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1. Introduction. Since Prof. S. Sasaki [3], [4]"” introduced the notion of
(@, & n, g) structure in odd dimensional manifolds which is equivalent to the
almost contact metric structure, many authors have investigated it vigorously
from differential geometric point of view.

In the first place it is seen easily that the almost contact metric manifold
admits a certain field of complex null planes (we call it =-plane field) and
that the m-plane field is parallel if and only if the tensor ¢%; is covariant
constant. The main purpose of this paper is to study on the geometry
of the almost contact metric manifold M**"*! of dimension 2xn+1 whose
m-plane field is parallel.

The present author wishes to express his hearty thanks to Prof. M.
Matsumoto for his kind criticism and encouragement.

2. An almost contact metric manifold admitting certain parallel
fields of complex null n-planes. Let M?"*' be an almost contact metric
manifold, then there exist tensor fields @f;, &, %, and positive definite
Riemannian metric tensor g¢,; over M?*"*! satisfying

1y [k lehl=2n o =0 @m =0 En=1,
’ @' @’ = — &% + E'me,  Giiph @’k = Gnk = Mamk> M = GisE

It is obvious that the tensor @'; satisfies @';p’,@*, = — @', and hence the
rank of the matrix (V) = (@' —n/—1 &) is n+ 1 over M**'. Now we
consider vectors A’ satisfying

(2.2) YN =0,

and take a field of n-planes 7 over M?®"*! spanned by the A’s, which is
called 7-plane field hereafter. From (2.2) we see directly for any vector A,
in =-plane field

77i7\'i(a) = 0> gthme) = 0.

1) Numbers in blackets refer to the references at the end of the paper.
2) In this paper the indices h,i,j,k,/,m run over the range 1, -, 2n+ 1; @, B, 7, A, &
the range 1, -+, #n; a,b,c,d the range 1,--, 2n; and A, B,C,D the range 1, ---,2n+2,



124 Y.ICHIJYO

Therefore we obtain

THEOREM 2.1. An almost contact metric manifold M*"*' admits
m-plane field, whose vectors are complex null vectors and orthogonal to the
vector E.

We shall now consider a necessary and sufficient condition for the m-
plane field to be parallel. Denoting the covariant differentiation with respect to
the Christoffel symbols {jzk} by (;), we see directly from (2.2) @' A + YA
= 0.

Suppose the 7-plane field is parallel and A, are basic veclors of m-plane,
then A satisfies A%, = A@, N\ (,, where A, are components of complex
covariant vector fields [7]. Hence we get

(2. 3) ¢ij;k )\.j = 0.

It is to be noted that =" N 7" = {0}, by virtue of the definition of M.
Then 7™ + 7"( = p*") forms a parallel field of complex 2n-planes orthogonal
to & and contains a parallel field of real 2z-planes :5’" Therefore in terms
of real basic vectors (¢, of ;2" orthogonal to £, the relation (2.3) can be
reducible to @%;C'w =0. Thus we may put @'y = pin; It follows from
this and (2.1) that

b=t = —g" P um = — g"umn = 9P nE" e = 0,
and obtain @t = 0.
Conversely, if the relation @'; = 0 holds good, then by differentiating
YN @ = 0 covariantly, we have Y\ = 0, that is to say, the m-plane
field is a field of parallel planes. Therefore we obtain

THEOREM 2.2. A necessary and sufficient condition for m-plane field to
be parallel is that the tensor @';is covariant constant over the almost contact
metric manifold M*™*'.

Next, in an almost contact metric manifold satisfying @'y = 0, we obtain
as well as [4]

COROLLARY 1. In an almost contact metric manifold, if the m-plane
field is parallel, then the tensor @';, & and n; are covariant constant, and
the Nijenhuis tensors Niy, Ny, N'; and N; vanish.

When the M?**! is a contact metric manifold satisfying @' = 0, then
the M*™*! is a normal contact metric one and the relation
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2Pux = MGse — 3G
holds good [5]. From this we see 5,=0. This contradicts to (2.1). Thus

COROLLARY 2. In a contact metric manifold M*™*', the w-plane field
can not be parallel.

3. Converse theorem. In this paragraph we shall consider the converse
of the Theorem 2.2 and obtain

THEOREM 3.1. If a Riemannian manifold V**' of class C° admits a
Jield ©™ of n-planes which is null and parallel with respect to a given posi-
tive definite Riemannian metric g;; on V?®"*', then the V*"*' is an almost
contact metric manifold satisfying @' = 0.

PROOF. Since 7" is null and the given metric is positive definite, the
real vector of #" at any point is the zero vector only. Therefore =" is a field
of complex null n-planes. The manifold also admits the complex conjugate
field 7r*, which is also null and parallel. The planes 7" and 7" at each point
have only the zero vector in common, then their sum #"+7" forms a parallel
field of complex 2n-planes and contains a field of real 2z-planes 55", whose
real basic vectors are C'y) (a'w), b)), where a'., and b'., are respectively
real and imaginary part of basic complex vectors A, of 7" and satisfy

3.1 Caw = BiClo

Now consider, at any point P of V?"*! unit contravariant vector orthogonal
to a real vector space p*"(P). Then the relation

(8.2 Cuwn; =0

must be satisfied over V?**! by the vector 7, = g¢;;#. Differentiating (3.2)
covariantly and using (3.1), we have 7; = 0.

Since 7. =14, , there is a scalar field f = f(z!, 22, - + -, £2"**) locally satisfying
n; = O;f. Then the hypersurfaces K" defined by f = constant in a local
coordinate neighborhood form a family of oo! totally geodesic hypersurfaces.
By K®%(P) we mean the hypersurface K?" passing through a point P with
local coordinate x*,. Hence if by #*" we denote naturally induced =" in the
K*(P), then, apparently, K**(P) admits a parallel field of null #z-planes =*".
Therefore, according to Patterson’s result [2], the K?**(P) is a Kihler manifold.
When we represent by @*% and g¢g*,, the complex structure tensor and
naturally induced metric tensor of K®"(P)respectively, they satisfy

(3 3) - ¢*ab¢*bc = Sac, <P*“a;c =0, g*ab = g*cd¢*ca¢*db-



126 Y.ICHIJYO

Since the V?"*! admits a covariant constant vector field #;, according to
the well known theorem [8], there exists a local coordinate system, with
respect to which the ds? of the manifold is written by

3.4) ds’ = g*,(u)dudu’® + du*du® (A =2n+ 1),

where ¢g*,,(u°) dudu’ is of the Kihler manifold K**(P). It is clear that the
orthogonal trajectories of the family {K®"} are geodesics. If we represent the
relation between two coordinate systems x' and («°u*) by x' = 2'(u’u?), the
K®" is given by u* = constant. -

On the other hand, when we put B, = 9.,2%, B'; = ¢** g5 B*. and

(3.5) @' = p*, B, B,

the @'; becomes a (1—1) tensor over M?2"*',
Then, after direct calculation, we can easily see that @';, &, 7; and g

form an almost contact metric structure. In terms of coordinate system (u%
%*), making use of (3.3) and (3.4), we can also verify that

@' = 0.

Thus we have proved the Theorem 3.1, and at the same time we obtain

THEOREM 3.2. The following three conditions are mutually equivalent;
() A Riemannian manifold V™' of class C° admits a parallel fleld of
null n-planes with respect to a given positive definite Riemannian metric.
(A1) A differentiable manifold V™' of class C° is an almost contact metric
manifold satisfying @' = 0.
(III) A Riemannian manifold V**' of class C° admits a family of totally
geodesic hypersurfaces whose orthogonal trajectories are geodesics, the
hypersurfaces being Kdihler manifolds whose Kdihler metric is naturally
induced one from V"L,

4. Some theorems which have resemblance with those in Kahler
manifolds. In this paragraph we denote by M*?"*! an almost contact metric
manifold satisfying @', = 0, and show that M**"*! has several properties
which hold good in Kihler manifolds.

From the Corollary 1 of paragraph 2, the Ricci identities for &, »; and
@'; lead us to

(4. 1) leij"’l =0, Rklij‘fl =0, Rhuﬂ’llc = lew‘¢h1-
It follows from these that
4.2) R;E =0,

where Ry, and Rj; are the Riemann curvature tensor and Ricci tensor
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respectively.
If the manifold is Einstein, (4.2) implies R;; = 0, because of &5, = 1. This
result is stated as follows

THEOREM 4.1. If the almost contact metric manifold satisfying @'
=0 is an Einstein manifold, then the Ricci tensor vanishes.

If the manifold M*?™*! is of constant curvature, then the M*?"+! is, of
course, an Einstein, and from Theorem 4.1 we have R;3, =0. Thus

COROLLARY. If the almost contact metric manifold satisfying @' =0
is of constant curvature, then it is of zero curvature.

This corollary corresponds to Bochner’s theorem “If a Kihler manifold
is of constant curvature, then it is of zero curvature.” [1].

Next, we examine the theorem corresponding to Yano-Mogi’s theorem
“If a Kihler manifold is conformally flat, then it is of zero curvature.”
[9l.

In the case n = 2, the condition for M****! to be conformally flat is
represented by

1
(4- ‘3) Rijkl = 2_71—;—1 (Rﬂcgu - Rjzguc =+ gij-.:z - gthik)

R
T n(on — 1) g — Gugu)-

Proceeding in like manner with the calculation used by Yano-Mogi [9], (4.2)
and (4.3) lead us to

(4. 4) éin @ =— (2n— DR\, (n— DR =0,

From the assumption n=2, (4.4) shows us R=0 and R;p’x =0. Then
using (4.2) we obtain R, = 0.

In the case n =1, the condition for M¥* to be conformally flat is
represented by

1 1
(4, 5) Ri];k - Rik;} + Tg,lk R;j— Tgin;k = 0.

After direct calculation, (4.2) and (4.4) lead us to Ry (@*, + &) = —Iziq)ﬁ,

from which we have

R
(4.6) Ry=-5

(gw' - "h"h')-

Substituting (4.6) into (4.5), we have
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(4 7) sz;k =0.

Conversely, if (4.6) and (4.7) hold good in M*3,(4.5) also holds good. Hence
we obtain

THEOREM 4.2. In order that an almost contact metric manifold
M* satisfying @'y, = 0 is conformally flat, it is necessary and sufficient
that, (1) for n=2, the M**™*' is of zero curvature, and (2) for n=1,the M*?
has a covariant constant Ricci tensor given by (4.6).

5. Some examples. We shall consider some examples of almost
contact metric manifolds satisfying @%;;, = 0.

Let K*"*? be a Kihler manifold whose complex structure and Kihler
metric tensor are F“5 and g5 respectively. Let us consider an orientable
differentiable hypersurface M?***! of K?"*2 which is locally expressed by the
equations y4 = y*(z'),and denote the normal unit vector and tangent vectors
by N4 and B4, = 9,y* respectively.

Following Y.Tashiro [6], we put

(5- 1) @lj = BAJFBABiB, &i = NAFBABiB; "]J':BAJ'FBANB,

then the quantities @', &, 7, and induced metric g;;( = g4sB*B®;) form an
almost contact metric structure of AM*"*'. We call this hypersurface almost
contact metric hypersurface in K?"*2. The second fundamental tensor H,. of
M imbedded in K*®***? is defined by the equations

G.2) Bty = 9.B4, +{ ;C}BB,LBC‘,‘ - {\Z; } B4, = H,N“.

Using (5.2), we have
(5.3) P = 9 Y H ym; — Hym,).
Hence the condition @', = 0 can be written as follows:

(6.4 H,; = anm;.
Thus we have

THEOREM 5.1. In order that an almost contact metric hypersurface in a
Kéhler manifold K*** satisfies @'y =0, it is necessary and sufficient that
the second fundamental tensor H,; of M?™*! is given by (5.4).

COROLLARY. A totally geodesic hypersurface imbedded in a Kdihler
manifold K**** admits an almost contact metric structure satisfying

Pl = C.
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Moreover, if an enveloping Kihler manifold K®"*? is flat, the Gauss’
equation of a hypersurface and (5.4) implies R, = 0. Hence

THEOREM 5.2. If an almost contact metric hypersurface M***' in a flat
Kéhler manifold K*** satisfies the condition @'y = 0, then the M* is also

flat.
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