supported distributions.

Our main result reads as follows.

THEOREM 1.1. Ford = 3,4, or5, let s € R satisfy
(i)%<s<lwhend:3, (i)0<s <1lwhend =4, ((i)0<s<lwhend=>5.

Given (ug, u1) € H*(T?), let (ug, uy) be the randomization defined in (1.3), satisfying (1.4).
Then, the energy-critical defocusing NLW (1.1) on T¢ is almost surely globally well-posed.
More precisely, there exists a set §2(,,,u,) C $2 of probability 1 such that, for every w €
(ug,uy), there exists a unique solution u® to (1.1) with (u®, du®)|;=0 = (ug, uy) in the
class:

(Sper(DY @, u), 31 Sper (), uP)) + CR; H'(TD) € C(R; H'(T)) .
Here, Sper(7) denotes the propagator for the linear wave equation on T¢ given by

sin(¢|V])
Sper(t) (fO’ fl) = COS(t|V|)f() + Tfl .

This is the first result on almost sure global existence of unique solutions to energy-
critical hyperbolic/dispersive PDEs in the periodic setting. In particular, when d = 4, The-
orem 1.1 provides an affirmative answer to a question posed in [7]. When d = 4, Burg-
Thomann-Tzvetkov [7] previously proved almost sure global existence (without uniqueness)
of weak solutions to (1.1) on T* for 0 < s < 1. Moreover, the continuity (of the nonlinear

part) of the solution constructed in [7] was obtained only in a weaker topology. Their main
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approach was to establish a probabilistic energy estimate and apply a compactness argument.
The lack of uniqueness in [7] comes from the use of the compactness argument. Theorem 1.1
allows us to upgrade the weak solutions in [7] to strong solutions.”

In the Euclidean setting, we introduced in [25, 23] the probabilistic perturbation theory
and proved almost sure global existence of unique solutions to (1.1) on RY, d =3,4, and 5.
Let us briefly discuss the randomization of real-valued functions on R¢ employed in [25, 23].
Let ¢ € S(RY) be such that supp ¥ C [—1, 1], ¥(—£) = ¥ (&), and

(1.5) Z V(E—n)=1 forallé e RY,

neZd

Then, any function u on R? can be written as

(1.6) w= Y y(D—nu,

neZd
where (D — n) denotes the Fourier multiplier operator with symbol ¥(- — n). We then
consider a randomization adapted to the decomposition (1.6). More precisely, given a pair
(1o, u1) of functions on R?, we define the Wiener randomization (ug,u?) of (ug, uy) by

A7 g, up) = ( Y 90@Y (D —nuo, Y ga1 (@)Y (D — n)m) :

neZd neZd

This randomization is based on the uniform decomposition of the frequency space Rg into
the unit cubes, called the Wiener decomposition [32]. In [25, 23], we proved that, given
s < 1 satisfying the condition in Theorem 1.1 and any (ug,u1) € H*(R?), the energy-
critical defocusing NLW on R is almost surely globally well-posed with respect to the Wiener
randomization (u§, u{) defined in (1.7). See [19, 4, 5, 20] for other results utilizing the
Wiener randomization (1.7).

Our basic strategy for the proof of Theorem 1.1 is to make use of the finite speed of
propagation of solutions and reduce the problem on T = [ - %, %)d to a problem in the

Euclidean setting. Fix n € C° (Rd; R) such thatn = 1 on [—1, 1]d. Given T > 0, let
(1.8) 0, (x) = n((T)"'x),

where (-) = 14 |- |. Let u be a solution to the following energy-critical defocusing NLW on
RY:

02u — Au+ [u|77u =0
(1.9) !

(t,x) € [0, T] x RY,
(u, 0w)|,_y = (o7, ui,7) == (n 10, nyu1),

where we view (uo, u1) as periodic functions on R¢ with period 1. Then, by the finite speed
of propagation, we see that u := u|y 7« is a solution to the periodic NLW (1.1) on the
time interval [0, T'] with initial data (ug, u1). In the classical deterministic setting, this al-
lows us to transfer global well-posedness on NLW on R? to the corresponding global well-

2Here, we are indeed referring to the nonlinear part of a solution u.
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posedness of the periodic NLW on T¢. In our current probabilistic setting, however, this is
not so straightforward. In particular, under such a reduction from the periodic setting to the
Euclidean setting, our random initial data (u{, u{’) on T of the form (1.3) does not give rise
to an appropriate random initial data on R of the form (1.7) such that the results in [25, 23]
are directly applicable.

Fix a pair (uq, u1) of real-valued functions defined on #*(T¢). Given T > 0, define a
pair (ug , uf ) of random functions on R by setting

(g 7, uf 7) = (npug, npup)

(1.10) = ( > @ gno@idome™™, Y 0y (X)ga1 (@) (n)e""‘*),

neZd neZd

where 1, is asin (1.8) and (ug, u?) is the randomization of (uo, u1) defined in (1.3), satisfying
(1.4). Then, in order to prove Theorem 1.1, we need to prove almost sure well-posedness of
(1.9) on [0, T] x R? with (u, af“)|z:0 = (u&T, u‘f’T) for some sequence of T — oo. First,
note that the randomized initial data (u&T, u‘f’T) in (1.10) depends on 7. Moreover, it is not
of the form (1.7). Indeed, we have

(1.11) uPr () = nulE) = Y 7 (& —mgaj@7;m),  j=0.1.

nezd

In particular, the Fourier transform u% (§) depends on infinitely many g, ;’s foreach & € RY.
See Remark 1.2 below.

The proof of almost sure global well-posedness of (1.1) on R? in [25, 23] consists of
two disjoint parts: (i) a probabilistic part and (ii) a deterministic part. We can apply the
deterministic part of the argument without any change. Therefore, our main task is to adapt
the probabilistic part to our current problem. In particular, we will establish probabilistic
Strichartz estimates (Propositions 4.1 and 4.4 below) that allow us to control random linear
profiles on R¥ in terms of functions on T¢. See Section 4. We then need to adjust the argument
in [25, 23] suitably to our setting.

We conclude this introduction by stating several remarks.

REMARK 1.2. If there were a function n € Lz(Rd) with the properties (i) n(x) = 1
on [—%, %)d and (ii) its Fourier transform 77 has a compact support, then we could basically
apply the arguments in [25, 23] to study (1.9) with random initial data (u&T, ufT) defined in
(1.10). However, Paley-Wiener Theorem (Theorems IX.11 and IX.12 in [26]) states that there
is no such function € L?(R?) satisfying both (i) and (ii).

REMARK 1.3. The uniqueness statement in Theorem 1.1 holds in the following sense.
The existence part of Theorem 1.1 states that given any w € £2(,,,4,), there exists a global
solution u“ to (1.1). Now, we fix one such @ € (o) and let f@ = Sper(-)(ug, uf).
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Setting v® := u® — £, we see that v® is a global solution to the perturbed NLW on T¢:

D% — AV® + V® 4 fOITI (W + @) =0
@”, 3v?)]1=0 = (0,0).

(1.12)

Then, the uniqueness in Theorem 1.1 holds for v® in
d+

R, L (1)),

loc

(1.13) X(R) := {(v, dv) : (v, dv) € CR, H'(TD), ve L

This follows from a standard deterministic analysis of the perturbed NLW (1.12) on T¢. See
Appendix B. In terms of #®, the uniqueness holds in

(Sper (1) gy, uf), By Sper (1) (g, uP)) + X (R) .

Lastly, note that the almost sure global solutions constructed in [25, 23] also satisfy the same
kind of uniqueness.

REMARK 1.4. Letug: £2 — H*(T%) be the map given by ug(w) := (ug, uy), where
(ug,uf) is as in (1.3). Then, the map ug induces a probability measure & = (ug,u;) =
P oup~! on H*(T?). Now, let Zuguy) = W0(8249,u1))> Where £, 4,) is as in Theorem
1.1. Then, while w(X,,,4,)) = 1, it is possible that ,u(@ (t)(E(uo,ul))) becomes smaller for
some ¢ # 0 and even tends to 0, where @ () denotes the solution map of (1.1). Arguing as in
[25], we can strengthen the statement in Theorem 1.1 and show that there exists another set of
u-full measure ¥ C H*(T) such that (a) for any (¢o, ¢1) € X, there exists a unique global
solution u to (1.1) with initial data (u, o;u) |z:0 = (¢po, ¢1) and (b) ,u(q)(t)(Z‘)) = 1 for any
t € R. Namely, the measure of our new initial data set X' does not become smaller under the
dynamics of (1.1). See [9, 24, 25] for related discussions in this direction.

2. Notations. Given a periodic function f on T¢, we use f(n) = Fpa(f)(n) to de-
note the Fourier coefficient of f on T¢. Given a function f on RY, we use f(£) = Fga(f)(&)
to denote the Fourier transform of f on R?. Let f be a periodic function on T¢. By viewing
f as a tempered distribution on R? we have

fE& =Y 8E-nfm.

neZzd

Moreover, givenn € S (Rd), we have

@2.1) nfE) =Y HE-—mfmn.
neZzd

Givenn € 74, let Q,, be the unit cube Q,, :=n + [ — %, %)d centered at n.

Next, we briefly go over the Littlewood-Paley theory on R?. Let ¢ : R — [0, 1] be a
smooth bump function supported on [—%, %] andp =1 on [ — %, %] Given dyadic N > 1,
we set 91 (§) = ¢(|§]) and

on (€)= o(&l) — o3
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for N > 2. Then, we define the Littlewood-Paley projection Py as the Fourier multiplier
operator with symbol ¢x. Moreover, we define P<y and P>y by P<y = Zl< m<n Pu and
P.y=)" wm~y Pum. For a periodic function f on T4, we define Py to be the p_rojgction onto
the frequencies {%N < |n| < N}if N > 2 and {|n| < 1} if N = 1. In the following, we use
Py to denote the Littlewood-Paley projection for both functions on R? and T¢, depending on
the context.
We use S(7) to denote the propagator for the linear wave equation on R? given by
sin(t|V|)

22 S@) (fo, f1) = cos(t|V]) fo + be

We say that u is a solution to the following nonhomogeneous wave equation on R¢:

Zu—Au+F=0
2.3) {’” “t

(u, 3t”)|t=t0 = (¢, P1)
on a time interval / containing #y, if u satisfies the following Duhamel formulation:

Psin((r — )|V

Fhdt
4

2.4 () = S~ ). 91) ~ |
fo
for ¢t € I. We now recall the Strichartz estimates for wave equations on R®. We say that (¢, r)
is an s-wave admissible pairif g > 2,2 <r < oo,
1 d-1 d-1 1 d d
<

——, and —+—=——3.
q 2r T 4 q+r 2 s

Then, we have the following Strichartz estimates. See [12, 18, 17] for more discussions on
the Strichartz estimates.

LEMMA 2.1. Lets > 0. Let (q,r) and (q, ) be s- and (1 — s)-wave admissible pairs,
respectively. Then, we have

(2.5) l(u, at”)”[‘[oo([;’}.'[;(Rd)) + ”u”L;’(];Lg) 5 Il (¢0, ¢1)||’;.'[.Y(Rd) + ”F“L?,(I;Li/(Rd))

for all solutions u to (2.3) on a time interval I > t.

In our argument, we will only use the following wave admissible pairs: (%, %) with

s = 1 and (00, 2) with s = 0. For simplicity, we denote the space L{ (I; L") by LIL" or
LILTif I =10,T].

In the following, constants in various estimates depend on the smooth cutoff function ,
appearing in (1.8). Since we fix such 5 once and for all, we suppress the dependence on 7.
Lastly, in view of the time reversibility of the equation, we only consider positive times in the
following.

3. Reduction to the Euclidean setting. We first reduce Theorem 1.1 to the following
proposition on “almost” almost sure global well-posedness of (1.1).
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PROPOSITION 3.1. Let (s,d) be as in Theorem 1.1. Given (ug,u) € H*(T%), let
(ug, uy) be the randomization defined in (1.3), satisfying (1.4). Then, for any given T > 1
and ¢ > 0, there exists a set 21 C $2 with P(Q%S) < & such that, for every w € $2r ¢,
there exists a unique solution u® to (1.1) with (u®, 9;u®)|;=0 = (uy, uy’) in the class:

B.1) (Sper() @l u), 3 Sper () (u§, u$)) + C([0, T1; H'(T)) € €([0, T]; H*(T9)).

It is easy to see that Proposition 3.1 implies Theorem 1.1. See, for example, [11, 25].
Therefore, in the remaining part of the paper, we focus on the proof of Proposition 3.1 for
eachfixed T > 1and ¢ > 0.

Given (ug, u1) € H(T4) and T > 1, let (uaT, ufT) be the random functions on R?¢
defined in (1.10). Consider the following Cauchy problem:

(t,x) €[0,T] x R?.

_4_
(32) !8311“’ — AU + [u?| 720 =0

w w _ w w
(ll ) 8tu )|t:O - (HO,T’ ul,T) )

In view of the finite speed of propagation, Proposition 3.1 follows once we prove the following
proposition. See Appendix A for this part of the reduction.

PROPOSITION 3.2. Let (s,d) be as in Theorem 1.1. Given (ug,u;) € H*(T%) and
T > 1, let (u’(;”T, “(f),T) be the random ]chtions on R4 deﬁNned in (1.10), satisfying (1.4).
Then, for any ¢ > O, there exists a set 21 C §2 with P(.Q%E) < ¢ such that, for every
w € ﬁT,g, there exists a unique solution u® to (3.2) with (0®, 9,u®)|;—0 = (u&T, ufT) in the
class:

(SO@G 7. uf 1), SO @Y 7. uf 1)) + C(0, T H' RY) € C([0, T]; H' (RY)).
Moreover, the nonlinear part v¢ := u® — S(-)(ug 7, uf 1) of the solution satisfies the bounds
(3.3) ||Vw||Lf([0,T],L;(Rd)) < C(T, ¢, |[(uo, Ml)“HJ(’ﬂ‘d)) >
for all 1-wave admissible pairs (q, r).

The main idea is to adapt the argument in [25, 23] on almost sure global well-posedness
of (1.1) on R? with random initial data of the form (1.7). Denoting the linear and nonlinear
parts of the solution u® to (3.2) by

(3.4) z°(t) = 27(t) :== St)(ug 7, uf7) and v :=u” -z,

we can reformulate (3.2) as the following perturbed NLW:

3.5) afvw — AV 4+ FV* +2°) =0
(sz atvw)|l=0 = (07 O) )

where F(u) = |u|ﬁu. As mentioned above, the argument in [25, 23] can be divided into

two parts: (i) the probabilistic part and (ii) the deterministic study of the perturbed NLW:

{B,ZV—AV~|—F(V~|—f)=O

(3.6)
(v, 9V)|,_y = (o, V1),
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where f is a deterministic function, satisfying some a priori space-time bounds. This de-
terministic part (Proposition 4.3 in [25] and Proposition 5.2 in [23]) can be applied to our
problem without any change, and hence we take it as a black box in this paper. Therefore, our
main task is to appropriately modify the probabilistic part of the argument.

In the next section, we prove new probabilistic Strichartz estimates (Propositions 4.1 and
4.4), controlling the size of the random linear solution S (t)(u(“)”T, ufT) on R? in terms of the
deterministic initial data (uq, u1) on T<. Then, in Section 5, we briefly discuss how to modify
the argument in [25, 23] to prove Proposition 3.2. In Appendix A, we consider the issue on the
finite speed of propagation on random solutions at a low regularity and show how to deduce
Proposition 3.1 from Proposition 3.2. Finally, we sketch the uniqueness part of Theorem 1.1
in Appendix B.

Let us conclude this section by stating a lemma, which allows us to compare the H*-
norms of a periodic function on R¢ and T¢ through the multiplication by Ny.

LEMMA 3.3. Let0 <s < 1. Then, there exists C > 0 such that

1 d d
(3.7) E(T)2 ILf s cray I < Wy fll s ey < CCT) 2N f s ey »

forany T > 0 and any periodic function f € H*(T%).
PROOF. Givenm € Z% and T > 0, set (T)Q,, := {£ € R? : (T)~'¢ € 0,,}. Then, for
s > 0, it follows from (1.8) that

B3 )77 ”LZ(Qm)S(T)% ¢ Y 0l L2y @ (T

Y WD Rl

keZ4N(T)Om
where i is as in (1.5). Then, by (2.1), the triangle inequality (with s > 0), Minkowski’s
integral inequality, Young’s inequality, and (3.8), we have
Y i E—mfn)

2 N2
Im7 1l s ray = </(§)2S d§>
neZd

2\
5(/(Z@—n>S|’ﬁT@—n>|-<n>“|f<n>|) dg)

nezd

(Z/.(z

meZd Om neZd

Y
5( Z < Z ||(')Sﬁr||L2(Qm_n)(n)5|f(n)|) )

meZd " nezd

1
2

2
(& —n)li, ¢ —n)l- (n)slf(n)l) dé)

~ d
(3.9) = ||(')SUT||£}nL2(Qm)||f||HS(Td) SAT)? ||77||M5~l IS 1l s ey -

Here, M5,1 denotes the (weighted) modulation space defined by the norm

Inllagg, = [0 1 (D =l 2y | 1 e, -
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Let ’H“Tl =[-T- %, T+ %)d. Then, by the definition of 7,., we have

d
(3.10) (TY2N fll g2 (pay ~ ||f||L2(']1‘t%) < lny fllL2ray -

By the characterization of the H*-norms on the physical side (see, for example, [15] and [3]
onR? and T9, respectively), the periodicity of f, and the definition of ,, we have

1F@+y) — f)P >i
dyd
</T /Q |y|aFs yer
1F@x+y) — ) )%
~ dvyd
</ﬂ“% /Q0 |y|d+2s yax
_ 2 3
S<// e+ 3) 6+ 9) =1y ()£ ) dW)z
Re J Qo |y|d+2s

_ 2 3
- </ / Iy (x +y) f(x +y) —np(x) f(x)] dydx)2
Rd JRA |y[d+2s

(3.11) ~ ||'7Tf||1-'IS(Rd)
for 0 < s < 1. Hence, (3.7) follows from (3.9), (3.10), and (3.11). O

SN

(TYENf 1 sy ~ (T

4. Probabilistic Strichartz estimates. In this section, we state and prove the cru-
cial probabilistic Strichartz estimates that build a bridge between the random linear solution
S(1) (u&T, ufT) on R? and the deterministic initial data (uq, #1) on T¢. In [25, 23], we stud-
ied the probabilistic Strichartz estimates on R¢ with random initial data of the form (1.7)
(Proposition 2.3 in [25] and Proposition 3.3 in [23]). The following propositions (Proposi-
tions 4.1 and 4.4) are suitable replacements for our problem at hand. In particular, we have
the #* (T%)-norm of (ug, u1) on T¢ on the right-hand side of (4.1) and (4.12).

PROPOSITION 4.1. Let T > 0. Given (ug,u1) € H*(T), let (uf ., u} ;) be the
randomization on R? defined in (1.10), satisfying (1.4). Then, given1 < g < 00,2 < r < o0,
there exist C, ¢ > 0 such that

P(ISO®E 7 8¢ s, 17wy > +)

)h2

4.1 SCGXP<—C 2
max (1, bH(T)4 117 [[(uo. )13

for any compact time interval I = [a, b] C [0, T], provided (i) s = 0ifr < oo and (ii) s > 0
ifr = oo.

REMARK 4.2. Let (ug,7,u1,7) := (10, nyu1) asin (1.9). Then, in view of Lemma
3.3, we can rewrite (4.1) as

P(ISO®@E 7 95 ) s, gy > +)
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)\2

“4.2) < Cexp < —c 5
max (1, b2) |17 | (wo.7. w1,7) 134

We point out that (4.2) is more in the spirit of the statement of Proposition 2.3 (ii) and (iii) in
[25].

Before presenting the proof of Proposition 4.1, we first recall the following probabilistic
estimate. See [8] for the proof.

LEMMA 4.3. Let {gu},cz¢ be a sequence of mean zero complex-valued random vari-
ables such that g_, = Gy for alln € Z¢. With T as in (1.2), assume that go, Re g,, and Im g,
n € I, are independent. Moreover, assume that (1.4) is satisfied. Then, there exists C > 0
such that the following holds:

H > @)y

neZd

= CJ/pllenlle zay
LP(2)

for any p > 2 and any sequence {c,} € £*(Z%) satisfying c_, = ¢, foralln € Z°.

PROOF OF PROPOSITION 4.1. The proofis analogous to that of Proposition 2.3 in [25].
There are, however, important differences due to the fact that 77 does not have a compact
support and that we use the H* (T9)-norm of (ug, u1) on the right-hand side of (4.1).

e Case 1: We first consider the case r < oco0. Given 1 < ¢ < ocoand 2 < r < o0, let
p > max(g, r).

Let T, be the Fourier multiplier operator with a bounded multiplier m. Let § = %d +
e < % for some small ¢ > 0. Then, by Hausdorff-Young’s inequality and Holder’s inequality
with % = % + %, we have

1Ton (€™ ety < Iy & = W gy S 1 = m)Pm (T (& = )l 2z

d
4.3) S Il oo ey 07 IIH SAT) 2 Imll oo ey Il

% ®Y) HE RY)

for each n € Z9. Note that we have

sin(rlgD)| _
g |-

forall £ € R?\ {0} and all # € R. Then, by Minkowski’s integral inequality, Lemma 4.3 with
(1.10), and (4.3) with (4.4), we have

4.4) |cos(t|€])| <1 and

1
(Bl cos 19U 7711y ) = |Ne0s@ VDU lra] ,
: I=x

< «/FH [0 (n) cos@ VD) (™) | 12 < ﬁ” | cost IV (™)

~up(n
1L L Ho(n)

g 1
(455 /p(T)2|11e ||77||H%(Rd)||”0”L2(’]I‘d)'

Lie2
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When |&| 2 1, it follows from the triangle inequality: (n) < (§)(§ — n) that
sin(z[§]) 1 (§—n)

€] <$) (n)
for all n € Z¢. On the other hand, when |&| < 1, it follows from (4.4) that
sinGlgD |t _ (€= n)

€] (&) (n)

for all n € Z¢. Hence, proceeding as before with (4.6) and (4.7), we have

(4.6)

4.7

p

sin(z|V]) sin(¢|V])

) <o

E npe™)| - win)
< |V| Lq(I'Lr(R‘l)) |V| ( T Lr L‘;l%
ul(”l)
< /pmax(l, b)HII E—n)n, (& — n)IIL, .
o g
(4.8) < Vpmax(1, b)(T ) III‘IIInII leenll g1 (pay -

H?2 +1 (Rd)
Then, (4.1) follows from (4.5), (4.8), and a standard argument using Chebyshev’s inequality.
See [4, 25] for details.

e Case 2: Next, we consider the case r = co. In this case, given small s > 0, choose 7 > 1
such that s7 > d. Then, by Sobolev embedding theorem, we have

HS(t)(ug),T’ullu,T)”Lf(I;Lgo) S H(VVS(’)(“S),P“{f),T)”L;'(I;Li)'

We now proceed as in Case 1 with 7 instead of r. With the triangle inequality (§)° < (§ —
n)*(n)*, we have
1

: 7 d 1
@9) (B cos(r1VDug 717, )" S VPO g, o 0l sy

and
sm(t|V|) w I7 »
v uyr -
v LI (137 (Td))
d 1
(410) S ﬁmaX(l, b2)<T) 2 |I|‘1 ”n”H%'H'H(]Rd)”MOHHS_I(Td) .

Once again, (4.1) follows from (4.9), (4.10), and a standard argument using Chebyshev’s
inequality. |

Next, we prove a probabilistic estimate involving the L°-norm. This proposition re-
places Proposition 3.3 in [23] and plays an important role in treating the three-dimensional

case. Define an operator §(t) on a pair (fo, f1) of functions on R¢ by
\Y \Y
@.11) SO o, f1) = —H sin(t| V1) fo + °S<“V'> Dy,

Namely, we have 3, S(1)(fo. f1) = (V)S(®)(fo, f1)-
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PROPOSITION 4.4. Let T > 1. Given a pair (ug, uy) of real-valued functions defined
on T9, let (uaT, ufT) be the randomization on R defined in (1.10), satisfying (1.4). Let
S*(t) = S(t) or §(t) defined in (2.2) and (4.11), respectively. Then, for2 < r < 0o, we have

P(IIS*(t)(UKT, u? ) Lo o, 71; Ly (mey) > )‘)

)"2
(4.12) < C(T) < - )
TS TEE TOR TER

for any ¢ > 0, where the constants C and c depend only on r and e.

Proposition 4.4 follows as a corollary to the following lemma. Let S;(¢) and S_(¢) be
the linear propagators for the half wave equations on R defined by

Se(t) f = Fpd (V7).
Given ¢ € HS (T9) and T > 1, we define its randomization ¢ on R4 by

$9 = > 1, () gno(@m)e™

nezd

as in the first component of (1.10). Then, we have the following tail estimate on the size of
S+ (¢)@% over a time interval of length 1.

LEMMA 4.5. LetT > land2 < r < oo. Given any ¢ > 0, there exist constants
C, ¢ > 0, depending only on r and &, such that

22
(4.13)P<||Si(t)¢$||Loo LRy > A §Cexp(—c7),
22, j+H11 L (RY)) ) (T>d||¢“2 1)

_ »

(’1> ||¢||2H£—I(Td)
L[oo([jqj+1]2L§(Rd))

)\2
(4.15) < Cexp(—c - >
max (1, (T D111 o,

sin(t|V)) .,
v T

foranylj,j+ 11 C [0, T].
Assuming Lemma 4.5, we first present the proof of Proposition 4.4.
PROOF OF PROPOSITION 4.4. We first consider the case $*(¢) = S(¢) and T > 1. By
subadditivity, (4.13), and (4.15), we have
P<||S(t)(u&Ts llcf),T)||L,°0([o,T];L;(Rd)) > A)

< P(_max ISOOE - 0l ocgwey > 2)
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(7]
<> P(”S(f)(“firv uf Pl 4Ly @) > )\)

— =
4 &

T
A
< Z P(II cos(t VDG 7l oo (g, j411: L (R > 5)
=0

sin(t|V])
e WT
4

(7] N
> -3)
= Lo jHILLERY) 2

22
5C(T)exp<—c< )

)42\ o, 00) 13

When S*(¢) = g(t), (4.12) follows from (4.13) and (4.14). In this case, we obtain (T)d
instead of (T)?*2 on the right-hand side of (4.12). O

Finally, we present the proof of Lemma 4.5.

PROOF OF LEMMA 4.5. We first prove (4.13). In the following, we only consider the
case of S; (7). Setz”(t) = z7(t) := S4 (1) 9%
Part 1 (a): We first consider the case r < oco. The first half of the reduction (up to (4.18))
is exactly the same as that in the proof of Lemma 3.4 in [23]. We decided to include it for
reader’s convenience. Without loss of generality, assume j = 0. For k € N U {0}, let {#;  :
£=0,1,..., 2"} be2k+1 equally spaced pointson [0, 1],i.e.tox = Oand ty y —t/—1.4k = 2k
for ¢ = 1,...,2% Then, givent € [0, 1], we have

e¢]

(4.16) 2°(t) = Y (2°(te 1) — 2°(te,_ 1k-1)) + 2°(0)

k=1
for some £ = £;(t) € {0, ..., 2F}.

By the square function estimate and Minkowski’s integral inequality with (4.16), we have

121l oo (g0, 17: L7 ()

00 1

2\ 2
< w - , w .y
N< » (§ o 1P (2° (1, 0) — 2 (rek_,,k_l))h;(w))) +12°O) . rety »
N>1 k=1
dyadic

where 7,y is one of the 2k=D41 equally spaced points such that
(4.17) ek =ty a1l <275

Hence, for p > 2, we have

<=

p
(E[sz||L;’°([0,1];L§(R‘1))] )
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1

S ( > (i(E[ max [Py (29 (te ) — 220ty 4-1)) L;(Rd)],,ﬁ)z)z

N>1 k=1 0<br<2*
dyadic

@18+ (E[12°O) g ze]”)”

Proceeding as in (4.5) with Lemma 4.3 and (4.3), the second term on the right-hand side
of (4.18) can be bounded by

(E[||z‘°<0>||L;(Rd>]”)’L’ Sre
< V| Iny el -

SV dmem g,

(4.19) SVBEDEl ¢ 16120

H § (R4)
forp >r > 2.
In the following, we first estimate

o]

1
p 2
1y i= Y- (5[ max, 1w = #_a)gqan])

k=1

for each dyadic N > 1. Let
(4.20) qk := max(log 2k por) ~ log 2k p+r.

Then, we have

1
qr '\ %
L :

oo 2k
IS ( D E|Pn (2t ) — 2ty k1))
k=1 “¢;=0

1
Noting that (€ + 1)% < 1 and applying Lemma 4.3,

1

9k )ﬁ
Ly

@21 < kg Vax max [Py (st = Sty xo)(rre

< Z max (E”PN (2° (e ) — 27ty 5-1))

O<£ <2k

For |£] ~ N, it follows from (4.17) that

(4.22) |ei|§|fzk,k _ ei|§|’z;(

_lyk—l | 5 min(l, 2—kN) )
We now proceed as in (4.3). With (4.22) and the triangle inequality, we have
” Py (S+ (T k) — S+( tf;c_l,k—l )) (nTeinx)

< )N min(1, 27N IE — )P € — )l ey

L gy S min(L, 27N 77, 6 — Wl e
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< ENT—E i —k
< (n)* N~* min(1, 2 Mzl ¢ oo,

EAT—E i —k
() N~* min(L 2Nl g

[N

(4.23) SAT)

as long as ¢ > 0 is sufficiently small such that 8 + ¢ = (rz;rz)d +2¢ < %. Hence, from (4.21)
and (4.23), we obtain

o0
d — . —k
(4.24) W5<“”WGaW2;WﬁN€mm@2 M)l e ) -

Separating the summation (in k) into 27N > 1 and 27¥N < 1 and applying (4.20), we

have
o0

(4.25) Y VaN " min(1,27¥N) < Croi/pNT 2.
k=1
See [23] for details. Finally, putting (4.18), (4.19), (4.24), and (4.25), together, we obtain

1
® P\P 4
(E[”Z ”L?c([O,l];L;(Rd))] ) = Cre/p(T)2 “n“H%(Rd) ||¢||H€(Td)

for all p > r and sufficiently small & > 0. The rest follows from a standard argument using
Chebyshev’s inequality.

Part 1 (b): Next, we consider the case r = oo. It follows from Sobolev embedding that, given
any small ¢ > 0, there exists large 7 >> 1 with &7 > d such that

P(”Si(t)q’?”L?°<[j,j+1];L;°<Rd>> > *) = P<”<V>8Si(t)¢?||L?C<[j,j+1];L§<Rd)) > Ck)'
Then, the rest follows from the triangle inequality (£)¢ < (n)?(§ — n)® and the argument in
Part 1 (a).

Part 2: Next, we consider (4.14). By proceeding as in Part 1 (a), the only essential modi-

fications appear only in (4.19) and (4.23). With (4.22) and the triangle inequality: (£)~! <
(n)~1(& — n), we have

PN (V)71 (S e ) = Si-(tgy_ k=) (™) Ly (RY)
S (7 min(L 27NN = milp € = ml

nr (2}- - n) ”L%(Rd)

< ()N min(1, 27*N) || (g — n)PTET!

4
2

(T)Z (n)* "N~ min(1, 27 N) |||

2\

H 441 ®RY)
This shows how one modifies (4.23), while (4.19) can be modified similarly. Then, the rest
follows as in Part 1 (a), yielding (4.14).
Part 3: Finally, we prove (4.15) when r < co. The modification needed for the case r = oo
is straightforward as in Part 1 (b). Define Z*(¢) by

sin(¢|V])
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Repeating the argument in Part 1 (a) (but on [, j + 1] instead of [0, 1]), we have

w pP\r
(E[HZ e ). j+11 Ly )

< ( Z (Z (E[ max ”PN(Zw(t/gk,k) - Zw(tfjc_l,k—l)”
N>1

k=1 = 0st=2

1
AR
L;(Rd)] )

dyadic
1
+(E[||Z“’(j)||L;(Rd)]p>p — 1 +1.
When j = 0, then we have Il = 0. When j > 1, proceeding as in (4.8), we have

e d
(4.26) HSﬁ'J(TVH??HH%H( #1171 (Ta)

]R‘l)
for p > r. As for I, we simply repeat the computations in Part 1 (a) with a modification
in (4.23). For non-zero |£| ~ N, it follows from Mean Value Theorem with (4.17) and the
triangle inequality that
sin(te, k|§1) — sin(ty_ x—1151]) -
‘ ! < min(1, 2740 E=
3 (n)

Proceeding as in Part 1 with (4.27), we obtain

(4.27)

d
(4.28) I < Cre/p(T)2nll Pl re—1 (1a) -

H%H(Rd)

Then, the desired estimate (4.15) follows from (4.26) and (4.28). d

5. Proof of Proposition 3.2. In this section, we present the proof of Proposition 3.2.
In Subsection 5.1, we treat the higher dimensional case d = 4, 5. Then, we briefly discuss
some components of the proof for the d = 3 case in Subsection 5.2.

5.1. Higher dimensional case. In this subsection, we consider the case d = 4, 5. In
this case, the following probabilistic a priori energy bound plays an essential role, replacing
Proposition 5.2 in [25].

LEMMA 5.1 (Probabilistic energy bound). Letd = 4 or 5 and s < 1 satisfy the con-
dition in Theorem 1.1. Given (ug,u1) € H(T¢) and T > 1, let (uaT, ufT) be the ran-
domization on R? defined in (1.10), satisfying (1.4). Suppose that v* is a solution to the

Cauchy problem (3.5) on [0, T]. Then, given small ¢ > 0, there exists a set 57,5 C 2 with
P(.Q;"E) < % such that for all w € Q7 ¢, we have

(5.1 sup E(v(0) = C(T. e, lwo, un) g o))
te[0,T]

and thus also

(v, 8,v®) ”L?O([O,T];’H](]Rd)) < C0<T, g, [(uo, M1)||7-L~V(Td))-
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PROOF. The proof of this lemma follows closely the proof of Proposition 5.2 in [25]
and thus we only sketch the proof of (5.1) when d = 4.

Taking the time derivative of the energy E (v* (¢)) with (3.5) and integrating by parts, we
have

d
—ENV°@) = / 8tv“’(8,2v"’ — AV® + (v“’)3>dx = / 8,V‘”<(v"’)3 — (V0 + z“’)3)dx
dt R4 R4

By Holder’s inequality, we have

d 1
‘EE(V“’(t)) = C(E0e ) (121 gy + 172 ey IV 12 ey )-

Noting that E(v*(0)) = 0, integration in time then yields

1

1 t 1
(EG )" < Iy + € [ 12t (B0 @) ar

By Gronwall’s inequality, we obtain

(5:2) sup (EG()” = Clze;
te[0,T]

CHZ‘”H

b
L3 L6 :

Then, by choosing A = (T)4||(uo, u1)llggs(r4y and K = K (e) > 1, it follows from Propo-
sition 4.1 that there exists QT e C £2 with P(Q ) < % such that for all w € QT e» WE
have

(53) 12903 16 + 12701 100 = KA w0, 1) s oy -

Combining this with (5.2) yields (5.1). O

The key deterministic ingredient in the proof of Proposition 3.2 is the following “good”
local well-posedness result of the perturbed NLW (3.6). In particular, the time of local exis-
tence is characterized only in terms of the #!-norm of the initial data (vg, v1) and the size of
the perturbation f.

LEMMA 5.2 (Proposition 4.3 in [25]). Letd = 4 or 5 and (vo, V1) € HY(RY). Then,
there exists a function T : [0, 00) xRy xRy — R, non-increasing in the first two arguments,
such that if f satisfies the condition

(5.4) NI a2 2wt < K1
LIPL 2 (g, 10+ ] xRY)

for some K,0 > 0andt, <7t = t(||(v0, VOl (rays K 0) &K 1, then there exists a unique
solution (v, 0;v) € C([to, to + T«]; ﬂl(Rd)) to (3.6). Moreover,

(5.5) “V”L‘?([;0 to+t; LL(RY)) = < C(ll(vo, Vl)”q.[l(Rd))

for all 1-admissible pairs (q, r).

Now, we are ready to present the proof of Proposition 3.2 ford = 4, 5.
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PROOF OF PROPOSITION 3.2. Let T > 1and ¢ > 0. Given (ug’T, u‘l"T), let z% and v®
be as in (3.4). By Lemma 5.1, there exists a set £21 with

(5.6) P(26) < %

such that

(5.7 Slép (v (2), 3 v () g1 ey < Co := Co(T, &, || (o, u1) s (1ay) < 00,
1€[0,T]

foreach w € 2.

Lett = ‘L'(C(), K, 0) be as in Lemma 5.2, where K = ||(uo, u1) [l30(7¢) and 6 = 2(d —2

)
Fix 7, < 7 to be chosen later. By writing [0, T] = U T/r* Ij with I; = [jts, (j + D7e] N

[0, T'], define §2, by

(5.8) 2, = {a)eg: 1291 22 202 < K119, ) =o,...,[£]}.
le_—zLxd—z
J

Then, by Proposition 4.1 with |/;| < T, we have

N
* T c
¢y < w . 0) <L L
Puz) —JZOP(“Z |, e = KILT) S ‘”‘P( <T>d+zf,ge)
= J

By making t, smaller if necessary,

< T c T c
—1exp|l ————— | =Texp| ————-].
~ o, * EXp 2(T)d+2r$9 p 2(T)d+2'[30
Hence, by choosing 7, = 7.(T, ¢) sufficiently small, we conclude that

(5.9) P(R2%) < g

Let 57,5 = 21 N £27. Then, from (5.6) and (5.9), we have P(ﬁ;’e) < &. Moreover,
it follows from Lemma 5.2 applied iteratively with (5.7) and (5.8) on the intervals /;, j =

o,..., [r—i], that foreach w € ﬁT,g, there exists a unique solution v* to (3.5) on [0, T']. Hence,
forw e ﬁr,s, there exists a unique solution u® = z® 4+ v to (3.2) on [0, T']. Moreover, (3.3)
follows from (5.5). O

5.2. Three-dimensional case. In the following, we briefly sketch the idea of the
proof of Proposition 3.2 when d = 3. In this case, the additional difficulty comes from
the lack of a probabilistic a priori energy bound (Lemma 5.1). Therefore, as in [23], we need
to establish a uniform probabilistic energy bound for approximating random solutions.

Let (uo, u1) € H(T?) with <s<landT > 1. Given N > 1 dyadic, define u?
j=0,1,by

j.T,N?

(5.10) ul sy =Pyuiy.

Let uy be the smooth global solution to (3.2) on R3 with initial data (uy, ounN) =0 =
(u(‘;T’ N u‘l"’T’ N) € H® (R3). Denote the linear and nonlinear parts of uy by zy = zfy and
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vy = vy, respectively. In particular, vy is the smooth global solution to the following per-
turbed NLW on R3:

VN — Avy + (vy +2y)° =0,

(YN, % VN)li=0 = (0,0).

While we have |(v§, 8,v%)||L?O(R;H,(R3)) < C(N,w) < oo for each N € N, there is no

(5.11)

uniform (in N) control on the H'-norm of vy. The following lemma establishes a uniform
(in N) bound on the H'-norm of vy in a probabilistic manner.

LEMMA 5.3. Lets e (%, 1) and N > 1 dyadic. Given T, ¢ > 0, there exists ﬁN’T’g C
$2 such that

() P25, <e
(ii) There exists a finite constant C(T, &, ||(uo, u1)ll34s(13y) > O such that the following

energy bound holds:
(5.12) sup 1| (V5 (6), 3V () llag1 @) < (T &, NG, u) s psy)
1€[0,T]

Sfor all solutions vy to (5.11) on [0, T] with w € ij,T,g.

Note that the constant C(T , ¢, || (uo, u1)|l9ys (R3)) is independent of dyadic N > 1.

Lemma 5.3 plays the role of Proposition 4.1 in [23] and is a suitable substitute of the
probabilistic a priori energy estimate (Lemma 5.1) when d = 3. One can prove Lemma 5.3
exactly in the same manner as Proposition 4.1 in [23], by simply replacing the probabilistic
Strichartz estimates on R? (Lemma 3.2 and Proposition 3.3 in [23]) with the appropriate
probabilistic Strichartz estimates for our problem (Propositions 4.1 and 4.4 above). Therefore,
we omit details.

The following lemma is the key deterministic ingredient in this case. Given f €
L2, L9 let fy = P~y f for dyadic N > 1. Consider the following perturbed NLW:

t,Joc™x >

5.1%) !ava—AvN+(vN+fN>5 =0

(st 8IVN)|[=0 = (07 O) .
LEMMA 5.4 (Proposition 5.2 in [23]). Let f, fn, and vn be as above. Given finite
T > 0, assume that the following conditions hold:
(i) There exist K, 0 > 0 such that

11510 xp3) < K1
for any compact interval I C [0, T].
(ii) For each dyadic N > 1, a solution vy to (5.13) exists on [0, T] and satisfies the
following uniform a priori energy bound:

sup sup [[(Vn(2), VN () ll341(r3) < Co(T) < 00.
N t€[0,T]
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(ii1) There exists o > 0 such that
If - fN“LSTL‘,‘(U < C(T)N™*
for all dyadic N > 1.
Then, there exists a unique solution (v, 3;v) € C([0, T1; H'(R3)) t0 (3.6) with (v, 8;V)|;—0 =
(0, 0), satisfying
sup [[(v(2), 9 V() ll3p1 (r3) < 2Co(T) < 0.
1€[0,T]

Finally, with Proposition 4.1, Lemmas 5.3 and 5.4, one can prove Proposition 3.2, fol-
lowing the proof of Proposition 6.1 in [23]. Since the argument is identical, we omit details.

Appendix A. On the finite speed of propagation. In this appendix, we discuss the
issues related to the finite speed of propagation. In particular, we provide details of the reduc-
tion from Proposition 3.2 on R to Proposition 3.1 on T¢. For simplicity of the presentation,
we only consider the case d = 4.

In the following, fix (ug,u1) € H(TH with0 < s < 1, T > 1,and e > O. By

Proposition 3.2, there exists §T 1, with P(§C L) < %5 and, for each w € £, 1, there
2 T, 3¢ 28

exists a unique solution v to (3.5) on [0, T'], satisfying the energy bound (5.7).
Given N € N, define periodic functions u’/" N on T, j=0,1,by

M;('),N = PENM? = Z gn’j(a))it\j (n)einx
[n|<N
and set (u‘(;”N’T, “(f),N,T) = (nTu’(;”N, Ny qu). Note that ui‘.”N’T is different from u(/“),T,N de-
fined in (5.10). It follows from an analogue of Lemma 3.3 that (ug y . uf y ;) € H™ (RY

almost surely. Therefore, there exists a unique (smooth) global solution uf; to the following
Cauchy problem on R*:

{afu% — Aug + (uf)* =0
w w — w w
(ufy, 3t“N)|t:o = (g N 7.0y N 1)

By the finite speed of propagation (for smooth solutions), u’y := uf ;o 71x# is a solution to
the periodic NLW (1.1) on the time interval [0, T'] with initial data (ug ,, u{ y).
Denote the linear and nonlinear parts of uy by

zy =2y = SO)(ug y 7, uf y7) and vy i=uy —zy .
Then, vy is the smooth global solution to the following perturbed NLW on R*:

32y — Avy + (Vy +2y)? =0
(Vn, 0:vN) =0 = (0,0) .

Also, define ;.. and zj., by

zg’er’N := Sper(t)(ugy v, uf y) and z;)er = Sper () (g, u?) .
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Note that, by the finite speed of propagation for the linear solutions, we have

w w w w
(A1) Zyl10,71xT = Zper,ny ANA Z0[0 7954 = Zper s

where z¢ is as in (3.4). In particular, vy = Vn|jg 7757 i the smooth global solution to the
following perturbed NLW on T*:

(A2) !831)1\/ — Avy + (vy + Zper,N)3 =0,

(UNv 8ZUN)|[=0 = (07 O) .
By Proposition 4.1, we have the following probabilistic estimate on z* — z .

LEMMA A.l. LetT > 0and N € N. Given 1 < g < 00, 2 < r < 00, there exist
C, ¢ > 0 such that

w w 22
P(”Z =2y s oy @y > )‘) = Cexp ( mldmreye ; ) ’
TPy oI,

provided (i) s =0 ifr <ocoand (i) s > 0ifr = oo.

Noting that ||P~ y (ug, u1)||7.,55(11~4) — 0as N — oo, given k € N, there exists Ny € N
and §2; C £2 with P(£2)) < zk% such that for all w € §2;, we have

1
(A.3) sup 1z° =z, N9, < —,
(g.r)eA Tt Tk

where A = {(3, 6), (1, 00)}. Now, define 27 . by

o0
Qre=271,0N (ﬂgk)

k=1

I

Then, we have P(Q%S) < ¢. Recall that 27, C 57,% C £21, where £2| was defined in the
proof of Proposition 3.2 in Subsection 5.1 such that (5.3) and (5.7) hold for all w € §2;. Then,
by repeating the proof of Lemma 5.1 with (A.3), there exists kg € N such that

sup [[(viy, (1), 3 vy, )l ey < 2Co(T, &, | (o, un) llags(p4y) < 00,
tel0,T]

for all w € £27, and all k > ko. Moreover, it follows from (3.3), (A.1), and the fact that
271 C QT,% C §27 with §2; defined in (5.8) that there exists k; € N such that
(A4) ”Vw”L3TL§(]R4)’ ”V%k”L%Lg(RAf) < C(T, &, || (uo, ul)”?—ﬁ(]‘“)) <00,

forall w € 27 and all k > k.

In the following, we fix w € $27. Given an interval I, let X(I) = {(w, dw) :
(w,0;w) € C 17-'[)1( RY, w e L?LE (RH)}. By Monotone Convergence Theorem with (A.4),
we can further subdivide the intervals /; in (5.8) and relabel them such that

(A.5) ||v“’||L§_Lg <y
J
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for some sufficiently small y > 0, where [0, T] = U]J-:o Ij with I; = [tj, tj11], 10 =0 <
t1 <--- <ty =T,and J < o0. Moreover, it follows from (5.8) and (A.3) that there exists
k> € N such that

(A.6) IIZ“’IIL;I_LQ, IIZ%kIIL;ng <yl

for all k > k».
Let k£ > max(ko, k1, k2). By Monotone Convergence Theorem with (A.4), we have

(A7) ||v%k ||L§’([0,5];L2) <4y K1
for some small § = §(k, w) > 0 with [0, 6] C Iy. Then, by Lemma 2.1 with (A.5), (A.6), and
(A.7), we have
1
(A8) |Iv* — V%k lx 0,67 < ) v — V%k ”L?([O,S];Lg) + ) z — Z%k ||L,3([0,5];L2) .
It follows from (A.3), (A.5), and (A.8) that there exists Ko > max(ko, k1, k2) such that
VRN L3 qo.si2e) = 27
for all kK > Ky. Then, a continuity argument with (A.3), (A.5), (A.6), and (A.8) yields
(A.9) ¥ o g < 2v and IV = Vi llxa < 127 2,13 1

for all k > Kj.
Once again, by Monotone Convergence Theorem with (A.4), we have

(A.10) VR 30 n+ore) = 4y <1
for some small 6 = §(k, w) > O with [#1, #1 + 6] C ;. By Lemma 2.1 with (A.5), (A.6), and
(A.10), we have

1
IV = VR Ix @er.n+01) < CIVE (D) — vy @Dl + §||Vw - V?\’/,(HL;([;,,,IM];LE)

1
(A1D) 512 =2 3 o vo128) -
Hence, by (A.9) and (A.11), we have
(A.12) |Iv* — V%k I x (71,0457 < 2C||z° — Za]\)/k “L?OLQ + [z — Za[\)/k ||Lt3([l|yll+5];L§) .

Applying the continuity argument again with (A.3), (A.5), (A.6), and (A.12), it follows that
there exists K; > Ko such that

IV, ||L7l e =2y and v = vy llxay < QC + D|z” -z, ||L3TLg
forall k > K.
By arguing inductively, we conclude that there exists K; € N such that
Cr

IV = v Ixqo.ry < Crllz” — 25,1113 s < -
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forall k > K. In particular, v = V{§, Ijo 7« converges to v := v*|jy 7,4 In
A3 13 . 76 md .yl

(A.13) : ([0, T L (T™) N C([0, T]; Hy (T)) .

Moreover, 9;vfy converges to 3;v® in C([0, T'; L2(T*#)). It follows from (A.1), (A.13), and

the fact that v* satisfies (3.5) on [0, T] x R* that v® is a distributional solution to the following
perturbed NLW on T*:

!atsz AU 00 42" =0 (t,x) € [0, T] x T*

(?, 8;v)]i=0 = (0,0),

Moreover, v satisfies the following Duhamel formulation:

t
V(1) = — / Sper(t — )W (1) + 2o (1)) dt’
0

for t € [0, T]. This can be seen from the fact that vﬁk satisfies the corresponding Duhamel
formulation for (A.2), the convergence of vﬁk to v* in (A.13), and the convergence of Zper, v,
to Zper given by (A.1) and (A.3). Therefore, u® := zg’er—i— v® is asolution to (1.1) on [0, T]x T*
in the class (3.1). This shows how Proposition 3.1 follows from Proposition 3.2.

REMARK A.2. Inthe above argument, we only controlled the homogeneous H !-norm
of v for simplicity. One can easily control the nonhomogeneous H'-norm of v by esti-
mating the L%-norm of v® from the control on the L%-norm of 8,v® and Cauchy-Schwarz
inequality (in time). Since this is standard, we omit details.

Appendix B. On uniqueness. We briefly discuss the issue on uniqueness mentioned
in Remark 1.3. It follows from the proof of Theorem 1.1 that the set £2(,,,.,,,) can be written as
Qg = Ug=o 26 with P(£2) < & such that (i) there exists a global solution u® to (1.1)
and (ii) given any 7" > 0, we have

(B.1) NFN a2 20d+2) <Ci(T) < o0,
Ld=2([0,T];L"4=2 (T9))

for all w € $2¢, where f® := Sper(-)(ug, u7). Now, we fix such w € §2, and suppress the
dependence on w in the following. Letting v = u — f, we see that v is a global solution to the
perturbed NLW on T¢:

v —Av+ Fu+ f)=0

(B.2)
(Uv alv)|l=0 = (07 O) .

Suppose that vy, v2 € X (R) are two global solutions to (B.2), where X (R) is as in (1.13).
Then, for each T > 0, we have

(B.3) vl ax2 wn < C(T) <00, j=12.
La=2([0,T);L =2 (T4))
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In view of (B.1) and (B.3), we can write [0, T] = U]J-:o Ij with I; = [tj,tj41], 50 =0 <
t1 <---<ty=T,and J < oo such that

2
(B.4) IF2N a2 2ws2) + Z“Uj“ g2 2 Sy L L
d-2 d-2 Ld‘72 L, d-2

7k
Ly "L« j=1 I

Given a finite interval I, let X(I) = {(w,d;w) : (w,dw) € Cﬂ-'l)lc(’ﬂ‘d), w €
d+2  2(d+2)
L}i_z L% (T%)}. Then, by a standard deterministic local-in-time analysis with Lemma 2.1

and (B.4), we obtain

1
lvi —v2llxay) < CWve —v2ll av2 204 < Zllvr — V2l a2 2wt .
d—2; d-2 2 d=2 ; d—2
Li=L, Li=e,

Therefore, we conclude that vi = vy on /. In particular, we have v (#1) = va(#1). Thus, we
can iterate the above argument and conclude that vy = v on I;, j = 1,2, ..., J. Namely,
v] = vy on [0, T]. Since the choice of T was arbitrary, we conclude that v; = v, on [0, 00).
Clearly, the same argument works for negative times.
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