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1. Introduction. Let G be a compact Lie group and (X, A) a topo-
logical G-space pair. Let τ be a fixed G-action on (X, A). Then we can
define the singular oriented G-bordism group Ω%(X, A; τ) which forms an
equivariant generalized homology theory. In this note we let G = Sa

(a = 1, 3) and Ω%a(X, A) τ), Ω%a(X, A; τ) be Sα-semi-free, free bordism groups
respectively. Then we can obtain the next theorem by applying the
result of F. Uchida [3].

THEOREM. The following triangles are exact

Ωl\X, A; τ) *—> Ωf{X, A) τ)

\ /
( a ) a\ /a*

Σ Ω*_2k(Fτ x BU(k), (Fτ f]A)x BU(k))

Ωi\X, A; τ) -ΐ—+ Ωf (X, A; τ)

(b) a\ /a*

Σ Ω^ik{Fτ x BSp(k), (Fτ n A) x BSp(k)) ,

where Fτ is the fixed-point set of τ.

2. Preliminaries. Let G be a compact Lie group, and let (X, A; τ) be
a topological space pair with a fixed G-action τ. Let M be an oriented
differentiate G-manifold with boundary. We consider a triple (M,φ,f),
where φ:G x ilί—»ikf is an orientation preserving differentiate G-action and
/ : (M, dM) —> (X, A) a continuous G-equivariant map. We call this triple
the singular oriented G-manifold in a G-pair (X, A] τ). Two such triples
(MΓ, φί9 /x) and (JMJ, &, /2) are G-bordant to each other if there is an
oriented G-manifold Nn+i with a G-action Φ such that Φ \ Mi = & (i = 1, 2)
and an equivariant G-map F:N-+X such that (1) 3JVW+1 contains ikΓf U
(—ilί?) as a regular G-submanifold with the induced orientation, and (2)
F\M* =ft(i = l, 2) and F(dNn+1 - (Λf? U -M?)) c A. This relation is an
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equivalence relation. We denote G-bordant class of (Mn, φ,f) by [Mn, φ,f].
The collection of such classes is denoted by ΩG

n{X, A τ). Then Ωθ

n(X, A; τ)
is an abelian group by disjoint union as usual. We call this group the
bordism group of G-action of dimension n. We can naturally define a
right Ω* module structure on Ω%{X, A) τ) = Σ ^ o f l ! ( I , A τ). Next for
an equivariant map g: (X, A; τ) —+ (X\ Af\ τf) we define a homomorphism
g*:Ω%{X,A\τ)->Ω%{X',A'',τ') by g*[M, φ,f] = [M, φ, gf]. And also we
define the boundary operator 3n: Ω*(X, A τ) —• Ωl^(A\ τ) by restriction, i.e.
dn[M, φ,f] = [dM, φ,f]. Then {Ω%(X, A; r), g^ 3*} is an equivariant gener-
alized homology theory.

Now we consider the special case of G = Sa (a = 1, 3) and their actions
are free and semi-free. Here a G-action φ: G x ikf—»ikf is called semi-
free if the isotropy group {g e G \ φ(g, x) = #} consists of the identity element
alone for each xeM — F, where F is the fixed-point set of φ. Then we
denote the semi-free and free bordism groups by Ω%a(X, A; τ) and Ω%a(X, A) τ)
respectively, (α = 1, 3).

3. A study of Ω%a(X, A; τ). We use essentially the following lemma.

LEMMA (F. Uchida [3]). Let φ: Sa x M-+M(a = 1, 3) be a semi-free
dίfferentίable action. Let Fk denote the union of the k-dimensional com-
ponents of the set of all stationary points of φ. Then the normal bundle
vk of an embedding Fk c M has naturally a complex structure for a = 1
and a quaternionic structure for a = 3, such that the induced Sa-action
on vk is a scalar multiplication.

We now define a homomorphism

Γw/2]

α_: Ωi\X, A; τ) - Σ Ω.-»(Fr x Bϋ(k), (Fτ Π A) x BU{k)) .

For given [M, φ,f] eΩf (X, A) τ), let Fφ be the fixed-point set of φ, and

Fψ~2k be the union of the (n — 2&)-dimensional components of Fφ which is

an orientable submanifold of M. According to the above lemma, the

normal bundle of F%~2k has a complex structure, so it is a complex

^-dimensional vector bundle classified by a map vk\ F%~2k —> BU(k).

Then we have a map

(f\Fn-2k) x vk: (Fr2k, dFΓ2k) — (Fr x BU(k), (Fr Π A) x

Define ^[Λf, ^,/] = Σfc=o2] [F^"2fc, (/ U*-2*) x v% this is a well defined homo-

morphism, where Fr is the fixed-point set of τ. Next we shall define

3: Σ Ωn_2k{Fτ x BU(k), (Fz f] A) x BU{k)) -+ Ω*UX, A; τ) .
kl>0
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Let [Mn'2\fk] e Ωn_2k(Fτ x BU(k), (Fr Π A) x BU(k)) and let π2 be a projec-
tion of F x BU{k) to second factor. Let ffc be the complex vector bundle
over M induced by π2fk from the universal bundle over BU(k). Let D(ξk)
and S(ξk) denote the associated disk bundle and sphere bundle respectively
and let πk: E(ξk) —> M be the projection, where E(ξk) is the total space of
ξk. Let φk:E(ξk) x S1-> E(ξk) be the scalar multiplication. Then it acts
freely on S(ξk). Therefore [S(ζk), Φk I ™*,, ^ΛTΓ* | S{ξk}] e Ω*UX, A; r), where
TΓi is a projection of Fτ x BU(k) to first factor. We may then define
d(Σk>o[Mn~2k,fk]) = Σ**o [#(£*), & U(^), ̂ i/*7r*|S(ffc,], this is also a well-
defined homomorphism. Let i+: Ωf(X, A) τ) —• βf (X, A; r) be the canonical
forgetting homomorphism. We can also define the same type homomor-
phisms for S3-actions as above, replacing the complex structure of the
normal bundle of fixed point set by the quaternionic structure. Then we
have the following theorem.

THEOREM. The following triangles are exact

δi\X, A; τ) **—> Ω%\X, A; τ)

\ /
(a) 5\ /a*

Σ Ω*-*(Fτ x BU(k), (Fτ Π A) x BU{k))

ΰί(X, A; τ) **—, Ω%\X9 A; τ)

^ /
(b) a\ /a*

Σ Ω*_ik(Fτ x BSp(k), (Fr f)A)x BSp(k)) ,

where Fτ is the fixed-point set of τ.

PROOF, (a) We can easy to see that i*d = 0, a*i* = 0 and da* — 0.
To prove Ker a* c l m v Let [M, φ, f] e Ωf{X, A) τ) with a*[M, φ, f] = 0.
Then Σtfco [F;-2\ (/1 Fj-2*) x vk] = 0. So there exists (F"-2 A + 1,/') such

that dVz) FΓ2kf / ' : (^, 3F\FΓ2fc) — (^, i77, Π A), / ' | FΓ2k =f\ F%-2k, and
exists a complex fc-vector bundle ξk over F such that ξ F$~2k — iΛ Let
W = Mx ID \Jkτ,oD(ξk), where we identify each D(vk) to D(ξk) \F;~2k on
M x 1. S1 acts on W by ζ5 x 1 on M x J and fibre-wise multiplication
on D(ξk). Let π(vk): D(vk)—+Fφ~2k be a projection. We define an equivariant
map h:W-+X by h\Mx 1 = f'% and h \ D(ξk) = /'^fc, where / " is an
equivariant homotopic map to / such that f" \FΦ = /1 Fφy f" D(vk) =
/ | ^-2^(i;fc). Let M' = (M\ (J Int φ(vfc))) U (U S{ξk))j\JdD{vk). Then [Λf,
,« I M, A I ilf] € βf(X, A; r), and we can easy to see i*[M, JM | Jlf, fe | Λf] =
[Λί, φ,f], where μ is the above S1 action on W. To prove Keri* e l m 3 .
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Let [M, φ, f] e Ωf(X, A) τ) with iJikf, φ, f] = 0. Then there exists
(Vn+1, μ, g) such that dVz>M, g:V-*X, g \ M = f, g(dV\M)czA and
μ: S1 x V-+ V is semi-free S1 action wi th μ\M = φ. So μ is free on ikf
Therefore Λf is disjoint to the fixed-point set of μ, which denotes
F = U i^w + 1-2 Λ. Then d[\J (Fn+ί~2k, (g \ Fn+1~2k) x vk)] = [M, φ,f\. To prove
Ker 3 c l m α , . Let [U (Mn~2k, gk)] e Σ ΩΛ^k(Fr x J5ί7(fc), (F r n A) x 5i7(fc))
with 3[U (Mn-2k, gh)] = 0. Then [U S(ίfc), U Λ, U *&** I S(ίfe)] = 0. So
there exists (N, μ, h) such that 3NZD \J S(ξk), h \ \J S{ξk) = \J π,gkπ

k \ S(ξk),
and μ is free Sι action on N with μ | U S(ξk) = \J φk. Let W = JV U
(U #(?"))/ U S(ίfc). We define S1 action ^ on W by 0 | N - μ, ^ | D(ξk) = Φk,
a n d l e t / : (W, d W ) - * ( X , A ) b e f \ N = h , f \ \ J D(ξk) = U ^ 9 ^ k I ̂ ( δ * )
Then fixed-point set of φ is \JMn~2k

f so αJM, ^,/] = [ U ^ n " 2 M J ^ J
We conclude the proof of (a). Case (b) can be proved the same way as
(a). q.e.d

PROPOSITION 1.

Ωl*(X,A;l)~Ωla(pt;l)0&Ω*(X,A), for a = 1, 3 .

PROPOSITION 2. The sequence

0 > Ωl\Fτ\ τ) - ^ U Ωs

n

a(X; τ) ^U Ωs

n

a{X, Fτ; τ) ,0

is split exact sequence for a = 1 or 3.

These Propositions are proved by the same way as [2], replacing
involutions and unorientedness by Sa action and orientedness, so we omit
the proofs.

4. The Smith homomorphism. Let [Mn, φ, f] e Ωs

n\X, A; τ) and 2N +
1 > nf then there exists an equivariant differentiate map g: (Mn, φ) —•
(S2N+1, p,) which is transverse regular on S2^"1 c S2N+1, where p, is Sι

action. Let Vn'2 = g-'iS™"1)- The Smith homomorphism Δ\ Ωf{X, A; τ) -+
ΩϊUX, A; τ) is defined by Δ[M\ φ,f] = [Vn~2, φ \ V,f\ V] (cf. [1], § 26).
Similarly let [Mn, φj\ eΩf{X, A; τ) and 4 i V + 3 > ^ , then there exists
an equi variant differentiable map g: (Mn, φ) —> (SiN+\ p3) which is transverse
regular on £^-icS

4 i N Γ + 1, where p3 is S3 action. Let Vn" = g-'iS^'1).
The Smith homomorphism A: Ωf (Z, A) τ) -+ Ωf^{X, A) τ) is defined by
Δ[Mn, φ,f] = [Vn~\ φ \V,f\ V]. Then we can obtain the following pro-
position.

PROPOSITION 3. The sequence

> ΩlUX x Sa,Ax Sa; τ x pa) -^U βf+ι(X, A; τ) > ΰ*UX, A; τ)

QSΛX xS*,Ax S*; : x f t ) Λ . . .
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is exact, where π* is induced by the projection π: X x Sa —* X, and
(1 x ρa*)[M%-\ φ,f] = [Mx Sa,φ x ρaif x 1], and a = 1 or 3.

This exact sequence is same type as Wu's [4]. So the proof is an
obvious repetition of the proof in [4], replacing Zp action by Sa action
and taking care of dimensions of spheres, disks and so on.
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