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Abstract. We study the submanifolds in the unit sphere §"*7 with constant scalar
curvature and parallel normalized mean curvature vector field. In this case, we can generalize
the work of the second author about hypersurfaces in [8] to submanifolds in a unit sphere.

1. Introduction and theorems. Let R"*”(c) be an (n + p)-dimensional Riemann-
ian manifold with constant sectional curvature ¢, we also call it a space form. When ¢ = 1,
R"P(c) = $"TP is the (n+ p)-dimensional unit sphere space; when ¢ = 0, R"*7(¢) = E"*?
is the (n + p)-dimensional Euclidean space. Let M be an n-dimensional compact subman-
ifold in R"*?(c), and ey, ..., e, a local orthonormal frame of tangent vector fields on M,
entl, ..., enyp alocal orthonormal frame of normal vector fields on M, w1, ..., Wy, W41,
..., Wpyp its dual coframe field, then the second fundamental form and the mean curvature
vector of M are

(1.1 A=) 0 @w;®eq, H:ZH"‘ea:%Zh?‘iea.
i,j,a o i
When p = 1, i.e.,, M is a hypersurface in R+l (c), there are many well-known results
for hypersurfaces with constant scalar curvature (see [6], [8], [9], [3], [4], [5] ect.).
In [6], Cheng and Yau have proved some well-known results by introducing a self-adjoint
differential operator O on hypersurface defined by

(1.2) Df=Z(nH5ij —hij) fij »
iJj
where f € CX(M), (fij) is its Hessian.
In [8], the second author proved the following rigidity theorems by the study of the above

operator O and some estimates:

THEOREM 1.1 ([8]). Let M (n > 3) be an n-dimensional compact hypersurface with
constant normalized scalar curvature r in the (n + 1)-dimensional unit sphere S"'(1). If
) r=r—12>0,
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(2) the square norm |A|? of the second fundamental form of M satisfies

(1.3) nF < |AP < m[n(n— DF 4+ 4(n — 1)F +n],

then either |A|> = ni and M is totally umbilical, or

2 _ n a2 1\:
(1.4) |A| _—(n—2)(nf+2)[n(n Hre+4(m — 1)r +n],

and M = S'(V1 —a?) x 8" Ya),a = /(n —2)/(n(F + 1)).

THEOREM 1.2 ([8]). Let M (n > 3) be an n-dimensional compact hypersurface with
constant normalized scalar curvature r in the (n + 1)-dimensional Euclidean space E"T!. If
the square norm | A|* of the second fundamental form of M satisfies

(15) nr < AP < % ,

then |A|* = nr and M is the n-dimensional round sphere S™ (a) for a = /1/r.

In this paper, we study submanifolds of the unit sphere with constant scalar curvatures
and parallel normalized mean curvature vector field, and we discover that above Theorem 1.1
about hypersurfaces still hold for submanifolds. In fact, we prove

THEOREM 1.3. Let M (n > 4) be an n-dimensional compact submanifold with con-
stant normalized scalar curvature r in the (n + p)-dimensional unit sphere "7 (1). If

(D) r=r—1>0,
2) VJ‘e,H_] = 0, where e, 11 is a unit normal vector field, which is parallel to H,

(3) the square norm |A|? of the second fundamental form of M satisfies

(1.6) ni < |A]* < [n(n — D% 4+ 4(n — 1)F +n],

o
T (n—=2)(nr +2)

then either |A|* = ni and M is totally umbilical, or

(1.7 |A]2 = [n(n — D> + 4(n — DF +n],

.
(n —2)(nr +2)

and M = S'(V1 —a?) x 8" Ha) — $" — §"7 g = /(n —2)/(n(F + 1)).

REMARK 1.1. Hou and Cheng got some partial results of Theorem 1.3 in [7] and
[1], and Cheng also proved a general result on complete submanifolds with constant scalar
curvature and parallel normalized mean curvature vector field in Euclidean spaces in [2].
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2. Preliminaries and lemmas. Let M be an n-dimensional compact submanifold in
the (n + p)-dimensional space form R"*7(c). We shall make use of the following convention
on the range of indices:

1<B,C,D<n+p, 1<i,j,k<n, n+1<a,B,y<n+p.

We choose a local orthonormal frame field {ey, ..., ey, €441, .. ., entp} along M, where
{ei}i=1,2,..,n are tangent to M and {ey}a=n+1,n+2,.. .n+p are normal to M. Let {wp} be the
corresponding dual coframe, and {wpc} the connection 1-forms on R"*7(c). With restricting
on M, the second fundamental form, the curvature tensor and the normal curvature tensor can
be given by

2.1) wm—Zh,ja)J, A= Zhuw,@a)J@ea,
j i,j,a
1
(2.2) dwij — Y o Aoy = -3 > Rijuor Ao,
k k.l
1
2.3) dweg — wa NOyg = —3 Z Ri‘ﬁkla)k Ay,
k.l

and the mean curvature by H = )", H%e,, where H* = % Do he.
The covariant derivatives of the second fundamental form are given by

p
(2.4) N o = dhl + Y b+ Y hen + Y hfopa .
k k k B

l
+ Zhlj c@pa -

We can define trace-free hnear maps ¢o: TyM — Ty M by
(@*X,Y) = (A“X,Y) — H¥{X,Y),

(2.5)

where x € M, A is the shape operator of e, A%(e;) = — 3. ;(Veea, €j)ej = 3 hisej,
and ¢ is a bilinear map ¢: TyM x TyM — T;*M defined by
n+p
(2.6) X, ¥)= D ($°X,Y)eq
a=n+1
It’s easy to check that |¢|? = |A|* — nH?, where H> =" (H%)?.

The Gauss equation is

2.7 Rijki = c(8ik8j1 — 8udjr) + Z(h?kh‘}‘; — hih) -
o
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In particular
(2.8) nin—1)(r —c)=n*H? — |A|*,

where R = n(n — 1)r is the scalar curvature of M. We call r the normalized scalar curvature
(see [8], [9], [10D).
The Codazzi equation and the Ricci equation are (see [10])

(2.9) @ =h%

(2.10) Ry = Z(h Vh — )

If the normalized scalar curvature r is a constant with r > ¢, then n2 H? — |A|2 > 0. We
can choose a unit normal vector field e,,4+1 which is parallel to H. Hence we have (see [10])

(2.11) H'=H, H*=0 n+2<a<n+p),
(2.12) ¢1"]+1_h"+1 Hbj, ¢fi=hf;, n+2<a<n+p.
We introduce a differential operator O by defining
n
(2.13) of = Z (nHé;j — h?jﬂ)ﬁj ;
ij=1

where f € C2(M), (fij) is its Hessian.
By use of Codazzi equation, we easily know that the operator O is self-adjoint. That is,
we have

(2.14) / Ofdv=0, feC*M).
M

The following lemma was proved in [8] and [9] for hypersurfaces in a space form. In
fact, it’s still true for submanifolds in a space form.

LEMMA 2.1. Assume that the normalized scalar curvature r is a constant andr > ¢,
then

(2.15) IVA|? > n®|VH?.
PROOF. From the Gauss equation (2.8), we get n*|V(H?)|? = |V(|A|%)|? and

IV(A1»? —42(2/11] o k) <4<Z(k“)2)< > >=4|A|2|VA|2.

i,j,a i,j,a i,j,k,a

Hence

(2.16) n’H*(n*IVH P = n*|VH?? = IV(AP) 1 < 4|APIVA]%
If r > ¢, then n? H? > |A|?, we get (2.15). O
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We need the following inequalities in the proof of our Theorem 1.3:

LEMMA 2.2 ([12]). Let B : R* — R" be a symmetric linear map such that trB = 0,

then
2 2
2.17) " BP<uBd< 2 _|B],
Jnn —1) nn—1)

where |B|> = trB?, and the equality holds if and only if at least (n — 1) eigenvalues of B are
equal.

LEMMA 2.3 ([13]). Let C,B : R" — R"™ be symmetric linear maps such that
[C, Bl =0andtrC = trB = 0, then

n—2 n—2
2.18 —————|C)*|B| <tr(C?B) < ——|C|?|B|.
2.18) T CPIBI S0(C*B) < e |CP1B
LEMMA 2.4 ([111). Let B', B2, ..., B™ be symmetric (n X n)-matrices. Set Sap =

tr(B*BP), Sy = Suas S = Y, Sa, then

2
3
B _ pbpai? 2 2
(2.19) Zﬂ|B°‘B BP B +Xﬁ;saﬂ52<2azsa) ,
o, o,

where |B|> = trB' B.

In [10], the second author calculated the Laplacian of |¢|? for submanifolds in a unit
sphere (also see [14], [15]):

LEMMA 2.5 ([10]). In the same notations as above, we have

ij'vij ij'tjk
i,j,o i,j.k,a,p

1 2 2 2 b hf
SAUAPR) = VA + > nHGRG +nlgl+ Y nHORGH R

(2.20)

T () - X by

ij.k,d N o,B,i,j

3. Proof of Theorem 1.3. Let7 = r — 1. Then, for n?H? — |A|> = n(n — 1)F, we
have
n*A(H?) = 2n° HAH +2n|VH|? = A|A).
If Ve, =0, then HY = H ;8441 and HS; = H.jSqn+1. From Lemma 2.5, we get

OmH) = (nH8;j — hij)(nH) ;j = n* HAH — nh;; H;
1
= 30U = n?|VHI? = nhij H ij

3.1) = (VAP =2 \VHP) +nlp> + > nH*hn"nl,
i,j.k,a,p

(D) - T @y

ikl oo o.f.i.j
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By use of Lemmas 2.2, 2.3 and (2.12), we have
o HRERE R = Y =R R,

ijur ik ki T
i,j,k,a,f i,j,k,B
n+p
_Zth+lhn+lhn+l+ Z Zth+1¢ ¢k1
i,j.k B=n+21i,jk
n+p n+p
=H @ +HD + Y He Mool + Y HgPP
B=n+2 B=n+2
n+p
3.2) B=n+2
n+p
+ 3 Do HS
B=n+21i,jk
n—2
> _ H n+13+2H2 n+12+H2 2+nH4
> fml |- 1" | """ o]
n+p
> IH|-1¢" 6P
V”(” -D o
-2
= 2B P+ HAP 4+ nHY — 2 [H| - 1¢" I
nn—1)
Using the Lemma 2.4, we get
> (Tw) + X by
ij.kl N @ a,Bii,j
=D A AHP+ Y (Ryyy)’
o, B a#n+1,8#n+1,i,j
2
3
+1 gn+1y72 FLpB2 4 2 B2
< [ (A" ATHP 42 Y (A AP +2[ dole |}
B#£n+1 B#n+1
B#n+1

3
+ 5(|¢>|2 — " H)?
5
E §|¢n+1 |4 + 2nH2|¢"+1 |2 + n2H4 + 2|¢n+1 |2(|¢|2 _ |¢n+1 |2)
3
+ 5|¢|“ — 3|¢%|p" 1|2

1 3
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From Lemma 2.1, |[VA|?> > n?|VH|?, and we have, by putting (3.2) and (3.3) into (3.1),

OmH)
> g2 — 22 )1 162 + nH P
o Jnn —1)

Lot 2y n+12 _ 34
G.4) A B A R

- |¢|2[n ~ D gl - |¢|2}
nn—1)

nn—2)
nin—1)

We will show the following key claim:

1
+ (| — |¢"+1|>[ |H|-|p|* — 591 = 19" (o] + |¢"+1|>2} :

32
3.5) (Il — " Dl + 19" )* < ﬁw.

(1) If |¢| = 0, then |¢"!| = 0, and (3.5) holds.

(2) If |¢| # 0, define x = |¢"+1|/|$], so x € [0, 1]. We have by a direct calculation

, 32
3.6) max (1 —x)(14+x)" = —,
x€l0,1] 27

so (3.5) still holds, and we complete the proof of the claim.
Asn?H? > |A? = |¢p|> +nH? n(n — 1)H? > |¢|?, then

nn —?2)
Jnn —1)

Ifn>4,(n—-2)/(n—1)—16/27 > 0, so we have

O(nH) = I¢I2[n - MIHI - |pl +nH? — |¢|2}
Jnn —1)

(3.8) :|¢|2[|¢|+3<n—2>,/—” |H|+ [n+ ”3H2}
: 2 n—1 An—1)
1 ) [ n " n3H?

|:—|¢|—§(I’l—) m| | + I’l+mi|

It is checked directly that our assumption (1.6), i.e.,

. 2_1 el n41py2 <”_2_E) 3
(3.7) |HI| - |$] 2(|</>| " DSl + 19" D" = 1 7 lp1°.

2_ n 2 _ 1\:
(3.9 A" < (n—2)(nf+2)[n(n Dre+4m — Dr +n],
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is equivalent to
(n—2)°
4(n — 1)2

B P Y 2

n+—r— —— .

- 2 2(n—1)

Noting (3.9) implies n + (n?/2)F — (n — 2)|A1%/2(n — 1)) > 0, we know (3.10) is
equivalent to

[n(n — DF +|APT- 1A +n(n — DF +4(n — 1)]
(3.10)

2( \/[n(n i + AP - [JA]? + n(n — DF +4(n — 1)]

(3.11) I,

<nt+Lio T2 42,
=nt s Al

We note that (3.11) is equivalent to

n3H?2
(3.12) ¢ < ——(n - 2),/ IHI + P

Therefore, the right-hand side of (3.8) is non-negative. From (2.14) we also have
fM OmH)dv = 0.
Thus either |A|? = nF7, thatis |¢| = 0 or

3.13 A= — " =D+ 40— D +n],
(3.13) |Al =D +2)[( ) ( ) 1
and if (3.13) holds, we get |¢| = [¢"T!].
Let N; be the sub-bundle spanned by {e,42,...,esqp}. Then, with the assumption

Vte,i1 = 0, it’s easy to check that Nj is parallel in the normal bundle. If |¢| = 0 or
|p| = |¢"t1|, we can always get that [¢p%| = O for eachn +2 < o < n + p, that means M is
totally geodesic with respect to N7. So from [15, Theorem 1] we know that M lies in $"*!,
which is an (n + 1)-dimensional totally geodesic submanifold in $"*7. Using Theorem 1.1,
we complete the proof of Theorem 1.3.

REMARK 3.1. Ifn = 3, we have from the first inequality of (3.4)

2_ 2_3 2 3 it l n+1,2
O(nH) = |¢| _3+3H 2|¢| \/gl |- 1o |+2|¢ |
[ 9 3 1 3
14 — 2 7 g2 n+l, _ [~ 2
(3.14) o] _3+4H 2|<i>| + 3 (|</> | \/2|H|)}
2_ 2 2_3 2
= |9l _3+4H 2|<i>| }

Hence if |¢|? < 2 + 3 H?, which is equivalent to

(3.15) [A]? <4+ 67,
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we get that M is totally umbilical. We also note that (1.6) is equivalent to

_ s _nn—=1)_ 2n-1) n—2
(3.16) nr < |A]° < r+ — .
-2 n—2 nr+2
Thus, when n = 3, (3.16) is
1
3.17 AP <4+4+6F +—.
(3.17) Al <4+ r+3f+2

Thus (3.15) is stronger than (3.17).

REMARK 3.2. When n = 3, our technique here is not effective to prove Theorem 1.3,
so it is an interesting problem to know that Theorem 1.3 holds or not for n = 3.
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