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ON THE DIVERGENCE OF REARRANGED WALSH SERIES II
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Concerning the rearrangement of Walsh series, the author [2] proved
the following

THEOREM A. If {o(n)} is a sequence of positive numbers with o(n) =
o( ¥log m), then there exwists a sequence of real mumbers {a,} for which
3 aipi(n) < oo
and such that the Walsh series

(1) 3, ., (@)
can be rearranged into an almost everywhere divergent series.

This is a generalization of a theorem in [3], and also can be con-
sidered as a Walsh series analogue of a theorem in [1] which concerns
the rearrangement of trigonometric series. In the present note, we
intend to sharpen further this theorem. We write L,(n) =logn and
L(n) = L, (L,.{(n)) (s = 2,38, --+).

THEOREM. For any natural number s, there exists a sequence of
real numbers {a,} for which
S a2VI(n) L(n)Lo(n) - - Ly(n) < oo”
n=N+1
such that the Walsh series (1) can be rearranged into an almost every-
where divergent series.

COROLLARY. For any natural number s, there exists a sequence of
real numbers {a,}€l, such that the Walsh series (1) can be rearranged
to satisfy

N
lim sup | 3 @uiyWaii (@) [ {L(N)}M{LAN)Ly(N) - - - L(N)}™* > 0
J=1

N—oo

almost everywhere.

D N is a natural number depending s such that L.,(N) > 0.
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The method of the proof of the theorem is that of [2] and of [4].

1. Lemmas. Denoting by E the set of all dyadic irrational num-
bers in the interval (0, 1), we set E;, = {x € E; r,(x) = 1}, where r,(x) =
sgnsin27x (1 =1,2 ---). It is obvious that {E;} is stochastically in-
dependent and mes E;, = 27",

We set g(7) =27t — 1)i + 1(z =1, 2, --+), and define a function n =
n@, kHNG=1---,25k=0,1,...;9=1,2, -..) as follows: For each
pair (7, k), consider all integers
(2) 2V 4 2 b wee 4 24
satisfying g + k) S v, <y, < ¢+« <y, =9 + k) + k. Then label (2) as
n(, k, 7)) (G =1, -+, 2¥) so that

P = (i, &, 1) < (i, b, 2) < +++ < i, &, 2) = (@ — 120

The following lemmas can be proved by the same argument as in
[2] which gives the special case 7 = 1.

LEMMA 1. For each natural number i, set 4y(0; x) =1 and

sk + 1; @) = 279 (k5 @)1 + Waii k0 (2))
#(k + L ) = 279 (k; 2)(L — wa (%))
G=1 ---,25%k=0,1, ---); then the following (i)-(iii) hold.

(i) Each vP(;2)(G=1,---,25k=0,1,--+) is a linear combina-
tion of Walsh functions with indices 2% p (< 206+k-1+E),

(ii) D(k;2) =0 or 1(xe E).

(iii) Set E(i, k, j) = {wec E;vP(;2)=1(G=1, --+,25k=0,1, --+),
then

EG@ k, j)=E@, k+1,2/ —1)UEQ@ k+ 1, 29),

EG kDNEGE =0 (Q=25<j =29,
k
U EG, k, j) = B, ,
=1
mes E(i, k, ) = 27%
LEMMA 2. For each natural number %, set
Uik + 1 3) = ¥ (k; 2)Waii,e,n(®)
TEE + 1;2) = —r()¥ P,k + 1; x)

G=1:--,25%k=0,1, ---); then the following (iv)-(vii) hold.
(iv) FEach T (k;2)(G =1, --+,25k=1,2 --+) 18 a linear combina-
tion of Walsh functions with indices p such that
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p e Izk — [20(i+k—1)+k—1, 29(i+k—1)+k) .
LinL, =@ for (@ k)=, k).

(v) If1=j<j =2 then TP (k; ) and T (k; x) have no term of
the same index.

(vi) v (kx) =1 for xe E(i, k, 27 — 1),

U (b x) + 208 (k; ) = 1 for xe E(, k, 27) ,

TE (ke x) =T (k; ) =0 for xe E, — E@t, k—1,37).
vi) [ @Playds =2 G =1, 25k =15,

0

2. Proof of the theorem. Set

RG, I; @)
ok—1
={l+k—-DLE+k—1) - LG + k — 1)} 3 {T5L(k; ) + 2053 (k; @)}

k=12 ;i =N+1,N+2 --). Arrange (TP 2)} (1 =12, ---, 2%
k=1, ---,m) into

(3) US(m; @), UP(m; @), -+, Ub(m; 2)  ((m) = 2%+ — 2)

as follows: For the case m =1, set UP(1;2) = TP x), UPQ;a) =
¥#(1; ). Supposing the case m = m defined, define the case m + 1 by
inserting § (m + 1; ), ¥'#(m + 1; z) after TP (m; x) in (3).
Define m,; so that
i+m;—1
S, {nL(n)Lyn)--- L(n)}" =1,

and set

h(mj)

,S;R(’ir ko)= 3 b U mse)  G=N+LN+2 ).
Then, by (iii) and (vi), there exists /(x) (< h(m)) such that
#;V: bPUP(mse) 21  (@eE;i=N+1L,N+2---).
Writing Mn) = V'Ly(n) Ly(n)Ly(n) - - - L,(n), and using (vii), we get

g 7\1(20(1’+k—1)+k)S1R2(?:, k; x)dx
k=1 0

= 5 SNG4 b — DL+ K — 1) -+ Ly + b — D)
k=1
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it+m;—1
=5 3 M2)nLyn) -+ Ln)}~*

Z‘. {nLy(n) - -+ Loy (n)}{Ly(n)}*
ClL(i—1}* (@E=N+1,N+2--).
Define a sequence of integers (N <)%, <4, < +-+ such that
L -1z (=12 ---).

Now, define the rearranged Walsh series

oo

(4) Zf QYW (X)

by considering

h(my)

> 3P U (mg; x) .

te{i} j=1
Then the series (4) diverges for z¢€limsup,.. E;; and applying Borel-
Cantelli lemma, we get mes (lim sup,... ;) = 1. Further we have

> e =3 z S ain(n)

n=N+1 ie{iy} k=1 nelyy

<3 Zx(zg‘*+k w)S RG, k; %)d

i€ iyt k=

<C Z{L(z—l)}‘<02l2<oo.

i€ {sy}

This concludes the proof of the theorem.
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