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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC
DIFFUSION SEMIGROUPS IN BOUNDED DOMAINS

PANKI KIM* AND RENMING SONG**
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Abstract. We extend the concept of intrinsic ultracontractivity to non-symmetric semi-
groups and prove the intrinsic ultracontractivity of the Dirichlet semigroups of non-symmetric
second order elliptic operators in bounded Lipschitz domains.

1. Introduction. The notion of intrinsic ultracontractivity (IU in abbreviation), intro-
duced in [10] for symmetric semigroups, is a very important concept and has been studied
extensively. Although the concept of ultracontractivity has been extended to non-symmetric
semigroups, (see, for instance, [21]), it seems that, up to now, no one has introduced the con-
cept of intrinsic ultracontractivity for non-symmetric semigroups. In this paper, we plan to fill
this gap and introduce the notion of intrinsic ultracontractivity for non-symmetric semigroups.
We show that, under natural conditions, the Dirichlet semigroups of non-symmetric second
order elliptic operators are intrinsic ultracontractive.

In the symmetric case, ultracontractivity and intrinsic ultracontractivity are connected
to logarithmic Sobolev inequalities. The connection between logarithmic Sobolev inequali-
ties and L? to L4 bounds of semigroups was first discovered by Gross [12] in 1975. Davies
and Simons [10] adapted Gross’s approach to allow ¢ = oo and therefore established the
connection between logarithmic Sobolev inequalities and ultracontractivity. (For an updated
survey on the subject of logarithmic Sobolev inequalities and contractive properties of semi-
groups, see [3] and [13].) In [4], Bafuelos proved the intrinsic ultracontractivity of killed
Schrodinger semigroups on Holder domains of order zero or uniformly Holder domains of
order « € (0,2), using a logarithmic Sobolev inequality characterization. In [6] and [7],
Chen and Song extended the argument of [4] to prove the intrinsic ultracontractivity of the
Schrodinger semigroup of killed symmetric stable processes in certain types of domains.

In this paper, we will also use logarithmic Sobolev inequalities as a tool to establish
the intrinsic ultracontractivity of non-symmetric semigroups. However, in the non-symmetric
case, things are very delicate. One has to use a related symmetric semigroup as a bridge to
make things work out. We show that, under some natural conditions the Dirichlet semigroup
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of a non-symmetric second order elliptic operator in a bounded Lipschitz domain is intrinsic
ultracontractive.

To concentrate on the main ideas, we will not try to obtain the most general result in
this paper. For simplicity, we will only deal with second order elliptic operators with smooth
coefficients. The case of second order differential operators with measure-valued drifts and
the case of non-local operators are considered in our papers [15] and [16], respectively.

This paper is organized as follows. In Section 2, we introduce the concept of ultracon-
tractivity and intrinsic ultracontractivity for non-symmetric semigroups. Section 3 contains
the proof of the intrinsic ultracontractivity for the Dirichlet semigroups of the non-symmetric
second order elliptic operators in bounded Lipschitz domains. In Appendix, we prove some
identities stated in Section 3.

Throughout this paper, we will use the following convention. The values of the constants
c1, ¢2, ... may change from one appearance to another. In this paper, we use “:=" to denote
a definition, which is read as “is defined to be”.

2. Introduction to IU for non-symmetric semigroups. Suppose that E is a locally
compact separable metric space and m is a positive finite measure on E such that Supp[m] =
E. Suppose that we are given two semigroups {P;} and {13,} on L?(E, m) such that for any
t >0,

/ fx)Prg(x)m(dx) = / g(x)ﬁ,f(x)m(dx).
E E
We assume that there exists a family of continuous positive functions {p(¢, -, -); ¢ > 0} on
E x E such that for any (z, x) € (0, 0c0) x E, we have
P f(x) = /Ep(t, X, NfmAy), Pf(x)= /Ep(t, Y, x) f(y)m(dy) .

DEFINITION 2.1. The semigroups {P;} and {13[} are said to be ultracontractive if, for

any ¢ > 0, there exists constant ¢; > 0 such that
p(t,x,y) <c¢; forany (x,y) € EXE.

For any operator A from L”(E,m) to L1(E, m), we will use [|Allzs(E,m),Lr(E,m) tO
denote the norm of A. When there is no danger of confusion, we will write ||A|l,, , for
NAllLa(E,m),LP(E,m)- R

It is well-known that if { P;} and { P;} are sub-Markov semigroups in the sense that

PI(x) <1, Plx) <1

forall # > 0 and x € E, then both of them are contractive semigroups on L>(E, m).

PROPOSITION 2.2. Suppose that { P} and{Pt} are sub-Markov semigroups. Then { P}
and {Pt} are ultracontractive if and only if, for any t > 0, P; and By are both bounded from
L2(E,m) to L (E, m).

PROOF. Suppose that {P;} and {P,} are sub-Markov semigroups and that P, and Py are
both bounded from L2(E, m) to L (E, m). Then both | Ptlloc,2 and || Pt||oc,2 are decreasing
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functions of ¢. Put
a; = max{|| Pt loo,2, | Ptlloo,2} -
By taking adjoint, we know that

[Pl = 1Prlloc2 s I1Prll2,1 = [[Prlloc.2 s

so we have
2
[ Prlloo,t < 11 Pry2lloo2 1 Pry2ll2,n < @iy
. . R 5
1 Pilloo,1 < [1Pt2llco 2l Prj2ll21 < apys -

Therefore { P} and {13,} are ultracontractive.
Now suppose that, for any ¢ > 0, we have

p(t,x,y) <c¢; forany (x,y)e ExE.

Then we have
1 Prlloot <cry NPrlloo <ct.

Since {P;} and {13,} are sub-Markov semigroups, we also have

[Pillcc,co =1, [[Ptllcc,c0 =1,

and hence we can use interpolation to arrive at

1/2 A 1/2
1Pz < N1Pilloon <% O

To introduce the concept of intrinsic ultracontractivity, we further assume that

(a) {P}and {f’,} are strongly continuous semigroups on L%(E, m);

(b) foreacht > 0, p(t, x, y) is bounded and strictly positive.

Let L and L be the infinitesimal generators of the semigroups { P;} and {ﬁt} onL%(E, m),
respectively. It follows from Jentzsch’s Theorem (Theorem V.6.6 on page 337 of [22]) and
the strong continuity of {P;} and {ﬁt} that the common value 4y := supRe(o(L)) =
sup Re(o (L)) is an eigenvalue of multiplicity 1 for both L and L, and that an eigenfunction
¢o of L associated with Ao can be chosen to be strictly positive a.e. with [|¢oll 2 ) = 1
and an eigenfunction ¥y of L associated with A can be chosen to be strictly positive a.e. with
IYoll2(g,my = 1. Thus fora.e. x € E,

2.1)  My(x) = /E p(t, x, o (Dm(dz), ' Po(x) = /E p(t, z, X)Po(2)m(dz) .

PROPOSITION 2.3. ¢o(x) and yro(x) are strictly positive and continuous in E. Thus
(2.1) is true for every x € E.

PROOF. By (2.1), we have

Go(x) = e 0 fE (L. x, bo(2)m(dz)

almost everywhere on E. Since p(l, x, z) is bounded continuous and m(E) < oo, the right
hand side of the above equation is continuous by using the dominated convergence theorem
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and the fact ||oll 2z ) = 1. Similarly, e~ fE p(1, z, x)Yo(z)m(dz) is continuous. Thus
there exist continuous versions of ¢o and vy, and (2.1) is true for every x € E. Now the strict

positivity of ¢p and o follow from the strict positivity of p(1, -, -) and (2.1). |
Define, for any (¢, x, y) € (0,00) x E x E,
—\ot —Xot
q(t, x,y) = p, x, y)po(y), 4, x,y):=———p(t,x, »)Yo(x).
$o(x) Yo(y)

Then it is easy to check that the operators {Q;} and {Qt} defined by
Qi f(x) = /Eq(t, L )FOmdy), O f(x) = fEc}(t, y, %) f(y)m(dy)

form semigroups with Q;1 = Q,l =1.
Define a function u(x) by

@o(x)Yo(x)

nx) = .
/E¢o(y)1ﬁo(y)m(dy)

Then the measure p(x)m(dx) is a probability measure on E. Put M = fE do(Y)Yo(y)m(dy).
It is easy to see that M < 1. For any ¢ > 0 and any positive nonnegative functions f and g on
E, we have

/Eg(x)M(X)sz(X)m(dX)

7).0t 1
/9( )¢0( ) P(t,x,)’)fl)o()’)f(y)m(dy)Md)o(x)i/fo(x)m(dx)

—A.()t
=/ g(x) 1/fo(x)/ p(t, x, y)po(y) f (y)m(dy)m(dx)

7)»()t
/ 00 F () f Vo) p(t. x. y)g(x)m(dx)m(dy)

/Mfﬁo(y)i/fo(y)f()’)m e M"Y (x) p(t, x, y) g(x)m(dx)m(dy)

=/Ef(y)u(y)th(y)m(dy)-

Thus {Q,} and {Q,} are dual semigroups on L*(E, u(x)m(dx)).
By taking ¢ = 1 in the display above, we see that p is an invariant function of {Q;}.
Similarly, u is also an invariant function of {Qt}.

DEFINITION 2.4. The semigroups { P} and {13,} are said to be intrinsically ultracon-
tractive if, for any ¢t > 0, there exists a constant ¢; > 0 such that

p(t,x,y) = cigo(x)Yo(y) forall (x,y) e Ex E.

In Section 3, we will show that the Dirichlet semigroups of non-symmetric diffusions
with smooth coefficients in bounded Lipschitz domains are intrinsic ultracontractive. One of
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the key steps in the argument of Section 3 is Lemma 3.1 which amounts to saying that ¢g
and v are comparable. This comparability of the two eigenfunctions ¢ and v is not true
in general. For instance, by using the Dirichlet heat kernel estimates in [14], one can easily
see that for the semigroups {P,D } and {ﬁtD } defined before Lemma 5.5 in [15] with D being a
bounded C! domain, ¢y is comparable to §p (x) (the distance between x and d D) while v
is comparable to the constant function.
Since the density of Q; with respect to p(x)m(dx) is given by
Me ! p(t, x, y)

42 = ey

it follows from Proposition 2.2 that { P;} and {ﬁ,} are intrinsically ultracontractive if and only
if the semigroups {Q;} and {Q,} on L2(E, iu(x)m(dx)) are ultracontractive.

For the remainder of this section, we discuss some important consequences of the intrin-
sic ultracontractivity for non-symmetric semigroups. In particular, these results are used in
our upcoming papers [15] and [16].

Intrinsic ultracontractivity implies the following lower bound on the density p(t, x, y).

PROPOSITION 2.5. Suppose that {P;} and {ﬁt} are intrinsically ultracontractive, that
is, for any t > 0, there exists a constant ¢; > 0 such that

p(t,x,y) < cipo(xX)Yo(y) forall (x,y) € EXE.

Then, for any t > 0, there exists a constant c; > 0 such that

p(t.x,y) = ¢;¢o()¥o(y) forall (x,y) € E x E.

PROOF. The idea of the proof comes from the proof of (iv)=>(v) in Theorem 3.2 of [10].
Let K be a compact subset of E such that

rot

2MC[ '

f p(x)m(dx) =1 —
K

Then by Proposition 2.3, we obtain

1 1
ekofﬁfﬁo(x) = M/Ep(t,x,y)%(y)m(dy)

1 1
< —/ ct¢o(X)wo(y)¢o(y)M(dy)+—/ p(t, x, y)po(y)m(dy)
M Jp\x M Jk
1 1
< 5o o) + - fK p(t. %, Y)bo(yIm(dy)
so that
(2.2) / p(t, x, y)po(y)m(dy) = %e“’cbo(X) forall x € E.
K

Similarly, we also have

2.3) / p(t, x, y)Yo(x)m(dx) > %e)‘otl/fo(y) forall y € E.
K
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Note that by the strict positivity and continuity of p(¢#, x, y) and Proposition 2.3, we have

p(t/3,x,y)

2.4) J := min { ;
$o(x)¥o(y)

x,yeK}>0.

Thus by the semigroup property and (2.4),

P(t,x,)’)E/K/KP(t/&x,Z)P(t/?a,z, w) p(t/3, w, y)m(dz)m(dw)
ZJ/K/KP(t/3,x,Z)¢0(Z)1/f0(w)p(t/3, w, yym(dz)m(dw)
:J/Kp(t/S,x,zWo(z)m(dz)fKwo(w)p(t/3, w, y)m(dw)

J
> Ze”()’”cbo(x)l/fo(y).

In the last inequality above, we used (2.2) and (2.3). O

For simplicity, we will write L2(E, u(x)m(dx)) as L*(E, n) from now on. The fol-
lowing result implies that, when {P;} and {ﬁt} are strongly continuous on L2(E, m), then
{O,} and {Qt} are strongly continuous contraction semigroups on L2(E, w). Note that in the
symmetric case, {Q,} and {Q,} are automatically strongly continuous on L2(E, ). We also
note that when {P,} and {P;} are associated with a pair of dual right processes, by repeating
the argument in Section 11.3 of [8], one can show that there are pair of right processes as-
sociated with the transition densities ¢ and ¢. These two right processes are duals of each
other with respect to the measure p(x)m(dx). Thus {Q,} and {Qt} are strongly continuous
on L2(E, u(x)m(dx)); see, for instance, the second paragraph after Lemma 2.3 in [11]. But
in general, the strong continuity of {Q,} and {Q,} is not obvious. This is only one of the many
indications that the non-symmetric case is much delicate to deal with.

PROPOSITION 2.6. {Q;}and {Q,} are strongly continuous contraction semigroups in
L*(E, ).

PROOF. The contraction property follows immediately from the fact that { Q,;} and {Q ¢}
are Markov semigroups. For f € L2(E , ), let

fe = flyp<ky, k=1.

Since ol 2g.my = IVollL2gmy = 1 and fi is bounded, we have ¢o fi € L*(E, m),
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Yo fc € L*(E,m) and fi € L*(E, ¢3m) N L*(E, y3m). Moreover, for any k > 1 and t > 0,
101 fi = fill 25 g2

—Xot 5
B /E < E ZO(X)p(t’ x, V)o() fi(y)m(dy) — fk(x)) o5 (x)m(dx)

2.5) —2%0t ! 2
— e /E</Ep<t,x, Y6003 fi(Vm(dy) — ‘f’o(xm‘(x)) e

= PP G0 fi) — G0 fil 22y

< 271 Pr (@0 f) = G0 fill3 2y + (1= €210 fill 2 ) -
Similarly, for any k > 1 and t > 0,

A 2
” Qtfk - fk ”LZ(E,\D(%WL)
< 2P (W0 fi) = Yo fill 3oy + (1= €2 1W0 fill 72 ) -

Since {P;} and {ﬁt} are strongly continuous semigroups on L2(E, m), from (2.5) and
(2.6) we have

. 2 1 A 2 _
(27) tlgr(l)”Qtfk_fk”Lz(E,¢%m) _tlgrg)||Qtfk_fkl|L2(E,lﬁ3m)_0’ kZ I.

On the other hand, since || Q; fklloo < || fklloo < k and ||Q,fk||Oo < k, we have

(2.6)

(2.8) / (01 fi(x) — fr)* Y (x)m(dx) <4k*, k=1, t>0,
E

and

(2.9) / (O fie(x) — fie(x)?P3(x)m(dx) < 4k>, k=1, t>0.
E

Thus, by the Holder inequality and (2.7) through (2.9), we obtain that
limsup | Qs fic = fill7az

t—0
= —hms(l;p / (O fi(x) = fi())Po(X)(Q1 fic(x) — fi(x))Yo(x)m(dx)
1—
1 1/2
< g7 msup 101 fi — fk||Lz(E,¢3m)( /E (Qs fi(x) — fk(x))zi/f(%(x)m(dx)>
2k .
= Mhltn_)s(l)lp ”Ql‘fk_fk”LZ(E,(pém) =0, k=1,

and, similarly,
limsup | Qs fic = fill7ap,y =0, k=1,

t—0
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Now, by the contraction property of {Q;} and {Qt }, we see that

10:f — Flle2e, . S NQe(f — fidllLze,wy + 1@ fe — fillp2e y + 1 = fill 2z, 0
<20 f = fill2g,y + 1Qi fi = frll 2w

and
10, f — 2w <20F = fillp2e, ) + 10: fi — Jelle2e g -

Therefore, for any ¢ > 0, we have

&
10:f = FllL2e ) < 5t 10t f — fiell L2, »

~ & ~
19 f — flle2e ) = 7t 191 fc — frllL2e,

for large k. Thus Q; f(x) and Q,f(x) converge to f(x) in L?*(E, nw. O

The following result means that the intrinsic ultracontractivity of { P} and {I3t} implies
that the semigroups {Q,} and {Q;} on L*>(E, 1) converge to equilibrium exponentially fast.

THEOREM 2.7. Suppose that {P;} and {ﬁt} are intrinsically ultracontractive. Then
there exist positive constants ¢ and v such that

—Vvt

Me " p(t, x, y)
W— < ce y (t,x,y)e(l,oo)xExE.

PROOF. The argument in this proof is very much similar to that used in the proof of
Theorem 4 in [20]. We can not directly use proof of Theorem 3 in [20] in the present situation
since we have to work with L? spaces instead of the space of bounded continuous functions.
Let L and_i be the generators of {Q;} and {Q,} in L>(E, w). Then O = sup Re(o (L)) =
sup Re(o (L)) and 1 is a positive eigenfunction of both L and L corresponding to the eigen-
value 0. It follows the intrinsic ultracontractive assumption, Proposition 2.2 and Proposition
2.5 that for any # > 0, g(¢, x, y) is bounded and strictly positive. Applying Jentzsch’s The-
orem and the strong continuity of {Q;} and {Q,} (Proposition 2.6), we know that the eigen-
value 0 is of multiplicity 1. By the Riesz-Schauder theory of compact operators, it follows
that L>(E, u) = N®R, where N = {c; c € R} and Q, leaves N and R invariant (see Section
6.6 of [5]). Since 1 = sup Re(o(Q,)) and the nonzero eigenvectors of a compact operator is
isolated, it follows that there exist positive constants ¢ and v such that

(2.10)

1Rl L2y < cre™, t>0.

By the above decomposition of L>(E, ), it follows that any f € L?(E, i) can be written as
f=cy+ vy, where ¥y € R. Thus

(2.11) 10 f — crllize = 102, < cte” I sl 2z, -
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We now identify ¢ . Since u(x)m(dx) is a probability measure on E, we have
0= lim /E (01 f () = er ()p(x)m(dx)
= tl_l)nolo/E S @) Qi l(x)pu(x)m(dx) —cy = /E Jpx)mdx) —cy .

Thus ¢y = fE fp(xym(dx) and |cr| < || fllp2(g, - Hence
sz < W2 + el < 20 2 ) -

Therefore, it follows from (2.11) that for all t > 0,

(2.12) 10 f = erlliag.y < 2¢1™ I f L2y -

Since for ¢ > 1/2 we have

(2.13) q(t,x,y) = /Eé(l/Z,x,Z)é(t —1/2, 2, )p@mdz) = Q12 (y)

with f;(z) = ¢q(1/2, x, z), we obtain
(2.14) Cf, =/ q(1/2,x, )pu(z)ym(dz) = 1.
E

Let C% = SUP,ck fE 6}2(1/2, x, 2)u(z)m(dz). From (2.12), (2.13) and (2.14) we obtain for
any t > 1/2,

sup fE g (t, x,y) — 1> u(y)m(dy) = sup /E 10i-1/2f: (V) — ¢z Pu(yIm(dy)

xeE xeE

= s /IQH/zf(y)—Cflzu(y)m(dy)5(zclcze—“(’—1/2>)2,
E

112050 C2

Thus for any ¢ > 1/2, there exist c3 > 0 such that

SUP/ 1G(t, x,2) — 1 u(z)m(dz) < cze™ ",
E

xeE

SUP/ 1G(t, z, ) — 1 u()m(dz) < cze™ .
yeEJE

(2.15)

By the semigroup property of g(t, x, ), we have
g, x,y)—1 =/E67(t/2,x, 2q(t/2,z, y)u(2)m(dz) — 1
=/Eé(t/2,x,Z)é(t/lz,y)u(z)m(dz)—/Eé(t/lx,Z)u(z)m(dz)
—/Eé(t/lz,y)M(Z)M(dZ)Jr/EM(Z)m(dZ)

_ /E G(/2,%.2) = DG/2.2.y) — Du(m(dz)
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Therefore, from (2.15), we obtain for any # > 1,

sup  1g(t,x,y) — 12

(x,y)eExXE
< (sup f |c;<t/2,x,z>—1|2u<z)m<dz>>(sup / |c7(r/2,z,y>—1|2u<z>m<dz>)
xeEJE yeEJE
< c3672”’. 0

In the remainder of this section we assume that the semigroups { P;} and {ISt} are associ-
ated with two dual Hunt processes X and X, respectively. We are going to use SH™ to denote
the family of nonnegative superharmonic functions of X, or equivalently, the family of exces-
sive functions of X. For any h € SH™, we use Pj to denote the law of the h-conditioned
process X and use Ej, to denote the expectation with respect to P;. The following result gives
some important consequences of intrinsic ultracontractivity.

THEOREM 2.8. Suppose that { P} and {f’,} are intrinsically ultracontractive and that
Ao < 0.
(1) If ¢ stands for the lifetime of the h-conditioned process X, then

sup  Ej(Ln) < 00.
x€E ,heSHT

(2) Foranyh € SH™, we have

_ $o(x)
T Mh(x)

lim e ™' P (g > 1) f Yoh(y)m(dy) .
t100 E
In particular,

1
lim —log P; (¢p > 1) = Ao .
ttoo t

PROOF. (1) Forany h € SH™, it follows from Proposition 2.5 that there exists a
constant ¢; > 0 such that

h(x) = /;P(l,x,y)h(y)m(dy) > cl¢o(x)wao(y)h(y)m(dy), xek.

Therefore

¢o(x)
sup
xeE hesut+ N(X)

/;Wo(y)h(y)m(dy) <c! <00.
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By Theorem 2.7 we know there exists a constant ¢c; > 0 such that

1 o
sup  Ep(tn) = sup —/ /p(t,x,y)h(y)m(dy)dt
x€E heSH+ x€E heSH+ h(x) Jo JE

1 1
< sup <—//P(t,x,y)h(Y)m(dY)dt
xeE.nesH+ \h(X) Jo JE

1 o0
o /1 /E p(r,x,ym(y)m(dy)dt)

<1te / oty fo(r) / Yoh(m(dy) < co.
1 E

xeE.,heSHt h(x)

(2) By Theorem 2.7 we have

1
lim e o' P! = lim "' — / . X, Vh d
lim ¢ i (Cn > 1) dme o Ep(t x, y)h(y)m(dy)

_ $ox)
" Mh(x)

/E Yo(Yh(y)m(dy) . O

3. IU for non-symmetric diffusion semigroups. In this section we assume that
aij(x),bi(x),i,j = 1,...,d, and c(x) are bounded C® functions on R?. We will also
assume that the functions db;/dx;,i =1, ..., d, are bounded and that the matrix (a;;(x)) is
symmetric and uniformly elliptic, that is, there is a positive number A such that

d

> ai(x0)&E; = AgI* forall £ € R,

ij=1

In this section we assume that L is a second order differential operator

d d
d d d
L= —(aj—)-> bi——c
— 0x; (alj 3x,~> 4 lax,' ¢
i,j=1 i=1

The formal adjoint of L is given by
d d d
R 0 0 0 ab;
L =: — | a;; — bi— —|c— — ).
ijz=:1 Xi <a,/ 8)Cj) + ; ! 8)6,' <C ; 3)6,')

In this section, we will always assume that D is a bounded domain in RY. Let p(t,x,y)
be the Dirichlet heat kernel of the operator L in D. For any ¢ > 0, define

P f(x) :=/Dp(t,x,y)f(y)dy, P f(x) :=/Dp(t,y,X)f(y)dy-

Then {P;} and {ﬁt} are both strongly continuous semigroups in L*(D, dx). The generator of
the semigroup {P;} is L|p with zero Dirichlet boundary condition and the generator of the
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semigroup {P,}is L|p with zero Dirichlet boundary condition. By definition, we have
/ f@)Prg(x)dx = / g Py f()dx .
D D

The bilinear form associated with {P;} and {13,} is given by (&, HOl (D)), where

d
ou 0
E(u,v) = Z/aua;l B;d —G—Z/ bv—dx+/ cuvdx, u, veHO(D)
i,j=1 !

D

If we assume that ¢ is a nonnegative function, then there is a diffusion process X with gener-
ator L and {P;} is the semigroup of X2, the process obtained by killing the process X upon
exiting D. If we further assume that

d

c(x) — Z%(x)>0 x e R?,

i=1

then there is a diffusion process X with generator L and {P,} is the semigroup of XD, the
process obtained by killing the process X upon exiting D, and the bilinear form (&€, H (D))
is a Dirichlet form in the sense of [17].

It follows from Jentzsch’s Theorem (Theorem V.6.6 on page 337 of [22]) that the com-
mon value Ao := supRe(o(L|p)) = sup Re(a(l:|D)) is an eigenvalue of multiplicity 1 for
both L|p and I:l D, and that an eigenfunction ¢ of L|p associated with Ao can be chosen to
be strictly positive with ||¢oll2(p 4y = 1 and an eigenfunction ¥ of I:l p associated with Xg
can be chosen to be strictly positive with ||l 2(p 4v) = 1. It is well-known that ¢o and o
are C*° in D.

Define, for any (¢, x, y) € (0,00) x D x D,

—X\ot —Xot

¢0(x)p(t’x’y)¢0(y)’ ('I(t’x’y) = wo(y)

Then it is easy to check that the operators {Q,} and {Qt} defined by

qt,x,y) = p(t, x, y)o(x) .

0, f(x) = fD gt fOdy. O f(x) = fD GGty ) f()dy

form Markov semigroups on D.
Define a function w1 (x) by

@o(x)Yo(x)

nx) = .
/D¢o(y)1/fo()’)dy

Then the measure p(x)dx is a probability measure on D. From Section 2 we know that { O/}
and {Q,} are dual semigroups on L?(D, ) and that u is an invariant function for both {Q,}

and {Q;).
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The generators of {Q;} and {Qt} are given respectively by

d d

o ( of L2 960 51
¢—(L|D —X0)(pof) = ,Jz::1 a( dij ox; ) ;b’ ax; * o, Z dij axj dx;
. B d o oy af a Yo af
S o =20 W) = w_Z=1 a—xl_(augj) " ; axi % Z RENE

Put
Fi={f € L*(D,n): fo. fvo € Hy (D)},
and define a bilinear form Q on F by

1
G Q) = 1 EG o, gb0) + o /D W) g, f geF.

It is obvious that C2°(D) is contained in F. It can be checked by elementary calculations (see
the appendix for a proof) that for any bounded f € C'(D) N F

ad B
(3.2) (/. f)=/D (x) Z f(’_“) aij (x) f(x)

Xi

i,j=1

We are going to use (5 , H(} (D)) to denote the symmetric part of (&, H(} (D)):
~ 1
Eu,v) = S (€W, v) +E@u), u, ve Hy (D).

Then (é , HO1 (D)) is a symmetric bilinear form on L?(D) and its generator is given by

- Lip+Lip Lip G ab;
LlD 2 —lzl ax1< zjgj) +2 a_)Cl
Let (P;) be the semigroup associated with the form &, H(}(D)). Then (P,) has a strictly
positive continuous transition density p(t, x,y) with respect to the Lebesgue measure on D.

Let Ao = supa(L| D) Then Ao is an elgenvalue of L| p of multlphclty 1. Let ¢g be the
positive eigenfunction of Lip corresponding to Ao such that / % 2(x)dx = 1.

Define, for any (¢, x, y) € (0,00) x D x D,

—hot

gt,x,y) = g )p(t x, Y)po(y) .

Then the semigroup {Q,} defined by
0 f(x) 1= /D qt.x, ) f(y)dy

is a strongly continuous symmetric Markov semigroup on L?(D, (p(z)).
Let (@, D(Q)) be the Dirichlet form on L2(D, cpg) associated with {Q;}. Then it follows
from [4] and [6] that

D(Q) = {f e LX(D,¢}); feo € Hy (D)}
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and that
(3.3) O(f. ) = E(f 0. fon) + 0 /D R 2 0dx,  f e D).

We also know from [3] and [4] that for any f € D(Q),

d
3 B ) f(x) 3f(x)
(3.4) Of. )= /D ¢o<x>w_2=1 a1 Ty

1

In the remainder of this section we will always assume that D is a bounded Lipschitz
domain. Then we have the following

LEMMA 3.1. The functions ¢o, Yo and ¢y are comparable, that is, there exists con-
stants c1, ca > 1 such that for all x € D,

c1 'do(x) < ¢o(x) < c1go(x), &3 Yo(x¥) < po(x) < 2y ().
PROOF. Take a positive constant A such that

d
ab;
c(x)+1>0, C()C)—I—A—Za—xl_(x)zo forall x € R?.
i=1 !

The functions
o0 ~ o0
Gx(x,y)=/ e Mp(t, x, ydt, Gx(x,y)=/ e Mp(t, x, y)dt
0 0

are finite off the diagonal of D x D. It follows from [2] that both G and Gx are comparable
to the Green function of the operator

d

d ad
X 5 (0035)

ij=1 """
with zero Dirichlet boundary condition on d D. Our assertion now follows easily from Theo-
rem 1.51in [18]. O

Using this lemma, one can easily check that {Q;} and {Qt} are strongly continuous
semigroups in L2(D, ).

LEMMA 3.2. FNL¥(D, ) =D(Q) N LD, g).
PROOF. If f € D(Q) N L¥(D, ¢), then fgo € HJ (D) and f is bounded. Since

V(fo) = V(f(po . ¢—O> = @V(f(po) + f(pov<¢_o)
@0 (0] (7))

= P9 rg0)+ [V — 1 2
@0 ®»o

Voo,

we know by the previous lemma that f¢g € Hol(D). Similarly, we also have fyy € Hol(D).
Therefore we know that f € F N L(D, u).



INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC SEMIGROUPS 541

Now suppose that f € F N L*(D, p). Then f¢o, fbo € Hol(D). Since
%0 $0 2]
\Y =V -— ==V VI —
(f o) <f¢o ¢o) o (f¢o) + foo <¢0)
4

o0 (féo) + fVeo — f o oo

we know by the previous lemma that f¢g € HO1 (D). Therefore f € D(Q) N L°°(D, cpg). O

Now, combining this lemma above with (3.2) and (3.4), we immediately arrive at the
following

LEMMA 3.3. There exists a constant ¢ > 1 such that for any bounded f € C'(D)NF,

1~ ~
(3.5) ;Q(f,f)SQ(f,f)SCQ(f,f)-

By following the argument in the proofs of Theorem 4.6 and Theorem 5.2 in [6] (see also
the proof of Theorem 1 in [4]), we can get the following result.

LEMMA 3.4. Forany ¢ > 0 and bounded f € D(Q), we have

2 2 3 2 2
fD 00 log|fldx < eOUL ) + BN a2 + 1132 2 102 1F 2002

with
po={aleeera o]
for some constant c1, c» > 0.
PROOF. We omit the details. O

Combining the result above with (3.1) and Lemma 3.3, we can easily get the following

LEMMA 3.5. Foranye > 0 and bounded f € C'(D) N F, we have

(3.6) /D pflog|fldx < eQUf )+ B@NSIZap 0 + 11220 0 102 1F 12D )
with

(3.7) Ble) = {

—crloge +c2, <1
c1+co, e>1

for some constant c1, c2 > 0.

PROOF. If (3.6) is true for f € C'(D) N F with | f| < 1, then (3.6) is true for every
bounded f € C1(D) N JF by applying to f/| f|loo- Thus we will assume that f € cl(D)nF
with | f| < 1.

We know from (3.1), Lemma 3.1 and Lemma 3.3 that there exists a constant L. > 1 such
that

1 1 ~ -
(3.8) Z“’S <wu<Lg} and 79U N =QU N =LA ),
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Since log | f| < 0, from (3.8) we have

1
/ uf P log | fldx < Z/ 93 fH1og | fldx
D D

Now, applying the previous lemma and (3.8), it follows that the above is bounded by

TeOUf )+ ﬁ(e)IIfIILz(D(pz) ||f||L2(Dwz)lognfan(D,wg)
<2Q(f, )+ (BE) +10g I 1225 + 1/ 1225 0 102 1 20y -

LEMMA 3.6. Forany p € (2,00), ¢ > 0 and bounded nonnegative g € C'(D) N F,
we have

| 07z g)dx < (0. 97+ 2800 sl
N9y 02 gL Doy

/DM(X)Q”(X)IOg g0)dx < eQ(g"", 9) + 28 p 971 )
190y 02 gL Dy

where B(¢) is the function defined in (3.7).

PROOF. It is well-known that if g is a bounded nonnegative function in D(Q), then
gP/? and gP~! are also in D(Q). Thus it follows from Lemma 3.2 that if f is a bounded
nonnegative function in C' (D) N F, then, for p > 2, 7/ and fP~! are also in C!(D) N F.
By using elementary calculations, one can check that for any bounded nonnegative function
fecl(DynF,

(3.9) QfPI2, fPi?y = ( )Q(f frrhy=—— (p Q(f” L pH=o.

(See the appendix for a proof.) Putting f = g7/ in (3.6) we get
2 [ wwg @ toggidx < £Q”, 47+ B9,
D

P
+ 5||9||€17(D,,L) log llgllLr(p,u) -
Therefore we have by (3.9) that

EpP _
/ n(x)gP (x)log g(x)dx < ﬁgw 9" +28@p 9170 p
+ ”g”LP(D,u) log lgllLr(p.u) »
ep

/ wn(x)g? (x)log g(x)dx < -1

+ ”g”LP(D’M) log lgllLr(p,uw) -

. “1y P
Q(gP ", g9) +2B(e)p ”g”LP(D,p.)

Now the desired assertions follows immediately from the inequalities above. O
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It is clear that for the function B(¢) defined in (3.7)

(3.10) M) = ;/Ot B(e)de
is finite for all # > 0. Now we can state the main result of this paper.
THEOREM 3.7. Foranyt > 0, we have
max{[| Qi | (pp, 120> 101l LDy 1200} < €M,
where M (t) is the function defined in (3.10).

PROOF. Forany? > 0and p > 2, put
2t
ep)=—, I'(p)=
p

where S (¢) is the function defined in (3.7). Then we have

M) — f°° 2PN, /°° re,,
2 p 2 P

It follows from Lemma 3.6 that for all p € (2, co) and all bounded nonnegative functions
f € CY(D) N F we have

/D () P (x) log f (x)dx

< e(PQU. 7+ PO iy + 1F W n 102 1 £ 200D

2B(e(p))
—p

@3.11)

/ w(x) fP(x)log f(x)dx
(3.12) D

< e )+ TP i + 11 o 108 1 f 10D -

Note that for any bounded function f, we have

VW00, f) = e Y (ZO P, <¢of>)

e ! ZOV(Pt(fﬁof)) + (01 f) - Vo — (O f) - @wo,

and
V(po(x) 0, f) = e 'V (i‘) wof))

**ofzov(Pt(llfof))Jr(Q f) Vo~ (i f)- w—WO

Thus one can easily see that for any bounded nonnegative function f, Q; f, Q, f are both
bounded nonnegative functions in F. It is well-known that if ¢ is a bounded nonnegative func-
tion in D(Q), then gl’_l is also in D(Q). Now, using Lemma 3.2, we can see that (Q,f)p_l
and (Q (P ~1 are both bounded nonnegative functions in . From the fact that a; ;(x), b; (x)
and c¢(x) are smooth, we have Q; f, Qtf are in C'(D). Moreover, Q, f and Q,f are in the
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domains of the generators of {Q,} and {Qt}, respectively. Thus ¢oQ; f and v Q, f are in
the domains of the generators of { P;} and { P;}, respectively. Now we can repeat the proof of
Theorem 2.2.7 of [9] (both for Q; f and Q; f) to arrive at the desired conclusion. We omit the
details. O

REMARK 3.8. The observation that one can easily modify the argument in the sym-
metric case to get hypercontractivity from the inequalities (3.11) and (3.12) was first pointed
out in [19].

Now we arrive at the main result of this paper.
THEOREM 3.9. The semigroups { P;} and {ﬁt} are intrinsically ultracontractive.

PROOF. This follows easily from Theorem 3.7 and the observation made after Defini-
tion 2.4. o

4. Appendix. In this section, we give the proofs of (3.2) and (3.9). Note that, unlike
[19], we use no integration by parts argument in the proofs of lemmas below.

LEMMA 4.1. For any bounded nonnegative f € C'(D) N F and p > 2,

Zfaz,[fp 1< af AL _1)¢0%ﬂ)+ﬂ,%%}d}c
0x; X

j d j ax,' 8)Cj

+Z/ (fp "o f+f” a¢O>dxJr/DmSo%ﬁof”dX

+)»0f dovofPdx =0.
D
PROOF. Note that we have
1 A
Q, [Py = —E(¢o, f”‘/fo)~|-)xo/ wffdx = ——Of ¢0fp1ﬂ0dx+ko/ wfPdx =0
M D M Jp D
and
1 A
Qf.1) = —E(fPbo, Vo) + o / ufPdx = -2 / FPovodx + Ao / ufPdx =0,
M D M Jp D
Thus

0= MO(f?, 1) + M(p — 1O, [7)
— E(f7 0. Yo) + (p — DE@o. f7¥0) + Mpho / ufPdx

_y / a,ja—<fp¢o>ﬂdx+(p—1> 5 / al,a——(f"wo)dx

i,j=1 i,j=1
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a
+Zf bi 1/fo—(fp¢o)dX+(p— 1)2] b ff’x/foﬂdx

P/ C¢01/f0fde+Mp)»o/ wfPdx
D

d
o o 0 el e R ol

X; 0x; Ax; dx; 0x;
1 f d¢o
~I—Z/ (fp 1/f0</>0 +pf”1/fo xl> x
+P/DC¢01/f0fpdx+P)»0/D¢01/fofde- o

LEMMA 4.2. For any bounded nonnegative fecCD)NFandp =2,

a
of, f7hH = fD (x) Z / (fc)al,(x)—(ff’ '(x)dx
i,j=1 i

.1

B d
(P—l)/ w) f772 () Z g(x) aij (x) f(x)
i,j=1 Xi

PROOF. We have
1
O, 77 = €0, £ Y0) + o / () fP (x)dx

=— Z/ ,Ja (fcbo)—(f” 1wo)dx+—2/ bifP” 1wo—(f¢o)dx

le

+—f C¢01/fofde+)»of wfPdx.
M Jp D

Now, using the product rule, we get

0
o = Y [ st U7

i,j=1

1 0f Yo 1, 0¢o0 df Ao Yo
+— Z f a;/|:¢0fp 7,8—+( — D) fP yg— o 8)61 + fP ox; Wj}dx

1/1

v Z/ <fp 11ﬁ0¢50—f+fp aio>dx+—/6¢0¢ofpdx

+M/D¢o¢of”dx-

Applying Lemma 4.1 to the above equation, we arrive at the conclusion of the lemma. a
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It is easy to see that for p = 2 the proofs of Lemma 4.1 and Lemma 4.2 work for any
bounded f € C'(D) N F and in this way we arrive at (3.2). By taking f = gP/% in (3.2), we
get the first equality in (3.9) from (4.1). The proof of the other equality in (3.9) is similar.
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