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1. Introduction. Let f be a non-constant entire function of two
complex variables x and y. Let z be a complex parameter. An irreducible
component of an analytic surface in the space (z, y), defined by the equa-
tion f(x, y) = 2, is called a prime surface of f with the value z and is
denoted by S,. A prime surface S, is said to be parabolic and of type
(9, ») when it is parabolic, of genus g and it has » boundary components
as a Riemann surface. A prime surface S, is said to be of finite type
if its genus and the number of its boundary components are finite. More-
over, a prime surface S, is called algebraic if it is of finite type and is
parabolic.

The class of all entire functions whose prime surfaces are all parabolic
is called the class (P). The class of all entire functions whose prime
surfaces are all algebraic is called the class (A).

The following theorem is due to Nishino ([4]; Theorem I, p. 263, cf.
[3]; Theorem p. 271).

THEOREM. A function f of the class (P) belongs to the class (A) if
it has “sufficiently many” algebraic prime surfaces, that is, if the set of
values taken by f on its algebraic prime surfaces is of positive capacily.

Recently, Yamaguchi proved the following theorem ([6]; Theorem 4,
p. 433).

THEOREM. If every prime surface of f s schlicht and if f has
“sufficiently many” parabolic prime surfaces, then f belongs to the class
P).

From above two theorems, it follows that, if every prime surface of
f is schlicht and if f has “sufficiently many” algebraic prime surfaces,

then f belongs to the class (A). In this article, one proves the following
theorem” which is a generalization of the fact stated just above.

THEOREM. If f has “sufficiently many” schlicht algebraic prime

1 Professor H. Yamaguchi informed me by the letter that H. Sait6 also proved the same
result independently.
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surfaces, then f belongs to the class (A).

2. Lemmas. Let f be a non-constant entire function of two complex
variables « and y. Let S, be a prime surface of f with a value a,.
Assume that S, is of finite type (0, n) and that grad f = (3f/ox, 0f/0y) is
not zero at every point on S,. Take a point P, € S,, which is fixed as the
origin of S,.

Generally, Q" signifies an open ball |2 |* + |y |* < 7°. Consider an open
ball @ and denote by Sy the connected component of S, N Q™ containing
P,. One can suppose that S is of type (0, n) and that » closed curves
Y (@=1,---,m) limiting S{ in S, are all simple.

Consider an analytic retraction £, about S, defined in a neighborhood
V of S, in the sense of Nishino ([4]; p. 224). Then one can take a normal
tube 2, about S, (see, Nishino [1]; p. 72) such that &, (S,NV)>DS! for
every prime surface S, in ¥,. One can suppose that I" is the part of the
analytic surface L = {;'(P,) given by the inequality |f — a,| < p. Let I'*
signify the disk |z — a,| <0 on the z-plane. Put X% = {7 (S) N 2, and
put L =4SHNS,, P, = (P)NS, and i =) NS, =1, -+, n)
for each prime surface S, in X,.

Now, in the above situation, one can prove the following lemma.

LEMMA 1. For every point z belonging to a set of positive capacity
wn I'*, assume that S, in X is of type (0, n) and is parabolic. Then
every prime surface S, in X is of type (0, n) and is parabolic and grad f
18 not zero at every point on S,.

REMARK. It is seen that in Lemma 1, the words “type (0, #)”’ can
be replaced by the words “type (g, #)”. (cf. Yamaguchi [6]; pp. 428-430).

PROOF OF LEMMA 1. One proceeds along the line of Nishino ([4]; pp.
243-263). Consider an open ball Q" (r, < r) containing X}. For each prime
surface S, of f in X, let S be the connected component of S, N Q" con-
taining P,. Denote by X7 the union of all S; for ze I'*. There are at
most a finite number of S’ in X7 which has at least a singular point on
S:. Denote them by S7 (5 =1, - -+, @) and put a; = £(S;). Let D" be the
union of all S7 in X} for zel'f =I'* — U {a;}. Put D = D"N 3% and
I'.=InND".

Now, for each S; in D", form the (0, »)-covering S~ of S’ with respect
to S°. Denote by D” the union of all S7 for zeI'*. By forming an
analytic retraction ¢, about each S’ in D”, one can naturally define a
topology in D". Thus D" is a “domaine multivalent sans point critique
intérieur étalé au-dessus de D™ and it is a two dimensional Stein mani-
fold. Moreover, S? is a non-singular analytic surface of type (0, n) in D"
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One can suppose that L is given by the analytic line z = 0 and df/dy
is not zero at every point in a neighborhood of I". The domain R of
holomorphy of the function obtained by the resolution of the equation
f(x,y) —2=01in (x, y) € D" and in z € I'} with respect to ¥, is a “domaine
multivalent étalé” over the cylinder domain (I'¥, C), where C is the
complex plane |x| < 4+ . Then, R" is analytically equivalent to D-.
For a 2/ e I'¥, denote by R the analytic surface in B™ which corresponds
to S5 in D'. Then R] is on the analytic line 2 = 2’. Let O, be the point
in R; which corresponds to the point P,. One can construct, by the
projection, the covering R of R” and the covering B! of R’ as the images
of D" and of S, respectively. Denote by 0, the image of P,.

By Yamaguchi’s lemma ([6]; Lemma 2, p. 426), it follows that the
Robin constant A,(z) of R’ at O, with respect to the local coordinate x,
is a superharmonic function in I'}.

For a prime surface S, in X, such that grad f is not zero at every
point on S,, form the (0, n)-covering S, of S, with respect to S?. Denote
by R, the image of S,. Let Mz) be the Robin constant of B, at O, with
respect to the local coordinate x. Then \(z) = lim,..\,(2) and S, is
parabolic if and only if A (2) is infinite.

Now, for a prime surface S, in X, such that grad f is not zero at
every point on S,, suppose that S, is not of type (0, ») or not parabolic.
Then, from Nishino’s theorem ([4]; Theorem 4, p. 242), S, is not parabolic.
Hence Mc) < +co. Therefore, by the similar method to that of Nishino
([4]; pp. 2569-261), one can arrive at a contradiction. Thus, every prime
surface S, in X such that grad f is not zero at every point on S,, is of
type (0, ») and is parabolic. Hence, by the same reasoning as that in
Nishino (|2]; pp. 264-269), there is no prime surface S, in X, such that
grad f is zero at a point on S,. Therefore, every prime surface S, in 3
is of type (0, ») and is parabolic and grad f is not zero at every point
on S,. q.e.d.

Next one can prove the following lemma.

LEMMA 2. Let S, be a prime surface of order 1 of f with a value z,,
let X, be a normal tube about S, and let I'f be a disk [z — z,| < p, on
the z-plane such that fir: I'y— I'F is analytically isomorphic. If the set
of ze I'f such that S, in X s parabolic and is of type (0,n) has an
interior point, then all prime surfaces in Xr are parabolic and their
types are at most (0, n).

Proor. Let 4* be a non-empty connected component of the interior
of the set of ze I'f such that S, in ¥, is parabolic and is of type (0, n).
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First, it will be proved that 4* has no exterior point in 7"¥. For this
purpose, it is sufficient to show that assumption that 4* has an exterior
point in I'§ induces a contradiction.

Now, assume that 4* has an exterior pointin I"f. Denote by 4F the
interior of the closure of 4*. Let m, be the maximum of m such that
S, in X, is of type (0, m), where z€d4f N I'f. Then, from Nishino’s
theorem ([4]; Theorem 5, p. 252), one can see that 1< m, <% — 1 and
that there is an a,€ 045 N I'f such that every prime surface S, in 3, is
of type (0, m,) for zeddf N I'* if one takes a sufficiently small disk I'* =
{2; ]2 — a,| < p}ecI'f. Moreover, one can suppose that grad f is not zero
at every point on the prime surface S, in 2X,. Note that o4F N I'*
contains a continuum. This can be easily verified from the fact that 4*
is connected and has an exterior point in /°f. Put I" = f'(I"*) N I, and
P,=8,NnTIT for ze'*.

Consider an open ball @™ such that the connected component S7, of
S,, N @™ containing P, is of type (0, m,) and such that m, closed curves
v (2 =1, .-+, my) limiting S;, in S,, are all simple. Consider an analytic
retraction {, about S,, defined in a neighborhood V of S,,. Then, taking
a sufficiently small I"*, one can suppose that {(S,N V) DS¢ for every
prime surface S, in X,. Moreover, one can suppose that 7" is the part
of the analytic surface L = {;'(P,,) given by the inequality | f — a,| < p.
Put 2% = §'(S2) N 2r and put S =G (S2) NS, 7i=')NS, =1,
«++, m,) for each prime surface S, in 3,. Then, S? is of type (0, m,) and
is limited by m, simple closed curves 7 (=1, ---, m,) in S,.

Consider another open ball @ (r, < r) containing 2%. For each prime
surface S, in Y, let S; be the connected component of S, N Q" containing
P,. There are at most a finite number of S7 in Y, which has at least a
singular point on S;. Denote them by S; (j =1, -.., @) and put a; =
f(S;). Denote by D" the union of all S; forzelI'} = I'* — U {a;}. Put
Dr=D"N2and I',=1IND". Now, for each prime surface S/ in D",
put Sr=8rif zel'* N4 and put ST = S: (= the (0, m,)-covering of
S7 with respect to SY) if zeI'¥ — 4F. Denote by D" the union of all Sy
for ze I'k.

Define a topology in D as follows:

1) The case when Pe S8 for aeI'* N 4F; consider a neighborhood
Vs of P in C® such that V; is contained in U.crzag S/ Then sucha V;
is regarded as a neighborhood of P in Dr.

2) The case when PeSr forac I'* — 4x; forming an analytic retrac-
tion &, about S;, one can naturally define neighborhoods of P in D" along
Nishino’s argument ([3]; pp. 249-251).
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3) The case when Pe §.{ for a € I'} N ddy; take a path [, from P,
to P on S; and take an open, connected and simply connected set 0 on
S; such that Ped, 6c Sy and l,C S for a certain » (r, <7 < 7).
Consider an analytic retraction {, about S; defined in a neighborhood V
of S;. Take a sufficiently small disk 7'¥: |z — a| < o, such that '} I}
and {(VNSH)DS! for zel'f. Let V, be the union of £'(6) N S; for
zeI'¥. Then, for each point @ in {;'(d) N S; where z € I'¥ — 4, there is
a uniquely determined point @ of S’ represented by a pair (@, m) such
that {,(Q) is in é and {,(m) = 0-1,, where ¢ is a path from P to &,(Q) on
8. For each point Q in {;*(6) N S7 where ze I'¥ N 4%, one obtains Q@ = Q
by definition. Denote by 17,3 the set of all these points @ and regard 17,;
as a neighborhood of P in Dr.

From this, one can define a Hausdorff topology in D”. Moreover, one
can show that D’ is a “domaine multivalent sans point critique intérieur
étalé au-dessus de D™ and that it is a two dimensional Stein manifold.
These facts are proved by the similar argument to that in the case of
D of Lemma 1.

Hence, if, for a ce I'* N 04, S, in X is not parabolic and grad f is
not zero at every point on S,, one obtains a contradiction by the same
way as that in the proof of Lemma 1. Therefore, every prime surface
S, in ¥, such that ¢ I'* N 04¥ and such that grad fis not zero at every
point on S,, is of type (0, m,) and is parabolic.

One can immediately see that the set of ce I"'* N 04 such that S, in
Y, is type (0, m,) and is parabolic, is of positive capacity. Hence every
prime surface S, in Y, is of type (0, m,) and is parabolic by Lemma 1.
This is a contradiction, because a, is a boundary point of 4} in I'¥.
Therefore, I'* c 4*. Thus every prime surface S, in 3, is at most of
type (0, #). Hence Yamaguchi’s theorem ([6]; Theorem 2, p. 427) implies
that every prime surface S, in Y is parabolic. q.e.d.

3. Proof of Theorem. Now, using Lemmas 1 and 2, one can prove
Theorem, stated in § 1, in the following way.

By the Borel-Lebesgue theorem, one can cover the (z, ¥)-space by a
countably many normal tubes X, (¢ =1,2, ...) about prime surfaces S,
of order 1 of f except for at most a countable number of prime surfaces
of higher order of f.

By the assumption of Theorem, one can take a positive integer » and
a normal tube Y, about a prime surface S, of f such that 2, satisfies
the conditions of Lemma 1. Therefore, every prime surface S, in X,
is parabolic and is of type (0, ») and grad f is not zero at every point
on S,. From Lemmas 1 and 2, every prime surface S, in 3, (: = 1,2, ...)
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is non-singular and parabolic and is of order 1 and of type (0, n) except
for values z belonging to a set of capacity zero. Hence types of all prime
surfaces of f are at most (0, »). Therefore, every prime surface of f is
parabolic by Yamaguchi’s theorem ([6]; Theorem 4, p. 433). Therefore,
if f has “sufficiently many” schlicht algebraic prime surfaces, then f be-
longs to the class (A). Thus the proof of Theorem is complete.

REMARK. From the above Theorem and Suzuki’s theorem ([5]; Theorem
6, p. 253), the following proposition is immediately obtained.

Under the assumption of Theorem, every prime surface S, of fis of
type (0, n) except for at most (n — 1) values z and type of every excep-
tional prime surface is at most (0, n).

REFERENCES

[1] T. NisuiNo, Nouvelles recherches sur les fonctions entiéres de plusieurs variables com-
plexes I, J. Math. Kyoto Univ., 8 (1968), 49-100.

[2] T. NisHINO, Nouvelles recherches sur les fonctions entiéres de plusieurs variables com-
plexes II, Fonctions entiéres qui se réduisent a celles d’une variable, J. Math. Kyoto
Univ., 9 (1969), 221-274.

[8] T. NisHINO, Nouvelles recherches sur les fonctions entiéres de plusieurs variables com-
plexes III, Sur quelques propriétés topologiques des surfaces premiéres, J. Math.
Kyoto Univ., 10 (1970), 245-271.

[4] T. NisHINO, Nouvelles recherches sur les fonctions entiéres de plusieurs variables com-
plexes IV, Types de surfaces premiéres, J. Math. Kyoto Univ., 13 (1973), 217-272.

[56] M. Suzuki, Propriétés topologiques des polynémes de deux variables complexes, et auto-
morphismes algébriques de ’espace C%, J. Math. Soc. Japan., 26 (1974), 241-257.

[6] H. YaMAGUCHI, Sur une uniformité des surfaces constantes d’une fonction entiére de
deux variables complexes, J. Math. Kyoto Univ., 13 (1973), 417-433.

MATHEMATICAL INSTITUTE
TOHOKU UNIVERSITY
SENDAI, JAPAN





