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Abstract. For a nonconstant holomorphic map between projective Riemann surfaces
with conformal metrics, we consider invariant Schwarzian derivatives and projective
Schwarzian derivatives of general virtual order. We show that these two quantities are related
by the “Schwarzian derivative" of the metrics of the surfaces (at least for the case of virtual
orders 2 and 3). As an application, we give univalence criteria for a meromorphic function on
the unit disk in terms of the projective Schwarzian derivative of virtual order 3.

1. Introduction. The (classical) Schwarzian derivative

(Y Y 2_f_’”_§<f_”>2
-y Sf_(f’) 2(f’> AN

of a nonconstant meromorphic function f on a plane domain was introduced by Schwarz to
construct a conformal mapping of a Jordan domain bounded by finitely many circular arcs.
The reason why the Schwarzian derivative is so useful is that it satisfies the invariance relation
S(Mo foL) = SfoL-(L")?for Mébius transformations L and M. In particular, the quantity
Xf = A72Sf for a function on the unit disk D = {z € C;|z| < 1} is invariant in the
sense that (M o f o T) = (Xf) o T - (T'/|T’|)? for a Mobius transformation M and an
analytic automorphism 7 of D. Here, A(z)|dz| = |dz|/(1 — 1z|%) is the hyperbolic metric of
D. Due to these invariance properties, the Schwarzian derivative has found many applications
in complex analysis, Teichmiiller theory, 1-dimensional dynamical systems, and so on.

It is thus a natural desire to seek for more quantities analogous to the Schwarzian de-
rivative. Indeed, Schwarzian derivatives of higher order were proposed in [1], [24] and [21].
Those Schwarzians certainly enjoy several interesting properties but they do not find many
applications so far. One reason perhaps comes from the lack of invariance. For instance,
as we will see in Section 5, Schwarzians of Aharonov and Tamanoi are invariant under the
post-composition with a Mobius transformation but not under the pre-composition (as differ-
entials), in general.

The authors proposed in [13] the invariant Schwarzian derivative X" f of virtual order
n for a nonconstant holomorphic map f from a Riemann surface with conformal metric into
another. This derivative satisfies the invariance relation X"(M o f o T) = (X" f)o T -
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(T'/|T'])" for local isometries M and T (see Lemma 3.2 for a more precise formulation) at
the expense of analyticity. It involves conformal metrics of both the source and target surfaces
and therefore has a complicated form in general. Note that X2 f is nothing but the above X f
when the source and target surfaces are D and cC=cu {oo} equipped with the hyperbolic
and spherical metrics, respectively.

In the present paper, we will introduce yet another kind of Schwarzian derivatives, de-
noted by V" f and called the projective Schwarzian derivative of virtual order n, for a noncon-
stant holomorphic map f from a projective surface with a conformal metric into a projective
surface. Here, we note that a projective structure is finer than a complex structure and that a
plane domain has a natural projective structure (see the next section for details). This satisfies
the invariance property that V(M o f o T) = (V" f) o T - (T’)" for a projective map M and
a projective local isometry T (see Lemma 5.1 below for details). Since V" f does not involve
a conformal metric of the target surface, the form of V" f is much simpler than that of X" f.

One of the most important applications of the Schwarzian derivative is a univalence
criterion due to Nehari [20].

THEOREM A (Nehari). Let f be a nonconstant meromorphic function on the unit disk
D. If f is univalent in D, then ||Sf|2 < 6. Conversely, if |Sfll2 < 2, then f must be
univalent in D. The numbers 6 and 2 are both sharp.

Here, we set
lelle = sup(1 — |25 ]9(2)]

zeD

for a C-valued function ¢ on D and a real number c. We notice the invariance property that

(1.2) lgoT 1T [llc = llglle

holds for each analytic automorphism 7' of D because of the formula |7’ (z)|(1 — 1z|?) =
1— T @)%

The first assertion in Theorem A was indeed found by Wilhelm Kraus as early as in
1932, and re-discovered by Nehari later. Therefore, it is sometimes called the Kraus-Nehari
theorem. Theorem A constitutes a basis of the theory of Teichmiiller spaces. See [16] for
details.

A similar result for the pre-Schwarzian derivative f”/f is also known and it is utilized
to construct another model of the universal Teichmiiller space (see [3] or [23]).

In the present paper, as a by-product of our investigation, we give a univalence criterion
for a function f on D in terms of the projective Schwarzian

4z

(1.3) VIR =V @) = (S () - T IZlef(Z)

of virtual order 3.

THEOREM 1.1. Let f be a nonconstant meromorphic function on the unit disk D. If f
is univalent in D, then |V f||3 < 16. The number 16 is sharp. Conversely, if ||V |3 < 3/2,
then f is univalent in D.
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It appears that the constant 3/2 in the theorem is not sharp. On the other hand, the
constant cannot be replaced by a number greater than 16+/3/9 ~ 3.0792 as we will see
in Example 6.4. In the proof, we will see that the theorem is not stronger than the Nehari
univalence criterion in Theorem A. We, however, expect that this quantity V f would open a
new window to a family of univalence criteria, as a paper by Duren, Shapiro and Shields [7]
led to Becker’s univalence criterion [4].

Let us summarize the contents of the paper. We recall the definition and basic properties
of the Schwarzian derivative of a holomorphic map between projective (Riemann) surfaces
in Section 2. In Section 3, we review basics of the Peschl-Minda derivatives and Schwarzian
derivatives of higher order due to Aharonov [1], Tamanoi [24] and the authors [13] for a
nonconstant holomorphic map between Riemann surfaces with conformal metrics. Section
4 is devoted to a relation between X' f and Sf when the surfaces are projective and have
conformal metrics (Theorem 4.6). To this end, we introduce the Schwarzian derivative of a
conformal metric. This result has several applications as we will see there.

The higher-order Schwarzians of Aharonov and Tamanoi cannot be extended to holomor-
phic maps between projective Riemann surfaces unlike the classical Schwarzian. In Section
5, we introduce projective Schwarzian derivatives. We will then try to generalize Theorem
4.6 for projective Schwarzians of order 3. Our future task is to extend this result to the case
of general order. The last section will be devoted to the proof of Theorem 1.1 and to the
computation for a concrete example.

Acknowledgments. The second author presented a talk based on this research at a seminar held in
Wiirzburg on November 2008. The authors are grateful for useful comments to the audience, especially,
Richard Fournier, Daniela Kraus, Oliver Roth, Stephan Ruscheweyh, and Vagia Vlachou.

The authors would also like to thank the referee for careful reading and suggestions which helped
us to improve the exposition.

2. Projective structures. Let us briefly recall basic properties of the Schwarzian de-
rivative Sf, given in (1.1), of a nonconstant meromorphic function f. It is well known that
Sf = 0if and only if f is (a restriction of) a Mobius transformation and that the formula

@2.1) S(go f)=(Sg) o f-(fH+Sf

holds for the composite map ¢ o f. In particular, S(M o f o L) = Sf o L - (L") for M&bius
transformations L and M as we already mentioned in Introduction.

We are tempted to define the Schwarzian derivative for a holomorphic map f between
Riemann surfaces. The above formula, however, tells us that the value Sf may depend on
the choice of local coordinates. Hence, we are naturally led to the idea to restrict the local
coordinates so that the transition functions are Mdbius, that is, the idea of projective structures.

Though the notion of projective structures is standard, we describe its basics in some
detail in order to clarify the formulations below. The notion of projective structures is obtained
by replacing holomorphic maps by Mobius maps in the definition of complex structure (see
[8, §9]). More precisely, a projective structure on a surface R is the equivalence class of an
atlas {zo : Uy — Ul}aeca, where Uy C R, U], C C are open sets and z, : Uy — Uj is a
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homeomorphism for « € A such that the transition function zg o z;l is a M6bius map on each
connected component of z,(Uy N Up) for a, B € A. Such an atlas will be called a projective
atlas. Two atlases are defined to be equivalent if the union of the two is again a projective
atlas.

A projective surface will mean a surface with a projective structure. A map z, : Uy —
U/, in a projective atlas of a projective surface R will be called a projective coordinate. Note
that a projective surface has the canonical complex structure, which is called the underlying
complex structure. In other words, a projective structure is finer than a complex structure, and
thus a projective surface can be regarded as a Riemann surface in a canonical way. A contin-
uous map f from a projective surface R into another projective surface R’ is called projective
if wo f oz~ !is either Mobius or constant whenever z and w are projective coordinates of R
and R’, respectively.

For instance, a plane domain §2 has the natural atlas {id : £ — £2}, which gives
rise to a projective structure on §2. In the sequel, unless otherwise stated, a plane domain
will be endowed with this natural projective structure. The uniformization theorem states
that the universal covering surface of a Riemann surface R is conformally equivalent to one
(and only one) of the standard surfaces; the Riemann sphere C =CU {oo} = C4q, the
complex plane C = C, and the unit disk D = {z € C; |z| < 1} = C_;. Here the notation
Cs, 5 = +1,0, —1, is introduced to handle with these three at once. According to the cases
8 = +1,0, —1, the surface R is called elliptic, parabolic, or hyperbolic, respectively. Let
h : Cs — R be a holomorphic universal covering projection of Cs onto R. Since the group
of conformal automorphisms of C; is contained in the group of Mdbius transformations,
the local inverses of / give rise to a projective structure on R. This projective structure will
be called standard. The standard projective structure is characterized by the property that a
holomorphic universal covering projection of the standard domain C; onto R is projective.

For projective coordinates z of R and w of R’, we define a meromorphic quadratic differ-
ential on R by Sg. g/ f = S(wo f oz~ !)dz? for a nonconstant holomorphic map f : R — R’.
Then the meromorphic quadratic differential Sg g/ f = Sg.r' f(2)d z2 does not depend on the
choice of the projective coordinates, thus it is well defined. In other words, the system of
functions Sg g'.o f = S(wo fo z;l) for projective coordinates z, of R and w of R’, we have
the relations Sg. g/, f © gp.a - (9.4)* = Sk.R'.af TOT Gp.o = zgl o Zo. Note that Sg g/ f = 0
if and only if f is a nonconstant projective map. If R and R’ are plane domains (with natural
projective structures), then obviously Sz g/ f coincides with the usual Schwarzian derivative
Sf(z)dz>. If we do not need to refer to the projective structures of R and R’, we write Sf for
Sg,r f simply. For basic information about projective structures and applications to Teich-
miiller spaces, see [19] and references therein.

3. Invariant Schwarzian derivative. We first recall the Peschl-Minda derivatives.
See [12] or [22] for details.
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For the sake of simplicity, we begin with the case of plane domains. Let £2 and £2’
be plane domains with conformal metrics p = p(z)|dz| and 0 = o(w)|dw|, respectively.
Throughout the present paper, a conformal metric will be always smooth.

The p-derivative of a smooth function ¢ on §2 is defined by

g 1 9¢(2)
0 = — = — .
p o plx) 0z
For a holomorphic map f : §2 — 2/, we define the Peschl-Minda derivative D" f of order n

with respect to p and o inductively by

lezaoff/
P

D" f =19, — nd,(logp) + (3, loga) o f - D' FID"f (n>1).
We further set

; Dn+1f

Since D" f and Q" f depend on the metrics, we often write Dy , f and Qg , f for them.

LEMMA 3.1 ([13]). In the above situation, the following formula is valid:
9(Q"f) = Q"' f —[Q'f —nd,logp]Q" f .
We next recall the definitions of Aharonov invariants and Tamanoi’s Schwarzian deriva-

tives. Let f be a meromorphic function on a domain D in the complex plane. For z € D with
f(z) # oo and f'(z) # 0, we expand

f@ 1
fetw) —flz) w
for small enough w. The quantities v, [ f](z) were introduced by Aharonov [1] and called the

Aharonov invariants by Harmelin [9]. Independently, Tamanoi [24] defined the Schwarzian
derivative S,[ f] of virtual order n by

>l fl@uw'!
n=1

n+1

f@UGE+w) = () c w
L en 1(+\2 :ZSn[‘f](Z)il
L@ e+w) - fF@)+ @2 2 (n+1)!
Note that So[ f] = 1 and S1[f] = 0. The Aharonov invariants and Tamanoi’s Schwarzian
derivatives are essentially same in the sense that the following relation holds:

n—2

onl f1=Vulf14 DVl flowsilfl, n=2,

k=2

where 0, [ f]1 = Sp[f1/(n+1)!. In particular, 3!y [ f]1 = S2[ f]1 = Sf and 4ly3[ /] = S3[f] =
(Sf)’. We also have the following recursive relations:

3.1 S.[fl1=S L H”S S >3
3.1 nlf]= n—1[f]+§ 2[f]];<k> k—1[f1Sn—k—1[f], n=>
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(see [13] for details). For example, S4[ f]1 = S3[f] + 4S2[f]2.

We note that S,,[M o f] = Sy[ f]holds for a Mobius transformation M. However, unlike
Sf = S2[f], the higher-order Schwarzian derivative S,[ f] does not behave nicely with pre-
composition with Mobius transformations. For instance,

Silf oLl = (S2lf o LI = S3[flo L- (L)’ +28(flo L - L'L"

for a Mobius transformation L. Therefore, in general, o,,[ f1dz" and S,[ f]1dz" are not invari-
ant under the change of projective coordinates. Moreover, it is unlikely that a result similar to
the second half of Theorem A holds for these Schwarzians. For instance, we have no constant
¢ > 0 such that ||S3[ f]]l3 < ¢ implies univalence of f. Indeed, the function f(z) = ¢“* is not
univalent in D for |a| > 7 but S3[ f] = 0.

In the sequel, we mainly consider Tamanoi’s Schwarzian derivatives. We now give an-

other description of them. Define a sequence of polynomials P, = P,(x1, ..., x,) of n inde-
terminates x1, ..., X, inductivelyby Py =1, P =0, P, = xp — 3x%/2, and
n—1 n—1
0P, 1 n
Py, = ];(Xkﬂ — X1Xk) ™ + EPZ 1; (k) P Pyp—j-1, n=3.

For instance, P3 = x3 —4x1x2 +3x?. Then, by letting g, [ f] = f(”+1)/f’, we have (see [13])

Sl f1= Pulqilf) @2l f). ... aqnlfD, n=0.

By using the above expression of S, [ f], we define the higher-order invariant Schwarzian
derivatives X" f for a nonconstant holomorphic map f : 2 — £’ between plane domains
§2 and £2' with conformal metrics p and o, respectively, by

f=Pu(Q' f,...,0" ), n=0.

We sometimes write X7 f for X" f to indicate the metrics involved. For brevity, we also
write X f for 2 f. More concretely,

3 D3 3/D*f\?
(32) Ef=Q2f—§(Q1f)2=DT§—§(D—1§) .

We can deduce the following formula from (3.1) (see [13]):

n—1
_ 1 e
(3.3) I f = (3, — (n—1)d, log p) =" 1f+522fz<z>2k Lpgn—k=lg

k=1

forn > 3.
We record an invariance property of these quantities in the following form.

LEMMA 3.2. Let 2,82, 2,82 be plane domains with conformal metrics p, p, o, o,
respectively. Suppose that locally isometric holomorphic maps g : Q2 — Qandh: Q2 — 2’
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are given. Then, for a nonconstant holomorphic map f : 2 — $2', the following transfor-
mation rule is valid:

/ n
Qz,,;(hofow:(Qz,pf)og-(lj—,l) ,
g/ n
T shofog)=(Z5,f)og- (Ig_’l) :

See [12, Lemma 3.6] for the proof of the relation for Q". For the proof of the relation
for X, we observe that P, is of weight n, that is, P, is a linear combination of monomials of
weight n. Here, the weight of a monomial x, - - - x, is defined to be the number j; +- - - + ji.
Therefore, X" f obeys the same transformation rule as that of Q" f. See [13, Lemma 4.1] for
details.

By the last lemma, Q" f and X" f can be defined for a nonconstant holomorphic map f
between Riemann surfaces with conformal metrics as a suitable differential form. In particu-
lar, if f : R — R’ is alocally isometric holomorphic map, then the local coordinates can be
chosen so that f = idand o = p, and hence, D" f =0forn > 2and Q" f = X" f = 0 for
n > 1. Note that the Riemann surfaces are not required to be projective for the definition of

Q" f and X" f.

4. Relationship between invariant and classical Schwarzians. It is fundamental to
have a relation between the invariant Schwarzian Xf = X2 f and the classical Schwarzian
Sf. To this end, we introduce a few quantities associated with a conformal metric.

Let p = p(z)|dz| be a (smooth) conformal metric on a Riemann surface R. We recall
that the Gaussian curvature of p is defined as

Alogp 39 log p
—— =4 > -

2 o
Note that k, does not depend on the particular choice of local coordinates.

For the hyperbolic metric A of a plane domain 2, Minda [18] considered the
Schwarzian derivative 292logio — 2(dlogre)? and showed that this behaves like the
Schwarzian derivative. Indeed, suppose that we are given plane domains £2 and £2 with gen-
eral conformal metrics p(z)|dz| and p(w)|dw| respectively, and a conformal mapping g of 2
onto §2’ such that 5 o g - |¢'| = p. Then, by following the computation in [18], we obtain

.1 Kp =

'
dlogp = (dlogp)og g +
2¢g’
and therefore,
29%log p — 2(d log p)* = 2[(3* log ) o g — (3 log p) o g1(g")* + Sg.

This can be regarded as an analog of Cayley’s formula for Schwarzian derivatives.
Noting that S¢ = 0 when g is Mobius, as a consequence of the last formula, we extend
this quantity for a conformal metric on a projective surface.
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LEMMA 4.1. For a projective surface R with a conformal metric p, let

32 '\’
Orp(x) =22 4<—'°> =29%log p —2(3log p)*
o P

2 2
0z 0z

Then @R,p(z)dzz, evaluated with projective coordinates z, are pieced together to a smooth
quadratic differential O , on R.

REMARK 4.2. Here and in the sequel, we adopt this redundant-looking notation G ,
because this quantity depends not only on the metric p, but also on the projective structure of
R. Thus the reader should note that R in the subscript notation indicates rather the projective
structure than the underlying surface.

The following well-known fact is important in the sense that the metric of constant cur-
vature yields a holomorphic quadratic differential. By solving the Schwarzian differential
equation, in turn, we can reproduce the metric (see [15] for details). For convenience of the
reader, we supply a short proof as well.

LEMMA 4.3. Let R be a projective surface with a smooth conformal metric p. Then
OR,p is a holomorphic quadratic differential on R if and only if p has a constant Gaussian
curvature.

PROOF. By (4.1), we have 5810gp = —/cpp2/4 and therefore 5(~)R,p = —p28/cp/2.
Thus we see now that ®p , is holomorphic if and only if dk, = 0. Since «, is real-valued,
the last condition is equivalent to that «, is constant. O

EXAMPLE 4.4. The standard domain Cj has the complete metric A5 = (1 + 8|z|*)~!
|dz| of constant Gaussian curvature 4§ and has the natural projective structure. These metrics
are called spherical, Euclidean, and hyperbolic according to the cases when § = 41, 0, and
—1. The metric As will be called standard. Since 8 logis = —87Z/(1 + 8]z|?), we easily see
that ©¢; 5; = 0foré = +1,0, —1.

Let h : Cs — R be a holomorphic universal covering projection of C;s onto a Rie-
mann surface R. Since the covering transformations are contained in the group Isom™(Cs) of
isometries on (Cs, As), the metric A5 projects to a metric Ag, which will be called the standard
metric of R. Thus, Ag is a smooth conformal metric on R of constant Gaussian curvature 44
such that A*(Ag) = XAs. Here we record the following observation.

LEMMA 4.5. Let R be a Riemann surface with standard metric Ar and standard pro-
Jjective structure. Then Og 3, = 0.

The following result connects the invariant Schwarzian derivative X' f with the classical
one Sf.
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THEOREM 4.6. Let R, R’ be projective surfaces with smooth conformal metrics p, o,
respectively, and let f : R — R’ be a nonconstant holomorphic map. Then

4.2) Zpof =p ISk [+ [ Or 6 — Or,pl,
where f*Op , is the pull-back (Og' 5 o f) (f? as a quadratic differential.

PROOF. By taking projective coordinates, we may assume that R and R’ are plane do-
mains. First, by Lemma 3.1, we have

0’ f=3,(0'H+[Q'f—d,logp]O'f.

Substituting the last formula into (3.2), we also have

_ 1 _l 12 1
Xf=0,0f 2(Q )= @plogp)0° f.

Since
D?f
lp 2 J _ ° ’r
43) 0 f= D f =23, log(o o f) + 9, log f* — 20, log p
=p '[2@logo) o f - f + f/f —201logp],

the relation

90'f =—(,logp) Q' f
+p*[2(3%logo) o f - (f)> +2(logo) o f - [+ (f"/f) — 207 log p]

can be obtained. Therefore, we have
p>Ef =2(8%logo) o f - (f)* +2@logo)o f- f+ (f'/f) —20%logp
1
—5<pQ1f)2 —2@@1logp)(pQ' f).

In view of (4.3) we compute
1 1
5<pQ1f>2 +2@logp)(pQ' f) = §<pQ1f +43logp)(pQ' f)
1 ’ iav 2
=5[20@logo)o f- f'+ f"/f']" = 2(@1og p)
=2(dloga)? o f-(f)? +2(@loga)o f- [+ %(f”/f’)2 —2(dlog p)?,

and substitute it into the last expression of p> X' f to get the required relation. |

COROLLARY 4.7. Let R be a Riemann surface with conformal metric p and let ¢ €
{+1, 0, —1}. For a holomorphic map f : R — C. and a Mobius transformation M with
M(f(R)) C Cq,

E;"AE(Mof) = EZ,?»gf’ n>0.
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PROOF. In view of the formula (3.3), it suffices to show the relation forn = 0, 1, 2 by
induction. The relation trivially holds for n = 0, 1. Thus we may assume that n = 2. We
assign a projective structure (e.g., the standard one) to R so that we regard R as a projective
surface. Since Oc, ;, = 0 (see Example 4.4), we have

22Mo f)=p2[Skc, (Mo f) = Orpl = p *[Sp.c. f = Orpl = Z2f
by Theorem 4.6. a
Also, by Example 4.4, we obtain the following.

COROLLARY 4.8. Leté,e € {—1,0,+1}. For a nonconstant holomorphic map f :
Cs — Cq, the following relation holds:

Sf =St .

This relation was observed from time to time for various combinations of standard met-
rics (see [10], [11] and [17]). Note that a nonconstant holomorphic map f : Cs — C, exists
if and only if § < e.

Let R be a projective surface equipped with the standard metric Ag. The quadratic dif-
ferential O = ORg ;. is called the uniformizing connection of a projective surface R (see
[14] for the case when R is a hyperbolic plane domain). We remark that, when the projective
structure of R is standard, we have g = 0 by Lemma 4.5. The following result gives a way
of computing the universal covering projection of a given surface R once we have an explicit
form of . This idea traces back to Henri Poincaré.

COROLLARY 4.9. Let R be a projective surface and let h : Cs — R be a holomor-
phic universal covering projection. Then the uniformizing connection 0 is a holomorphic
quadratic differential on R and related to h by

W*0r = (Bg o h) - (W)*> = —Sh.

PROOF. By Lemma 4.3, we can see that 6 is holomoprhic. Note that ¢, ;; = 0 by
Example 4.4 and that ¥4 = 0 because £ is a local isometry. We now apply Theorem 4.6 to
obtain Sc, gh + h*0r = 0, which is nothing but the required relation. a

5. Projective Schwarzian derivatives of higher order. As we noted, Tamanoi’s
Schwarzian derivatives are not well defined for holomorphic maps between projective Rie-
mann surfaces. However, if the source surface is equipped with a conformal metric, it is
possible to define another sort of Schwarzian derivatives of higher order. We begin by recall-
ing a differential-geometric tool to do so. Let ¢ = ¢(z)dz" be a smooth n-differential on a
Riemann surface R with conformal metric p. Then

Ap(p) = [0¢ — 2n(d log p)pldz" !

is a well-defined (n + 1)-differential on R. Indeed, A,(¢) is nothing but the covariant deriv-
ative of ¢dz" in z-direction with respect to the Levi-Civita connection of p (see [12, §3] for
details).
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Based on (3.1), we can express S, [ f]in terms of Sf and its higher derivatives in the same
way as before. Define a sequence of polynomials 7;, = T;(x2, ..., x,) of n — 1 indeterminates
with integer coefficients, inductively, by 7> = x» and

n713T1 xzn71 n
T, = = x = Ti1Tpk—1, n>3.
n ;3)% k+1+2;<k)k1nk1 >

Here, we also set 7o = 1 and 77 = 0. For instance, 73 = x3, Ty = x4 + 4x§ and Ts =
x5 4+ 13x2x3. We can also easily verify that T, is of weight n. Then, we have

(5.1) Sul f1= Tu(Sf, (SF), ..., (SH™?), n>3.

Let R and R’ be projective surfaces and let p be a conformal metric on R. For a non-
constant holomorphic map f : R — R’, we define differentials D’;e pR fdz" (n > 2)on R

inductively by ’D%’p’R,f = Sg,r [ and

D pr [ = A, D fdZ™) (02 3),

where differentiations are performed with respect to projective coordinates. Namely,
@'I’Q’p’R, fdz" = AZ’2(SR’R/fd12). Furthermore, we define Vl’é’p’R,f by

n _ 2 n
VeorS =Tn®@% , g fo- . Dk, g f)

for n > 2. Here, the products of the substituted CD’;{’ o R,’s are understood as the tensor prod-
ucts. Since T, is of weight n, Vlrel, o R f can be regarded as an n-differential on R. We call
Vlrel, o R f the projective Schwarzian derivative of virtual order n for a nonconstant holomor-
phic map f : R — R’. When we do not need to indicate the projective structures and/or the
conformal metric, we simply write ©" f* or D)) f for ’D’;e’p’ g J- We do the same thing for V.
Note that V2 f is nothing but the classical Schwarzian Sf, which is independent of the metric

p. Furthermore, we have
ap ap
V3f=S3f1- 4= Silf1 = (Sf) —4==Sf

and )
2
vir = sif1- 102 s11) +4[7(a—p) - a—p}sm.
o o o
If R and R’ are plane domains with the Euclidean metric |dz|, we obviously have ©" f =
(SH)™=2 and, by (5.1), V" f = S,[f] forn > 2.
For R = C_j and R’ = C; with standard metrics and standard projective structures,
D3 f = V3£ is same as in (1.3).
It is convenient for future reference to rephrase explicitly the fact that V" f is a well-
defined n-differential in the following way.

LEMMA 5.1. Let §2 be a plane domain with conformal metric p. For a Mobius trans-
formation g, set 2 = g~'(2) and p = g* p. For a nonconstant meromorphic function f on
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§2 and a Mobius transformation h, the following relation holds:

Vithofog) =(Vyflog-(¢)"., n=2.

Since every analytic automorphism of C_; = D is Mobius and isometric with respect to
A_1, the following result can be derived immediately (see also (1.2)).

COROLLARY 5.2. Let f be a nonconstant meromorphic map on D. For an analytic
automorphism T of D and a Mobius transformation M,

VMo foT)=V"foT (T)".

In particular, |V* (M o f o T)|ln = IV" flln, n = 2. Here V" is defined for the hyperbolic
metric on D.

We also need to consider the “derivatives" of @ ,. For a projective surface R with
conformal metric p = p(z)|dz|, set @}’e’pdz" = AZ’2((~)R,pdz2) for n > 2. It is a basic
problem to find a relation between X" f and V" f for a nonconstant holomorphic map f
between projective surfaces with conformal metrics. We treat, however, with the case when
n = 3 only. Compare with Theorem 4.6.

THEOREM 5.3. Let R, R’ be projective surfaces with smooth conformal metrics p, o,
respectively, and let f : R — R’ be a nonconstant holomorphic map. Then

S0l =07 Wy f + [ Ok g = O 1 +2072 f* Ok , 0, f -
where f*@;,,a is the pull-back (@",,G o ()" as an n-differential.
PRrROOF. By (3.1) with n = 3, we have
3 f=0,2f —23,logp - Xf .
Letting U = p22f, we now see that
,0323f = ,o?’ap(,o_zU) —2pdplogp-U =0U —4dlogp-U .
Substituting (4.2) into the last formula yields
PPEf =S8N +@Ore) o f - (f) +Oroo f - Qf f") =3Ok,
~49log p[Sf + O o f - (f)? = O]
=Vi, wf+ Ok, — Ok,
+HA@logo) o f - () +2f'f" — 4@log p)(f)1Or o 0 f -
The required relation now follows from (4.3). O
In conjunction with Lemma 4.5, we have the following.

COROLLARY 5.4. For a nonconstant holomorphic map f : Cs — Cq, the following
relation holds:

3 —3v,3
Br=33v2 .
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6. Applications to univalence criteria. Aharonov [1] (see also [9]) showed that a
nonconstant meromorphic function f on the unit disk D is univalent if and only if
Yonly, ( )(—a"—k(l — 1zl f1@)| <1, zeD.
k—1
n=1 lk=1
In particular, the first term gives the Kraus-Nehari theorem (the first half of Theorem A). The
second term gives the inequality

A—E=PWVI@I _ 1
24 -2
for f univalent in D. Thus we have ||V f|3 < 124/2 ~ 16.97, which is close to the estimate
in Theorem 1.1. Here, Vf = V/\3,1 f with the notation introduced in the previous section.
We are now in a position to prove Theorem 1.1. First let f be univalent in D. For an
arbitrary a € D, letting T (z) = (z +a)/(1 + az), by Corollary 5.2 we have the relation

(1= 1a®* V@] = (V) o TONT O = [V(f o T)HO)|.
Since ||V (f o T)|l3 = ||V fll3 by Corollary 5.2, it is enough to show that |V f(0)| < 16 for

univalent meromorphic function f on D. We may further assume that f(0) # oco. Then we
look at the Laurent expansion

|(1 = 12Y30 £ 1) — 200 — |21l f1(2)| =

O NS TR S B - L
Ty — @ ~w Lo =y~ L 10

to have 3[ £1(0) = c2. It is known that |c2| < 2/3 and equality holds if and only if
SO SO (A= efwh)
fw) =) 2f(0) w
for a real constant 6 (see, for instance, [6, Theorem 4.6, p. 135]). Therefore, we have
VO = 1S30,10)] = 24{y3[ f1(0)| = 24|c2| < 16,

where equality holds if and only if f is a Mobius transformation of the function

w
Jow) = ——5—=7= o Ve D,

(1

for a real constant 6.
The latter part of Theorem 1.1 follows from the next proposition together with Theorem
A.

PROPOSITION 6.1. For a locally univalent meromorphic function f on the unit disk,
the inequalities

25«/—IIVf||3 =IS8fl2 = —IIVf||3
hold. Here, the constant 16/25+/5 is sharp.

We are left to prove Proposition 6.1 only. The following representation formula will be
the main tool for the proof.
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LEMMA 6.2. Let f be a locally univalent meromorphic function on the unit disk with
IVfl3 < oo. Then

1 (1= E»*VfE©) .
S = —— = dt¢d =&+ .
f@ n[Ldu—mN@—aE" c=&+in
PROOF. Letp(z) =1/(1 — |z|2) as before. Then, by definition, we have

(6.1) Vf=(f) — 4%"510 = p*3(p™*Sf) onD.

Define functions ¢ and g on C by ¥ = p™Sf, ¢ = p™*VfonDandy = ¢ =00nC\ D.
Since ,0_3 V f is bounded on D by assumption, we see that ¢ € C8(C), where Cg(C) denotes
the class of continuous functions on C with compact support which have continuous partial
derivatives up to order k.

We show now that v is in Cé (C). Consider the function y(¢) = Sf(¢¢)in0 <t < 1 for
afixed ¢ € aD. By (1.3), we see that y(¢) satisfies the linear differential equation

4t
1 —12

y' () — y() = (),
where v(¢) = ¢ - Vf(¢¢). Thus
t
(1 —12)?%y@) =/ (1 = s2)%v(s)ds + y(0).
0

Since [v(s)| < |Vf]l3(1 — s2)~3, we obtain

232 T a2 _1 141
A=)yl <IVSfI3 0(1 57) ds+|Sf(0)|—2||Vf||310g1_t+|5f(0)|-

In view of (1.3), we thus have

B 1 1+ |z reN 1 L[zl
Sﬂ@_0<ﬂ—m%ﬂ%l—k0 ”d(””“‘0<a—mm“%l—m)

as |z| — 17. In particular, p(z)_3Sf(z) — 0 and ,o(z)_4(Sf)’(z) — Owhen |z] — 17.Itis
now easy to verify that i € C(l)(C). Hence, by (6.1) it is confirmed that 3y = ¢ on C and,
equivalently, 3% = @ on C.

Consider now the integral transform

L
h(z)=—;//€ Z’(_C)ngdn

of ¢. It is known (see [2]) that & is Holder continuous with exponent less than 1 and satisfies
dh = @ (in the sense of distribution). Therefore, d(h — ) = dh — ¢ = 0 and, by Weyl’s
lemma, g = h — 3 is holomorphic on C. Since g(z) — 0 as z — oo, we conclude that
g = 0 by the Liouville theorem. Thus, we have & = 1, which is equivalent to the required
relation. O
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Letc > 0and 0 < r < 1. Wirths [25, Satz 1] gave the sharp upper bound of |¢’(z)]|,
|z] = r, in terms of ¢ and r for holomorphic functions g on D with ||g|. < 1. His result
specialized for ¢ = 2 and r = 0 can be stated as follows.

LEMMA 6.3. Every holomorphic function g on the unit disk D with || g||2 < 1 satisfies

2545
1g'(0)] < 16

where equality holds when g(z) = (25+/5/16)z.

Proof of Proposition 6.1. As in the proof of Theorem 1.1, we can reduce the proof to
the assertions |V f(0)| < (25v/5/16)[|Sf 1|2 and [Sf(0)] < (4/3)[[V f1I3.

Since Vf(0) = (Sf)(0), the first inequality and its sharpness follow from Lemma 6.3.
Indeed, a function f with Sf(z) = cz for a constant ¢ (e.g., f(z) = F(az) for a constant
a # 0, where F(z) = Bi(z)/Ai(z) for linearly independent Airy functions Ai(z), Bi(z))
satisfies the equality.

We next show the second inequality. By Lemma 6.2, we have

1 1—]H)*V
ISf(O)IS—// (=157 f@)'dgdn
7 JJjel<1 Iq!

Y
<_// -1l )||Vf”3d$dn
lg]<1 |§|

=2||Vf||3/ (1= 2)dr = §IIVf||3.
0

The proof is now complete. a

EXAMPLE 6.4. Meromorphic functions f on the unit disk with the property that
Sf(z) = c(1 — z%)~% for a constant ¢ are sometimes very important (see for example [5]).
The function /(z) = log 1= 1“ has the least norm || SI||; = 2 within those which have no qua-
siconformal extension to the Riemann sphere, and it satisfies S/(z) = 2(1 — 22) 2 Indeed,
it is known that f is never univalent in D if Sf(z) = c¢(1 — z%)~2 for a constant ¢ > 2. On
the other hand, the Koebe function k(z) = z/(1 — z)? has the maximal norm ||Sk| = 6
within univalent meromorphic functions on D and again satisfies Sk(z) = —6(1 — z2)~2. By
the following lemma, we see that ||V f||3 = 8+4/3|c|/9 whenever Sf(z) = c(1 — z2)~? for a
constant c. In particular, | V1|3 = 16+/3/9 and || Vk||3 = 16+/3/3.

LEMMA 6.5. Suppose that Sf(z) = (1 —z2)"2inz € D. Then |V f |3 = 8+/3/9.

PROOF. By (1.3), we have
4z 47 1 8ilmz
Vi = — . = .
f@ (1-223 1—-[z2 Ad-2z»)% (1-zPHd—-2z%?
Fix r € (0, 1) for a while and set z = re'?. Then

V@) = 8 r2sin? 0 1/2_
T\ =2 2cos20 + 793 )~

1/2

1—
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Since F(r,0) = F(r, —0) = F(r, 7 —6), itis enough to consider the case when 0 < 6 < 7 /2.
We now have

aF 2r2 cosOsinf(1 — 6r2 + r* + 4r% cos 20)
90 (1 —2r2cos26 + r4)* '
Note that 1 — 6r% + r* + 4r2 cos 20 = 0 if and only if sinf = (1 — r2)/(2ﬁr) and that
there exists = 0(r) € (0, /2] satisfying this relation only when v/3 — v/2 < r < 1.
In this case, F(r,0) takes its maximum value at 6 = 6(r) within 0 < 6 < m/2. Since
1 —2r2cos(20(r)) +r* = 3(1 — r?)?/2, we have
(1—r??%/8 1

Forb0) = =88 = 270 = 2

Thus
8(1—r%)3 8
(1—r?3max |Vf(2)| = =
|z\=r| f@) 3V3(1—r2)3 33
for /3 —+/2<r <1.When0 < r < /3 —+/2, F(r,0) is increasing in 0 < 6 < /2 and
thus F(r,0) < F(r,m/2) = r>/(1 +r?)® < 1/[27(1 — r?)*]. Therefore, we conclude that

IVFlls = 8/(3/3) = 8/3/9. .
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