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1.1. Definitions. Let )" a, be a given infinite series, and let s; and 23
denote the n-th Cesaro means of order a (@ > — 1) of the sequences {s,} and
{na,} respectively, where s, is the n-th partial sum. The series D a, is said
to be absolutely summable (C, @), or summable |C, a|, if the sequence {s%
is of bounded variation, that is, if the infinite series ) |s% — sa_1| is conver-
gent ([4],[6]).

1.2. In what follows we shall require the following identities.

(1.2.1) 85 = n(st — sn_1) (6, [7D;
P,
(1.2.2) P = Zl ARz va,
where
(1.2.3) i Asx" = (1 — )™ (=] <1);
n=0
and, by definition ([5]),
(1.2.4) A% =0, A7'=1, A:'=0 (n=1); A'=0 (n=2);
(” ;l; a) (a>—1),
(1.2.5) A= w1
o (T4 @=-1)
(1. 2.6)  =T(n+ a + 1)/{T(n + DI a + 1)}
~n/Tla+1) (@ —1,—2,......... )
For any sequence {&,}, we write
(1.2.7) Ag, =g, A, = A, = &, — Epuny

and
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(1.2.8) Arg, = 3" A7PTE, i,

v=

provided this series is convergent.
If h and k are positive integers, we have

(1.2.9) AMAFE, = AttFg
and
S (k
(1' 2. 10) Ak(snen) = Z (r)ArsnAk_renJr r
r=0

We also write

(1.2.11) &, = Ag,

(1.2.12)  EP(n,p) =2 ARV A;°78,.; EP(— 1, p) = 0;
i

v=0

(1.2.13) Ef(n, ) = STARLATT 6
v=0

and

(1.2.14) Ti=> v, Ti=0.

v=1

2.1. Introduction. The present paper is the first of a series of papers
which we intend to devote to the study of the absolute Cesiro summability
factors of infinite series. We take our start from a recent paper of Bosanquet
and Chow ([2]) in which the following theorem is shown to be true by virtue
of its equivalence to a previous result of Chow ([3], Theorem 2).

THEOREM A. If k= — 1, p=0, p =0, necessary and sufficient condi-
tions for Y a,&, to be summable |C,p| whenever si = O(n”) are:

(Da 3 wr+r)e,] < oo, (Db 3 n717]&,] < oo
(II) Z n““’IA"“ enl < oo,

The demonstration of this theorem by Bosanquet and Chow is naturally
circuitous, involving the proof of a number of results which are apparently
out of context. Qur main object in the proposed series of papers, is to replace
such a roundabout technique of proof by one which is direct and straight-
forward. In this paper we give a direct proof of a generalized version of
Theorem A in the case: ¥ = p = a positive integer, replacing the sequence
{n"} by a wider class of sequences {A,}. It may be observed that our



224 T.PATI AND Z.U.AHMAD

generalization of the necessity part of Theorem A holds in the general case
k= p =k =0, since in our proof we do not confine £ to integral values only.

2.2. We establish the following theorem.

THEOREM. If k be an integer = 0, then necessary and su ficient condi-
tions that ) a,&, should be summable |C, k| whenever

(2.2.1) sn=0MN,), as n—> oo,
where {N,} is a positive, monotonic non-decreasing sequence, are :

() 2ZMl&] < e
and (1) D a"n, A%, | < oo,

3.1. We require the following lemmas for the proof of the sufficiency
part of this theorem.

LEMMA 1. If p > 0, {\,} is a positive, monotonic nondecreasing sequ-
ence, and ) n"\,|AP'E,| < oo, then D> n'N,|A1E,| < oo for every q such
that 0 < q < p.

This is proved by an easy adaptation of the proof of Lemma 2 of [1].

LEMMA 2 ([3], Lemma 1). If o> —1and o — 8> 0, then

= Al w
2 Ay nAs; Z (n+,u)A"+M ,tbA,l‘,’L's"'

n=“

LEMMA 3 ([3], Lemma 9). If 8> 0, ¢ > 0, then

B ) _ 5 (A) 5 At aperen B
E'g’u(n; :u‘) r=0 T/ ’ AT Erprr

3.2. Proof of the theorem : Sufficiency. Let T, = 7 = n2,&,, and let
75 denote the n-th Cesiro mean of order £ of the sequence {7,!. By hypo-
thesis, and by (1.2.1),

n = O(\,),
as n— oo, And, again by (1.2.1), we have to show that
2on T < oe.

The case &2 = 0 is-obvious. We therefore take £ = 1. We have

Z An—v vav 14

v=l
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n v -
= Zl AR 8,3 AR AL
= .

u=l

= Z Ak t',, z Ak—y. v Iélv—km1 8v+;l-

p=1

= 3 ALE B — o )

=l
n tk
=3 pALE" (n — p,p)—
m=1 #

Hence, by Abel’s transformation,

n-1
ASTE =3 A (pAE E* (n — p, p)I TS + nAL E¥0,)T%

p=1

=Y A pALE Y (n—p, )} Th + (n + DARL ES(— 1,n+ 1)Ta

u=1
= Z‘; AApALE (n — p, W} T,
w=
= > A(BADE " (n — pm)Ty
p=1
+ Z (b + DALAAE (n — p, p)T.
=1
Now,
A, E*¥n — i, )
n-u N —pu—1
= Z An-,,, v —k—18”+“ Z An-p. -y-1 Av—k—l ev+p.+1
v=0
Nep—1
= Z Ay-k ]A,u,(An—p, -v v+y)’+ Al;—’f;l 8"
v=0
nep-1
= 2 AT ACLLAEL,
v=0
N ph—1
+ Z A SE l147! —-v v+y.+1 + A;ff:len
v=0
[ Nep

= Z A_k—l Aib:}t- Aevﬂx + Z A_k - :C&—;zl,-v 8V+p,+1

v=0 v=0
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— APk As, — ARE & + ARND G,
= E*(n — p, p) + E* V5 (n — pyp + 1).

Hence
p=1

" ——

+ 22 (0 + DAL EY(n — p, T
w=1l .

+ 2 (b + DALLET (n — g, p + DT
m=1

= A, (nADE* 0, n)TE + (n + 1) A1 E**0, n)T%

+ (n-+ DA EY50, n + D)T% + nAL E¥- (1, n)Ta-s
n-1

+ 2 ALBADE (n — p, p)T
pm=1
n-1 .

+ 2° (0 + DAL E* (n — p, p)TS
u=1

+ 2 (p + DALLEF Y (n — p,p + DTL
p=1

Therefore
PIE LA
n=2

= Z (nA’;l)—l I An(ﬂAﬁ)l ]‘En{ l T:I
+ 3 (nAL) M (n+1)A%.| A&, | | TE|
+ 2 (AN (n+1)Ava|Eany | | TR

+ kY A&, | Thor| + 2 16,11 Th-|

+ 3 (nAb) Z |A(AY)| | E*(n — p, w)| | T

n-1

+ 3 (nAE Y (b + DALL[EP (0 — p, )| | T

gl
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+ 2 (AN 20 (m + DALL|E™ (n — p, p + 1)| | TE.
n=0

Thus, it suffices for our purpose to show that

(3.2.1) 2217, [E,] < oo
(3.2.2) 2o M |48, ] < oo
(3.2.3) M| €| < oo
(3.2.4) 2o Maea| B8, < oo
(3.2.5) 2o Moy [ & < oo
Ekk
(3.2.6) T Ata, 2&—%‘4—ﬂ<w;
(3.2.7) > A “Z, ('—————Ek - i’)’:q’;jil < oo;
(3.2.8) AT, S IEM (:)Z: <o

(3.2.1)—(3.2.5) are all true by hypothesis. We proceed to prove the rest
PROOF OF (3.2.6). By Lemma 3, since n =1,

k-1

B = T (F) Ay are,,

r=0

and, for 0 r <k — 1,

1
AEN T AT AT g | e
,; Z |8 e | G Az,

k—1 —1

< AF-T g
= Z=1 A I u~+r| Z (n—l-'u,)Aan,u.

n=0

- 1
=3 AN AR g,
ot LG I M I F’Ap.

(by Lemma 2)

éKZ /"k-rd)\ulAk-r »L+r’ < oo, ¥

p=

by hypothesis and Lemma 1.

* K denotes a positive constant, not always the same.
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PROOF OF (3.2.7). By Lemma 3, since n =1,

k-1

—Ek,’ﬂ<n, ,u,) = Z(f)Aﬁ—fr—l Ak_r@wr,
r=0

and, for 0 r<k—1,

ZAI‘HX ZAA rllA/«:r i

w=1

l I S
(n+p)As..

oo Ak_,._]

< k+1 Ak r+1 -
ZA A | 5;»“12 (ﬂ+,ur)An+,,,

=1

= 1
= k+1 Ak—r+1 i
"Zﬂ AM- 7\’l\‘«l EM“‘T] #A:‘L
(by Lemma 2)

é KZ,:”‘,C—T XV. ’Ak_r+1 8;4+r' < oo,

p=1

by hypothesis and Lemma 1.

PROOF OF (3.2.8). By Lemma 3, since n = 2,

k-2

EFYn, p + 1) = Z(f)A’ff"’z AT E,

=0

and, for 0 < r <k — 2,

oo o

1
Ak“), A;Cz_r—g Ak—rg ”

E " anzz I wt +11 (72+/‘)A’Z+,;
Lo Ak r—2

< k+1 Ak—r
Z A F’«I y,+r+1i Z ( +/"')An+,4

8

1

Z kHXlAIL—" "+T+l!m

=1

(by Lemma 2)
g KZ I“'k—r—1 7\‘#( A EMMH ' < oo,
m=1

by hypothesis and Lemma 1.
This completes the proof of the sufficiency part of our theorem.

4.1. We require the following additional lemmas for the proof of the
necessity part of the theorem.
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LEMMA 4 ([3], Lemma 5). If the sequences {u,} and {U,} are connected
by the relation

Un = Z S”.M Uy (n = 1, 2, 3, ...... ),

=1
a necessary condition that the series > U, should be convergent whenever
u, = OQ) is that

o

by

=1
LEMMA 5 ([3], Lemma 6). If the sequences {u,} and {U,} are connected
by the relation '

3 S| < 0.

n=1

U’n = Z Sn,,;, Uy, (ﬂ = 1, 2, 3, ...... ),

w=1

a necessary condition that the series Y |U,| should be convergent whenever
u, = OQ1) is that

Z lSI’u"'I < 0.
p=1
LEMMA 6. Let k>0, & = O(1), and
E¥** (n,p) = 35 AR AT + p) &y
v=0

Then

B o E*k,k+l(n’ ®)
X=X AL,

PROOF. The proof runs parallel to that of Lemma 7 of Chow [3]. We
give it here for completeness. By Lemma 2, we have

= Afg,

o o k-1
- —k-2 n-v
> Z:;, A; (v+#)€wn§ tpAs..

= 3 AP+ )

v=0

1
v+p

- ZAV—,{—Z‘SH» - A"‘”E“,

v=0

the inversion of the order of summation being justified by absolute convergence.
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4.2. Proof of the theorem : Necessity. First we take 2 > 0. Since

n
ko
nTn = Z An-y va, &,

p=1

= Z A(A L ve))s, + san &,
=3 A(ARTIvE) s,

= Z JAY (An-ylle )Z A;_k lAk

p=1
= Z AL si Z A(ALZ vE)ATED,

we have
Dose A"
Z X,

THE CONDITION (i) IS NECESSARY. By virtue of Lemma 5, in order that
> a, &, be summable |C, k|, that is, > ]TT;H— < oo, whenever s§ = O(A,), as

4.2.1) z A(AE vE,)) A

n — oo, it is necessary that

(4.2.2) 5 M IS (AR pe) AR | < oo

p=l vep
Since, when » = g,
A(AL 18,
= A vE, — AT (v + 1) En
= Af ' pE, — A% (p + 1) Eunn
= pé,,
(4. 2. 2) reduces to
PIPHERES
u=l

THE CONDITION (ii) IS NECESSARY. The condition (i) which is shown
above to be necessary implies that &, = O(1). Hence, by Lemma 4, in order

that D a, &, be summable |C, k| whenever s, = O(\,), as n — oo, it is neces-



ABSOLUTE SUMMABILITY FACTORS OF INFINITE SERIES 231

sary that
|y 3 "f#ZA (AEve,) A7 | < oo,
=1|n=pn nan =i
that is, "
(4.2.3) Zx T - ZA {ARD v+ )&, W AT oo,
APt
Since

EX6kel (5 )

= Z AR AT (vt ) &
=2 AJAIS vt et AT+ (nt p) Ens AT

= AR () 6] AT,

v=0

(4. 2. 3) reduces to

E*6r+1 (p < oo,
“Zﬂ Z (72+F') Anﬂ; (71 #)

n=0

which, by Lemma 6, is equivalent to

S M| AR, < oo,
u=1
We finally dispose of the necessity part of the theorem in the case k=0,
with the remark that the condition (i) (1o which the condition (ii) reduces)
becomes necessary as soon as we take the result of the theorem as true in the
special case: a, = (— 1)"A,.
The authors take this opportunity of expressing their warmest thanks to
Professor B. N. Prasad for his generous encouragement.
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