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1. Introduction. Let / be a non-constant entire function of two
complex variables x and y. Let z be a complex parameter. An irreducible
component of an analytic surface in the space (x, y), defined by the equa-
tion f(x, y) = z, is called a prime surface of / with the value z and is
denoted by S2. A prime surface Sz is said to be parabolic and of type
(g, n) when it is parabolic, of genus g and it has n boundary components
as a Riemann surface. A prime surface Sz is said to be of finite type
if its genus and the number of its boundary components are finite. More-
over, a prime surface Sz is called algebraic if it is of finite type and is
parabolic.

The class of all entire functions whose prime surfaces are all parabolic
is called the class (P). The class of all entire functions whose prime
surfaces are all algebraic is called the class (A).

The following theorem is due to Nishino ([4]; Theorem I, p. 263, cf.
[3]; Theorem p. 271).

THEOREM. A function f of the class (P) belongs to the class (A) if
it has "sufficiently many" algebraic prime surfaces, that is, if the set of
values taken by f on its algebraic prime surfaces is of positive capacity.

Recently, Yamaguchi proved the following theorem ([6]; Theorem 4,
p. 433).

THEOREM. If every prime surface of f is schlicht and if f has
"sufficiently many" parabolic prime surfaces, then f belongs to the class

(P).

From above two theorems, it follows that, if every prime surface of
/ is schlicht and if / has "sufficiently many" algebraic prime surfaces,
then / belongs to the class (A). In this article, one proves the following
theoremυ which is a generalization of the fact stated just above.

THEOREM. // / has "sufficiently many" schlicht algebraic prime
1} Professor H. Yamaguchi informed me by the letter that H. Saitό also proved the same

result independently.
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surfaces, then f belongs to the class (A).

2. Lemmas. Let / be a non-constant entire function of two complex
variables x and y. Let So be a prime surface of / with a value α0.
Assume that So is of finite type (0, n) and that grad / = (df/dx, df/dy) is
not zero at every point on So. Take a point Po e So, which is fixed as the
origin of So.

Generally, Qr signifies an open ball | x |2 + | y |2 < r2. Consider an open
ball Qr° and denote by So° the connected component of So Π Qr° containing
Po. One can suppose that SQ° is of type (0, n) and that n closed curves
7° (i = 1, , w) limiting So° in So are all simple.

Consider an analytic retraction ζ0 about So defined in a neighborhood
V of SQ in the sense of Nishino ([4]; p. 224). Then one can take a normal
tube ΣΓ about So (see, Nishino [1]; p. 72) such that ζ0 (S, Π F ) D S 0 ° for
every prime surface Sz in ΣΓ. One can suppose that Γ is the part of the
analytic surface L = ζ̂ CPo) given by the inequality \f — ao\ < p. Let /**
signify the disk | z — a0 | < p on the 2-plane. Put Σ°Γ = ζ^So0) Π 2V and
put S° = ζo-̂ So0) Π S,9 Pz = tf(P0) ΓΊ Sz and 7| = Gr1^) n S, (i = 1, .. , *)
for each prime surface Sz in ϋ7/-.

Now, in the above situation, one can prove the following lemma.

LEMMA 1. For every point z belonging to a set of positive capacity
in Γ*9 assume that Sz in ΣΓ is of type (0, n) and is parabolic. Then
every prime surface Sz in ΣΓ is of type (0, n) and is parabolic and grad/
is not zero at every point on Sz.

REMARK. It is seen that in Lemma 1, the words "type (0, n)" can
be replaced by the words "type (g, n)". (cf. Yamaguchi [6]; pp. 428-430).

PROOF OF LEMMA 1. One proceeds along the line of Nishino ([4]; pp.
243-263). Consider an open ball Qr (r0 < r) containing Σ°Γ. For each prime
surface Sz of / in ΣΓ, let Sz be the connected component of Sz Π Qr con-
taining Pz. Denote by Σr

Γ the union of all Sζ for zeΓ*. There are at
most a finite number of Sz in Σr

Γ which has at least a singular point on
Sr

z. Denote them by S/ (j = 1, , a) and put α, = f(Sj). Let Dr be the
union of all Sz

r in Σr

Γ for z e Γ* = Γ* - (J {α, }. Put Do

r = Dr Π Σ°Γ and
Γr = Γ0Dr.

Now, for each Sz in Dr, form the (0, ̂ -covering Sr

z of Sz with respect
to Sz°. Denote by Dr the union of all Sr

z for zeΓ*. By forming an
analytic retraction ζz about each Sz in D% one can naturally define a
topology in Dr. Thus Dr is a "domaine multivalent sans point critique
interieur etale au-dessus de Dr" and it is a two dimensional Stein mani-
fold. Moreover, Si is a non-singular analytic surface of type (0, n) in Dr.
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One can suppose that L is given by the analytic line x = 0 and df/dy
is not zero at every point in a neighborhood of Γ. The domain Rr of
holomorphy of the function obtained by the resolution of the equation
f(x, y) — z = 0 in (x, y) e Dr and in z e Γ* with respect to y9 is a "domaine
multivalent etale" over the cylinder domain (Z1*, C), where C is the
complex plane | cc | < + °o. Then, Rr is analytically equivalent to Dr.
For a z'eΓf, denote by Rζ, the analytic surface in Rr which corresponds
to Sζ> in Dr. Then jβ;, is on the analytic line z = 2'. Let 0* be the point
in Rζ which corresponds to the point Pg. One can construct, by the
projection, the covering Rr of Rr and the covering Rζ of Rζ as the images
of Dr and of Sζ, respectively. Denote by Oz the image of Pz.

By Yamaguchi's lemma ([6]; Lemma 2, p. 426), it follows that the
Robin constant λr(s) of Rζ at Όz with respect to the local coordinate x,
is a super harmonic function in Γ*.

For a prime surface Sz in 2V such that grad / is not zero at every
point on Sz, form the (0, w)-covering Sz of Sz with respect to S°. Denote
by Rz the image of Sg. Let λ(z) be the Robin constant of Rz at Oz with
respect to the local coordinate x. Then \{z) = lim,.^ λr(z) and S z is
parabolic if and only if X(z) is infinite.

Now, for a prime surface Sc in 2Y such that grad / is not zero at
every point on Se, suppose that Sc is not of type (0, n) or not parabolic.
Then, from Nishino's theorem ([4]; Theorem 4, p. 242), Sc is not parabolic.
Hence λ(c) < + oo. Therefore, by the similar method to that of Nishino
([4]; pp. 259-261), one can arrive at a contradiction. Thus, every prime
surface Sz in ΣΓ such that grad / is not zero at every point on Sz, is of
type (0, n) and is parabolic. Hence, by the same reasoning as that in
Nishino ([2]; pp. 264-269), there is no prime surface Sz in ΣΓ such that
grad / is zero at a point on Sz. Therefore, every prime surface Sz in ΣΓ

is of type (0, n) and is parabolic and grad / is not zero at every point
on Sg. q.e.d.

Next one can prove the following lemma.

LEMMA 2. Let SZQ be a prime surface of order 1 of f with a value z0,
let ΣΓQ be a normal tube about SZQ and let Γ* be a disk | z — zQ \ < pQ on
the z-plane such that fιΓo: Γo-+Γ* is analytically isomorphic. If the set
of ze Γo such that Sz in ΣΓQ is parabolic and is of type (0, n) has an
interior point, then all prime surfaces in ΣΓQ are parabolic and their
types are at most (0, n).

PROOF. Let J* be a non-empty connected component of the interior
of the set of zeΓ* such that Sz in ΣΓo is parabolic and is of type (0, n).
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First, it will be proved that Δ* has no exterior point in Γf. For this
purpose, it is sufficient to show that assumption that J* has an exterior
point in Γf induces a contradiction.

Now, assume that J* has an exterior point in Γf. Denote by Δf the
interior of the closure of Δ*. Let m0 be the maximum of m such that
Sz in ΣΓQ is of type (0, m), where zedΔf Π Γf. Then, from Nishino's
theorem ([4]; Theorem 5, p. 252), one can see that 1 ^ m0 ^ n — 1 and
that there is an a0 e dΔf Π Γf such that every prime surface Sz in ΣΓQ is
of type (0, m0) for z e dAf Π Γ* if one takes a sufficiently small disk Γ* =
{z; I z — α01 < p) c .To*. Moreover, one can suppose that grad / is not zero
at every point on the prime surface SaQ in ΣΓQ. Note that dΔf Π Γ*
contains a continuum. This can be easily verified from the fact that Δ*
is connected and has an exterior point in Γf. Put Γ = f~\Γ*) Π Γo and
Pz = SZΠΓ for zeΓ*.

Consider an open ball Qr° such that the connected component Sα°0 of
Sao Γ) Qr° containing PaQ is of type (0, m0) and such that m0 closed curves
7° (i = 1, , m0) limiting Sα°0 in Sαo are all simple. Consider an analytic
retraction ζ0 about SaQ defined in a neighborhood V of SaQ. Then, taking
a sufficiently small Γ*, one can suppose that ζo(Sz Π F)i^S α

0

0 for every
prime surface £ z in ΣΓ. Moreover, one can suppose that Γ is the part
of the analytic surface L = ^\Pa) given by the inequality \f - ao\ < p.
Put Σ°Γ = tf(SZJ Π ΣΓ and put S,° = ζ^(Sβ°0) Π SM, Ί\ = ζΓ^Tj) n S , ( i = 1,
• , m0) for each prime surface Sz in I7^. Then, Sβ° is of type (0, m0) and
is limited by m0 simple closed curves 7J (ΐ = 1, •••, m0) in S,.

Consider another open ball Qr (r0 < r) containing Σ°Γ. For each prime
surface Sz in I'r, let Sz be the connected component of Sz Π Qr containing
Pz. There are at most a finite number of S? in ΣΓ which has at least a
singular point on Sζ. Denote them by Sj (j = 1, •••, oc) and put a3- =
/(S;) . Denote by Z>r the union of all Sz

r for ^ e Γ ? = Γ* - U {α,-}. Put
Do

r = Dr Π Σ°Γ and Γr = Γ Γ) D\ Now, for each prime surface Sΐ in Z)r,
put SI = S2

r if zeΓ? Π l0* and put S; = Sz

r (= the (0, m0)-covering of
S; with respect to Sz°) if zeΓ? - Jo*. Denote by ,Dr the union of all Sz

r

for zeΠ.
Define a topology in Dr as follows:
1) The case when PeSl for αe.Γ*nzf0*; consider a neighborhood

Fp- of P in C2 such that V$ is contained in \J8er*(]άiSl. Then such a V̂
is regarded as a neighborhood of P in ΰ r .

2) The case when Pe Sα

r for ae Γ? — zf0*; forming an analytic retrac-
tion ζα about Si, one can naturally define neighborhoods of P in J5r along
Nishino's argument ([3]; pp. 249-251).
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3) The case when PeS: for aeΓ* Π 3z/*; take a path la from Pa

to P on Sa and take an open, connected and simply connected set δ on
Sα

r such that P e ^ , S c S ; ' and laczS:' for a certain r' (r0 < r' < r).
Consider an analytic retraction ζα about Sϊ defined in a neighborhood V
of Sβ

r. Take a sufficiently small disk Γf: \ z - a | < px such that ΓfcΓ*
and ζ α ( 7 n S ; ) D S : ' for zeΓ?. Let V$ be the union of ζ^(δ) ίl S; for
zeΓ?. Then, for each point Q in ζ"1^) Π Sz

r where zeΓ? - l0*, there is
a uniquely determined point Q of S/ represented by a pair (Q, m) such
that ζβ(Q) is in <5 and ζβ(m) = σ -ϊβ, where σ is a path from P to ζβ(Q) on
δ. For each point Q in ζΓ1^) Π S/ where 2GΓfίl Λ*> one obtains Q = Q
by definition. Denote by V$ the set of all these points Q and regard V$
as a neighborhood of P in ZK

From this, one can define a Hausdorίf topology in Dr. Moreover, one
can show that Dr is a "domaine multivalent sans point critique interieur
etale au-dessus de Dr" and that it is a two dimensional Stein manifold.
These facts are proved by the similar argument to that in the case of
Dr of Lemma 1.

Hence, if, for a ce Γ* f) 3z/0*, Sc in ΣΓ is not parabolic and grad / is
not zero at every point on Sc, one obtains a contradiction by the same
way as that in the proof of Lemma 1. Therefore, every prime surface
Sc in ΣΓ such that C G Γ * Π 3Z/0* and such that grad / is not zero at every
point on Scf is of type (0, m0) and is parabolic.

One can immediately see that the set of C G Γ * Π 9̂ 0* such that Sc in
ΣΓ is type (0, m0) and is parabolic, is of positive capacity. Hence every
prime surface Sc in ΣΓ is of type (0, m0) and is parabolic by Lemma 1.
This is a contradiction, because a0 is a boundary point of Λ* in Γ*.
Therefore, Γ*aΔ*. Thus every prime surface Sz in ΣΓo is at most of
type (0, ri). Hence Yamaguchi's theorem ([6]; Theorem 2, p. 427) implies
that every prime surface Sz in ΣΓo is parabolic. q.e.d.

3. Proof of Theorem. Now, using Lemmas 1 and 2, one can prove
Theorem, stated in § 1, in the following way.

By the Borel-Lebesgue theorem, one can cover the (x, 2/)-space by a
countably many normal tubes ΣΓ. (i = 1, 2, •••) about prime surfaces Si
of order 1 of / except for at most a countable number of prime surfaces
of higher order of /.

By the assumption of Theorem, one can take a positive integer n and
a normal tube ΣΓQ about a prime surface So of / such that ΣΓQ satisfies
the conditions of Lemma 1. Therefore, every prime surface Sz in ΣΓo

is parabolic and is of type (0, n) and grad / is not zero at every point
on Sz. From Lemmas 1 and 2, every prime surface Sz in ΣΓi (i = 1, 2, •)
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is non-singular and parabolic and is of order 1 and of type (0, n) except
for values z belonging to a set of capacity zero. Hence types of all prime
surfaces of/ are at most (0, n). Therefore, every prime surface of / is
parabolic by Yamaguchi's theorem ([6]; Theorem 4, p. 433). Therefore,
if / has "sufficiently many" schlicht algebraic prime surfaces, then / be-
longs to the class (A). Thus the proof of Theorem is complete.

REMARK. From the above Theorem and Suzuki's theorem ([5]; Theorem
6, p. 253), the following proposition is immediately obtained.

Under the assumption of Theorem, every prime surface Sz of / is of
type (0, n) except for at most (n — 1) values z and type of every excep-
tional prime surface is at most (0, ri).
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