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Abstract. Let G be a linear connected complex reductive Lie group. The purpose of
this paper is to construct a G-equivariant symplectomorphism in terms of local coordinates
from a holomorphic twisted cotangent bundle of the generalized flag variety of G onto the
semisimple coadjoint orbit of G. As an application, one can obtain an explicit embedding of a
noncompact real coadjoint orbit into the twisted cotangent bundle.

1. Introduction. The main purpose of this paper is to construct an equivariant sym-
plectomorphism from a holomorphic twisted cotangent bundle of the complex generalized
flag variety onto the complex coadjoint orbit of a semisimple element concretely in terms of
local coordinates. As an application, one can obtain an explicit embedding of a noncompact
real coadjoint orbit into the twisted cotangent bundle.

More precisely, let G denote a linear connected complex reductive Lie group with Lie
algebra g. We fix a Cartan subalgebra h of g, and consider a nonzero element A of h*, the dual
space of fj. Under the assumption that the isotropy subalgebra of A in g is distinct from g, we
take a parabolic subgroup Q of G whose Levi factor is the isotropy subgroup of A in G, and
let {Us }oew, w;, be the open covering of the flag variety G/Q indexed by W/ W, (see (2.10)
below for details). Then, based on the key observation that cotangent vectors can be written
in terms of 1-form taking values in a subalgebra of g (Lemma 2.3 below), we construct a
holomorphic isomorphism p,., from the cotangent bundle 7* U, into the complex coadjoint
orbit £2; := G - X for each o. Note that U, is homeomorphic to C" and that T*U, is trivial,
ie., T*Uy >~ U, x C" with n = dim(G/Q) for each o. We shall see that the isomorphisms
{t1;0 }oew/w;, are closely related to the triangular decomposition of G (or rather, of g).

A prototype of the isomorphism 1,., was obtained in the process of proving the formula
for the generating function of the principal symbols of the invariant differential operators that
play an essential role in the Capelli identities in the case of Hermitian symmetric spaces (see
[5] and [3]). Namely, let (Gr, Kg) be a classical Hermitian symmetric pair of noncompact
type such that Gg is a real form of G, and assume that X is proportional to the fundamen-
tal weight corresponding to the unique noncompact simple root. Then the symbols of the
differential operators 7, (X), X € g, naturally constitute a holomorphic isomorphism from
T*(Gr/KR) into g =~ g*, where m, denotes the representation of the complex Lie algebra
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g induced from that of Gg, the so-called holomorphic discrete series representation. Note
that the Hermitian symmetric case corresponds to the case where the flag variety G/Q is
Grassmannian.

Furthermore, the isomorphisms {u).,} acquire equivariance under G if we let G act
on T*U, by affine transformation instead of the canonical linear one. Since each coset of
W/ W, is represented by an element 6 € G, we can glue together the trivial bundles {7*Uy }+
by transition functions induced from the affine action of G to form a holomorphic twisted
cotangent bundle which we denote by 7*(G/Q),. in this paper. Since the twisted cotangent
bundle is locally isomorphic to the (standard) holomorphic cotangent bundle 7*(G/Q) by
its construction, we can define local isomorphisms from 7*(G/Q); |y, into £2; by the same
formulae as {u,.,}, which satisfy the compatibility condition

Mkza|w—1(UamUT) = Kyt |m—1(UUﬂU,)

foro andt € W/ W,,where w : T*(G/Q), — G/Q is the projection. By patching together
the maps {{t).¢ }o, We obtain an holomorphic isomorphism p; from the holomorphic twisted
cotangent bundle onto the complex coadjoint orbit.

We remark that when A — O the transition functions of the twisted cotangent bundle
T*(G/Q),, which are affine transformations of the fibers as mentioned above, reduces to the
canonical transition functions of the cotangent bundle 7*(G/Q), which are linear transfor-
mations of the fibers, and that the map p, reduces to the moment map from 7*(G/Q) into
g*. In this sense, the isomorphism p; can be regarded as a twisted moment map (see [8] and
(9D.

It is well known that the coadjoint orbit possesses a canonical symplectic form called the
Kostant-Kirillov-Souriau form, and it is shown that our twisted cotangent bundle possesses a
(holomorphic) symplectic form expressed locally by the same formula as that of the canonical
holomorphic symplectic form on the holomorphic cotangent bundle, which will be denoted
by @ below. The isomorphism w; preserves the symplectic forms. Thus, the holomorphic
map [, gives a G-equivariant symplectomorphism from the holomorphic twisted cotangent
bundle of the complex generalized flag variety onto the complex coadjoint orbit. Furthermore,
it provides a moment map on the symplectic G-manifold (7*(G/Q);, w).

The rest of this paper is organized as follows. In Section 2, we first review the Hermitian
symmetric case by a basic example, then construct holomorphic local isomorphisms .
from cotangent bundle 7*U, into the coadjoint orbit for o € W/ Wj,. In Section 3, we define
an action of G on the cotangent bundle by affine transformation, and show that u;., is G-
equivariant. Replacing the canonical transition functions by the ones induced from the affine
action of G, we construct the holomorphic twisted cotangent bundle mentioned above, and
show that the maps {{t).s}s provides the isomorphism p; from the twisted cotangent bundle
onto the complex coadjoint orbit. Finally, we prove that the isomorphism pu; is symplectic.
As an application, we give an explicit embeddings of coadjoint G g-orbits into the twisted
cotangent bundles when (G g, Kg) is a classical Hermitian symmetric space of noncompact

type.
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2. Twisted moment map. Throughout,let G be alinear connected complex reductive
Lie group with Lie algebra g. We fix a Cartan subalgebra h of g and denote the dual space of
hby b*. Letg = b ® P, 4 9« be the root space decomposition with A a root system of g
with respect to h. Choosing a positive root system AT C A, weset b := h ® B cp+ I—a-
We take a nonzero root vector E, from g, for each o € A.

2.1. Hermitian symmetric space. In this subsection, let (G, Kg) denote a Hermit-
ian symmetric pair of noncompact type. Let G and K be the complexifications of Gg and K g
respectively, and Q be a maximal parabolic subgroup of G whose Levi factor is K. Let £ and
q denote the Lie algebras of K and Q respectively. We assume that  C €. Denoting by u™
the nilradical of q and by u its opposite, we put U :=expuand U~ :=expu_.

Consider a holomorphic character A : Q@ — C* whose differential is pure-imaginary on
hNEg and is proportional to the fundamental weight corresponding to the unique noncompact
simple root on h, where £g denotes the Lie algebra of Kg. Let us denote by C; the one-
dimensional representation (A, C) of Q. Then one can construct an irreducible unitary repre-
sentation (1), H, ) of G g, the so-called holomorphic discrete series representation, by Borel-
Weil theory as follows. Let £, be the pull-back by the open embedding Ggr/Kr — G/Q
of the holomorphic line bundle G x g C) associated to the principal bundle G — G/Q. The
Hilbert space 7, consists of square-integrable holomorphic sections for £, which we iden-
tify with the space of holomorphic functions f on the open subset Gg Q C G that satisfy the
following conditions

fxq) =rg) ' f(x) (x€GrQ,qe€ Q) and /G If(9)I*dg < oo,
R

where dg denotes the Haar measure on G g. If A satisfies certain conditions, 7, is non trivial.
Now the irreducible unitary representation 7, of G is defined by

() f(x) = f(g~'x) for feH,.

This induces a complex linear representation of g, which we also denote by m;, (see [6] for
details).
Take a basis {X;} for g, and its dual basis {Xiv}, i.e., the basis for g satisfying that

B(Xi, X}) =8,

where B is a nondegenerate invariant symmetric bilinear form on g. For X € g given, denoting
by o, (X)(x, v*) the symbol of the differential operator 7, (X) at x € Gg/K g with cotangent
vector v* € T,(Gr/KR), we define

a0, V%) 1= o (Xi)(x, vF) @ XY
i
Note that 1.0 is independent of the basis {X;} chosen.
Recall from [7], for example, that for a Lie group A and an A-manifold M, the cotangent
bundle T*M is a symplectic A-manifold in the canonical way. Namely, the Lie group A acts
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on T*M by
(2.1) 9.(x,v*) = (g.x, (g7 H*vY)

for x € M and v* € T}M, where (g~ ")* denotes the transpose map of the differential
(g_l)* : TgxM — T, M induced from the translation by g_1 on the base manifold M.

Then, for X € a := Lie (A), the moment map on the cotangent bundle u : T*M — a*
is given by

(2.2) (x,v*), X) =v"(Xpux) xeM v eTM),

where a* denotes the dual of a, (-, -) the canonical pairing between a* and a, and X, the
vector field on M generated by X:

d
(2.3) Xm@x) o= —

3| ¢ER1X0)

=
for functions ¢ defined around x € M.

It follows from (2.2) and (2.3) that the principal part of w,.¢ is identical to the moment
map i : T*(Gr/KRr) — g* composed by the isomorphism g* =~ g via the bilinear form B,
which we also denote by . Here T*(G g/ Kg) denotes the holomorphic cotangent bundle of
the Hermitian symmetric space Ggr/Kg.

We showed in [3] that if (G g, Kr) is classical, then the total symbol 1, can be regarded
as a variant of the twisted moment map ) : T*(Gr/Kgr) — g* ~ g due to Rossmann (see
[8], or §7 of [9]). In fact, the difference i) — w, which is denoted by A, with x € G/Q
therein, can be expressed as i, — u = Ad(g)AY, or

f(x,v*) = Ad(g)A" + p(x, v¥),

where AY € g corresponds to A € g* under the isomorphism g* =~ g via the bilinear form B,
and g is an element of a compact real form G, of G such that x = g.ep with eg the origin
of G/Q. Now, if x is in the open subset Gg/Kr C G/Q, one can choose a unique element
u, from a certain open subset of U so that x = u,.eg, instead of g from G,. Then, one can
immediately verify that

Pa;0(x, v°) = Ad(u)rY + p(x, v¥).
Moreover, the following relation holds:
Ad(u; ) paso(x, v*) = pasoleq, uk v¥)

(2.4) o
= fasoluy . (x, v)) .

EXAMPLE 2.1. Let (Ggr, Kr) = (SU(p,q),S(U(p) x U(g))) (p = q), where we
realize SU(p, q) as

SU(p,q) = {9 € SLp44(C);'lp.q9 = Ip.q}
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with I, ; = [1” _ |- Then we take K, Q to be given by

K ={[49] € SLp+4(C); a € GL,(C),d € GL,(C)} ,
0={[29] €SLp4+4(C);a € GL,(C),d € GL4(C), c € Maty ,(C)} ,

respectively. We can assume that the holomorphic character A : Q9 — C* in this case is given
by

2.5) )\( [i 2} ) — (detd)™*

for some integer s.
Note that G g /K g is isomorphic to the bounded symmetric domain given by

{z — (2) € Mat, 4(C); 1, — 'Zz is positive deﬁnite} .

Therefore, we can take holomorphic coordinates (7, & J)i=1,...pij=1
point (x, v*) on the whole T*(G g /KRg) such that

=T
i,j

Using the fact that u is abelian, it is easy to show that the right-hand side of (2.4) equals

Y| 0
p+q° P
(2.6) |: ¢ o slq:|

rtq

4 around an arbitrary

.....

(Theorem 4.9, [3]), where we denote the complex ¢ x p-matrix ‘(; ;) by &. Thus, if s # 0
and if we put

_ _ 1 0
2.7 wi=—s"'¢ and uy = |:ul)) 1q:| ,

then it is immediate to show that (2.6) is equal to Ad(u;;)1". Hence
fa;0(x, v*) = Ad(uy) Ad(u, )1 .

This yields an injective holomorphic map u;.o : T*(Gr/Kgr) — ¢, which is a prototype of
our main object.

Observe that there is no need to restrict the domain of p.o to 7*(Gr/Kgr). Indeed, it
naturally extends to the holomorphic cotangent bundle of the open subset UQ/Q C G/Q if
we do not take the real form G g into account. Furthermore, we can take an arbitrary A € h*;
we shall carry out this extended case in the next subsection.

2.2. Generalized flag variety. Let G be a linear connected complex reductive Lie
group with Lie algebra g, as above. Consider a nonzero A € h*, which is not necessarily the
same as in the previous subsection. Put

[:=g(}) = {X € g; ad*(X)1 = 0} ;
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we assume that [ is distinct from g throughout. Let q be a parabolic subalgebra of g containing
b whose Levi part is [. We assume that q is not necessarily maximal. Let u™ be the nilradical
of g, and u the opposite of u~. Our assumption on ¢ implies that the subalgebras u~ and u
need not be abelian. At any rate, we have the following decompositions:

2.8) g=ldu", and g=udlu .
Denote by A(u) the subset of A* such that u = @, 1) 9o and 4~ = By 4y I-a-

Let L := G(1) = {g € G; Ad*(g)A = A}, the isotropy subgroup of A in G. Denoting the
analytic subgroup of u™ (resp. u) by U~ (resp. U), let us introduce holomorphic coordinates

Z = (2% geaw on U and w = (Wg)geAw) On U™ by parametrizing elements u € U and
u- elU™ as
2.9) u = exp Z *Ey, and u” =exp Z weE_qy,

acA(u) acA(u)

which we denote by u, and u;, respectively.
Put Q = LU~ = U™ L, the parabolic subgroup of G whose Lie algebra is q. Note that

L is connected since G is connected. Let 7*(G/ Q) denote the holomorphic cotangent bundle
of the flag variety G/Q and

p:G—G/Q,

n:T*(G/Q) — G/Q,
the canonical projections. Fixing a representative 6 € G of each o € W/ W, once and for all,
let us identify o with &, where W, denotes the isotropy subgroup of A in the Weyl group W.
Take the open covering {U,} of G/ Q:

(2.10) G/o= |J U, with U,:=0UQ/Q.

ceW/W;
Since any element x of U, is expressed as
2.11) X =ou.eg
for a unique # € U, one can introduce holomorphic local coordinates zo = (26%)geAw) ON
U, by
(2.12) U = exp Z 26%Eq

acA(u)

which we denote by u,, following the notation (2.9). Since every cotangent vector v* €
T} (G/Q) is written as
vt = Z Erq dzs”

aeA(u)

it provides holomorphic coordinates (z4, &) on 7N (Uy) with & = (Eve)ac A(w)- In other
words, one obtains a local triviality

(2.13) bo 7 N Up) = Uy x C",  (x,0%) > (20, &)
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with n = #A(u) = dim(G/ Q) for each ¢ € W/ W, . In the sequel, however, if (z., &) is in
7~ (U,) i.e., if o happens to equal the identity element e, we suppress the subscripts and just
write (z, &) for brevity.

REMARK 2.2. For o € W/W, given, we have a unique decomposition p~!(U,) =
oUQ = oUU™L. Namely, any g € p~!'(U,) uniquely factorizes into a product

(2.14) g=ouut weU,u  eU ,tel),
which plays a role throughout the paper, as we shall see.

Now, let us fix an element o € W/ W,, and discuss inside the product bundle T*U, =
7~ (Uy,) until the end of this section.

LEMMA 2.3. For (25,&) € T*Uy given, there correspond unique u,, € U and
w, € U™ such that

Uy,

(2.15) g =0l .eq and & =—(Ad"(u,, )A, ug, tdug,),
where we identify' &, = (Esa)acA) With ZaeA(u) &0 dzs®, which we abbreviate &, dz.

PROOF. Itis trivial that such u;, € U uniquely exists. If we identify g* with g via the
nondegenerate invariant symmetric bilinear form B on g, the second formula of (2.15) can be
rewritten as

B(Ad(uy, A"z duz,) = ~&5
where A € h corresponds to A € h* under the identification.

Now, since uz_gl du., is a I-form taking values in u, the nondegeneracy of B|,—,, implies
that there exists a unique ¥ € u™ satisfying

B(Y,u; 'du, ) =—¢,.

Thus it suffices to show that there exists a unique u,, € U~ such that

(2.16) Ad(uy )AY =17 +Y
since Ad(u,, )AY isin [ @ u~ with its [-component equal to A" . Parametrizing Uy, as
(2.17) Uy =exp Y Wou E_q.

acA(u)

one can determine the coefficients wqo inductively from (2.16) with respect to the height of
a. This completes the proof. O

EXAMPLE 2.4. Letus consider the case where G = GL3(C) and A = Z?:l rigi €b*
is regular semisimple, i.e., it satisfies A; # A if i # j. Then| = g(A) is equal to b, the Cartan
subalgebra consisting of all diagonal matrices in g = gl3(C), q the Borel subalgebra b of all
lower triangular matrices in g, and u™ (resp. u) the nilpotent subalgebra of all strictly lower
(resp. upper) matrices in g.

1We shall sometimes use this convention throughout the paper.
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We restrict ourselves to the case where o = e since the other cases are similar. For
* ; — (] . — JRRS P Ay B :
(z,8) e T*U, with z = (z""/)1gi<jgz and § dz = Zl<i<j<3 &, ; dz"/, if one writes

112 g3 g 112,23 |
U, = 1 723 . Uy = ) 1
1
1 w13+ wiow23 w3 1

asin (2.12) and (2.17), the second formula of (2.15) is equivalent to

1 1
Alowi 2+ 522’3 (k1,3w1,3 + 5()&1,2 - 12,3)w1,2w2,3) =—&1.2,

1 1
A23w2 3 — Ezl’z <k1,3w1,3 + E(M,z - k2,3)w1,2w2,3) =-&3,

1
Al3Ww1,3 + 5()»1,2 — A 3)wipw23 = —§13,

from which it immediately follows that

— 1 S + 15 2,3
wi1,2 = )»1,2 1,2 ) 1,32 ’

1 %. 1%. 1,2
w3 =—|(— - = <,
2,3 k2,3 2,3 ) 1,32

1 LA12— 223 1 23 1 1,2
w1’3_k1,3( &1.3 2 hiaias ( 51,24—251,32 &3 2"31,3Z ,

where we put A; j :=A; — Aj fori # j.

We remark that one can verify that the relation (2.4) holds if one constructs an irreducible
representation of GL3(C) that is induced from the character A : Q — C* by Borel-Weil
theory as in the previous subsection.

Put 2, := G - » = {Ad*(g)A € g*; g € G}, the coadjoint orbit of A under the com-
plex Lie group G. It is canonically isomorphic to G/L, and we denote by p, the canonical
surjection

pr:G— 25, g Ad*(g)r.

DEFINITION 2.5. By Lemma 2.3 above, one can define a holomorphic map
(2.18) Wiso : T*Us — 25 by Wi0(20, E0) 1= Ad"(0uz,uy, Y,

where u;, € U and u,, € U™ are the unique elements corresponding to (z5,&5) € T*Us
determined by the relation (2.15). Note in particular that u;., is injective.

REMARK 2.6. If g € G satisfies that
MA;U(ZUa &) = Ad*(g)?»

for (z4,&,) € T*Uy, then there exists an element ¢t € L such that g = Olz, Uy, L. The
correspondence (Z4,&5) > g = Ouz, Uy, T can be regarded as a section for the fibration
P~ (Us) = T*U,:



A TWISTED MOMENT MAP AND ITS EQUIVARIANCE 571

p L (Us)

T

Px

T*Us —M:J> MA;U(T*UJ) .
Now, let us define a g-valued 1-form 6 on G by
(2.19) 8,:=g'dg (g€G).

By abuse of notation, we use the same symbol 64 to denote the pull-back of the 1-form given
in (2.19) by the local section g : T*U, — p‘l(Ug). Then the second formula of (2.15) can
be written as

& = — (X, 054)

(2.20) 064,

where we seta 1= u, Uy, for brevity. In fact, since

1

(ca)~'d(oa) =a~'da = Ad(uy ) g dug,) +uy, duy,

Wg

the relation (2.20) follows from the fact that the second term is a 1-form taking values in u™.

3. G-equivariance.
3.1. Local G-action. First let us consider such elements ¢ € G that map U, onto
itself.

DEFINITION 3.1. For(z,&) € T*U,, letu; € U andu,, € U~ be the unique elements
determined by (2.15). If g € G satisfies that g.z € U,, or equivalently, that gu, € p~!'(U,),
then by Remark 2.2, one can write

gu, = ug,zu;;ztg;Z with ug, € U, u;;z eU™ty, €L,

from which it follows that

Guzlly, =UgzU gy lgiz Uy

3.1) B .
=lUgz- ug;z(tgizuwtg;z) : tg;Z .
In particular, we see that gu,u; liesin UU ™ L, and that its U- and L-components are identical
to those of gu, respectively since tg;zu;t;i is in the subgroup U ~.

In view of (2.15) and (3.1), it is natural to define a cotangent vector V¥;..(¢g)§ by

(3.2) Vise(9)E = —(Ad*(u, . )t ugtdug.),
where we set Uy "= u;;Z(tg;zu;t;i) for brevity. If we put a := u u,, then, as we noted

in Remark 2.6, the right-hand side of (3.2) can be written as
Vise ()6 = = (1 0,,-1)

(3.3) .
= —(A, 0ga) + (A, dtgct,. )
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(3.4) = (g7 + (n, digot, )

since g4 = ( g~ 1*0,, where (¢~1)* denotes the transpose map of the differential (¢~ 1) :
Ty;U. — T.U. induced from the translation by g~' € G on U,. In particular, if g is an
element of U, then y,..(g) is identical to the canonical action (2.1) on T*U,, because the
second term of (3.4) vanishes since ¢, = e for all z.

Note that (3.2) implies ¥;..(g)§ belongs to Tg*.z (G/ Q) since the decomposition (3.1) is
holomorphic, and that (3.4) reduces to the canonical G-action on the cotangent bundle given
by (2.1) when A — 0. Furthermore, it follows that the second term in (3.4) is an exact 1-form
since 4., is an element of G(A).

PROPOSITION 3.2. Let (z,&) € T*U,. For g, h € G such that both h.z and gh.z are
in U,, we have
(3.5) Ve (@) (Wnie(M)E) = Yace(gh)§ .

PROOF. We use (3.3) to prove the proposition. Letu, € U and u,;, € U™ be the unique
elements determined by (2.15) and let @ = uu,,. Since both Au, and guy ; are in p~ (U,
by assumption, they decompose as

3.6) hu, = UnzUy. thz € UUTL,

3.7 qup; = ugh.zu;;hztg;hz eUU L.
Then, we see that
g(huz) = gQup.zuy, th;z)
(3.8) = ugh‘zu;;hltg;h,z . M;;th;z
= ughz g (gt tog ) - lghzlnz -
Namely, the L-component of g(hu;) equals ¢4, .14,
Now, it follows from (3.6) and (3.7) that
Ve (9 (Wne(M)E) = Ve (9) (e (R) (=2, 6a))
= V(9 (=1 Oy 1)
= (—X,0

11 ).
ghmh;ztg;h.z

On the other hand, it follows from (3.8) that
Wx;e(gh)f = <_)\-s e(gh)a(fg;h.zth.z)_l)
= (—A,0

—1,-1 .
ghath;ztg:h.z >

This completes the proof. O

For (z,&) € T*U, and g € G such that g.z € U,, we define
(3.9) W)L;e(g) : T*Ue - T*Ue by W)L;E(g)(zs &) :=(g.z, lﬁx;e(g)f) .
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Note that ¥;.¢(9)|7x(G/0) = ¥1;e(9) is abi-holomorphic map from 7;*(G/ Q) onto T, ,(G/ Q)
for all z € U,.

PROPOSITION 3.3. For (z,&) € T*U, and g € G such that g.z € U,, we have

(3.10) Mk;e(w)»;e(g)(zvé)) = Ad*(g)ﬂk;e(zvé)-

PROOF. This is equivalent to the definition of ¥;..(g), with ¢ € G, as we shall see
soon. In fact, the elements of U and U™ corresponding to V3..(9)§ by py.. are uy , and
respectively in the notation of Definition 3.1. Therefore, the left-hand side of (3.10)

u;;z;w
equals
Ad*(ug_zu;;z;w)k = Ad*(guzuy)r = Ad*(g) Ad™ (uuy,)A

= Ad*(9);e(z, &)
by (3.1) and (2.18). O

EXAMPLE 3.4 (Example 2.1 continued). Let G = SL,,(C), O and A be as in Ex-
ample 2.1. Then, for (z, &) € T*U,, let g = [f, Z] be an element of G such that g.z € U,. If
ao

one writes | | 2] =ugz. [ (1)] ‘= u_._ and [od

01 g.z;w
elementary matrix calculation shows that

] = tg;; in the decomposition (3.1), an

t=(az+b)cz+d) ' =gz,

b = (c + (cz + dyw)(a — (az +b)cz+d) "),
d=a—(az+b)(cz+d)"'c,

d=cz+d.

In particular, one sees
dz = d((az + b)(cz +d)7")
= (a—(az+b)(cz+d) 'c)dz(cz+ )"
Using the relation (2.15), i.e., &€ = —s, one has
é d? = (cz+ d)edz(cz +d)~ ' — scdz(cz+d) ™" .

Taking the trace of the both sides, one obtains (3.4) in this case; in particular, the second term
of (3.4) is given by
(A, dtg;zt;i) = —str(cdz(cz+d)")
= —sdlogdet(cz +d),
and hence (3.5) corresponds to the cocycle condition of the automorphy factor.

3.2. Global construction. Recall that the flag variety G/Q has the open covering
{Us}oew/w,, and that each 7~ N U,) is bi-holomorphic to U, x C" with n = dim(G/Q). If
apointx € G/Q isin U, N Uy, then it can be written

X =0uUz .e9 =Tl .eQ.
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Therefore, if we take into account (2.15), (2.20) and Proposition 3.3, it is natural from the
group-theoretic point of view to glue together the product bundles {7 ~! (U, )}, using the tran-
sition functions given by {wk;e(r_la)}, as follows.

For two points in the disjoint union |_|J€W/WA(UU x C"), say, (25, &5) € Us x C" and
(z¢, &) € Uy x C" for some o and T € W/ Wy, then (z¢, &) is defined to be equivalent to
(z¢, &5) if and only if

3.11) TUy, .eQ =0Ug .eg and & = wk;e(r_la)éag

we write (z¢, &7) ~ (2o, &) in this case. Then we define our twisted cotangent bundle to be
the quotient space by this equivalence relation:

(3.12) T*G/Qu= || WexCh/~.
oceW/W,

We denote by [z, &5 ] the equivalence class of (z4, &) € Uy, x C™ and by @ the projection

T*(G/Q)s — G/Q, 26,851 ouz,.eq.

Our twisted cotangent bundle 7*(G/Q), is the affine bundle associated to the holomorphic
cotangent bundle T*(G/ Q). Namely, it is identical set-theoretically to the cotangent bundle

T*(G/0n = |J TIG/0).

x€G/Q0
and its local triviality on @ N (Uy) is given by
@ (Ue) = Us x €, [20, 651 > (25, &)

for each o; however, each fiber of T*(G/Q), is considered to be an affine space and its
transition functions are affine transformations {w)\;e(t_lo)}ai given in (3.11). Note that the
transition functions of our twisted cotangent bundle reduce to those of the cotangent bundle
when A — 0.

REMARK 3.5. Since the second term of (3.4) is exact, one obtains that d(§, dz,) =
d(& dzg) on @~ 1(Uy N Uy). Therefore, our twisted cotangent bundle possesses a holomor-
phic symplectic form that is locally identical to the canonical one on the cotangent bundle
T*(G/Q), which we shall denote by w.

DEFINITION 3.6. For given g € G and [z, &,] € @~ ' (Uy) C T*(G/Q);, take any
v € W/ W, such that g.z, € U;. Suppose that &, is written as §&; = (—A, 6 ) with u,,

’ ulnuu_fa
and u,, being the unique elements of U and U™ determined by (2.20). Then we define a
cotangent vector ¥ (9)é5 € Tg*‘ZU (G/Q) by

(3.13) V(9o = Vet 90) (=20, o)
and a holomorphic map ¥, (g) from T*(G/Q);. to itself by
(3.14) U (Dlzo, 861 = [9-20, Y2(9)éc].
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LEMMA 3.7. The map ¥, is well defined, i.e., is independent of the choices of o and
T in (3.13) above. Furthermore, we have
(3.15) .(9) Wi (h) = Wi (gh)
forall g, h € G. Namely, G acts on the twisted cotangent bundle T*(G/ Q);. through .

PROOF. Suppose that [z5,&5] = [25,&s] and take another T such that g.z5; € U;.
Then, by definition, one has

5 = Y67 0)E, .
It suffices to show that
Uie(37196)Es = Yo e G D) Yo (t7 g0)Es

Now one sees
Vie (371 96)E5 = Ve BT g6 W0 (671 0)Es

= Y. (t 7 g0)Es
= Y. )Y (7 90)Es

by Proposition 3.2. The second assertion also follows from Proposition 3.2. O

Since w1 (U,) = 71 (Uy,), one can define Hro : @' (U,) — $2; by the same
formula as (2.18) foreacho € W/ W,:

(316) /J«)L;a' . w_l(Uo') - Q), ) [Zas 50] = Ad*(auZau;g))‘”
where u;, € U andu,, € U™ are determined by (25, &) as in (2.15).

PROPOSITION 3.8. The local isomorphisms {ii;;s}oew,w, satisfy the compatibility
condition

(317) MA;J|W—I(UUQUT) = MA;T|ZU7](UUQU{) (O', T €E W/ WA) .

Thus we can define a globally defined bi-holomorphic map

(3.18) wi s TG/ Q) — 25 by tily-1w,) = Ko -
Furthermore this map is G-equivariant, i.e., we have

(3.19) 13 0 Wi(g9) = Ad*(g) o ux

forall g € G.

PROOF. Suppose that a point of & ~! (U, N U,) is expressed in two ways:

(26, E0] = [20, &1 € @~ (U, N UY),

where we regard [z,,&,] € w Y (Uyy) and [z¢,&:] € @~ N (U,). Let Uz, ,u;, € U and
w, € U™ satisfy

Uy Uy

& = (=20, ,;) and & =(-1.0, )

> gl > Uiy
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as in (2.20) (we shall abbreviate uq := ug,, u, = u,, etc. until the end of the proof). Then
by the definition of the equivalence relation (3.11), we have

a_ltu,ur_ =ugl t

for some t € L = G()). Therefore, we see that
M}\;T([Zfﬂ & = I’X(fk(l”/lrlflr_))L = Ad*(o—ua”;t))\
= Ad*(cuguz)r
= M)L;U([Zas &) .

Next, for g € G and [z, &5] € zzr_l(UU), take 6 € W/ W, satisfying ¢g.z, € Ug. Since
6_lgauau; isin UU ™ L, it decomposes as
6_1gaugu; =wu ty with uyeU,uy eU 1 €L.
Then
Vi(9bo = Vise(6 ' g0)és
= V16 go) (=1, 0, )
= (=2, eﬁ—lgauau;zf) .
Therefore, we see that
(W (Plzo, 661 = w6 (920, ¥ (9)Es 1)
= Ad*(6) Ad* (6" gousuy 17
= Ad*(9)na(lzo, &) -
This completes the proof. |

EXAMPLE 3.9. Let us consider the case where p = ¢ = 1 in Example 2.1, i.e.,
G =SL,(C), 0 = {[‘z ag.] € G}, the Borel subgroup of G, and
A:Q— C*, [a 91i|+—>as.
c a

The flag variety G/Q is identified with the complex projective line C P!. Under this identifi-
cation, the open covering {U,, Uy} (with o = [_01 (1)] ) is given by

U={z:1)eCPizeC}~C, U,={(:2,)eCPz,eC}=C.

For [z,&] € ™' (U,) and [z, 5] € @ ' (Us), letuz, uz, € U and uy, u, € U~ satisfy
& = —sw, & = —swy asin (2.15). If [z, &5 ] = [z, &1, then one sees

1 2
(3.20) zgz—g, We =727W+2

since & = Y. (0~ & = %6 — sz
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Denoting the maps (3., and u;., followed by the isomorphism g* ~ g via the trace
form by the same notations, one obtains

_ S| T+2zw —2z(1 +zw)
(3.21) MA;E([Z5€]) = ) [ 2w —(1 +2Zw)i|
and
_s[-U+2z0ws) 2w,
H’)\;U([Za'ﬂ ga’]) - 2 |:2Zo'(l +Zawo') l +2Z0'w0i|

which, under the relation (3.20), coincide with each other.

3.3. Symplectomorphism. We next prove that the map wy : T*(G/Q), — £2, is
symplectic. Let  and w, denote the canonical G-invariant holomorphic symplectic forms on
T*(G/Q), and £2 respectively. Recall that w is defined by

(3.22) Oz i) = —dEs dzg) = Y dze® Adge
acA(u)

if [25, &1 € w~ (Uy) C T*(G/Q); (cf. Remark 3.5), and that w;_ is defined by

(3.23) (@) f(Xa, Yo,) = —(f [X.Y]) (feX.Yeg),

where Xg,, Y, are the vector fields on £2; generated by X,Y € g respectively that are
defined by (2.3).

PROPOSITION 3.10. Let w and w,, be the canonical symplectic forms on T*(G/ Q)
and $2), respectively. Then ., preserves the symplectic forms:

(3.24) Wiy =w.

PROOF. It suffices to show the equality (3.24) on the dense open subset @ ~1(U,). For
[z,&] € w‘l(Ue), we put g := uzu,,, where u; € U and u,, € U™ are determined by (2.15).
Then it follows from (2.20) that

(3.25) o= (A, dOg) = (=1, 04 A By)
since d9y = d(g~'dg) = —g~'dg A g71dg = —04 A 6. Thus, if we can show that
(@) g0 (X2, Yo,) = (=&, (Oga AOgr) (X, Ya,))

for all X,Y € g, then we are done. Here, we set g.A = Ad*(g)A for brevity, and denote by
0.5, the pull-back of the 1-form 6 by the local section

9 8l @ wy > G gA g

with g = uzu,,.
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Now, for X € g, we see that

d
Xo (g0 = —|  exp(~1X).(g.1)
t=0
= — gexp(—t Ad(g_l)X).A
dr t=0

= g:(Ad(g™ ) X)2, (M)
Hence we obtain that
090 (X2,) = 0. (9 (Ad(g™ N X)2,) = ()1 ((Ad(g ™) X))
=0, ((Ad(g"HX)2,)
=—Ad(g Hx
since g*0 = 0 and 6, (Zg,) = —Z for Z € g. Therefore, we have
(=, (Oga A Og2)(Xa, . Ya,)) = (=1, [09.0(Xe,). 0.0 (Ye,)1)
(=, [Ad(g~HX, Ad(g~ YD)
(— Ad*(g)A. [X. Y1),

which equals (w3) 4.5 (X, , Ye,) by definition. O

EXAMPLE 3.11. Welet G = SL,(C), Q and A € g* be as in Example 3.9, and still
identify g* with g by the trace form. If we parametrize an element f € £2, C gas f = [‘: b ]
with a, b and ¢ € C, then it is easy to show that the canonical symplectic form w;, on £2; is
given by

2
a);L=—2(adb/\dc—bda/\dc—|—cda/\db).
s

If f = Ad(g)AY with g = uyu,t € p~'(U,) = UU™L and if we write u, and u;, as
1 z _ 1 0
uZ—[O l:|’u“’_|:w 1i| (z,we(C),

w), =—sdzAdw = (4,045 AOy) .

Now, for [z,&] € = (U,), if f = w([z, €]) = Ad(u.uy)LY, ie., & and w are related
by £ = —sw as in Lemma 2.3 or (2.7), then it is immediate to see that u, preserves the
symplectic forms.

then we find that

Summarizing the results, we have shown that the following theorem holds (cf. [1, 2]):

THEOREM 3.12. The holomorphic map w). : T*(G/Q), — $2; given by (3.16) and
(3.18) is a G-equivariant symplectic isomorphism.

Furthermore, the map u; provides a moment map 7*(G/Q), — g* with respect to the
symplectic form w. Namely, we have the following.
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COROLLARY 3.13. The action W), of G on the symplectic manifold (T*(G/Q), w) is
Hamiltonian with moment map ;.
PROOF. Setting M := T*(G/Q), for brevity, we must show that
d{us, X) = 1xy,0

for X € g with ¢ denoting the contraction. Since {Y)s; Y € g} spans the holomorphic tangent
space Ty, M, it suffices to show that

(3.26) d{pa (@), X)(Ym) = (txy ), Yar)
for X, Y € g, where we simply denote a pointin M = T*(G/Q), by «.

Now, since u; is G-equivariant, one has

d
d(ps (@), X)(Ym) = T

d
(o (Pr(exp(—tY))a), X) = —|  (Ad"(exp(—1Y)) s (), X)
t=0 dr t=0

=3 {(ma (@), Ad(exptY) X) = (ux (o), [Y, X1)
I i=0

=—(m(e), [X, Y]).
On the other hand, since p; is symplectic, the right-hand side of (3.26) equals

we(Xm, Yy) = (Miwx)a (X, Ym) = (@) s (@) (s X vt s i Yar) -

Here, using the G-equivariance of w; again, one has

d d
(X (a(@) = 2+ pa(Frlexp(=tX))a) = — Ad* (exp(—1 X)) pua(e)

d t=0 t=0
= Xgo, (m.(a)),
and hence
(@) 15, (0) rs XM s s Yir) = (03) () (X245 Ye2,) -
This implies the equation (3.26) by the definition (3.23) of w;. O

As an application, one can obtain an explicit embedding of G g-orbit of X into the twisted
cotangent bundle, where G g is a noncompact real form of G and A is as given in Subsection
2.1. Namely, let (G g, Kg) be a classical Hermitian symmetric pair of noncompact type whose
complexifications are equal to G and L respectively, and A : Q — C* the holomorphic
character whose differential, which we also denote by A, is pure-imaginary on h N g and
is proportional to the fundamental weight corresponding to the unique noncompact simple
root on h. If A satisfies the condition that we referred to [6] in §2.1, then the holomorphic
discrete series representation (i), H;) possesses a unique element (highest weight vector) ¢
satisfying

m(en = A(t)ps (¢t € TR);
3.27) (X)) =0 (X e w);
pi(e) =1,
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where Tg denotes the torus corresponding to h N £g. Note that 1/¢; naturally extends to a
holomorphic function defined on the dense open set p~!(U,), which we still denote by the
same notation.

Let us define a real-analytic function f : U, — R by

fH@) =

o (uluy)

where we write gJr = 17(g)~! for g € G with 7 the involution that characterizes the real form
Gpr in G. Note that f; is positive on Gg/KR.

PROPOSITION 3.14. If one denotes by QAR the coadjoint orbit of A under G, then
one finds that

(3.28) . : {—d'log fo(z); z € Gr/Kr} — 2,
where d’ denotes the holomorphic part of the exterior derivative d.
For the sake of completeness we provide the proof (cf. [4, Proposition 3.3]).

PROOF. An element g of G decomposes as ¢ = u u,,t withu, € U,u,, € U™ and
t € L,since Gg C UQ. It follows from g¥g = e that

(3.29) ) uluguy, = @t~
Applying ¢, to the both sides of (3.29), one finds
(3.30) o (ulug) = 2@’

by (3.27). On the other hand, it follows from (3.29) that

&)™ = —up T duy — AdGuy) T @ dus) — AN dug g T

since d’ uzI = 0. Therefore, one obtains

O ety e =0, uy g )=, AdGuy) T ] )~ AdetHuy Tup )

=—(h AdGu) "  dur))
since Ad*(t¢")A = A, and u;_l d'uy and d'uy; Tu; =" are u~- and u-valued 1-form respec-

tively. Now the proposition follows from the formulae (A, d’ (ttf)(ttT)_l) =d'log )»(ttT) and
(3.30). O

If we denote by a® the canonical isomorphism from the real-analytic cotangent bundle
T*(U,)® onto the holomorphic cotangent bundle 7*U, given in terms of coordinates by

—1
5 dz®

with z% = x% + «/—1y* for each & € A(u), then the equation (3.28) reads

1
dx* «— Edza and dy® <«— —

uR :{~dlog fi(2): z € Gr/KRr} — 2K,
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where we put uf = [y O a®. Thus, this is our version of [10, Lemma 7.17], which plays a
prominent role in establishing the character formula therein.
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