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Abstract. Let M be a symplectic manifold equipped with a Hamiltonian circle action
and let L be an invariant Lagrangian submanifold of M. We study the problem of counting
holomorphic disc sections of the trivial M-bundle over a disc with boundary in L through
degeneration. We obtain a conjectural relationship between the potential function of L and
the Seidel element associated to the circle action. When applied to a Lagrangian torus fibre
of a semi-positive toric manifold, this degeneration argument reproduces a conjecture (now a
theorem) of Chan-Lau-Leung-Tseng [8, 9] relating certain correction terms appearing in the
Seidel elements with the potential function.

1. Introduction. Let M be a symplectic manifold with a Hamiltonian circle action.
Seidel [27] constructed an invertible element of the quantum cohomology of M by counting
pseudo-holomorphic sections of the associated M-bundle E over S

E=(M x5/

where S! acts by the diagonal action and §3 — S is the Hopf fibration. Seidel elements have
been used to detect essential loops in the group Ham(M, @) of Hamiltonian diffeomorphisms.
McDuff-Tolman [26] used them to verify Batyrev’s presentation of quantum cohomology
rings for toric varieties.

In a previous paper [21], we computed Seidel elements of semi-positive toric manifolds
and found that they are closely related to Givental’s mirror transformation [19]. Chan-Lau-
Leung-Tseng [8] conjectured that certain correction terms appearing in our computation of
Seidel elements determine the potential function of a Lagrantian torus fibre. The potential
function here is given by counting holomorphic discs with boundary in a Lagrangian torus fi-
bre and is thought of as a mirror of the toric variety. The conjecture was proved by themselves
[9] in a recent preprint. In this paper, we propose an alternative approach which relates Sei-
del elements and potential functions via degeneration. Our method should apply to a general
symplectic manifold M with a Hamiltonian S'-action and an invariant Lagrangian.

We assume that M is a smooth projective variety, equipped with a C*-action and an S'-
invariant Kihler form w. Let L be an §'-invariant Lagrangian submanifold of M. Let M(8)
denote the moduli space of genus-zero bordered stable holomorphic maps from (X, 9 X) to
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(M, L) with one boundary marking and representing 8 € H>(M, L). By the fundamental
work of Fukaya-Oh-Ohta-Ono [13, 16], M(B) is compact and carries a Kuranishi structure
with boundary and corner. Let § be a class of Maslov index two. Under certain assumptions
(see §2.1), the virtual fundamental chain of M{(B) is a cycle of dimension dimg L and one
can define the open Gromov-Witten invariant ng € Q by

ev[M1 (81" = nglL]

where ev: M(B) — L is the evaluation map. The potential function W is

W= Z nﬁzﬁ.

BeHy(M,L):ju(B)=2

The idea of degeneration is that instead of counting discs in (M, L), we consider the problem
of counting disc sections of the trivial bundle M x D — DD with boundary in L x S'. Then
we degenerate the target M x D to the union E Uy, (M x D). From this geometry we expect
the following degeneration formula (see §3.3 for details):

e) PV MBI = Y evalMs(o) xu MY @1
r(B)=c+é

if both-hand sides carry virtual fundamental cycles, instead of chains. Here ,3 € Hy(M x
D, L x S!) denotes a disc section class corresponding to 8 € Hy(M, L) and Ml(,é) is the
corresponding moduli space of disc sections. The summation in the right-hand side is taken
over all possible decompositions o + & of the class ,3 into a section class o of E and another
disc section class & under the degeneration. Also Mg(o) is a moduli space of holomorphic
sections of E in the class o, which is relevant to the Seidel element. This formula relates disc
counts of different boundary types; the boundary classes do and 98 from the both-hand sides
differ exactly by the S'-action.

The degeneration formula predicts a relationship between the Seidel element of the S!-
action and the potential function W. We need the following conditions in order to extract
meaningful information from the formula (1):

(1) My(B) is empty for all 8 € Hy(M, L) with u(8) < 0.
(i1) The maximal fixed component Fi,ax C M of the C*-action (see §2.2) is of complex
codimension one and the C*-weight on the normal bundle is —1.
(iii) c1(M) is semi-positive.
(iv) ev(Ms(0)) is disjoint from L for all o € H3*(E) such that (¢{*"(E), 0) = —1.

THEOREM 1.1 (Corollary 3.21). Assume that M is simply-connected and L is con-
nected. Assume that the degeneration formula (1) holds (see Conjecture 3.17 for a precise
formulation) and that the above conditions (1)—(iv) are satisfied. Then

20 = (§P, dw) + 5O

holds in a certain “open” Novikov ring A°P (see §2.1), where
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e ap € Hy(M, L) is the maximal disc class defined by rotating a path connecting L and
Fax by the Sl-action (see §3.2);
e dW = Zu(ﬂ)zz B® nﬁzﬂ is the logarithmic derivative of W
o S = SO 5O jsthe Seidel element associated to the S'-action and S € H' M)®
A (A is the “closed” Novikov ring in Remark 2.9);
e SO e HX(M, L) ® Aisalift of S? (see Definition 3.19).
In particular,

KS(S) = [z%]

holds in a certain Jacobi algebra of W, where KS denotes the Kodaira-Spencer mapping (see
the end of §3.3.3).

In the second half of the paper, we apply these to a semi-positive toric manifold X and
calculate the potential function of a Lagrangian torus fibre L C X. In toric case, the potential
function can be regarded as a function on the moduli space M,y of Lagrangian torus fibres L
together with complexfied Kéhler classes —w + i B and lifts h € H 2(X, L; U(1)) of exp(iB)
(see §4.2.1, h defines a U (1)-local system on L when B = 0). The potential function is of the
form:

W=w+-+wn
with w; = fi(g)zi, where f;(q) € A is the correction term defined by
filg) = > ngraq” .
deHy(X;Z):{c1 (X),d)=0

Each term w; corresponds to a prime toric divisor D; C X and arises from disc counting of
fixed boundary type b; € Hi(L). Applying the degeneration formula, we get:

THEOREM 1.2 (Theorem 4.13). Assume that the degeneration formula (1) (Conjec-

ture 3.17) holds for (X, L) equipped with the C* -action p; rotating around the prime toric
divisor D; (see §4.3). Let S € H*(X)® A be the Seidel element pj and let S € H*(X,L)®
A be its llft. Then we have

(§j, dwg) =8z -
In particular we have KS(§]~) = [z;].

We observe in Theorem 4.14 that the degeneration formula reproduces the following
conjecture (now a theorem) of Chan-Lau-Leung-Tseng [8, 9].

THEOREM 1.3 ([8, Conjecture 4.12], [9, Theorem 1.11). Let g5 (y), j = 1,....m
be explicit hypergeometric functions in variables yi, . .., y, (r = dim H*>(X)) given in equa-
tion (38). Then we have

fi(@ = exp (95 )
under an explicit change of variables (mirror transformation) of the form loggq; = logy; +
gi(y)i=1,....rwith gi(y) € Qlly1, ..., y-I and g;(0) = 0.
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In [21], we introduced Batyrev elements D ; as mirror analogues of the divisor classes
D;. They satisfy the re}ations of Batyrev’s quantum ring [5] for toric varieties. The hyper-
geometric functions géj )(y) originally appeared in our computation [21] as the difference
between the Seidel and the Batyrev elements:

5j = exp (géj)(y)) gj .

Hence by Theorem 1.2, gj and D j correspond respectively to [z ;] and [w ;] under the Kodaira-
Spencer mapping (see also [9, Theorem 1.5]).

Finally we discuss briefly the method of Chan-Lau-Leung-Tseng [9]. Their approach is
different from ours but is closely related. They observed that a holomorphic disc in (X, L)
whose boundary class is b; € Hy(L) can be completed to a holomorphic sphere in the M-
bundle E ; associated to the inverse C*-action ,oj_l. Using this, they identified open Gromov-
Witten invariants of (X, L) with certain closed invariants of E ; The associated bundle E’ of
the inverse action also appears in our story as the central fibre E Uy E’ of the degeneration
of the closed manifold M x P! (instead of M x D) in §3.1.

Acknowledgments. We are grateful to Kwokwai Chan, Siu-Cheong Lau, Naichung Conan Leung
and Hsian-Hua Tseng for their beautiful conjecture [8], stimulating discussions and their interests in our
work. We thank Kenji Fukaya and Kaoru Ono for many helpful comments. E.G. wants to thank the

mathematics departments at Kyoto University and MIT for their hospitality while working and revising
this project.

2. Preliminaries. In this section, we review a potential function of a Lagrangian sub-
manifold and a Seidel element associated to a Hamiltonian circle action.

2.1. Potential function of a Lagrangian submanifold. The potential of a Lagran-
gian submanifold arises as the O-th operation mg of the corresponding As.-algebra in La-
grangian Floer theory of Fukaya-Oh-Ohta-Ono [13]. In this paper, we do not use the full
generality of Ay-formalism developed in [13]; instead we consider potential functions under
certain restrictive assumptions.

Let (M, w) be a closed symplectic manifold and L be a Lagrangian submanifold. For
simplicity, we restrict ourselves to the case where M is a smooth projective variety. We assume
that L is oriented, relatively-spin and fix a relative spin structure [13, Definition 8.1.2] of L so
that the moduli space of bordered stable maps to (M, L) has an oriented Kuranishi structure.
Let w: Hy(M, L) — Z denote the Maslov index. It takes values in 27 since L is oriented.

Let M(8) denote the moduli space of stable holomorphic maps from a genus-zero
bordered Riemann surface (X', 9 %) to (M, L) with one boundary marked point and in the
class B € H>(M, L). This was denoted by ./\/l‘lnai“(ﬂ) in [13]. By [13, Proposition 7.1.1]
(see also [16, Theorem 15.3]), M (B) is compact and equipped with an oriented Kuranishi
structure (with boundary and corner) and has virtual dimension n + ©(8) — 2, where n =
dimg L. Letev: M{(8) — L denote the evaluation map. Define an open version of Novikov
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ring A°P to be the space of all formal power series
> e
BeH2(M,L)
with cg € Q such that

tt{,b’ tep #0, /a)<E}<oo
B
holds for all E € R.

DEFINITION 2.1. Assume that M (8) is empty forall 8 € Hy(M, L) with u(8) < 0.
Then M;(B) with n(8) = 2 has no boundary and carries a virtual fundamental cycle of
dimension n = dimg L [13, Lemma A.1.32]. We define open Gromov-Witten invariants
ng € Q by

evi M1 (B = ng[L]
for B with w(B) = 2, where [L] € H,(L) is the fundamental class of L. The potential
function of L is defined to be the formal sum:

W= Z n,gzﬁ.

BeHy(M,L):u(B)=2
This is an element of A°P.

We can decompose W according to boundary classes of discs.

DEFINITION 2.2. Under the same assumption as in Definition 2.1, we write

W= > W,

y€H (L)
with W, € A°P given by

W, = Z n ﬂZﬂ .
BeH (M, L): n(B)=2,0B=y
REMARK 2.3. The potential function does depend on the choice of a complex struc-
ture on M and this is a reason why we restricted to a smooth projective variety M. For exam-
ple, the Hirzebruch surfaces Fp = P! x P! and I, together with their Lagrangian torus fibres
are symplectomorphic to each other, but the potential functions are different. See Auroux [3]
for wall-crossing of disc counting.

2.2. Seidel elements. Seidel element is an invertible element of quantum cohomol-
ogy associated to a loop in the group Ham(M, w) of Hamiltonian diffeomorphisms of a sym-
plectic manifold (M, w). In this paper we restrict to the case where M is a smooth projective
variety equipped with an algebraic C*-action. In this case, the associated S'-action is Hamil-
tonian and yields a loop in Ham(M, w). We refer the reader to [27, 24, 25] for the original
definitions and to [26, 20] for applications in symplectic topology.

Let M be a smooth projective variety, equipped with a C*-action.
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DEFINITION 2.4. The associated bundle of the C*-action on M is the M-bundle over
Pl

E =M x (C?\ {0})/C* - P',
where C* acts with the diagonal action A - (x, (z1, 22)) = (Ax, (Az1, A22)).

REMARK 2.5. In symplectic geometric terms, the associated bundle is in fact a
clutched bundle obtained by gluing two trivial M-bundles over the unit disc, along the bound-
ary, using the action. More precisely,

E = (M x Dy) Uy (M x Dyo)

where Dg = {z € C : |z] < 1} and Dy = {z € C : |z] = 1} U {oo} and the gluing map
g: M x 0Dy - M x 0D is given by

g(x, é%) = (710 . x, i) .

This construction can be generalized to a loop in the group of Hamiltonian diffeomorphims
and yields a Hamiltonian bundle E — P! in general. One can equip a symplectic form wg
on the total space E of the Hamiltonian bundle such that wg restricts to the symplectic form
wyr on each fibre [27].

By Atiyah’s theorem [1], there exists a unique C*-fixed component Fipax C M C* such
that the normal bundle of Fp,x has only negative C*-weights. For a Hamiltonian function H
generating the § L_action, Fmax is the locus where H takes the maximum value. Each fixed
point x € MT” defines a section o, of E. We denote by oy the section associated to a fixed
point in Fpax. We call it a maximal section. This defines a splitting!

2) Hy(E; Z) = Zlool ® Hy(M; Z) .

Let NE(M) C H>(M, R) denote the Mori cone, that is the cone generated by effective curves
and set NE(M)z := {d € Hy(M;Z) : d € NE(M)}. We introduce NE(E) and NE(FE)7,
similarly.

LEMMA 2.6 ([21, Lemma2.2]). NE(E)z = Zsoloo] + NE(M)z.

Let H3°°(E; Z) denote the affine subspace of H>(E; Z) which consists of section classes,
sec

i.e. the classes that project to the positive generator of Ho(P'; Z). We set NE(E);© =
NE(E)z N Hy*(E; Z). The above lemma shows that

3) NE(E)$® = [o0] + NE(M)z .

For d € NE(X)z and o € NE(E)z, we denote by g% and ¢° the corresponding elements in
the group ring Q[NE(X)z] and Q[NE(E)z] respectively. We write:

o

q° = ngd when o = k[og] +d

IThe section op gives a splitting of the Serre spectral sequence. In general one has a non-canonical splitting
H*(E; Q) = H*(M; Q) ® H*(P'; Q) for any Hamiltonian bundle E — P! [25].



SEIDEL ELEMENTS AND POTENTIAL FUNCTIONS 333

where go = ¢ is the variable corresponding to the maximal section oy. For o € NE(E)7°,
let Ms(o) denote the moduli space of stable maps from genus-zero closed nodal Riemann
surfaces to E in the class o with one marked point whose image lies in a fixed fibre ¢.: M —
E. We can write

Ms(o) =Mi(0) xg M

using the usual moduli space M (o) of genus-zero one-pointed stable maps to E in the class
o. Since M (o) has a Kuranishi structure (without boundary) of virtual real dimension 2n +
2{c1(E), o) —2 (withn := dim¢ M) and we may assume that the evaluation map M (o) —
E is weakly submersive (see [18, Theorem 7.11]), the fibre product Mg (o) is equipped with
the induced Kuranishi structure of virtual dimension:

4) vir.dimg Ms (o) = 2n + 2 (c}*"(E), o).
Here c‘l’ert(E ) denotes the first Chern class of the vertical tangent bundle Tyer E,
TyerE := Ker(dn: TE — n*TP)

with 7: E — P! the natural projection. (Note that (ci(E), o) = (c]*"(E),o) + 2.) Let
ev: Ms(o) — M be the evaluation map and let [Ms(c)]"'" be the virtual fundamental cycle
of Mg (o).

DEFINITION 2.7. The Seidel element associated to the C*-action on M is the class

5) Si= > PD(eviMs@)]") g

o eNE(E)5®

in H*(M; Q) ® Q[INE(E)z]l. Here PD stands for the Poincaré duality isomorphism. By (3),
we can factorize S as S = goS with S in the small quantum cohomology ring

QH(M) := H(M; Q) ® QINE(M)z]

and go := ¢ as above. Then S is an invertible element of OH (M)[q_d d € NE(M)z]:
the Seidel element S’ associated with the reverse C*-action satisfies §' * § = g% for some
do € Hy(M, Z) [27, 24, 25].

REMARK 2.8. Using genus zero one-point Gromov-Witten invariants for E, we can
write

S = Z Z(l*@)glﬁ ¢iqU

oeNE(E)EC i

where {¢;} is a basis of H*(M; Q), {¢'} is the dual basis with respect to the Poincaré pairing
and t(: M — E is the inclusion of a fibre. (We followed the standard notation of Gromov-
Witten invariants as in [11].)
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REMARK 2.9. For a general symplectic manifold M, we use the Novikov ring A

A= { > caq” i ca€Q. t{d : g #0. (0.d) < E} < ooforall E GR}
deHy(M;7Z)
instead of Q[NE(M)z]l. The Seidel elements associated to loops in Ham(M, w) define a
group homomorphism [27, 24, 25]:

71 (Ham(M, w)) — QH(M); [{q? : d € Ha(M; Z)}

which is called the Seidel representation, where QH(M), = H*(M; Q) ® A denotes the
quantum cohomology ring over A.

3. Degeneration Formula. Let M be a smooth projective variety equipped with a
C*-action. We take an S'-invariant Kihler form w on M. Let L be a Lagrangian subman-
ifold of M which is preserved by ' ¢ C*,ie. AL C L for A € S'. Instead of counting
holomorphic discs in (M, L), we shall consider the problem of counting holomorphic disc
sections of the bundle M x D — I with boundary in L x S'. Then we degenerate the target
M x D into the union of the associated bundle E and M x ID. From this we expect a certain
relationship between Seidel elements and disc counting invariants. We assume that M is a
smooth projective variety with a C*-action for simplicity, but the degeneration formula in
this section makes sense for a symplectic manifold with a Hamiltonian circle action (or a loop
in the group of Hamiltonian diffeomorphisms) in general.

3.1. Degeneration of M x . Let D denote the unit disc {z € C : |z] < 1}. A
degeneration of the disc D into the union D U P! is given by the blowup Blg,0)(ID x C) of
D x C at the origin. The projection  : Bl(g,0)(ID x C) — C satisfies '@y =Dforr #0
and 7 ~1(0) = D U P!. Explicitly:

B0y x C) = {(z, 1, [a, B) e D x C x P' : z8 —ta = 0} .
An M-bundle £ over Blg,0) (D x C) is defined as follows.
E={(x,z,t,(@p) eMxDxCx (C*\{0}) : z —ta =0} /C*

where C* acts as (x,z,1, (o, B)) — (Ax,z,t, (A, AB)). We have a natural projection
7 £ — C. One can see that

MxD if 1 £0;

6 & =ntp) =
© =70 EUy (M xD) if t=0

where E is the associated bundle (Definition 2.4) of the C*-action on M. One can also
construct £ as a symplectic quotient:
E={(x.z2.t.(@.p) : 2B —ta =0, Hx)+ > + 8> =c}/S'

where H: M — R is the moment map of the Sl-action and ¢ > maxyep H(x) is a real
number. We can equip £ with a symplectic structure. The boundary 9&; can be identified with
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M x S' via the map:
7 MxS's (x,2) > [x,2,1, (2. )] € 3&; .

Via this identification, & contains a Lagrangian submanifold L; ;== L x S in the boundary
M x S' = 3€&,.

We can close & by attaching M x D to the boundary for each ¢ and get a degenerating
family € of closed manifolds. More explicitly, we define:

E={(x, (z,w), 1, (@ B) € M x (C*\ {0}) x C x (C*\{0})) : taw = zB}/C* x C*
where C* x C* acts as
(x, @ w). 1, (@ B) = (A Aax, Mz, w), £, (ae, 12)) .
This is an M-bundle over
Blo,0)(P' x C) = {([z, w]. 1, [e, B]) € P! x C x P : taw = z8}.
With respect to the projection 7 : £ — C to the ¢-plane, we have

M xP' if t #£0;

E=n"lt)=
! EUyE ift=0

where E’ is the associated bundle of the C*-action on M inverse to the original one. Note
that £ is contained in & as the locus {w = 1, |z] < 1}and £ = & Uprxst xc (M x D? x C).
We can also equip £ with a symplectic structure by describing it as a symplectic quotient in a
similar manner.

A topological description is given as follows. We start from a trivial M-bundle M x P!
over P!. We cut P! into 3 pieces: P! = Dy U A U Dy, where Dg = {|z| < 1/2}, A ={1/2 <
|z] <2} and Dy = {|z] > 2} U {o0}. One can twist the clutching function along 9Dy and
9Dy by the given S!-action on M; namely

®) M x P' = (M x Do) Ug, (M x A) Ug, (M x Do)
where the clutching functions g;, ¢» are given respectively by
g1: M x 9Dy > (x, %eie) — (e~ x, %em) € M x 0pA
@M X oA 3 (x,267) —> (ePx,2¢%) € M x 9D

where we set dA = dpA UdxA. Collapsing M x S' € M x A down to M, we get the singular
central fibre E Uy, E’. In fact, for |z| < 1, one can decompose &, as

Er={lx, (tz, D, 1, (z, D] = 2] =1}
U{lx, (z, D, 1, (1, B)] : 1= Bz, 1Bl < 1, [z| < 1}
Uflx, 1, w), 2, (1, wo)] = |w| < 1}.

This corresponds to the decomposition (8) of M x P! above.
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REMARK 3.1. We shall consider stable holomorphic discs in (&;, Z,) which project
onto the holomorphic disc (D?, sY c (P!, S1). Such stable holomorphic discs are entirely
contained in the half-space & of &;, so the choice of “closing" of & is not relevant.

REMARK 3.2. We can perform a similar construction for a general symplectic mani-
fold (M, w) equipped with a Lagrangian submanifold L and a loop {¢g}sc[0,27] in the group
Ham(M, w) of Hamiltonian diffeomorphisms such that ¢y (L) = L for all 6. We can twist the
clutching function of the trivial M-bundle M x P! asin (8) where g1, ¢, there are replaced
with

g1(x, 3€) = @-a (), 3¢, p(x,2¢") = (o(x), 2¢").

Then we can degenerate the annulus A into the union of two discs (in a one-parameter fam-
ily) in the middle part M x A. In the degeneration family, we have a family of Lagrangian
submanifolds L x S! lying in the boundary of M x Dy Ug M x A.

3.2. Relative homology classes of degenerating discs. We write £ = [, ¢ L,. The
total space (£, £) of the family has a deformation retraction to the central fibre (£y, Lo). This
gives a retraction map for ¢t # O:

ri Hy(&, L) — Ha(E, L) = Ha(&o, Lo).

Letm: € — Bl(,0)(ID x C) denote the natural projection. We have the following commutative
diagram:

Hy(&. L) ——  Hy(. Lo)
n*l n*l
Hy(D, Yy —— H,P'uD,s!.

Under the natural identifications H>(D, $'; Z) = Z and Ho(P' UD, S';Z) = H,(P': Z) &
H,[D, S L. 7) = 72, the bottom arrow is given by n — (n,n). We are interested in section
classes lying in the following groups:

H5® (&, L) =n;'(1), for t#0, and H*(&, Lo) =n;'(1,1).
There is an induced retraction map r: H,*(&;, Zt) — H3*(&, fo) fort # 0.
LEMMA 3.3. Assume that M is simply connected and L is connected. Then we have
H5*(&, L) = Hy(M, L) for t #0
® H3* (€, Lo) = H3*(E) X sy Ho(M, L).
PROOEF. Recall that (&, Z,) = (M xD, L x S" fort # 0. We show the isomorphism:
(P1s: p2e): Ho(M x D, L x ') = Hy(M, L) x Hy(D, S")

where p1, p» are natural projections. Because we have sections iy, i2: (M,L) — (M X
D, L x SY) such that p1oiy =id, ppoir =1id, py o i1 = const and pj o iy = const, the map
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(p1x, P2x) 1s surjective. To show that it is injective, we use the commutative diagram:

0 SN 0 —_ Hy(D, S1) —  Hi(SH

I I | I

Hy(L x S —— Hy(M xD) —— H (M xD,L x S —— H (L x S

o .| ] |

H>(L) — HyM) — Hy(M, L) —  Hi(L).
Here all the horizontal sequences are exact. The injectivity of (pix, p2«) follows from the
diagram chasing and H (L x S') = Hi(L) @ H;(S!) (here we use the condition that L is
connected). Then stec(&, Ly) = Hy(M, L) for ¢t # 0 follows.

The Mayer-Vietoris exact sequence for & = E Uy (M x D) gives

Hy(M) —— Hy(E)® Ho(M xD, L x §1) —— H(&, Zo) —> 0.
Here we used Hi(M) = 0. The formula for H;*(&o, Zo) follows. O

Henceforth we assume that L is connected and M is simply-connected.

REMARK 3.4. The natural map H> (&, Zt) - Hy (&, ft) is injective because the
composition:

Hy(M x D, L x S') > Hy(M x P!, L x §') {1 P2,

Hy(M, L) & Hy(P', S")
is injective.
NOTATION 3.5. We denote by
B e H (&, L) = HI(M x D, L x SY) (1 #£0)
o+ B € H* (&, Lo)
the homology classes corresponding to f € H>(M, L) and to [0, B] € H3*(E) Xm,(m)
H>(M, L) respectively, under the isomorphism (9) in Lemma 3.3.

Let u: D — M be a map such that u(e?®y = €@ . u(1), namely, u is a disc contracting
an S!-orbit in M. This defines a section o (1) of the associated bundle E — P!:

o@lpy: Do — Elp, =M xDo, z+ (u(l),2)

oW)|py: Doo = Elpy, =M x Doy,  z+> (u(z™)),2)

where Dp = {z € C : |z] < 1} and Dy = {z € C : |z] > 1} U {o0}; here we used the gluing
construction of E in Remark 2.5.

Recall the maximal section class og of E in §2.2. We introduce a similar maximal disc
class oy € Hr(M, L) as follows. Take a path y: [0, 1] — M such that y(0) € Fpax and
y (1) € L, where Fax is the maximal fixed component. We define «g to be the class repre-
sented by the disc D 3 re’® > ¢~ . y(r) € M. The homotopy class here is independent of
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the choice of a path y because M is simply-connected and L is connected. The boundary of
a is an inverse S!-orbit on L.

PROPOSITION 3.6. The retraction map r: H3*(&;, Zt) — H3*(&, Zo) (fort #0)
of section classes is an isomorphism. It is given by (under Notation 3.5)

r(B)=ocw)—ii+B=0o+6éo+B for Be Hy(M,L)

where u: D — M is an arbitrary disc whose boundary is an S*-orbit in L, o is the maximal
section and oy is the maximal disc. In particular we have the commutative diagram

H3* (&, Zt) —f> H3*(&, Zo)

] ]

Hi(L) —_:A——> Hi(L)

where the bottom map is the subtraction of the class ) = [du] of an S'-orbit on L.

PROOF. Consider a constant section syiy(z) = (x,z) of M x D = & withx € L. By
the topological description of the degeneration given in §3.1, we see that sy, can degenerate
to the union:

o) Uii: P'UD — EUy (M x D)

where u: D — M is a disc contracting the S'-orbit ¢!x on L and ii: D — M x D is
given by z — (u(Z), z). This shows that r([syiy]) = o (#) — @i. Since the retraction map is a
homomorphism of H> (M, L)-modules, we have r(,é) =o(u)—u+ ,3 in general. When u is
a disc of the form: D 3 re'? > ¢ . y(r) € M, where y: [0, 1] — M is a path such that
y(0) € Fnax and y(1) € L, o(u) is homotopic to the maximal section op and [u#] = —«yp.
This shows the formula r(8) = oy + @o + A. It is easy to check that r is an isomorphism
between section classes. O

REMARK 3.7. The latter statement in Proposition 3.6 is a consequence of the differ-
ence of trivializations of 3&; (¢t # 0) and 0&y. Recall that we have a trivialization 0&; =
M x 8" in (7) depending smoothly on ¢ € C. For ¢ # 0, this trivialization is induced from the

isomorphism & = M x D in (6); however for ¢ = 0, this trivialization differs by the S L_action
from the one induced by the isomorphism &y = E Uy (M x D) in (6).

LEMMA 3.8 (Maslov index and vertical Chern number). Let u: D — M be a disc
with boundary an Slorbit on L, i.e. u(e’?) = €% - u(1) and u(1) € L. Then u defines a
class in my(M, L) and we have ju(u) = 2 (cYe“(E), [o (u)]).

PROOF. We recall the definition of Maslov index of a disc u: (D, S') — (M, L).
We set y = ulyp. Note that u*T M|¢: is a complexfication of the subbundle y*7T L. Thus
det(u*T M)|¢: is a complexification of the real line bundle detgr (y*7 L). On the other hand
detr (y*T L)®? has a canonical orientation. Take a positive (nowhere vanishing) section sg of
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detr (y*T L)®2. The Maslov index of u is the signed count of zeros of a transverse section s
of det(u*T M)®? such that s|3p = 5.

When u|yp is an S L_orbit of L, we can take sy above to be S 1-equivariant. A transverse
section s of det(u*T M)®? with s|5p = so defines a section 7 € det(o (u)* Tyer E)®? by

tlpe () = s0(1),  tlp(2) =sEh).
Then the numbers of zeros of ¢ and s coincide. The lemma follows. d
Proposition 3.6 and Lemma 3.8 show the following corollary:

COROLLARY 3.9. Letr: Hy*(&, ft) — H5* (&, Zo) be the retraction map fort #*
0. Suppose that r(B) = o + & with a, B € Hy(M, L). Then u(B) = 2(c}*(E), o) + u(a).

REMARK 3.10. We have u(8) = n(B) + 2 for B € Ha(M, L).

3.2.1. Example. We give an example of degenerating holomorphic discs. Consider a
family of (constant) holomorphic disc sections u;: (D, S 1) — (&, L) given by

MI(Z) = [-x07 <, tv (Zv t)]

for some x¢ € L. For a fixed non-zero z € D, we have
@(z) = lir%uz(z) = [x0,2,0, (z, 0)].
t—

This can be completed to a holomorphic disc section ¢: D — M x D C &. Note that the
limit

lxoeM,

lim ¢(z) = [x1,0,0, (1,0)] where x;:=limz"

z—0 z—0
exists by the completeness of M, and it is fixed by the C* action. On the other hand, we can
see a bubbling off holomorphic sphere at z = 0 by the usual rescaling:

V(@ = limu (12) = thng)[flxo, tz,t, (z, D] = [x1,0,0, (z, D].

This defines a holomorphic section ¥: P! — E C & associated to the C*-fixed point
x1 € M. Note that ¥(c0) = ¢(0) and d¢ is an inverse S'-orbit on L.

3.3. Degeneration formula. In what follows, we propose a conjectural degeneration
formula and discuss its consequences. As before, M denotes a smooth projective variety
equipped with a C*-action and an S'-invariant Kihler form w; L is a Lagrangian subman-
ifold which is preserved by the S'-action. We assume that M is simply-connected and L is
connected. Moreover we assume that L is oriented and relatively spin and we fix a relative
spin structure [13, Definition 8.1.2].

Take B € Ho(M, L). We consider the moduli space M (B) of stable holomorphic maps
from genus zero bordered Riemann surface (X, 8 ) to (&;, Z,) ~ (M xP', L x S!) with one
boundary marked point and in the class 3 € Hy**(&, Zt) (where ¢t # 0; see Notation 3.5).
Such stable maps project onto the disc (D, S') c (P!, § 1) on the base and so are contained
in & (see Remarks 3.1 and 3.4). The virtual dimension of Ml(ﬁ) isn+1+ ,u(,é) -2 =
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n+ 1+ pu(B) with n := dimc M. The corresponding moduli space at + = 0 should be
described as the fibre product:

U Ms@o) xu M@
r(B)=c+a
where Ms(o) is the moduli space of holomorphic sections of E appearing in §2.2 and
./\/lﬁe’ll (@) is the moduli space of stable holomorphic maps from genus zero bordered Rie-
mann surfaces to (M x P1, L x S1) in the class & € H*(M xD, L x S1) with one boundary
marked point and one interior marked point such that the image of the interior marked point
lies in M x {0}. The superscript “rel" (which means “relative") signifies the last condition.
The fibre product above is taken with respect to the interior evaluation maps. One can write:

(10) MEL(@) = M1 1(&) X prpt (M x {0))

using the moduli space M (&) of bordered stable maps to (M x P!, L x ') of class & with
one boundary marking and one interior marking. Then a Kuranishi structure on Mﬁe}l (@) is
induced from the Kuranishi structure on M ;(&) (as defined in [13, §7.1]) via this presenta-
tion. The virtual dimension is

vir.dim./\/lrfll @ =n+1+p@).

We write ev( : ./\/lﬁell (&) — M for the interior evaluation map and ev(® : Mrfll (&) — LxS!
for the boundary evaluation map. 1

When the virtual fundamental chains on the moduli spaces ./\/ll(,é) and Mgs(o) Xy
./\/lﬁe’ll (@) happen to be cycles, we expect the following degeneration formula:

(11 PV MBI = Y evalMs(o) xu MY @1
r(ﬁ):(r—i—&

in H,(L x S'). Here ev on the both-hand sides denotes the evaluation map at the boundary
markings taking values in L; = L x S' and ¢: L x S! — L x S! is the map (x, ') >
(e_ie - X, em) which corresponds to the difference of boundary trivializations (see Remark
3.7). We will study below when the both-hand sides of (11) make sense as cycles; then will
calculate them in terms of Seidel elements and open Gromov-Witten invariants.

3.3.1. The left-hand side of (11). When g = 0, Ml(ﬁ) consists of constant disc
sections and ev: Ml(ﬁ) — Lx Slisa homeomorphism. All constant disc sections are
Fredholm regular. When § # 0, we have a natural map

Mi(B) — Mi(B)

induced by the projection & — M, where M (B) is the moduli space of one-pointed bor-
dered stable maps to (M, L) in the class 8. By taking the graph of a disc component, we
can see that this map is surjective. Therefore, for 8 # 0, M| (B) is non-empty if and only
if M1(B) is non-empty. Moreover, if M(8) is non-empty, M (B) has boundary (see [13,
§7.1.1] for the boundary description) since a bordered stable map of class B can be con-
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structed as the union of a constant disc section and a disc of class 8 (which is constant in the
D-direction). Therefore, we have

LEMMA 3.11. The virtual cycle ev*[/\/ll(,é)]Vir is well-defined if M(B) = 0. We
have

[LxS'] if p=0;
0 if B#0 and Mi(B)=0.
3.3.2. The right-hand side of (11). Take (0, @) € H;*(E) x Hy(M, L) such that
o + & = r(B). By Corollary 3.9 and Proposition 3.6, we have
(12) w(B) =2(c|*(E), o) + (@)
(13) 0B = da + A

PseVi [ M (B)]'T = {

where A € Hi(L) is the class of an S!-orbit.

Suppose a = 0. This can happen only when 98 = A by (13). Since @ = 0, ./\/lﬁe’ll (@)
consists of constant disc sections and ev® : /\/lrlel1 (@) = L x S'. The interior evaluation
ev®: M| (@) — M is given by the projection L x S' — L C M. Thus

evi[Ms(0) Xy M@ = evi[Ms(0) xpr (L x SHI'T

(14)

= (So NIL]) x [S"]
where
(15) S, :=PD (ev*[Ms(o)]Vir) e H B (M) .

Here we used the virtual dimension formula (4) and (12).

Suppose @ # 0. By the same argument as in §3.3.1, Mrlfll (@) is non-empty if and only
if M () is non-empty; also ./\/lﬁe’ll (@) has boundary if M(«) is non-empty. Assume that
M (a) has no boundary. This means that every stable map in M («) has only one disc
component2 (but possibly with sphere bubbles). Let us study the moduli space ./\/lﬁe’ll (@) and
its boundary. Since o # 0, we have a map

(16) f=(i.f2): MEI@) - M) x "

The first factor §; is given by projecting bordered stable maps to M, forgetting the interior
marking and collapsing unstable components; the second factor f; is the boundary evaluation
ev®: M (@) — L x S" followed by the projection L x S' — S'. The map f can be viewed
as a tautological family of stable discs over M («) x S'. In fact we have the following result.

LEMMA 3.12. Letu: (X,0%) — (M, L) be a one-pointed bordered stable map of
class a and x € 0 X be the boundary marking. Suppose that X has only one disc component.
Then the fibre f_l([u, X, x1,2) at (u, ,x1,z) € Mi(@) x S can be identified with the
oriented real blow-up ) of X at x (see the proof below for the definition of f) and the
interior evaluation ev) on f‘l ([u, X, x1, z) can be identified with the map S x4 M

2See [13, §7.1.1] for the boundary description of the moduli spaces.
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PROOF. The assumption that X has only one disc component was made for simplicity’s
sake (and this is the case we are interested in). In general, the fibre of § can be identified
with a smoothing of Y at the boundary singularities. See [13, Lemma 7.1.45] for a similar
statement.

We identify a neighbourhood of x € X with the upper-half disc Dy = {w € D :
Im(w) > 0} where x corresponds to O € D,. The oriented real blow-up Y is defined by
replacing this neighbourhood with [0, 7] x [0, 1]:

= (Z\ {x}) Up,\o (10, 7] x [0, 1])

where D4 \ {0} is identified with [0, =] x (O, 1] by the map w — (arg(w), |w|). Note that
S is areal analytic manifold (with boundary and corner) equipped with a natural projection
S5 3.

For apoint p € ) , we shall construct a bordered stable map in the fibre f_l (u, 2, x), 2).
Suppose p € ) \ ITx=y \ 9 X. Note that X' is a union of one disc component X and trees
of sphere bubbles. If p is in a tree of spheres bubbles, let g be the intersection point of the
tree (on which p lies) and the disc Xy. If p is in the interior of Xy, set ¢ := p. Take a unique
holomorphic map v: Xy — D which sends g to0 € Dandx € 3¥y to z € S'. Extend v
to the whole ¥ so that it is constant on each sphere component. Then we obtain a bordered
stable map 4 = (u, v): ¥ — M x D of class & with p a new interior marked point. (If p is a
node, we insert at the node a trivial sphere with an interior marking.)

Next consider the case p € 3. In this case, the corresponding bordered stable map is
in the boundary of /\/lrl‘fl1 (@). See Figure 1 below. If p is not in the exceptional locus [0, 7]
of ¥ — X, we attach a disc D to ¥ by identifying 1 € 9D with p € 9% and define a map
u:D U, ¥ — M xDby

ilp(w) = w(p),zw), uls(y) = @), 2).

A new interior marking is taken to be 0 € D. If p corresponds to an interior point 6 € (0, )
of the exceptional locus [0, 7] of Y — X, we attach a disc D to ¥ by identifying 1 € 9D
with x € 3% and defineamapii: DU, ¥ — M x D by

Alpw) = wx), e zw), dls(y) = w(y), e 22).

We put a new boundary marking at ¢* € ID and a new interior marking at 0 € . If p is
a boundary point of the exceptional locus [0, 7], say, 0 € [0, 7], we consider the domain
DM Yy D® Yy X' (subscripts signify how to identify boundary points) with a boundary
marking i € D® and an interior marking 0 € D" and define amap 2: DO UDP U ¥ —
M x D by:

ilpo(w) = @), zw), dlpe(w) = @x),2), ils(y) = w®),2).

When p corresponds to 7 € [0, 7], we take —i € D® in place of i € D® as a boundary
marking. One can see that the above construction defines a homeomorphism X =
f‘l ([u, X, x], z). The last statement is obvious. O
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e D> X« D> = D

b

FIGURE 1. Three types of boundary points of ./Vlrfll (@). The horizontal direc-
tion is M and the vertical direction is ). The boundary/interior markings are
denoted by b and i respectively. The shaded disc is a component where the map
is constant.

From the previous lemma and its proof, we have:

COROLLARY 3.13. Suppose dM (o) = @. The boundary aMge}l (@) maps to L under
the interior evaluation map ev® : /\/lrfl1 @ — M.

COROLLARY 3.14. Suppose M (x) = 0 and ev(Ms(0)) N L = (. Then the fibre
product Ms(o) X p ./\/lrf}l (@) has no boundary. In particular; the virtual fundamental cycle
eV Ms (o) xp MY (@)]'" is well-defined (see [13, Lemma A.1.32]).

We proceed to calculate the cycle evi[Mgs(o) X i /\/lrfl1 (&@)]"I" under the assumption of
Corollary 3.14. By Corollary 3.13, taking a sufficiently small perturbation, we get a virtual
fundamental chain

Pa 1= (ev® x ev®), LM, (@)1

whose boundary lies in v(L) x L x S', where v(L) C M is an arbitrarily small tubular
neighbourhood of L. In other words, P, defines a relative homology class of the pair (M x
L xS, v(L) x L x S') whose dimension is 7 + 1 4 1 (cr) (where n = dimc M). On the other
hand, since ev(Ms(o)) N L = @, taking a sufficiently small perturbation again, we obtain a
virtual cycle evy[Ms(0)]V" in M \ v(L). By Poincaré-Lefschetz duality this defines a class

o~

(17) S, =PD (ev*[/\/ls(a)]"ir) c HM@O=HB (\1 1) .

Here we used the virtual dimension formula (4) and (12). (Note that we put “hat" to distin-
guish S; € H*(M, L) from the element S, € H*(M) appearing in (15).) The virtual cycle
of the fibre product can be evaluated as the pairing of the two classes:
(18) evi[Ms(0) x i MEL @1 = (S5, Pa)
where (-, -) is the canonical pairing between relative cohomology and homology (with Kiin-
neth decomposition):
HMO=1B (a1 v(L)) ® Hyi 14 p)(M x L x SUv(L) x L x S
— HMOTHPD (M (L)) © Hyey—up) (M, V(L)) ® Hyi4pupy (L x S1)
— Hypiq1pu) (L % shy.
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We now compute the class P, in terms of the class [M (oz)"ir]. For this, consider the diagram

M@ — s M@ x st 22 s
(19) evml
M

where f is given in (16). The composition of the horizontal arrows is the boundary evalua-
tion map ev®  Ag we saw in Lemma 3.12, (f, ev(i)) can be viewed as a universal family of
bordered stable maps of class «.

LEMMA 3.15. Suppose dIMi(a) = W and o # 0. Then the relative homology class
Py is given by

(20) Po=a® (ev*[./\/ll(oz)]"ir x [Sl])
in He(M x L x S, v(L) x L x S = H, (M, L) ® H(L x Sh).

Notice that if one ignores the technical details on the construction of virtual chains, as
well as the expected functoriality relating the respective chains on these spaces, the lemma
follows directly from Diagram (19).

PROOF. We briefly overview the steps towards the proof of this result. We first recall
the definition of Kuranishi structure and the construction of Kuranishi neighbourhoods for
M (a). Roughly speaking, a Kuranishi neighbourhood V of tp € M («) consists of smooth
maps from stable discs to (M, L) which are sufficiently “close” to tp. It is equipped with an
obstruction bundle £ — V satisfying a transversality condition with respect to the Cauchy-
Riemann operator, together with a section s of E such that a neighbourhood of tp in M () is
homeomorphic to s~1(0) C V. As a next step, we describe how a Kuranishi neighbourhood
V for Mj(e) induces a Kuranishi neighbourhood V for ./\/lﬁe’ll (@). Following exactly the
method of Lemma 3.12, for a given smooth map u#: ¥ — M in the Kuranishi neighbourhood
V and a point of 5 x 8!, we can canonically construct a smooth map # : Y > M xP!
which is holomorphic in the P!-direction, where ¥ is obtained from X by possibly adding
disc or sphere bubbles. This constructs a Kuranishi neighbourhood V for ./\/lrle’l1 (@) which is a
fibration over V x S! with fibres stable discs. The key point is that we can take an obstruction
bundle over V to be the pull-back of the obstruction bundle E over V. This allows us to
choose the virtual chain of /\/lrl‘fl1 (&) to be “fiber bundle” over a virtual cycle of M (a) x S!
with fibre the corresponding stable discs, and the conclusion of the lemma follows.

Kuranishi structure on Mi(a). We refer the reader to [13, §7.1], [16, Part 3, 4] for a
detailed description. Recall [13, Definition A1.1] that a Kuranishi neighbourhood of a point
9 € Mi(a)isatuple (V, E, I', ¥, s) where
V is a finite dimensional manifold (possibly with boundary and corner);

E is a finite dimensional real vector space;
I is a finite group; it acts on V smoothly and effectively and on E linearly;

[
o
[ ]
e s is a smooth I"-equivariant map V — E;
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e 3 is a homeomorphism between s~ (0)/I" and an open neighbourhood of ty in
M (a).

Every point of M («) is equipped with a certain Kuranishi neighbourhood, and these Ku-
ranishi neighbourhoods are related by certain co-ordinate changes [13, Definition A.1.3] and
M («) becomes a Kuranishi space (a space endowed with a Kuranishi structure) [13, Defini-
tion A.1.5, Proposition 7.1.1]. The Kuranishi neighbourhoods are cut-off from maps satisfy-
ing the Cauchy-Riemann equation modulus a finite dimensional obstruction. Such construc-
tion depends on several parameters, as we now describe in the case at hand.

Let (up: X9 — M,xp € 9Xp) be a marked bordered stable map representing tg €
M (a). The finite group I is given by the set of holomorphic automorphisms ¢: Xy —
Yo such that ug o ¢ = ug and ¢(x9) = x9. Since (Xp, xo) has only one marking, it is
unstable if we forget the map up. We add interior markings wo.1, ..., wo; in Xp so that
(X0, x0, {wo.1, . . ., wo,}) is now stable. We require that the set {wo 1, ..., wo} is preserved
by the I"-action [16, Definition 17.5], so that I" permutes the indices. We can therefore re-
gard I" as a subgroup of the symmetric group &;. We take real codimension 2 submani-
folds Q1, ..., O; of M such that ug intersects Q; transversely at wo; (so uo is necessar-
ily an immersion at wg;); moreover we require that Q; = Q) for every permutation
o € I' C G;. Let M ; denote the moduli space of genus-zero stable bordered Riemann sur-
faces with one boundary and / interior markings and let ap € M ; be the point represented
by (X0, xo0, {wo.1, ..., wo,}). The group I" acts on M ; by permutation of the / interior
markings and ag is fixed by I". Let N C M be a I"-invariant small open neighbourhood of
ap. Fukaya-Oh-Ohta-Ono [16, Section 16] constructed N in two steps. First they considered
a subset ¥ C M ; consisting of deformations of ag having the same combinatorial type, i.e.
the same associated dual graph as ag. Then, they introduced smoothing (or gluing) near the
nodes with parameters 7 € R and 6 € S'. This constructs the neighbourhood N of 9. This
construction yields a I"-equivariant fautological family R — N [16, Lemma 16.9] of stable
bordered Riemann surfaces, where the fibre at b € N corresponds to its underlying surface.
Note that wheny -b = b’ for b, b’ € N and y € I', there is a canonical isomorphism between
the underlying surfaces of b and b’ which induces the permutation y of the interior markings;
this defines the /"-action on R. We take a [ -invariant closed subset X C R such that the
fibre Ko = X N K at ap is the complement in X of small neighbourhoods of the nodes in
X0, and that the family L — N is C*°-trivial. We choose a I"-equivariant C*°-trivialization
IC = Ko x N which preserves the markings, i.e. the section of the ith interior marking in /C
corresponds to {wp ;} x N C Ko x N. K is called the core and its complement is called the
neck region (for further details see [16, Definitions 16.2, 16.4, 16.6, 16.7].)

For a bordered Riemann surface X' appearing as a fibre of R — N, the core K =
X N K is identified with Ky by the given trivialization = Ko x N, and thus ug in-
duces a map ug: K — M. We consider an infinite dimensional space U/ consisting of tuples
(u, ¥, x,{wy,...,wy}), where (X,x,{wr,...,w;}) represents a point of N and
u: (¥,0X) - (M, L) is a smooth map of degree o which is “sufficiently close” to u¢ in
the sense that (see [16, Definitions 17.12, 18.10]) foran & > 0
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e u is e-close to uq in the C'%-topology on the core K = ¥ N K;

e u is holomorphic on the neck region X' \ K;

o the diameter of the image of each connected component of the neck region under « is
smaller than ¢.

The group I" acts on U by permutation of interior marked points. Next we choose an ob-
struction bundle E over U/ as follows (see [16, Definitions 17.7, 17.15]). Take a I"-equivariant
smooth family of finite dimensional subspaces E,

Eq C C(Int(K), ufTM @ A%

parametrized by a = (X, x,{wj,...,w;}) € N, where K = X N K is the core of ¥
and A%! is the bundle of (0, 1)-forms on X. Then we extend this family to the whole
U via parallel transport, i.e. for each point v = (u, ¥, x,{wi, ..., w;}) € U over a =
(X, x,{wy,...,w;}) € N, we define

E, C C(Int(K), u*TM @ A%1)

as the parallel transport of [E; along geodesics joining u(y) and uo(y), for y € Int(K). Here
we use a connection on 7'M such that T'L is preserved by parallel translation [16, §11]. By
construction, the bundle E — U/ is I"-equivariant. The Kuranishi neighbourhood V.C U is
cut out by the equations:

Ju=0 mod E,

21
@l u(w;) € Q; i=1,...,1

forv = (u, X, x,{wy,...,w;}) € U. We need to choose [E so that the equations (21) are
transversal (see below). The I"-action on U preserves V and thus the obstruction bundle
restricts to a I"-equivariant vector bundle E = E|y over V. The Cauchy-Riemann operator
induces a section s of E — V and s~ (0) /I gives a neighbourhood of g € M ().

The required transversality for (21) is stated as follows (see [16, Lemmata 18.16, 20.7]).
Forasmoothmapu: (X,0X) — (M, L), let Lﬁw (X,0X; u*T M, u*T L) denote a weighted
Sobolev space, for m sufficiently large and 6 > 0, and consisting of Li’ loc-Sections of u*T M
which take values in u*T L along the boundary 9 X, see [16, Definitions 10.1, 19.8]. Let
Lfn’é (2, u*T M ® A%") denote a similar weighted Sobolev space of sections of u*T M @ A%!
(see [16, Definition 19.9]). Let

Ded: Ly (2,05 u*TM, u*TL) > Ly, (2, u*TM @ A*')

denote the linearization of 3 at v = (u, X, x, {w1, ..., w;}) € U. We require that Im(D.d)
and E, span Li’ S(Z W TM @ A% for each v € U. (This is called “Fredholm regularity".)
Let M C U denote the subspace cut out only by the first equation of (21). Letevag: M — M!
be the evaluation map at the / additional markings. We also require ev,q to be transversal to
]_[ﬁzl Q; C M. ThenV = ev;ll1 (]_[f=1 Q;) is the desired neighbourhood.

Induced Kuranishi structure on Mrlfll (@). Recall that § is the forgetful morphism
./\/lrle’ll (@) — M) x S as in (16). We now construct a Kuranishi neighbourhood of
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1o x SN Mrel (@) from the Kuranishi neighbourhood (V, E, T, w s) of vgp € M(a)
above. We have §~ (to x §1 ) = Eo x §1 by Lemma 3.12, where Eo is the oriented real
blow-up of X at xo. We perform this oriented real blow-up in families. The family R — N
is equipped with a section x: N — R corresponding to the boundary marked point. Let R
denote the oriented real-blow up along x. The proof of Lemma 3.12 shows that a point p € R
parametrizes a marked stable bordered Riemann surface’ (ZNJ, x, p,{wy, ..., w}) with a new
interior marking p (see also [13, Lemma 7.1.45]). More precisely, letting p € R be on the
blow-up of a fibre ¥ C R: if p is neither a node nor a boundary point, y=xif pisan
interior node, X' is obtained from X by adding a sphere bubble at the node; if p is a boundary
point, 5 is obtained from X by adding at most two disc bubbles (see Figure 1). It is possible
that a new interior marking p on 5 coincides with one of the w;’s. Let R — R denote the
corresponding family of marked stable bordered Riemann surfaces The I"-action on R nat-
urally lifts to that on the tautological famlly R — R. Let p € R be a p01nt on the blow-up
S ofafiber ¥ C R of R — N and let £ be the fibre of R — Ratp € R as above. Then
the core K = K N X of X induces a compact subset K of £ which maps isomorphically
onto K under the natural map >z (The set K is like the strict transform of K .) The
union of these subsets K gives a ['-invariant subset & C ‘R equipped with a I"-equivariant
C°-trivialization £ = Ky x R. Notice that Int(R) is disjoint from the components contracted
under £ — X.

Let i be the space of tuples (i, f,x, p,{wi, ..., w;}) where (5, x, p,{wi, ..., w})
is a marked bordered Riemann surface corresponding to a point of R (i.e. arises as a fibre of
R — ﬁ) andi: (£,05) > (M x P!, L x S') is a smooth map of class @ which satisfies
the following conditions:

e myoiiis C'0closetougon K = £ NK, where mp: M x P! — M is the projection
(since K is identified with Ky via the given trivialization R = Ko X ﬁ, uq defines a
map ug: K—>M );

e i is holomorphic on ) \ K ;

e the diameter of the image of each connected component of b5 \ K under 7y o di is
small.

The obstruction bundle E — U/ induces an obstruction bundle E — 4l as follows. Take an
element s = (i, E’,x, p,{wy,...,w;}) € Yand leta = (X, x, {wy, ..., w;}) € N denote
the marked Riemann surface given by forgetting p and collapsing unstable components of the
source. Define the obstruction space at s € 41

E, C C®(Int(K), (13 0 )*TM @ A%1) € C®(In(K), &*T (M x P') @ A%!)

(with K=2%n R) to be the parallel transport of EE C C® (Int([?), usTM ® A%1) along
geodesics joining ug(y) and (;rps o #)(y). Let C C X be the union of the contracted compo-
nents of ii—) E.Pecause 7y o it| g is sufficiently close to ug, Ty o ﬁ|§\g is holomorphic
and C C ¥ \ Int(K), by choosing a smaller neck region from the beginning if necessary (see

3By abuse of notation, we denote by p a point of R and at the same time a new interior marking on 5.



348 E. GONZALEZ AND H. IRITANI

“extending the core" [16, Definition 17.21]), we may assume that 7 o & is constant on C
(since the symplectic area of (7 o ﬁ)(i \ K ) has to be small). Hence 7/ o i induces a map
u: (¥,0¥) — (M, L) belonging to Y. Therefore we have a projection £{ — U and E is
identified with the pull-back of E. The group I" acts on 4l and E and E — £l is I"-equivariant.
The Kuranishi neighbourhood V for /\/lrfl1 (@) is cut out from 4( by the equations:

941 =0 mod E4
(22) i(p) € M x {0}
dwi)e Qi xP' i=1,...,1

for s = (i, 5’, x, p,{wi, ..., w;}) € Y. The second equation of (22) corresponds to the fibre
product presentation (10) of ./\/lrle’ll (@).

Let M C 4 denote the subspace cut out by the first and the second equations of (22).
Consider the map {{ — U x S', where the first factor is the projection we discussed and the
second factor is the evaluation map at the boundary marking x followed by the projection
L x S' — S!. We claim that M is a tautological family of (blown-up) Riemann surfaces
over M x S! under the map M C 4 — U x S'. (Recall that M C U is cut out by
the first equation of (21).) More precisely, it is identified with the restriction to M x S!
of the family pr*R — U x S! where pr: U x §' — N is the natural projection. By the
choice of E, each element (i, Z’, x, p,{wi, ..., w}) of ./\/l is holomorphic in the P!-factor
and its image (u, X, x, {wy, ..., w;}) in U belongs to M. By the same argument as in the
proof of Lemma 3.12, it follows that 4 is uniquely reconstructed fromu: ¥ — M, p € 5]
and (rp1 o #)(x) € S 1 This proves the claim. Cutting down the moduli space M by the
third equation of (22), we obtain Vasa tautological family of (blown-up) Riemann surfaces
over V x S', with V the Kuranishi neighbourhood of typ € M (). The obstruction bundle
E = E|; and its section § := 9 are the pull-backs of E — V and s = 9 respectively.
These data (‘7 E s) are I'-equivariant and give a Kuranishi neighbourhood (\7, E , I, 12/, s)
of 7 (xo x S € M} (@).

We need to check the transversality of (22). We first show the transversality of the a-
equation. Let #: Y > Mbea map in Y satisfying the first equation of (22). Let v :=
TTpt o il (2 82) — (P!, S!) be the vertical component of &, which is a holomorphic map
of degree one. Letit = mpy o it (2 82) — (M, L) be the horizontal component of #. The
image u: (X,8X) — (M, L) of i in Y is obtained from i by collapsing some components
of ¥ on which i is constant. It suffices to show that

e v is Fredholm regular, i.e. D,d is surjective; and
e ii is Fredholm regular for E,,, i.e. Im(D;0) + E, = L2 5(2 a*(TM) @ A%,

The Fredholm regularity for v can be rephrased as the vanishing of the sheaf cohomology (see
(23, §3.4], [10, §6]):

HY(E, 0*TP', v*TS")) =0
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where (v*TP!, v*T'S') denotes the sheaf of holomorphic sections of v*7TP! which take values
inv*7TS'ondX. Let ¥ = \U; Zi be the decomposition into irreducible components and write
v; = v|x;. Then we have the following standard normalization sequence for sheaves on X:

0— TP v*TS") - PO TP, vi TS )—)@Tv(x)]? ePrys' -0
i y

where x ranges over interior nodes of Y and y ranges over boundary nodes of 5. Since we
have H! (v} TP', v}TS') = 0 for each component X; by [10, Lemma 6.4, it suffices to show
that the map €p; HO(v;k TP!, vl?"TSl) - P, Tv(x)]P’1 @ @y Tv(x)S1 is surjective: this follows
easily by induction on the number of components (removing degree-zero tails one by one).
The Fredholm regularity of & with respect to E follows from the assumed regularity for u with
respect to [E. For example, consider the case where 5 = ¥ UD. The obstruction space E,, is
supported on the core K C X and u is constant on D. Write x = u(D) € M. Let (&1, &) be
an element of

L2 s TM® A" = L2 (2, u*TM @ A% @ L2, (D, T:M ® A™').

The assumed regularity implies that there exists ¢ € E, and v € L; 41, s(X, 0% u*TM,
u*TL) such that £ = (D,d)v; + &. The vanishing H!(Ty M, T, L) = 0 of the sheaf coho-
mology on D implies that there exists v, € L3n+1,8(D’ 9D; T M, T, L) such that 9v; = &. By
adding a constant element in 7y L to v», we may assume that vy and v, agree on the boundary
node D N X, and then we have (£1, &) = (D39)(v1, v2) + &. This shows the regularity of i.
The other cases are similar.

Let A/ C 4 denote the moduli space cut out only by the first equation of (22). The
holomorphic automorphism group Autt(ID) acts on the target (M x P!, L x S') and also on
the moduli space N. The transversality for the second equation of (22) follows from the fact
that the Autt(ID)-action on Int(ID)) is transitive. The first and the second equations of (22)
define the modui space M. The evaluation map evaq: M — (M x P!)! at the markings
wi, ..., w; is transversal to ]_[l»:1 (Q; x P! ) by the transversality assumption for the second
equation of (21). The transversality for (22) is now proved.

Comparison of virtual cycles. A virtual chain is defined by multi-valued perturbations
(multisections) of s on Kuranishi neighbourhoods which are compatible under co-ordinate
changes, and it is independent of the choice of the obstruction bundle (see [13, §Al.1],
[16, Part 2]). By the above construction of Kuranishi neighbourhoods, and the hypothesis
dMi(x) = @, we can define a virtual cycle [/\/lr61 (&@)1"'" by pulling back multisections used
to define a virtual cycle [M(a)]", and this is independent of choices. Then [/\/lrfl1 (6) Vi
becomes a fibre bundle over [M(a)]"' x S! with fibre the corresponding stable bordered
Riemann surfaces. Each fibre is of class o under the interior evaluation map. The lemma
follows. O

Summarizing the discussion, we obtain (see (14), (18), (20)):
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LEMMA 3.16. The virtual cycle ev,[Ms(c) Xy Mrlfll (@)1VI" is well-defined if one of
the following holds:
(@) Ms(o) =9 or;
(b) Mi(a) =9 or;
(¢) IMi(a) =D andev(Ms(o)) NL = 0.

When one of the above conditions holds, we have:

(So NILD x[S1 if « = 0 (then (b) holds);
evi[Ms(0) x y ML @)1 = (S, , a@)evu M ()] x[S']  if (¢) holds;
0 if a #0 and (a) or (b) holds.

3.3.3. Conjecture and expected results. We now state our conjecture:

CONJECTURE 3.17 (Degeneration Formula). Let B € Hx(M,L) be such that
M (B) = 0. Assume that every pair (o,a) € H3**(E) x Hy(M, L) with r(,é) =0 +a
satisfies one of the three conditions (a), (b), (c¢) in Lemma 3.16. Then the degeneration for-
mula (11)

PV [MIBTT = Y evaMs(0) xu M (@1

r(B)=0+a
holds. This implies, by Lemmata 3.11 and 3.16, that
(23)  8polLl= > (Sor )eva MI@] ™ + 8055 Y SpNIL]
(o,0): r(B)=0+a, a0 o:r(B)=0+0

satisfying (c) of Lemma 3.16

holds in Hyy,p)(L; Q). Here Sy, :Si, are defined in (15), (17) and » € H(L) is the class of
an S'-orbit.

Note that the second term in the right-hand side of (23) arises from the case o = 0 (recall
the discussion around (14)).

In practice it is not easy to make all the assumptions here to be satisfied and to ob-
tain a non-trivial result from (23). Notice that the both-hand sides of (23) are zero unless
w(B) < 0 for dimensional reason. Also the term (:9:,, «) is zero unless 3'\0 € H (M, L), ie.
(c‘l’e“(E ), a) = —1. Hence by (12), the first term of the right-hand side is the sum over classes
a satisfying () = p(B) + 2. This motivates the following (rather restrictive) assumption:

ASSUMPTION 3.18. (i) M (B) is empty forall 8 € Hy(M, L) with u(8) < 0.

(ii) The maximal fixed component Fiyax C M of the C*-action (see §2.2) is of complex
codimension one and the C*-weight on the normal bundle is —1.

(iii) ¢1(M) is semi-positive.

(iv) ev(Ms(0)) is disjoint from L for all ¢ € H5*(E) such that (¢{*"(E), o) = —1.

We assume Assumption 3.18 in the rest of this section. Recall from Definition 2.1 that
open Gromov-Witten invariants n, are defined when p(a) = 2 by the assumption (i) and
so the potential function W of L is also defined. The role of the assumptions (ii) and (iii) is
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as follows. The assumption (ii) implies that (cYm(E ), ao) = —1 for a maximal section oy.
Note that by (3) Ms(o) is empty unless 0 = op + d for some d € NE(M)z. Therefore by
(iii), Ms (o) is empty unless (c}*"(E), o) > —1. This implies that the Seidel element S in
Definition 2.7 is in H=2(M; Q) ® Q[NE(E)z].

DEFINITION 3.19. Under Assumption 3.18, we can decompose the Seidel element as
S = oS = qo(S© +5?)

with S@ ¢ H!(M; Q) ® QINE(M)z] and g9 = ¢°°. Furthermore, we can define a lift @
of §@ as follows:

3?(2) = Z S\Uqa—ao
o: (c‘l'm(E),a):—l

where 3:, € H*(M, L; Q) (see (17)) is well-defined by Assumption 3.18 (iv). The lift @
is an element of H>(M, L; Q) ® QINE(M)z]l which maps to S@ under the natural map
H*M, L) - H*(M).

Under Assumption 3.18, the conditions in Conjecture 3.17 are satisfied for all 8 with
w(B) = 0. In fact, if r(B) = o + &, then () + 2 (c}*™(E), o) = 0 by (12), and thus

e if (@) < 0and (¢|*"(E), o) > 0, then M (o) = ¢ by the assumption (i);

e if u(a) >4 and (c‘l’er‘(E), a) < —2, then Mg(o) = @ by the assumptions (ii), (iii);

e if u(a) =2 and (cYe“(E), o) = —1, then M («) has no boundary by the assumption

(i) and ev(Msg(o)) N L = @ by the assumption (iv).

Fix aclass y € Hi(L). We now apply the formula (23) for 8 with u(8) = 0and 98 = y + X.
In this case, (23) yields the following equality in H,(L; Q) = Q:

(24) 8,0 = > (So o) + 8 Y. S,
(0,0): r(B)=0+& o:r(B)=c+0
w@)=2, (c}"(E),0)=-1

where n,, is the open Gromov-Witten invariant defined in Definition 2.1. Note that S, in the
second term of the right-hand side lies in H O(L; Q) = Q. We consider a generating function
in the “open" Novikov ring A°P which was introduced before Definition 2.1. We have a (not
necessarily injective) homomorphism from the “closed" Novikov ring A (see Remark 2.9) to
the “open" Novikov ring A°P

A — AP, qdr—>z‘1.
Thus A°P is a A-algebra. Note that r(B) = o + @ means
20+ = 0009 i AP
by Proposition 3.6 where o9, o are maximal section/disc classes. We multiply the both-hand
sides of (24) by z20+# = g~ and sum over all 8 with u(8) = 2 and 38 = y + A. About

the first term of the right-hand side, this summation boils down to the sum over all (o, @) with
(e} (E),0) = —1, u(e) = 2, da = y (see (13)); about the second term of the right-hand
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side (which occurs when and only when y = 0), this boils down to the sum over all o with
(c}*(E), o) = 0. Therefore we have:

THEOREM 3.20. Assume that the degeneration formula (Conjecture 3.17) and As-
sumption 3.18 hold for (M, L). For any y € Hi(L), we have

(25) 8y13.02% = (8@, dW,) + 68,05
in A%, where S© and S@ are in Definition 3.19, W, is in Definition 2.2 and dW, is its
logarithmic derivative:
dw, = Z o« ®@ngz® € Hy(M,L) @ A°.
aeHy(M,L): n(a)=2, da=y

Recall that ag is the maximal disc class introduced before Proposition 3.6 and .. € H{(L) is
the class of an S*-orbit on L.

Summing over all y € Hi(L) in (25), we obtain:

COROLLARY 3.21. Assume that the degeneration formula (Conjecture 3.17) and As-
sumption 3.18 hold for (M, L). Then we have

(26) 2% = (8P daw) + SO in AP,

Via the natural map H'(L) — HZ?(M, L), an element of H!(L) can be regarded as a
vector field tangent to the fibre of the map Spec A°? — SpecA. We define the (relative) Jacobi
algebra of the potential W as

Jac(W) := AP/A°P(H' (L), dW)

where A°P(H!(L), dW) denotes the ideal of A° generated by (¢, dW), ¢ € Im(H (L) —
H?(M, L)). As a class in the Jacobi algebra, the right-hand side of (26) depends only on
the Seidel element S itself, not on the lift §(2). We can interpret it as the derivative of the
bulk-deformed potential W + 19 with respect to §, where ¢ is a co-ordinate on H 0(M ). The
derivative of W + 10 defines the so-called Kodaira-Spencer mapping:

KS: HS2(M) ® A — Jac(W).
Then the equation (26) implies
KS(S) = [z*]  in Jac(W).

REMARK 3.22. Assumption 3.18 (i)—(iii) ensures that the conditions in Conjecture
3.17 hold for all g with u(B) < —2. Using the formula (23) for g with u(8) < —2 and
dB = A, we find:

> SepaNILI=0 if (c]*(E).0) < —1.
deiyHy(L)

This supports the validity of Assumption 3.18 (iv).
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REMARK 3.23. A more intuitive explanation for the formula (26) is as follows. One
can think of the moduli space M 1(B) of stable holomorphic discs with boundaries in L and
with one interior and one boundary marked points as giving a correspondence between M and
the free loop space LL = Map(S', L) of L. This correspondence should give rise to a map
(bulk-boundary map)

C«(M) — C«(LL)

of chain complexes. One can view this as an analogue of the Kodaira-Spencer map. One can
speculate that this map is an intertwiner between the Seidel homomorphism S: Cy(M) —
C.(M) and the map £LL — LL induced by the S'-action.

4. Potential function of a semi-positive toric manifold. Using the degeneration for-
mula (Conjecture 3.17), we compute the potential function of a Lagrangian torus fibre of a
semi-positive toric manifold X. This confirms a conjecture (now a theorem [9]) of Chan-Lau-
Leung-Tseng [8].

4.1. Toric manifolds. We fix notation on toric geometry. For more details we refer
the reader to [2, 11, 12]. For this paper a foric manifold X is a smooth projective toric variety,
as constructed from the following data.

(a) An integral lattice N = Z" and its dual M = Hom(N, Z). We denote by (-, -) the
natural pairing between N and M.

(b) A fan ¥ in Ngp := N ® R consisting of a collection of strongly convex rational
polyhedral cones 0 C Ng, which is closed under intersections and taking faces.

In order for X to be smooth and projective, we need to assume that X is complete, regular
and admits a strongly convex piecewise-linear function. Let X' (1) denote the set of 1-cones
(rays) in X, and we let by, ..., b, denote integral primitive generators of the 1-cones. The
fan sequence of X is the exact sequence

27) 0 L zm N 0,

where the third arrow takes the canonical basis to the primitive generators by, ...,b, € N
and L is defined to be the kernel of the third arrow. The dual of the sequence (27) is the divisor
sequence

(28) 0 M zm LY 0.

The second arrow takes v € M into the tuple ((b;, v))?_ . The third arrow is denoted by
K:ZMm — LY.

The fan sequence tensored with C* gives the exact sequence of tori:

1 G (Gl T 1

withG ;=L ®C* and T := N @ C*. Let the torus G act on C™ by the second arrow
G — (C*)™. The combinatorics of the fan defines a stability condition of this action as
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follows. Let Z(X") denote the union
(29) z(xy=JC". C'={Gi....xn):x; =0fori ¢ I},
I¢A

where A is the collection of anti-cones, that is the complements of the subsets of indices that
yields a cone in the fan

Azz{l Y Rzobiez}.
i€(l,.m\I
The toric variety X is defined as the quotient
X =Us/G; Uy :=C"\Z(X).

The torus T = (C*)™ /G acts naturally on X. The toric manifold X contains T as an open
free orbit; X is a compactification of T along the rays in X'(1).
Each character &€ : G — C* defines a line bundle

Le =Cxgcly — X.
The correspondence & +— L¢ yields an identification of the Picard group with the character
group of G. Thus, we have
LY = Hom(G, C¥) = Pic(X) = H2(X: 7).
The i-th toric divisor is given by
D :={[x1,...,xn] : x;i=0}CX.

The Poincaré dual of D; is the image k(¢;) € LY = H 2(X; Z) of the standard basis ¢; € Z"
under the map « in (28). By abuse of notation, D; sometimes also denotes the corresponding
cohomology class x(e;) in H 2(X;7Z). We note that L = H(X; Z). The first Chern class
c1(X) of X is givenby D1 + - - - + Dy,.

The Kdhler cone Cx of X, the cone consisting of Kihler classes, is given by

Cx =)D Reok(e) CLY @R = HX(X:R).

IcAiel
The cone Cyx is nonempty if and only if X is projective. Set r := m — n. We choose a nef
integral basis p1,..., pr of H 2(X ; Z), that is an integral basis such that p, € Cx for all
a=1,...,r. Then we write the toric divisor classes as
r
(30) Dj=k(ej) =) majpa,
a=1

for some integer matrix (m,;). The Mori cone NE(X) C H>(X, R) is the dual of the cone
Cyx. We set NE(X)z := NE(X) N Hy(X; 7).
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The toric manifold X can be alternatively defined as a symplectic quotient. Let Gg =
(S1)” be the maximal compact subgroup in G. The Gg-action on C” is generated by the
moment map

¢:C" = gp, Sty xm) = k(X1 Xl

where k: R — LY ® R is the map in the divisor sequence (28) tensored with R. For any
Kihler class w € Cx, we have a diffeomorphism ([2, 22])

¢ ()/GrR=X.

The left-hand side is a symplectic quotient and is equipped with a reduced symplectic form.
The cohomology class of the reduced symplectic form coincides with w; by abuse of notation
we let w also denote the reduced symplectic form.

Let Tr = (S")" be the maximal compact subgroup of T. The Tg-action on the symplec-
tic toric manifold (X, @) admits a moment map:

Dy X — K_l(a)),

Do ([X1s -y xmD) = (1% ml?) with (x1, ..., x) € 07 N o),

where the affine subspace ¥ ~!(w) C R™ can be identified with Mg = M ® R = tg up to
translation. The image of the moment map @, is the convex polytope:

P)={(t1,....tn) €R" : ;2 0, k(t1,...,1n) = 0}

=Z{veMg : bj,v) <—c,i=1,...,m}.

In the second line, we took a lift (cy, ..., ¢,) of @ (such that w = «(cq, ..., cn)) to identify
k~Hw) with M. This is called momentum polytope. The facet F; C P of P(w) normal to
b; € N corresponds to the toric divisor D; = @ Y(F) c X.

4.2. Potential function of a Lagrangian torus fibre. Cho-Oh [10] calculated poten-
tials of Lagrangian torus fibres for Fano toric manifolds and matched them up with mirror
Landau-Ginzburg potentials of Givental and Hori-Vafa. Fukaya-Oh-Ohta-Ono [15] studied
potentials for general symplectic toric manifolds. Chan [6], Chan-Lau [7] and Chan-Lau-
Leung-Tseng [8, 9] have studied the potential functions for semi-positive toric manifolds by
establishing an equality between open and closed Gromov-Witten invariants.

Let X be a toric manifold in the previous section. Every free Tr-orbit in X is a fibre
of the moment map @,: X — P(w) of an interior point in P(w), and vice versa. We call
it a Lagrangian torus fibre of X. For a Lagrangian torus fibre L, we have a homotopy exact
sequence:

3D 0 —— m(X) — m(X, L) —— m(L) —> 0.

Let B; € m2(X, L) denote the class represented by the holomorphic disc u;: D — X:

(32) ui(z) =ler, ..., Cim1,CiZ, Cigls - osCml, 2] <1
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where [c1, ..., cn] € X is a point on the Lagrangian L (thus ¢; # 0 for all i). The class S;
intersects with toric divisors as

Bi-Dj=3ij.

The relative homotopy group m2(X, L) is an abelian group freely generated by the classes
Bi, ..., Bm and the toric divisors Dy, ..., D,, define a dual basis of HZ(X, L). Under the
identification:

mX) = H(X;2) =L, mX,L)=H(X,L;Z) =7Z", m(L)=N

the exact sequence (31) above can be identified with the fan sequence (27), i.e. 38; = b;. The
Maslov index

w:m(X,L) — Z

is given by the intersection with 2(D1 + - -- 4+ Dy,) € H?(X, L) [10, Theorem 5.1].

We consider the potential function (Definition 2.1) of a Lagrangian torus fibre L C X.
As before, let M1 (8) denote the moduli space of bordered stable maps to (X, L) in the class
B € m(X, L) with one boundary marked point.

PROPOSITION 4.1. Suppose that ci(X) is semi-positive. Then M (B) is empty for all
B with w(B) < 0. If M1(B) is non-empty for B with u(B) = 2, then B = B; + d for some i
and d € NE(X)z such that (c1(X),d) = 0.

PROOF. Let B be a class of a bordered stable map to (X, L). By the classification of
holomorphic discs by Cho-Oh [10], we find that 8 is of the form:

m
(33) B=> kipi+d

i=1
for some k; > 0 and d € NE(X)z. Here sz=1 k; B; is the degree of disc components and
d is the degree of sphere bubbles. Hence u(B) = 2 Y /L, ki + 2 (c1(X),d) > 0. We claim
that (k1, ..., k) = 0 implies u(B) > 4. If (ky, ..., k) = 0, a bordered stable map of class
B is the union of a constant disc and sphere bubbles. In this case, at least one non-trivial
sphere component has to touch L. Let d; be the degree of a non-trivial sphere component
touching L and let d; be the degree of the remaining sphere bubbles. Then d = d; + d» with
dy, dy € NE(X)z. Since D; is disjoint from L, we have (D;, d1) > 0. Since d; # 0, we have
YL (Dj,di) > 1. Also it is impossible that Y -, (D;, d1) = 1 since d; gives the relation
Y, (Dj,di)bi =0in N. Thus

w(B) =2 (c1(X),d) Z D;, dy)

The claim follows. Consequently, u(8) < 2 implies (ki,..., k) 7# 0. The proposition
follows easily. O
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In particular, the potential function of a Lagrangian torus fibre (Definition 2.1) is well-
defined for a semi-positive toric manifold.

REMARK 4.2. Fukaya-Oh-Ohta-Ono [15] defined the potential function of a Lagran-
gian torus fibre even without semi-positivity assumption. They defined virtual cycles and open
Gromov-Witten invariants ng € Q for all 8 with u(8) = 2 using Tr-equivariant perturba-
tions, see [15, Lemmata 11.2, 11.5, 11.6, 11.7]. In general, since every effective stable disc
class g is of the form (33), the potential W lies in the completed group ring:

QI(Zs0)™ + NE(X)z] C AP

where NE(X)7 is regarded as a subset of Z" via the second arrow in the fan sequence (27).
Notice that (R>0)"” + NE(X) is a strictly convex cone.

EXAMPLE 4.3 ([10]). When 8 = B;, the moduli space M(B;) consists of holomor-
phic discs of the form (32) and ev: M(B8;) = L; moreover all such discs are Fredholm
regular [10, Theorem 6.1]. Therefore we have ng, = 1.

We write
=5 e QU (X, Ly 2]
for B =k1B1 4+ -+ + ki Bm. Also we write
g" =g g g € QUH(X; 7))

for d € Hy»(X; Z), where py, ..., p, is the nef integral basis of HZ(X; 7Z) = LY we chose in
§4.1. Note that we have a natural inclusion of the group rings:

QlH(X; Z)] — QH2 (X, L; Z)].
By this we identify g with z%; in co-ordinates:
m
(34) qd = Zd — ZiDl’(DzéDl’d) e Z,%Dm,d) or Ga = l_lz;nai
i=1

where (m,;) is the divisor matrix in (30). Using these notations and Proposition 4.1, we can
write the potential function of (X, L) in the following form when ¢ (X) is semi-positive.

DEFINITION 4.4. Let X be a semi-positive toric manifold. We present the potential
function W of a Lagrangian torus fibre in the form:

W=w+ - +wy
where w; = f;(¢q)z; and

filg) = > ngiraq” .

deNE(X)z: {c1(X),d)=0

We call f;(q) the correction term. This decomposition of W is parallel to Definition 2.2.
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Note that we have f;(¢) = 1 + O(q) by Example 4.3. The correction term f;(g) was
denoted by 1 + ;(g) in [8]. When X is Fano, all the correction terms are 1 and

W=z+-+22m-

This is the result of Cho-Oh [10]. By the fan polytope, we mean the convex hull of the ray
vectors by, ..., by, € Ng. Inthe proof of [8, Corollary 4.12], Chan-Lau-Leung-Tseng showed
the following:

PROPOSITION 4.5 (Chan-Lau-Leung-Tseng[8]). Let f;(q) be the correction terms of
the potential of a semi-positive toric manifold X. If the vector b; is a vertex of the fan polytope
of X, then fi(q) = 1.

4.2.1. Open-closed moduli space. We explain that the potential W of a Lagrangian
torus fibre can be interpreted as a formal function on the open-closed moduli space introduced
below.

The closed moduli space M) of X is defined to be:

M ={exp(—~o+iB) e LY ®C* : w,BecLY®R, we Cx}.

This is also called the complexified Kéihler moduli space. The nef basis py, ..., p, of LV =
H%(X;Z) in §4.1 defines C*-valued co-ordinates (¢, ..., ¢,) on My C LY @ C*.
The open-closed moduli space M1 is defined to be the set of triples (g, L, h) such that
e aclosed moduli ¢ = exp(—w + i B) € M;
e a Lagrangian torus fibre L = L, = @;1(77) atn € P(w)°;
e aclass h € H*(X, L; U(1)) which maps to exp(i B) € H*(X; U(1)).
When the B-field vanishes B = 0, the class & defines a U (1)-local system on L via the exact
sequence:

0 —— HYL;U(l)) —— H?*X,L;U(l)) —— HXX;U()) —— 0.

Letn = (n1,...,nm) € R™ be the co-ordinates of n and write h = (hy, ..., h,;) using the
identification H2(X, L; U(1)) = (§')™; and set

(35) zi = exp(—=n)h; .

The parameter z = (z1, ..., Z;n) here determines n; € R, h; € S 1 by polar decomposition;

then n determines w by the condition n € P(w)° (as w = «(n)) and h determines exp(i B).
Thus z determines a point of Mopc1. We have:

Mopel = {2 = (1. 2m) € (C)" : |zi| < 1foralli, kcx(z) € Ma}
where kcx 1 (C*)" — LY ® C* is the third arrow of the divisor sequence (28) tensored with
C*. A point z = (z1, ..., Z;m) of the right-hand side parametrizes

e aclosed moduli ¢ = exp(—w + i B) = k¢x (2);
e a Lagrangian torus fibre L = L, at n = (—log|z1l,..., —log|zu|) € P(w)°;
e aclassh = (z1/lz1l, .-, zm/1zml) € H*(X, Ly) which is a lift of exp(i B).
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We regard W as a formal function on 9Mpe via these co-ordinates (z1, ..., zm). The open-
closed moduli is fibred over 9M.;:

7 Mopel = Mer, 7+ kex(2).

By pulling-back the co-ordinates q1, . . ., g by 7, we obtain the same relation between z; and
ga as in (34). The fibre Moper,y = 771 (¢) has the structure of an (Mr/M) = (S!)"-bundle
over P(w)° via the map:

gﬁopcl,q - P(a))O ’ (Zlv "'1Zm) = 7] = (_10g|Z1|7 IR _10g|Zn1|)~

This is a torus fibration dual to the moment map @,,: X — P(w); we can view it as a mirror
of (X, q).

PROPOSITION 4.6. Via the co-ordinates (21, . .., Zm) on Mopcl, the potential function
of a Lagrangian torus fibre is identified with the following formal sum of functions on Mopci:

W(q,L,h) = 3 ngh(Be s ®

Bem(X,L): u(B)=2
where g = exp(—w + i B).

PROOF. For 8 = B;, we have (see [10, Theorem 8.17])

) / o =n; = —log|z|
Bi

and thus h(ﬁ,')e_'/;si “ = z; (cf. (35)). Therefore h(,B)e_'/)Sw = 7P for every f. o

Zi

h(Bi) =
|z

REMARK 4.7. When B = 0, the term h(f) is the holonomy along the loop 98 €
m1(L) of the U (1)-local system associated to .. This matches with the usual interpretation.
In general, this term cannot be interpreted just as holonomy.

Fukaya-Oh-Ohta-Ono [ 14, Theorem 2.32] showed that the Jacobi algebra of the potential
function restricted to the fibre Mope,y = 7~ !(g) is isomorphic to the quantum cohomology
ring of (X, ¢) in a certain g-adic sense.

4.3. Seidel elements for toric varieties and Givental’s mirror transformation. We
review our previous computation [21] relating Seidel elements for toric varieties to Givental’s
mirror transformation [19]. Let X be a toric manifold from §4.1 with c; (X) semi-positive.

4.3.1. Seidel elements associated to the C*-actions fixing toric divisors. For each
toric divisor D; of X, we can associate a C*-action p; on X rotating around D;. It is given
by:

PO X1, + s X > [X1, .., AT X, ], A e CFL

The toric divisor D; = {x; = 0} is the maximal fixed component of this action. Let £ ; denote
the associated bundle of this C*-action and let S; denote the corresponding Seidel element.
We also write S; = ¢oS; with §; € QH*(X) following Definition 2.7. Using the Seidel
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representation (see Remark 2.9), McDuff-Tolman [26] showed the following multiplicative
relations in QH (X)[¢g~¢ : d € NE(X)z]:

m
(36) [13177 = ¢ for d e Hx(x: 2).
j=1

4.3.2. Givental’s mirror theorem. Givental [19] introduced the two cohomology-
valued functions

m 0 .
1(y, z) = eXi=1 Pilogyi/z Z (Hk——oo(D’ + kZ)) e

(Dj,d)
deNE(X)z i=1 b oo (Di + k2)

. X
J(g,z2)= e2i=1 Pilogai/z | 1 + Z Z <¢7J> ¢jqd
0,1,d

T aentop\ o) VG TV

called the I-function and the J -function respectively. Here we used a nef basis {p1, ..., p,} C
H?(X) in §4.1 and write
,d r.d d v rd
qd=q1(m )H.qr(p )7 yd:yl(m )H.yr(p )’

and {¢;} and {¢/} are mutually dual basis of H*(X). The variables y = (y1,..., y,) are
called mirror co-ordinates, i.e. co-ordinates of the complex moduli of the mirror Landau-
Ginzburg model. Givental [19] showed the following mirror theorem:

THEOREM 4.8 ([19]). We have 1(y,z) = J(q, z) under a change of coordinates of

the formlogqg; = logy; + gi(y), i = 1,...,r, gi(y) € Qlly1, ..., y- 1 with gi(0) = 0. The
functions g; (y) here are uniquely determined by the asymptotics:

-
1(y,2) = eXi=1 7t 1%‘“(1 +Y e+ o(z*)) :
i=1 <
The change of co-ordinates is called mirror transformation (or mirror map).
4.3.3. Batyrev elements and Seidel elements. In [21], we introduced Batyrev ele-
ments Dj, j =1,..., m. They are defined by

r r
~ 5 - dlog gy
D; :=Zmajpa, Pa 3=Zil’b
a=1 b 0108 Y

Note that D ; is an element corresponding to the vector field >, _, mqjy,0/dy, whereas
the genuine divisor class D; corresponds to the vector field Z;zl Majqad/0q, (see (30)).
Batyrev elements are determined by, and determine the Jacobi matrix (9 log gp/d log y,) of
the mirror transformation. Using Givental’s mirror theorem, we find that the Batyrev elements
satisfy the multiplicative relations (see [21, Proposition 3.8])

[1D"" =y detx:z)

m
j=1
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in the quantum cohomology ring. These are very similar to the multiplicative relations (36) of
Seidel elements, but note that co-ordinates g are replaced with mirror co-ordinates y. More-
over, the Batyrev elements satisfy the following linear relations:

m m
37 ZCJBJ:O whenever ZqD,:o.

i=1 i=1
The linear relations are obvious from the definition. These multiplicative and linear relations
show that D ; satisfy the relations of Batyrev’s quantum ring [5]. It turns out that the Seidel
elements are multiples of the Batyrev elements.

THEOREM 4.9 ([21, Theorem 1.1]). Let géj)(y) be the following hypergeometric se-
ries in mirror co-ordinates:
0P (= (D, d) = 1)t
ye.
Hi;éj <Di ) d)!

38 g Gy = 3

(c1(X),d)=0, <Dj,d)<0
(Dj,d)>0 forall i

Then under the mirror transformation we have

Sj=exp(— gé/)(y))ﬁj )
Conversely, one can recover the Batyrev elements from the Seidel elements in the fol-
lowing way.

THEOREM 4.10 ([21, Theorem 1.2]). Given the Seidel elements §1, o, §m the
Batyrey elements D; € H*(X) ® Qllq1, ...,q-1, j = 1,..., m are uniquely characterized
by the following conditions:

(a) éi = L—Ijgjforsome Hj € Qlgu, ..., -l

(b) Dj = S§; ifbj is a vertex of the fan polytope;

(¢c) Dj satisfy the linear relations (37).

In particular, the Seidel elements determine the mirror transformation q — 'y and the func-
tions g(()J)(y).

4.4. Correction terms of potential functions and Seidel elements. Chan-Lau-
Leung-Tseng [8] gave a conjecture relating the correction terms of the potential function and
the Seidel elements for a semi-positive toric manifold.

CONJECTURE 4.11 ([8, Conjecture 5.2]). For a semi-positive toric manifold,_the cor-
rection term fj(q) of the potential function (Definition 4.4) coincides with exp(géj )(y)) in
Theorem 4.9 under mirror transformation.

Originally Chan-Lau-Leung-Tseng [8] proved this conjecture under the convergence as-
sumption for W using an isomorphism [14] of Jacobi ring and quantum cohomology. Recently
they gave an alternative proof [9] which does not require the convergence assumption. They
identified open Gromov-Witten invariants with certain closed Gromov-Witten invariants of
the associated bundle E; given by the inverse C*-action p;” L They used the fact that a bor-
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dered stable map to (M, L) with boundary class b; € N = Hj(L) can be completed to a
holomorphic sphere in the associated bundle E!. This is closely related to the fact that the
central fibre &y of the closing in §3.1 is the union of the two associated bundles E and E’
which correspond to mutually inverse C* -actions.

4.5. Degeneration formula for toric manifolds.

PROPOSITION 4.12. Assumption 3.18 holds for a pair (X, L) equipped with the C* -
action p; around the prime toric divisor D we considered in §4.3.

PROOF. The statement (i) is shown in Proposition 4.1 and (ii), (iii) are obvious. To
verify the statement (iv), it is enough to show that every stable map u: C — E; representing
aclass 0 € H;*°(E;) with (c‘l’er‘(Ej), a> = —1 is contained in | J{"_; D;, where

Di = D x (C*\ {0)) /C*
is a toric divisor of E;. Let C = [ C, be an irreducible decomposition of C. If u,[C,] is

a section class, we have (cYe“(E i), u*[Ca]> > —1 by (3) and the semi-positivity of ¢;(X). If

u4[Cqy]is not a section class, u(C,,) is contained in a fibre X and we have (cYe“(Ej), Uy [Ca]> =
(c1(X), ux[Cq]) = 0 again by the semi-positivity. Since (c]"(E;), o) = —1, we have
—1 if u(Cy,) is a section;

0 otherwise .

(CY™(E)), uslCal) = {

Suppose that u(C) ¢ Ui~ 51‘- Then we can find a component C, such that u(Cy) is not
a point and u(Co) ¢ U7, D;. Then (D;, ux[Cy]) > O for all i. Note that YL D; is the
Poincaré dual of cYm(E 7). By the above calculation we see that (51', us[Cyl) = 0 for all i
and u(Cy) is contained in a certain fibre X. Then (D;, u.[Cy]) = 0 for all i. A homology
class d € H>(X) satisfying (D;, d) = 0 for all i is zero. This is a contradiction. O

Recall from Remark 4.2 that the potential function W = W(zy, ..., z,) of a toric mani-
fold X is an element of

R := QINE(X)z + (Z=0)"1 C A°P.
We also set
K :=QINE(X)z C A.
Then R is a K -algebra (cf. (34)). For f € R, we write (following notation in Theorem 3.20):

) 0
df = <Zl_me—f) €EZ"QR=H(X,L)®R.
8z1 aZm
In other words,
dz? =ﬁ®z‘6

for B € Hy(X, L).
We apply Theorem 3.20 to the C*-action p; rotating around D;. Note that the k-th term
wy of the potential W in Definition 4.4 corresponds to the boundary class by € N = H{(L)
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and wy = Wp, in the notation of Definition 2.2. Since the Seidel element §j in §4.3 belongs
to H*(X) ® K, we have gﬁ_O) =0 and §j = §;2)' By Proposition 4.12, we can define the lift

S, e HX (X, L)®K

of §j = gj(.z) as in Definition 3.19. The class A of an S'-orbit on L is —b; € H;(L) and the
maximal disc class «g is 8;. Hence we obtain:

THEOREM 4.13. Assume that the degeneration formula (Conjecture 3.17) holds for
(X, L) equipped with the C* -action p; around the toric divisor D; (see §4.3). Then we have
(39) (S, dwy) = 81z, .

In particular, we have (gj, dW) = z;.

4.5.1. Example. Consider the second Hirzebruch surface Fo = P(Opi (—2) @ Op1),
a compactification of Opi(—2). The divisor matrix (30) is:

0—211:|

(mai): [1 1 0 0

The column vectors give toric divisors classes D1, Dy, D3, D4. Here D; is the oco-section,
D> is the zero-section (—2 curve) and D3, D4 are fibres. The potential function has been
calculated by Auroux [4], Fukaya-Oh-Ohta-Ono [17] and Chan-Lau [7]:

W=zu+U+q)2+z3+24.

Therefore we have

dw 21 0 0 0
dwy| |0 (d-gqDz2 q1z2 qiz2
dws 0 0 23 0
dwy 0 0 0 24

where we used g; = 22_213Z4 (see (34)) and d(q122) = [0, —q122, 9122, q122]- Assuming the
degeneration formula (39), we obtain

1 0 0 0
IR 0 L _a  __a
[51,52,53,54]=[D1,D2,D3,D4] 0 1= 11_‘“ 10_’1‘

0 0 0 1

This is compatible with the calculations of Ej by McDuff-Tolman [26] and Gonzalez-Iritani
[21].
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4.6. Kodaira-Spencer map. Recall from Definition 4.4 that w; = f;(g)z; for some
fi(q) € K. We have (using (34))

dw; afi(q) " af;
Zi azi/ = <5u +zi 8J, ;= 5,’j+;mm’qaﬁ(q) zj € Kzj.

Therefore we have an isomorphism of K-modules:

m
~ owy AWy,
ts: H*(X, L) @ K — Kz;, Di— [z Y Zi )
X, L)® P &z, i (zl 5% Gy )

j=1
The degeneration formula (39) says that Es(@) =z;.Forpe H (L) = M, we have

m m m

ts(p) =P D (e. bi )z, =P > (.0 (Zi5ijfj(61) +ZiZjaJ;/%(,q))
j=l1 l

]:1 i=1 i=1

=@ w]e@Kz],

3

~.
—

where §: HY(L) & M — HZ(X, L) = 7ZM is a coboundary map. Hence £s induces an
isomorphism

ks: 200 © K = @K [ (@1 o bj)wy = o € M),

j=1
This satisfies ks(§i) = [z;]. Set B} := fj(q)gj,j =1,...,m. Thenks(B;j) = f;(q)lz;] =
[w;l, j =1,..., m satisfy the linear relations

m
Z Z bj [w;]=0
j=1

for all ¢ € M. Consequently,

o Bj = fi(@)S};
e fi(g) = 1if b; is a vertex of the fan polytope (Proposition 4.5);
e Bj,j=1,...,m satisfy the linear relations (by the injectivity of ks).

By the characterization of the Batyrev elements (see Theorem 4.10), we know that B; = D,
ie. fj(q) = exp( géj ) (v)). This shows the conjecture of Chan-Lau-Leung-Tseng:

THEOREM 4.14. Assume that the degeneration formula (Conjecture 3.17) holds for
(X, L) equipped with the C*-actions pj, j =1, ..., m in §4.3. Then Conjecture 4.11 holds.

REMARK 4.15. Via the natural map B}_; Kz; — R, the map ks induces the so-
called Kodaira-Spencer map (cf. the discussion at the end of §3.3.3):

KS: H*(X) ® K — Jac(W)
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where the Jacobi algebra Jac(W) is defined to be

Jac(W) = R/R(Hl(L), dw).
Then we have KS(E) = [z;] and KS(5i) = [w;]. In other words, the Seidel elements are the
inverses of [z;] and the Batyrev elements are the inverses of [w;].

4.7. Consistency check: computing equivariant Seidel elements. Here we give a
consistency check concerning Chan-Lau-Leung-Tseng Conjecture 4.11 and our degeneration
formula (39). We calculate the lifts fS'\J of Seidel elements assuming Conjecture 4.11 and (39)
and see that the result is compatible with our previous calculation [21]. The lifts :S'\J here
should be viewed as the T-equivariant Seidel elements since H2(X) = H*(X, L).

LEMMA 4.16. Suppose that Conjecture 4.11 holds. Then w; = fi(q)zi, i =1,...,m
satisfy the multiplicative relation

m
l—[ wJ<.Dj’d> =y? forall d € Hy(X: 7).
j=1

Maj

In other words, y, = ]_[7:1 w;Y a=1,...,r.

PROOF. Recall that the Seidel and the Batyrev elements satisfy the multiplicative rela-
tions with respect to the quantum product (§4.3):

1 (D)) S SI)
[1D,77 =y J]57" =4".
j=1 j=1
Hence we have
m
[15@®9 =yd/q?.
j=1
Therefore

[T =TT (5@ ") = /g% -4 = 7.
j=1 j=1
O

THEOREM 4.17. Assume Conjecture 4.11 and the degeneration formula (39). The lifts
S; of the Seidel elements are given by

m
~ ) . (= (D;,d) — !
5, = 96 (y)(Dj_ZDi Y @D, a) - N
i=1  ¢1(X)-d=0,D;-d <0, ki Nk A0
Dy-d=>0 for all ki.

under the mirror transformation.
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PROOF. Note that (dwq,...,d wm)T can be viewed as the Jacobi matrix between the
two co-ordinate systems (wi, ..., w,) and (logzj,...,logz,) on the open-closed moduli
space. The degeneration formula (39) implies that (zl_lSl, <2,  8n) is the inverse Jacobi
matrix, i.e.

- alogz~ =, dlogz
_1’\‘: i, _1 i
A Z ow; Zalogw]

in H2(X, L). Assuming Conjecture 4.11, we have log z; = log w; — géi)(y). Hence

m (i)
~  Zj 99
Sj=— <5ij—w/—>D,'
izl 8wj

wj —
—exp(— ) (D1 = 20 Dm0 D,).
i=1 a=1 Ya
In the second line, we used Lemma 4.16. The conclusion follows. d

Note that we did not use the lifts 3’}- of the Seidel elements (but used only the original
Seidel elements ;) in the proof of Theorem 4.14.

REMARK 4.18. This result is compatible with the calculation of §j in our previous
paper [21]. Note however that the formula in [21, Lemma 3.17] contains a mistake. It occurred
from an erroneous cancellation between the factors (D;, d) in the numerator and (D, d)! in
the denominator.

REMARK 4.19. Itisnotdifficult to generalize the computation in [21] to the T-equiva-
riant setting and to check the above computation of /S\J without using Conjecture 4.11 and the
degeneration formula (39). Since Chan-Lau-Leung-Tseng’s conjecture 4.11 was proved by
themselves [9], it follows that the degeneration formula (39) holds true in toric case.
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