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0. Introduction. A smooth S'-action +:S'x X— X on a smooth
manifold X is called principal if the isotropy subgroup

I(@) = {z€ S'[y(z, ©) = @}

consists of the identity element alone for each point xe X. A principal
smooth S'-action (, X) on a closed (oriented) smooth manifold X is called
to bord (with orientation) if there is a principal smooth S'-action (@, W)
on a compact (oriented) smooth manifold W and there is an equivariant
(orientation preserving) diffeomorphism of (v, X) onto (@, d W), the boundary
of W. It is well known that any principal smooth S'-action on a homo-
topy sphere does not bord (ef. [3], Theorem 23.2). On the contrary, any
principal smooth S'-action on a closed oriented smooth manifold which is
cohomologically a product S*™+' x S**+' of odd-dimensional spheres bords
with orientation ([7], Theorem 7.3; [5], Theorem 1). Moreover let (y,, 32"+,
(45, 23"*") be any principal smooth S'-actions on homotopy spheres, then
there is an equivariant continuous mapping f: 3, — Y, and f induces a
homotopy equivalence of the orbit manifold X,/4, to the orbit manifold
2,/4, (cf. [2], Proposition 3.1). On the contrary, there are infinitely many
cohomologically distinct principal smooth S'-actions on S+ x S+ (m = n)
(I5], Corollary of Lemma 2.2).

In this paper we consider the equivariant K-theory of certain S'-
manifolds S+ x S**' and we show that there are topologically distinect
principal smooth S'-actions on S*»*' x S?*+' which can not be distinguished
by the cohomology ring structure of the orbit spaces. To state our results
precisely, we introduce some notations. Let

@ = (G, a, **+, &) » b= (b, b, -+, 0b,)
be sequences of positive integers and denote by
St (@, @y o0y Q) X S (g, by, 0+, b,)
the product of spheres S**' x S***' with the smooth S'-action v, , defined
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by
"lf‘aybo\’y (%0, ) um)y (voy R 'l)ﬂ)) = (()\'“ouo’ R )‘amum), O"vaO’ °t %y )\wav”))
in complex coordinates. Then the S'-action +,, is principal if and only

if each a; is coprime to each b;. When the S'-action v,,, is principal, the
orbit manifold is denoted by

M(a’Oy a’l, %y am; bO, bl, t bn) .

In particular, M(a,; b, -+, b,) is naturally diffeomorphic to the lens space
L(ay; by, +++, b,) obtained from S*"*' by the identification

(UO’ Viy =0, v'n) = ()\,bovo, )“blvly R )"bwvﬂ)
for all ne C,\v% = 1. Let Z[x] be the polynomial ring with integer coeffi-
cients and let p,(x), ---, p,(x) be elements of Z[z]. And let

{p.(), -+, Pal@)}

be the ideal in Z[x] generated by the polynomials p,(x), ---, p.(x). Now
we can state our result as follows.

THEOREM 1.8. If there is an equivariant continuous mapping from
S2m+1(a'0y * a’m) X S2n+l(b0’ 0y b’n) to S2m+1(00’ ) cm) X Szn+l(d0’ ° dn)’
then the ideal {T]7-, (1 — %), J17= (1 — 2%4)} contains the ideal {II7, 1 — x°%),
I L — a%)}, where a;, b;, ¢;, d; are positive integers.

As an application of Theorem 1.3, we have the following result.

THEOREM 2.1. Under the hypotheses of Theorem 1.3,

(1) if n=m+ 1, then [["oc; = 0 (mod [[7, @),

(2) f m=m+ 2and [Ia; = I ¢, then Shea; = 2 c; (mod 2).
Next, let (a,, ++-, @n), (b, ++-, b,) be sequences of positive integers with
0 < m < n, and assume that each a, is coprime to each b;., Then we have
the following result about the orbit manifold.

THEOREM 3.6. There is a canonical ring isomorphism

K(M(aﬂy crty Opy bOy . ) b‘n)) = K(M(ao, cr0y Oy 1, ) 1)) .
n+1

The result for m = 0 has been cbtained by Mahammed ([4], Theorem
2.1.)

Finally we consider the conditions of the existence of equivariant
diffemorphisms.

1. Equivariant K-theory of S*™*' x S***!, Let G be a compact Lie
group. Let E=L Q- --- P L, be a sum of complex G-line bundles on
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a compact G-space X and let
w S(E)— X
be the sphere bundle. Then, since the Thom isomorphism theorem is
true for E ([1], Proposition 2.7.2; [6], p. 140), we have an exact sequence
¥ T % T
() KiX) " KYS(E)) 5 Ky(X) — Ko(X) —— K(S(B) — K¥(X) ,

where ® is the multiplication by M_[E] = [1~. 1 — [L.]).
Let (ao, +++,a,) be the sequence of positive integers. Denote by

C™*ay, -+, a,) the complex vector space C™*' with the S'-action + given
by

"lf()‘f, (ZO, R zm)) = ()\‘ﬂozo’ °t )“amzm) .
LEMMA 1.1. The ring structure of K&(S™(a,, + -, a,)) is as follows.
Ko(S™ (0, +++, 00)) = 211 [{T1 @ o9} ,
K (S™ (o, =++, am)) = 0,
where x 18 the class of the S'-line bundle S*™+'(a,, -+, a,) x C'(1).
Proor. Since K,(one-point) = R(G), the representation ring of G and
K(one-point) = 0, there is an exact sequence
0 — Ki(S™ (g, +++, @) — R(S") —— R(S")
L K™ ny + e+, a,) — 0.
Here R(S') = Z[t, t7'], t =[C(1)] and ® is the multiplication by TT7, (1 — t*).
Therefore @ is injective and -
0=11(1— o) =1 — z-p(@)
in Ka(S™*(ay, -+, a,) for some p(x) in Z[xz], if = 7*#). Therefore
(™) = p(). q.e.d.

LEMMA 1.2. Let (ay, ***, @), (b, *++, b,) be sequences of positive in-
tegers. Then the ring

KSI(Szm+1(a0’ ) a’m) X S2n+l(b0’ ) bn))

is 1somorphic to the ring

zilf{L @ -+, 1T @ - o)},

=0

where x 1s the class of the S'-lime bundle
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SE gy + 0y @) X S (b, o+, b,) X C'(1)

Proor. This follows similarly from the exact sequence (*) for S'-
vector bundle

E = S™(ay, ++-, @,) X C***(by, +-+, b,)
and Lemma 1.1, so we leave it to the reader. q.e.d.
Now we can prove the main result stated in the introduction.

THEOREM 1.3. If there is an eqm’variant continuous mapping from
S +(a,, ) X S+ (byy + ++, b,) t0 8™+ (coy =+, ) X S (dyy ++ -, d,), then
the zdeal {H "o (L — %), H,_o 1 — ab9)} contams the ideal {IIT 0(1 — &%),
M (1 — 2%)}, where a;, b;, c;, d; are positive integers.

ProOF. By Lemma 1.2,

(S0 -+, a) X §%4 (0, ++, b)) = Z[al [{[l @ — 29, TL @ - 20} ,

}jﬁ =

mwmmfmmewm--owzmﬁ t—v), fTa—v),

where z is the class of the S'-line bundle

St (@, v v vy @) X SH(by, o+, b,) X C'(1)
and y is the class of the S'-line bundle

StmH(cy, w00y Cn) X S*H(dy, ¢ -+, d,) X C'(Q) .

o
Il
o

Let
f: S2m+1(a) X S2n+1(b) __)SZm«)—I(C) X S2n+1(d)
be an equivariant continuous mapping. Then f induces a ring homomor-
phism
¥ Ka(S*™*(c) x S*™(d)) — K (S*™+(a) x S**(b))

with f*(y) = 2. Then the statement is clear. q.e.d.

2. Existence of equivariant continuous mappings. As an application
of Theorem 1.3, we have the following result.

THEOREM 2.1. If there is an equivariant continuous mapping from
St ap, oo+, @p) X SPF(by, +o+, b,) to Sty ccv, Cn) X STy, +0 -, d,),
where a;, b;, ¢;, d; are positive integers, and

(1) f n=m+ 1, then [["oc; = 0 (mod [, a,),

(2) fnz=zm+ 2and [ a; = [I7ciy then D7 a; = >\, ¢; (mod 2).

Proor. By the hypotheses and Theorem 1.3, there are polynomials
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p(®), q(x) in Z[x] satisfying

I @~ 1) = p@)-JI @ — 1) + g@)- [ @ — 1).

Put y = ¢ — 1, then we have

3 BE()- o B(E( ) e o))

Since n > m, if we put y = 0, we have
] Oc-: = p(l)'il;loai ’

and this shows (1). Next, if [, a; = [ ¢;, then p(1) = 1 in the equa-
tion (¥). Therefore there is a polynomial f(y) in Z[y] such that

p(y+1)=1+y-f().
Then we have the following equation from (%) and the hypotheses n=m+2,

(i) (= (S 5520 - (o) 0+ (525 Do+ ) + vo

for some polynomial g¢(y) in Z[y]. Since [I™,a; = [I™.c; + 0, we have
the equation

3

1]

I a)(592%) = ([T a)f@) + v -
2 i=0

=0

And, since f(0) is an integer, we have

imsiamwﬁ- q.e.d.

REMARK 2.2. Considering the coefficients of higher terms y* of (}),
one may have more and more necessary conditions for the existence of
an equivariant mappings, if n — m is large.

REMARK 2.3. If n > m, the integral cohomology ring of the orbit
manifold M(a,, *«-, @,; b, - -+, b,) defined in the introduction is isomorphic
to the ring

Zlc, y]/{yz, e, (ilo ai> e yc"‘“}

where degec = 2, degy = 2n + 1 and ¢ is the Euler class of the principal
S*-bundle
V(S Sz”‘“(a) X S2n+1(b) - M(aO, sty Qs bO) Ty b,,,)

([5], Theorem 2, (ii)). Then the cohomology ring of the orbit manifold is
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determined by the integer J[™,a@;. Therefore Theorem 2.1 shows that
there are topologically distinct principal smooth S'-actions on S*»+' x S+
for m = m + 2 which can not be distinguished by the cohomology ring
structure of the orbit spaces.

3. K-theory of lens-like spaces. Let (a,, «--, a,), (b, *+, b,) be
sequences of positive integers and assume that each a; is coprime to each
b;s Then there is a natural ring isomorphism

K(M(a07 ceey Opy bO, *t bn)) = KSI(S2m+1(aD; Yy a'm) X SZ”H(bO’ %y bn)) .
In this section, we consider the ideal
{fLa-o, 10—
of Z[x], and we have a generalization of the theorem of Mahammed ([4],

Theorem 2.1).

LeEMMA 3.1. Let a, b be positive integers and assume that a is coprime
to b. Then there are polynomials p(x), q(x) in Z[x] such that

l—2=(@1-a9p) + 1 — 2")q@®) .
Proor. Suppose that a = be + d,¢ >0 and d = 0. Then

1—a'=1—2%) — (1 — o) zi;w)

Repeating this process, we have the result. q.e.d.

LEmMMA 3.2. Let a,,,, +++, a,, b be positive integers and assume that
each a; 1s coprime to b. Then there are polynomials p(x), q(x) in Z[x]
such that

1 — )" = p) f:[o 1 = 2% + q@)@d — «) .

Proor. From Lemma 3.1, there are polynomials p;(x), ¢.(x) in Z][x]
such that
1—2=p(@Q1 -2 + ¢@1 - 2.
Then there is a polynomial ¢(x) in Z[x] such that

1 — z)m = (ﬁ p,.(x)><ﬁ - m"i)> +g@)(L — o). g.e.d.

LEMMA 3.3. Let (ay, =++, @,), (b, +-+b,) be sequences of positive integers
and assume that each a; is coprime to each b;. Then there are polynomials
p(x), q(x) in Z[x] such that
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(L= @)= = p(a) [T (L= 2) + o@) [T (L — o) .

Proor. This follows from Lemma 3.2 by the same way as in Lemma
3.2. q.e.d.

LeEMMA 3.4. Let a,a, -+, a, be positive integers. Then there are
polynomials p(x), q(x) in Z[x] such that

(ﬁ ai>’n(m+l)(1 — @)™ = p(x) ﬁ (1 — z%) + g()(1 — )Moy |
1=0 1=0
ProoF. There is a polynomial f(x) in Z[x] such that

«;Iiio L —a)=(1- x)m+1(£[o a; + (1L — x)f(x)) .

By induction on k, there are polynomials p,(x), ¢.(®) in Z[z] for 0 <k <
n(m + 1) such that

<ﬁ a,;>k(1 — g)mAint—k — g5 (1) ﬁ (1 — 2%) + g,(x) (L — g)m+ven
1=0 =0
We leave it to the reader. q.e.d.

LEMMA 3.5. Let (@ ++,ay)s (byy*++, b,) be sequences of positive integers
with 0 <= m < n, and assume that each a; is coprime to each b;. Then
there are polynomials p(x), q(x) in Z[x] such that

(- @) = p@) [T (L — o) + o) [[  — ") .

Proor. From Lemma 3.3 and Lemma 3.4, there are polynomials a(x),
b(x), c(x), d(x) in Z[x] such that

(ﬁ[o ai>n(m+1)(1 — &)™ = () i{o - %) + b(x) jli[o 1 — ab),

(o) "= o =@ 1~ o) + d@) [T @ — 2.

By assumption, there are integers M, N such that

m(n+1)

i)™ () -
Then
p(@) = M(1 — )" "a(x) + Ne(x) ,
g(@) = MQ — 2)*™b(x) + Nd(x)
are desired polynomials. q.e.d.
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THEOREM 3.6. Let (ay, *--, ay,), (b, ---, b,) be sequences of positive
integers with 0 < m < n, and assume that each a; is coprime to each b;.
Then there is a camonical ring isomorphism

K(M(aOy coty Oy bO’ "ty bn)) = K(M(aO, crty Oy 1’ M) 1)) .
n+1
Proor. By Lemma 3.5,

{a-w9 a9} ={a-w),a-a]

=0 j=0 =0

as the ideals of Z[x]. Then the statement is clear from Lemma 1.2.
q.e.d.

4. Ecxistence of equivariant diffeomorphisms. In this section, we will
prove the following result.

THEOREM 4.1. Let a;, b;, c;, d; be positive integers. If
St @y, @y, ¢ 00, @) X SET(Dg, by, ooy by)
is equivariantly diffeomorphic to
St H ey, €1y 200y Cp) X SPdy, dyy oe0, dy)
then
Siapr+ 31y = S + 3y
= = = =
for 0 < 2p < min (m, n).

REMARK 4.2. For principal S'-actions, the above result is equivalent
to Corollary (1) of Theorem 3 in [5] which is obtained by the Pontrjagin
classes of the orbit manifolds.

Let G be a compact Lie group and X a compact G-space. Let us
denote by

r: Ko(X) — KOy (X)
c: KOy(X) — Ky(X)
the real restriction and the complexification respectively.
LEMMA 4.3. Let E be a complex G-vector bundle over X. Then
cer[El=[E]+[E¥],
where E* is the conjugate vector bundle of E.

ProoF. The result follows easily from the following fact. Let V be
a complex G-vector space with a complex structure J. Denote by V &;C,
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the complexification of underlying real G-vector space V, whose complex
structure is the multiplication by 1 ® V' —1. Let V., V_ be complex G-
vector spaces in V&, C defined by

Vi={rR1L-Jo)QV —-1|veV},
=L+ J)QV —-1lveV}.

Then V, is G-isomorphic to V, V_ is conjugate G-isomorphic to V, and
V ®z C is G-isomorphic to V. P V_. q.e.d.

If X is a smooth G-manifold, then its tangent vector bundle 7X is
a G-vector bundle over X by the induced G-actmn, and its class [TX] is
an element of KO, (X).

LEMMA 4.4, Let a = (ay, @y, +++, @y), b = (by, b, +++, b,) be sequences of
positive integers. Then

[T(S*™ (@) x S*™H(b)] = r(@® + <o+ + @'m 4 2P0 + o0 + gPn — 1)

in KOa(S*™*(a) x S**'(b)). Here the element x is the class of the com-
plex S*-line bundle

Stmi(@) x §(B) x CX(1)

ProorF. This follows from the fact that the tangent S'-vector bundle
of C™*(a) x C"*'(b) restricted to S*™*'(a) x S***'(b) is the real restriction
of the complex S'-vector bundle

S*+i(a) x SHH(B) x C™*(@) x C*(b)

and the normal S'-vector bundle of the embedding of S*+'(a) x S**+(b)
in C™+(a) x C™*'(b) is trivial 2-plane bundle. g.e.d.

LEMMA 4.5. Let a;, bj, ¢;, d; be positive integers. Assume 0 < m <
n. If

SEm (g, @yy o0 0y @) X S¥F(D,, by, o0+, b,)
18 equivariantly diffeomorphic to

SEmHi(ey, €1y o0 v, €) X Sy, dy, o00, d,)
then

uM§

(x“*—i—:)c“‘*)JrE(xJ +w"bv)-2(aﬂ+w‘°) —F}_“_,(a:J + &%)

n the ring Z[x]/{1 — x)™*}.
ProoF. Let
f: S2m+1(a) X S2n+1(b)__*s2m+l(c) X S2n+l(d)
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be an equivariant diffeomorphism. Then we have a commutative diagram:

KOu(S*™*'(c) x S**(d)) - Ka(S*™(c) x S*™(d))
= Jf * EJ’f *
KO (S (a) x S*+(b) — Ka(S™+(a) x S**+'(b)) .
The similar argument as in the proof of Theorem 1.3 shows that

S+ o) + 3 @+ 0) = 3 0% + 27 + 3 @+ 07)
i=0 i=0 3=0

in the ring Z[«]/{TI7, @ — %), [Tr- (1 — %)}, from (1.2), (4.3) and (4.4).
Since 0 < m < n, the ideal {(1 — x)™*'} contains the ideal

{fLa o, 1@ - a9}
Thus we have the equation in the ring Z[z]/{(1 — z)™*}. q.e.d.

PrOOF OF THEOREM 4.1. If we define

a\ al@a—1)a—2)---(@a—k+1)
k] k!

for positive integer k, and <g’) =1, then we get the equation for positive

integer a

a —a
(1) arur+aso=gi(5) (T

k20

in Z[[y]], the ring of formal power series with integer coefficients. And
there are rational numbers n(k, p) such that

(2) " +(‘“ = 3 ulk, p)ar
o)+ (T4 = B
n(k, p) = 0 for odd p, n(k, k) = 0 for even k.

On the other hand, the ring Z[xz]/{(1 — x)™*'} is a free abelian group with
the generators
Lae—1,(@—17 -, (x—-1".
So, if we assume 0 < m < n, we have the following equations
k m n m n
(3) LIRSS ES RS WARY

for 0 <k < m by Lemma 4.5 and (1). By induction on p, we have

m no m n
2,07+ 0P =S P+ > dY
i=0 3=0 1=0 j=0



K-THEORY OF LENS-LIKE SPACES 211

for 0 < 2p < m, from (2) and (8). This completes the proof of Theorem
4.1,
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