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Abstract. The derivatives of the Bott class and those of the Godbillon—Vey class with
respect to infinitesimal deformations of foliations, called infinitesimal derivatives, are known
to be represented by a formula in the projective Schwarzian derivatives of holonomies [3], [1].
It is recently shown that these infinitesimal derivatives are represented by means of coefficients
of transverse Thomas—Whitehead projective connections [2]. We will show that the formula
can be also deduced from the latter representation.

Introduction. Given infinitesimal deformations of foliations, we can define the deriva-
tives of secondary characteristic classes for foliations with respect to them. We call such
derivatives infinitesimal derivatives for short. Infinitesimal derivatives of the Bott class for
transversely holomorphic foliations, and those of the Godbillon—Vey class for real foliations
are known to be represented by a formula in the projective Schwarzian derivatives of
holonomies (Maszczyk [3] for ¢ = 1 and [1] for general g, where ¢ denotes the (com-
plex) codimension of foliations). Both of the proofs consist of honest calculations so that
their meanings are difficult to see. It is recently shown that these infinitesimal derivatives
can be represented by means of coefficients of transverse Thomas—Whitehead projective con-
nections [2]. We will show that the formula can be also deduced from the latter representa-
tion. This shows that the formula is indeed derived from transverse projective structures of
foliations which are possibly non-holonomy invariant.

1. Definitions. We largely follow the notations in [2]. In particular, local coordinates
in the transversal direction will be (y!, ..., y?) instead of (z!,...,z%) in [1]. On the other
hand, when we need notions related with Cech—de Rham complexes, we modify notations
in accordance with [1]. For example, the product of a Cech—de Rham (r, s)-cochain a and
a Cech—de Rham (¢, u)-cochain b is denoted by a U b and is defined by (a U b);,,....i,,, =
(—=D*ajy, i, Nbi,...i 4~ We will assume that foliations are transversely holomorphic of
complex codimension ¢, and deal with the Bott class. The arguments for the Godbillon—
Vey class of real foliations of codimension g are parallel and omitted. Finally, the Einstein
convention is used throughout the article.

We recall the projective Schwarzian derivatives.
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DEFINITION 1.1. Let y be a local biholomorphic diffeomorphism of C9, and let y =

(', ...,y andy = (3',...,59) be the natural coordinates on the domain and the target of
y, respectively. We set
Sl = oyl 9%yr 8, dlogJ(y) 8, dlogJ(y)
V= a5 aymayn T g +1 aym g+1 oy
1 3%logJ(y)
A )mn = __ - oreelw)
qg+1 oymoym"
1 dlogJ(y)dlogJ(y) N 1 dlogJ(y)dy? 9%y
(g +D*  aym y" g+1 ayr 9y aymay"’

where J (y) = det Dy denotes the Jacobian of y. The (1, 2)-tensor of which the coefficients
are givenby X (y)f,m is called the projective Schwarzian derivative of y and denoted by X (y).
The (0, 2)-tensor of which the coefficients are given by A (y ), is denoted by A(y), which is
a kind of the curvature of X (y).

The following is a well-known
LEMMA 1.2. We have the following.
1) E(y)gm = E(V)ﬁm .

2) E(V)%n = E(V);’:m =0.
3) X is a cocycle in the sense that Z(y2 o y1) = y{ Z(y2) + Z(y1).

4) AY)mn = AV )nm -

In what follows, we fix a simple open covering {U;} of M such that each U; is con-
tained in a foliation chart. The coordinates in the transverse direction on U; are denoted by
(y(ll.), ceey y?i)). Let y;; be the transition function from U; to U; in the transversal direction.
We fix a Bott connection on /\q Q(F) and let 6; = f;yd yéi) be the connection form on U;
with respect to %},) ARERWA %Z)

DEFINITION 1.3. We set

Sy = i) dylh,
AWijm = AYij)mndy(}y .
AWijm = (@ + DAGim
Hjymn = AYidmn — FuE @i
Hijym = Hiijymndy(j) = Aiim = F i E i -
We have §H = 0 by Lemma 1.4 below, and d H(; jyu, = —df(j)lE(y,»j)ﬁnn modulo 79,

where 17 denotes the ideal of Q*(M) locally generated by dy(lj) A A dy?j).
The following lemma can be shown by direct calculations.

LEMMA 1.4. 1) We have
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FonS i), = fanZ @l + fon i) Dy,
= (fijn — FaopPVNDE @)L (Dy i,

+ L1 S — Z@i, + D), Zi)E (DY)
0 log J;
= TJE(Vij)lr(Dij):n :
Y

2) The cochain A(y) = {A(yij)} fails to be a cocycle. Indeed, we have

1 0dlog Ji;
AWjOm = AYidm + A r Dy = —— ———LE i) (Dyjr)), -
g+1 dyg

3) We have H;j(Dy;i)%, = —H(jiym-
In what follows, f(j);E(yij)ﬁn is often denoted by (f; X;;)m-
COROLLARY 1.5. We have
1 dlogJ;;
g+1 ay,
1 OdlogJj;
Tatt 96

REMARK 1.6. The case where ¢ = 1 is exceptional and we have

AW (DY + AWij)m = i),

(i) (Dyij)s, -

i =0,
AWip)r(Dyji)y, + AWjidm =0.

Moreover, we have

v 3 (v
Hipn = Ky = =2 (57 F =5 (=) | dvn.
@) i 2 7/l/J 2 7/l/J ()

131

where the symbol “” means the differentiation with respect to y( ;). Therefore, both H and A

are equal to the classical Schwarzian derivative.

LEMMA 1.7. Let ay = oy N dyéj), where oy is a differential form. If(d)z’})) is a

C9-valued differential form, then,

/ .
au/\E(yij)m/\a)E'})/\ag/\'--/\aq
. I
~|—a1/\a){’})/\agl/\E(y,'j)m/\a3/\-~-/\aq

—l—'--—l—al/\d)?})/\az/\-'-/\aql/\z()/ij)in
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PROOF. The claim is shown by the following well-known equality, namely, if ay, . . ., a4
€ My 4(C) andif B € M,(C), then

a1 B ai ai ai
a a B ap az
det| . +det| . + .- 4det] . =det| . |uB.
ag ag aqgB ag
If we set B,l, = (E(y,'j)ﬁl), thentr B = E(y,'j)f =0. O

DEFINITION 1.8. Leta = {ajy,..i,} be a Cech—de Rham (k, r)-cochain which is not
necessarily alternating. We define an alternating Cech—de Rham (k, r)-cochain Alt(a) by
1

Alt(a)ioil...ik = m

Y (5810 pGig)ptin)-pti) -
PES|41

We also denote the cochain Alt(a) by Alt(ao;...k)-
We have the following. The proof is easy and omitted.
LEMMA 1.9. Ifaisa Cech—de Rham cochain, then 8 Alt(a) = Alt(da).

Finally we will briefly explain infinitesimal derivatives. Let F be a transversely holo-
morphic foliation of complex codimension g, of a manifold M. Then, the Bott class is defined

+1
by a Cech—de Rham (0, 2g + 1)-form (2 F)q 0 U (d9)?, where 6 = {6;} is a certain

Cech—de Rham (0, 1)-form. Under a certain condition which is always fulfilled if we consider
real transversely orientable foliations, we may assume that 6 is a globally defined 1-form on
M. Especially, the Godbillon—Vey class is usually defined by the (2g + 1)-form 6 A (d6)?
up to multiplication of a non-zero constant. If we have a smooth 1-parameter family {Fs}

of complex codimension-g foliations with Fy = F, then the family { 5 \/_Og U (dby)?

is differentiable and we can consider the derivative at s = 0. If we set § = $9S|5=0

and § = 6, then 6 and d6 are globally well-defined and the derivative is represented by

q+1 .

(211%) (g +1)6 A (dB)?. These derivatives can be generalized to the ones with respect
to infinitesimal deformations. An infinitesimal deformation of F is by definition an element
of H'(M; ® ), where ® 7z denotes the sheaf of germs of foliated sections to Q(F). Let

E (F) be the vector bundle locally spanned by T F and RN T _9_ . In the real case, we set
Vi Y
E(F) = TF. Then infinitesimal deformations are represented by Q(F)*-valued 1-forms on

E(F). It is known that the representatives can always be extended to Q(F)*-valued 1 forms
and that the infinitesimal derivatives are independent of the extensions. Given an infinitesimal
deformation, we can construct a derivative  of @ with respect to each representative of the
deformation. The infinitesimal derivative of the Bott class with respect to the deformation is

qg+1 .
by definition the class in H29+!1(M; C) represented by ( F) (g+1)0 A(dO). An
important remark is that we made a use of a representative o for w in [1], while we made use
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of a representative @ for —u in [2] because w corresponds to the derivative of a (fixed) family
of local trivializations of Q(F)*. In what follows, we will follow conventions in [2] and make
use of = —o.

2. A proof of the formula. The formula given in [3] and [1] for the infinitesimal
derivatives of the Bott class and those of Godbillon—Vey class in the projective Schwarzian
derivatives is as follows.

THEOREM A ([3], [1, Theorem 4.10]). Let A be the foliated Cech 1-cochain defined
by Aij = AWij)m ® dyf'}-). If w € H'(M; © ) is represented by o and if we set Lij(o) =
A(yij)mndy?j) A a(’;?), then the infinitesimal derivative of the Bott class is represented by

q+1
Qr/=Ditl(g - 1)

D Genp)(dlog T U L)) p0)-0(g) -
’ PES 11

In the real case, the same formula also holds for the infinitesimal derivative of the Godbillon—
Vey class.

By abuse of notations, we denote L;j(c) = —L;;j(w) also by —A;; A w;. In [2], in-
finitesimal derivatives of the Bott class as well as those of the Godbillon—Vey classes are
discussed, and it is shown that they can be represented by means of coefficients of transverse
Thomas—Whitehead projective connections. We will present here a proof of Theorem A by
continuing calculations in [2]. We remark that the proof given in [1] is in a slightly more
general setting. Indeed, we can consider a family of locally defined Bott connections rather
than globally well-defined ones.

Before the proof, we will make some remarks and recall some relevant facts from [2].

REMARK 2.1. On the page 406, line 7 of [1], we claimed that
(D" p(k))0...q = (DT D 2dwy (o) Ak — ((dlog J)|oy) .

The last term should be read as

o~

(@(dlog ))|ay) -
In addition, — (27 /= 1)+ ((d log J)4 |o)) in the line 9 should be read as
—QrV/=1)" 4 G(dlog J)|o}) -

Let Ny, = dfwi — qﬁ i fao jdy(]k). The tensor N’ is defined by coefficients of
transverse Thomas—Whitehead projective connections [2]. If @ is a representative of an in-
finitesimal deformation, then we can locally represent @ as a)i ﬁ, where j is an index for

Y
coverings and we do not take contractions. We set N} Awj = ij)l A a)é We define A;j Awj,
3

HijAnoj, fiZijAwj and g;g( {’7 Ykj A@; in a similar way. As db; is globally well-defined, we
J
will omit the indices in what follows. Then, the family of locally defined tensors N’ = {N (’k) i

has the following properties.



134 T. ASUKE

LEMMA 2.2 ([2, Lemma4.10]). We have

1.
——O AW =d(N' Ao) A (do)T!.
q
LEMMA 2.3 ([2, Lemma4.5]). We have

Ny DVjim (DYii)s = Nipyus = Hijioms -
Actually Lemma 4.5 in [2] is shown in a slightly more general setting.
Lemma 2.2 shows that the infinitesimal derivative of the Bott class is cohomologous
to d(N' A @ A (d6)4~1) multiplied by —(—27+/—1)"“*Dg(g + 1) in the Cech—de Rham
complex, and Lemma 2.3 shows that (§N');; = —H;;.

PROOF OF THEOREM A. If ¢ = {c;,...;.} is a Cech—-de Rham cochain, then we denote

,,,,,

Ciy,....i DY co,... .k for simplicity. As 0 = —w, it suffices to show that 6 A (d6)4 is cohomolo-
gous to
(_ 1) q(g+1)
R Z (sgn p)d log Jp0)p1) A+ Ad10g Jpg—2)p(g—1) N Dpig—1)p(q) N P -
' PES 11
Let

co2? = Nigy Ay A (@)1
We have 59' A (d9)1 4+ D"c0:24) =, and

(0,29) _ (0,29) (0,29)
(8C g )01 - Cl - CO

= Hoym A @ A (d)47!
=—Hoym A a)rf1 A (d@)q_1 .
If ¢ = 1, then these equalities together with Remark 1.6 show that 6 A d6 is cohomologous to

—A A @ and the proof is completed. We assume ¢ > 1 in what follows. For 1 <k <¢q — 1,
we set

“(gl,(f.%zc_k) =0 AdlogJot A--- Adlog Jk—ok—1 A Hi—1x A A (dO)TF1,
k-1
k,2qg—k . h—
ﬁé ,,,,, P ) = 2(90 AdlogJot A -+ Adlog Jk—ak—1 A fr DyrkZk—1k A ax A (dO)T 51
r=0

1
y(k,2q—k) — 0l(k,Zq—k) + —,B(k’Zq_k) ,

k4D (k+2)
ck2q=k) _ (-1~ 2 Alt)/(k’Zq_k) ,

where d log Jo1 A - - - Adlog Jr—2 k—1 is formally set to be 1 if k = 1. We have
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k,2g—k)
dal

=dlogJoi A---ANdlog Jr—2 k-1 N He—1,k N @ A (d@)q_k

— (=D*0g Adlog Jor A -+ Adlog Ji_ak—1 Adfi A Tk_1x Aax A dOITFTL

k,2qg—k
dpy4™

k=1
= Zdlog Jot A+ Adlog ko k-1 A fr DyrkZk—1k A @k A (dO)T7F
r=0
k-1
+ (—1)k290 AdlogJoi A---Adlog Je—a k-1 Adfy A Dyrk -1k A g A (dO)TFL
r=0

(k,2q—k)
dag " kyi

=dlogJoi A -+ Adlog Jx—2k—1 Adlog Jk—1x A Hy g1 A k1 A (dO)?*1,
(k,2q—k)
B0, k1

k
= Zdlog Jot A v+ Adlog ki k A frDYrkst Skt A Orgt A (@)1

r=1

k—1
+ 3 (1)@ Adlog oy A+ Ad10g Jryy1 A+ Adlog -k
r=0
dlog Jy 41 . Ck—
A ﬂDVr+l,kEk,k+l NN )

0y(r41)

By Lemma 1.7, we have

(k,2q—k) (k+1,2g—k—1)
8Yo, k+1 — 40 Kt
1 ) i
= —56110% Jot A Adlog Ji—1k A foDYo k1 Shk+1 A k1 A (dO)T7F!
k=1
1 —
+ =Y (=B Adlog Joy A+ Adlog Jrrgr A Adlog Jeor
q r=0
dlog J, 11 . —k—
A ﬂD)/r+1,k+123k,k+1 A @1 A (dO)TF

0Y@r+1)
g —k—1
+ (=D ———6oAdlog o1 A --- Adlog Jr—1k
q
Adfirt A Skgt A@rgr A (d0)T7F2
=0.

Therefore,
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G+D*+2)  (k 29—k (k+2)(k+3) e
D)y + D 2k

k,2q—k)
..... k1~ (5

,,,,,

)Wdy(k+l,2q—k—l)
=0
fork > 1 and
'D//(_y(l,Zq—l)) — dy(1,2q—1)
= Hot A1 A (dO)T" + 60 Adfi A Zo1 Adr A (dO)T?

1
+ 5foD7/01201 A1 A (de)!!

1
— —60 Adfo A Dyo1Zo1 A @ A (dF)172
q

= Hoi A A (d9)47L .

Hence 6 A (d6)? is cohomologous to gD’'c@~14+1) in the Cech—-de Rham complex. On the
other hand, we have

sya—1a+h

=dlogJoi A---AdlogJy 34 2ndlogly 241 ANHy 14Ny
142

+= ) dlogJoi A+ Adlogly a1 A frDVrgTe-1.4 A g

r=1

-2
11 .
+ =Y (=B Adlog Joy A+ Adlog Jprqi A+ Adlog Jg_ag1
q r=0
dlog J, 11 .
A ﬂD)’r-i—l,qzq—l,q /\wq)
8y(r-i—l)

=dlogJoi A AdlogJy—34-2 Adlog 241 A Ng—1.4 A g
—dlogJor A---Adlogdy 34 2ndlogly 241N f4Eg-1,49 Ny
qg—1
1 .
+ — Zdlog Jor AN Andlogdy2g-1 N [iDyrgXg—1,9 N g
r=1

1 .
+ 5d10g Jor Ao AdlogJy—2g-1 N foDyo,gXg—1,9 N g

=dlogJoi A~ AdlogJy—34-2 Ad1og Jy—2.4-1 A Ng—1,4 A @

-1
14 dlog J,
— =Y dlogJoi A+ AdlogJyag 1 A 9108 Jrq <.

g—1.9 N\ @q
 — 3¥(g)
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=dlogJoi A AdlogJy—34-2 Adlogy—24-1 A Ng—1.4 A g

q—1
_1 > dlogJor A Adlogdyag 1 A(Rgr — Rgo1r + Rgo1.9) A g
r=0
g—1
=——= dlogJoi A+ AdlogJy 241 ARgr Adry
r=0
132 ~
+ = dlogJor A+ Adlogdyag-1 ARg_1r Adyy .
r=0

where ‘d I@Jr 1’ means that d log J, 1 is omitted. We have
dlogJor A -+ ANdlogJy_24-1
54 =dlogJoi A---AdlogJr 2,1 AN---ANdlogJy—24-1
24) =dlogJoy A---AdlogJ,—3,-2
ANdlogJr o, Adlogdy_1,p1 A ANdlogJy_3 41 AdlogJy_24-1.
If g — r is even, then the right hand side of (2.4) is equal to
(=DdlogJor A---Adlog Jr—3,_2
ANdlogJy 2, Adlogdr,io A Adlogdy_a g2 NdlogJy_24-1
ANdlogJy—14-3N---ANdlogJry1r,
where € = [?if g — r = 21. If ¢ — r is odd, then the right hand side of (2.4) is equal to
(=DdlogJoi A+ Adlog Jy_3.,—2
AdlogJr—or ANdlogdr o A+ Adlogdy—34-1 ANdlogJy—14-2
ANdlogJy 2 4-an---ANdlogdryy,,
where e = 12 + 1 if q —r = 21 4 1. Therefore, modulo alternations of indices, we have
dlog Joi A -+ Ad1ogJy—2.4-1 A Agr A oy
A _dlogJor A Adlogdy 342 Adlogly 2 A Kg_14 Ay
= —dlogJoi A+ Adlogy_34-2 AdlogJy—2g—1 A Kg—1,4 A g

—dlogJor A---AdlogJy_34-2 AdlogJy—1.4 A Ng—i14 Aoy,

137

where the symbol A means that the equality holds modulo alternations of indices. Similarly,

we have
dlogJoi A--- Ad10gJy—2.4-1 A Bg—1., Ay

Al dlogJor A---AdlogJy_34-2NdlogJy_24-1N IN\q_z,q_l ANwg_q.
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Therefore, we have

sya—1a+th

L dlogdor A+~ Adlogdy 342 Adlogly 21 A Kg14 Ay

+dlog ot A Adlog g3 g2 Ad1og g1 4 A Kg—1.4 A g

-1 - )
+ q—d log Joi1 A---AdlogJyg—34-2Adlogdy 241 NANg—249-1Nwg—1.-

If we set §;; = dlog Jij A 1~\,~j A @j, then we have

d(dlogJor A---AdlogJy_34-2NE4-24-1) =0

and
d(dlogJoir A ---Adlogdy—34-2NEg—2,4-1)
=dlogJoi A--- AdlogJy_34-2 Ad10g Jy—1.4 A Ag—1,4 A @y
+dlogJor A---AdlogJy_34-2Ndlogly24-1A Kq_z,q_l A g1

—dlogJo1 A---NdlogJyg—34-2ANdlogJy24 A ZN\q_z,q A d)q .

On the other hand, we have
dlogJor A---Adlogdy—34-2 Ad10gJy—1.4 A Dy—1.4 A iy

=dlogJot A--- AdlogJy_ag—3 ANd1og g3 4-1 Ad10gJy—1 4 A Ng_1,4 A @
—dlogJor A+ Ad10g Jy—4.4-3 Ad10g Jy—24—1 Ad1og Jy_1.4 A Ng—1.4 A g

=dlogJot A--- Ad1ogJy_aq—3 ANd1ogJy—34-1 Ad10gJy—1 4 A Ng_1,4 A @
—dlogJoi A---NdlogJy_s54-4 ANdlogdy_44-2

Ad10g Jg—2g—1 Ad10g Jg—14 A Ngoig Aoy

+dlogJor A---AdlogJy_54-andlogdy_34-2

Ad10g Jg—2g—1 Ad10g Jg—14 A Ngoig Aoy

Al ~ .
= (g—1DdlogJo1 A---Adlog Jg-3,9-2 N dlog Jg—2,g—1 N Ng—2,4-1 N wg—1

(g —dlogJoi A+~ AdlogJy 342 AdlogJy—24 ARy g Aay.

Hence we have
d(dlogJor A---AdlogJy—34-2 N C4—2,4-1)

X ~
Andt 1 dlog Jor A -+ Adlog Jg—3,9—2 Ad10g Jg—1,9 A Ag-1,4 N g
q—

Al (g+1DdlogJor A---AdlogJy_3 42 Adlogly_24-1N IN\q_z,q_l A g1 .
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Consequently, D'c¢@~1-4+D is equal, modulo alternations, to

(=D

Thus we are done. O

g+ ~
97 Alt(dlog Joy A+ Adlog Jy_3.g-2 Ad1ogdy_2g1 A Ag_1.q Ady).

REMARK 2.5. Actually, we have shown that

q+1 _1
Lio.i = E sgn dlog )7 UA ,
ig-+ig (27[«/—_1)‘1"'1(6] Y e H( gn p)(( gJ) ) p(0) 0(q)
q

where L is defined in [1]. This is the formula in [1, Lemma 4.7].

REMARK 2.6. We can show that
q(g+D)

(D77 (g +1’q
(=27/=1)a+1

is also a representative for the infinitesimal derivative of the Bott class. It is more symmetric
representation. Due to several non-trivial relations among A(y), X(y) and dlogJ(y), a
cocycle can have many expression. In addition, we can consider coboundaries so that we do
not know if there is a canonical or natural choice of a representative such as so-called the
Thurston cocycle for the Godbillon—Vey class (cf. [4]). We think however that the one given
in Theorem A and the one as above are the simplest ones.

Alt(dlog Jog A -+~ Adlogdy_24 AN Ag—1,4g N @y)
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