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ON THE DIVERGENCE OF REARRANGED WALSH SERIES II
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Concerning the rearrangement of Walsh series, the author [2] proved
the following

THEOREM A. // {p(n)} is a sequence of positive numbers with p(n) =
n), then there exists a sequence of real numbers {an} for which

Σ « W < °°

and such that the Walsh series

(1) Σ anwn(x)

can be rearranged into an almost everywhere divergent series.

This is a generalization of a theorem in [3], and also can be con-
sidered as a Walsh series analogue of a theorem in [1] which concerns
the rearrangement of trigonometric series. In the present note, we
intend to sharpen further this theorem. We write Lx{n) = log n and

THEOREM. For any natural number s, there exists a sequence of
real numbers {an} for which

\(n) L2(ri)Ls(n) Ls(n) < oo1*

such that the Walsh series (1) can be rearranged into an almost every-
where divergent series.

COROLLARY. For any natural number s, there exists a sequence of
real numbers {an} e l% such that the Walsh series (1) can be rearranged
to satisfy

N

lim sup
N-

> o

almost everywhere.

" N is a natural number depending s such that L8(N) > 0.



408 S. NAKATA

The method of the proof of the theorem is that of [2] and of [4].

1. Lemmas. Denoting by E the set of all dyadic irrational num-
bers in the interval (0, 1), we set Et = {x e E; r^x) = 1}, where r^x) =
sgn sin 2%# (i = 1, 2, •). It is obvious that {Et} is stochastically in-
dependent and mes Et = 2"1.

We set g(i) = 2~\i — l)i + 1 (i = 1, 2, •), and define a function n =
n(i, k, j) (j = 1, , 2k; k = 0, 1, i = 1, 2, •) as follows: For each
pair (i, k), consider all integers

( 2) 2"° + 2*i + + 2*ί

satisfying g(i + k) ̂  v0 < vx < < vι = g(i + k) + k. Then label (2) as

n(i, K j) (j = 1, , 2fc) so that

29{i+k)+k = n(i, k, 1) < n(i, k, 2 ) < < ^(i, k, 2k) = (2fc+1 - l)2ff(ί+fc) .

The following lemmas can be proved by the same argument as in
[2] which gives the special case i = 1.

LEMMA 1. For each natural number i, set ψii](0; x) = 1 and

(j = 1, . . . , 2fc; A; = 0, 1, )ί ίAew the following (i)-(iii) hold.
( i ) Each ψf(k; x) (j = 1, , 2fc; & = 0, 1, •) is a linear combina-

tion of Walsh functions with indices 29{i)p(< 29{i+k-1)+k).
( i i ) Ψf(k\ x) = 0 or 1 (x e E).
(iii) Set E(i, k, j) = {xe Et; ψf(k; x) = 1} (j = 1, . . , 2k; k = 0, 1, •),

then

E(i, k, j) = £?(if k + 1, 2i - 1) U #(i, Λ + 1, 2i) ,

J5(i f k, j) Π ^ ( i , fc, f) = 0 (l£j<j'£ 2k) ,

U E(i, k, j) = Et ,
3=1

mes E(i, k, j) = 2~k~ι .

LEMMA 2. For each natural number i, set

+ 1; x) = ψffr x)wn{i,k>j)(x) ,

1; x) = -rt{x)Ψ^Sk + 1; x)

(j = 1, , 2fc; k = 0, 1, •); ίftew ίfee following (iv)-(vii) Aoϊώ.
(iv) JS'αcΛ ?Ff (fc; a?) (7 = 1, , 2k; k = 1, 2, •) is α Zmeαr combina-

tion of Walsh functions with indices p such that
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Iik Π Ivv = 0 for (i, k) ̂  {%', k') .

( v ) Ifl^j<j'^ 2\ then Ψf(k; x) and Ψp(k; x) have no term of
the same index.

(vi) ¥$.&; x) = 1 for x e E(i, k, 2j - 1) ,

ygUΛ; *) + 2f g'(Λ; α?) = 1 /or a; 6 £7(i, ft, 2j) ,

Ψ(

2U(k; x) = fί}'(ft; a?) = 0 for xeE,- E(i, ft - 1, i) .

(vii) ( V ί " ( * ; *)}*<*» = 2-4+1 0' = 1, , 2*; ft = 1, 2, •)
Jo

2. Proof of the theorem. Set

R(i, k; x)

+ k - 1) - L.(i + k - l)}- l 2ΣVίί-i(ft; «) + 2Ψ$(k; x)}
1

(k = 1, 2, i = N + 1, N + 2, . . ) . Arrange {^(fc; a?)} (j = 1, 2, , 2fc;
& = 1, , m) into

; x), f/2

(ί)(m; aj), , U^m; x) (h(m) = 2™+1 - 2)

as follows: For the case m = 1, set 17^(1; x) = ¥^(1; x), Z72

(ί)(l; x) =
¥p(X; x). Supposing the case m = m defined, define the case m + 1 by-
inserting y g U m + 1; x), ¥}§(m + 1; x) after ¥f(m\ x) in (3).

Define mέ so that

) Lsin)}-' ^ 1 ,
n — i

and set

Σ R(i, fc; <*0 = * Σ &f UVims, x) (i = N + 1, N + 2, •) .

Then, by (iii) and (vi), there exists μ^x)^ h(mτ)) such that

Writing λ(w) = VL^n)L2(n)L3(n) ••• L8(n), and using (vii), we get

R\i, k; x)dx
0

= 5 Σ λ(29(i+*-1)+ί;){(i + ft - lJL^i + ft - 1) L3(i + ft - 1)}-
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^ 5+Σ\(2n2){nLL(n) Ls(n)}~2

n=i

ίS CΣ.{nLXn) L._1(Λ)}-1{L.(»)}-1

n=i

^ C{Ls(i - I)}"1 (i = N + 1, N + 2, •) .

Define a sequence of integers (N <) iλ < i% < such that

L8(it- l)^l2 (1 = 1, 2, . . . ) .

Now, define the rearranged Walsh series

(4) Σ<

by considering

Then the series (4) diverges for α; 6 Km s u p ^ Eu; and applying Borel-
Cantelli lemma, we get mes (lim sup^^ Eit) = 1. Further we have

Σ alMn) = Σ Σ Σ
N+

Σ M) Σ Σ Σ
n=N+ί »6{ij} fc=l nelik

^ Σ Σ λ(2 f f ( i+*-11+*)Γi22(ΐ, fc; a;)da;
i e « ; | fc=l Jo

^ C Σ {L.V - l)}-1 ^ C Σ i-2 < oo .
ie{it} 1=1

This concludes the proof of the theorem.
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