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Abstract. We extend the Hardy-Littlewood duality theorem to any
locally compact abelian group G, namely, if LYG) (2<g<co) has the upper
majorant property, then L?(G) has the lower majorant property, p~*+q-1=1.
This settles the question of exactly which LP(G) has the lower majorant
property.

1. Introduction. Let G be a compact abelian group. For f, g € L(G),
we say as in [5] that g is a majorant of f if and only if |fI<§. Let
1< p=< . We say as in [2] that L?(@) has the upper majorant property
(UMP) if and only if there is a constant A, such that

fll = Asllglls

whenever f, ge L?(G) and ¢ is a majorant of f. We say also as in [2]
that L?(G) has the lower majorant property (LMP) if and only if there
is a constant B, such that every f e L”(G) has a majorant gc L?(G) for
which

lgll, = Bl fll,

The majorant problem is to determine for which » the space L?(G) has
the UMP or the LMP. To exclude trivialities we assume throughout that
G is infinite. The problem was initiated by Hardy and Littlewood [5]
and solved partially by them for the torus group 7. The problem in
the general compact abelian case has now been completely solved, collec-
tively by Boas [2], Bachelis [1], and Fournier [4]. (See also Shapiro [10].)
The results can be summarized in the following theorems.

THEOREM A. L*(G) has UMP if and only if p is an even integer
or oo; and when L*(G) has the UMP the constant is 1.

THEOREM B. L?(G) has the UMP if and only if LY(G) has the LMP,
with the same constant, (¢~* + p™ = 1).

As an immediate consequence of these one also has
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THEOREM C. L?(G) has the LMP if and only if p=1 or p=
2k/2k — 1), ke N.

It should perhaps be mentioned that the difficult parts of the above
theorems are the “only if” part of Theorem A and the “only if” part
of Theorem B. The latter we shall call, following [9], the Hardy-Littlewood
duality theorem, it being, in the torus case, the main theorem in [5]. The
much easier half (the “if” part) of Theorem B was also named in [9] the
Boas duality theorem.

Now the compact abelian groups being rather special, it seems difficult
to adapt methods of the previous authors directly to the noncompact
locally compact situation. Indeed, an attempt was made (see [3]) to extend
the Hardy-Littlewood duality theorem to the integer group Z, but the
arguments were erroneous. Recently in [8] we have managed to prove
completely exact analogues of the above three theorems in L?(Z). At the
same time, Rains [9] has extended Theorem A, as well as the Boas duality
theorem and therefore the “only if” part of Theorem C, to all locally
compact abelian groups. His proof of Theorem A in the L?(Z) case is
the same as ours. On the other hand, as he says on p. 53 of [9], he has
found neither a generalization of the Hardy-Littlewood duality theorem
nor a direct proof that L?(G) has the LMP when p = 2k/(2k — 1), ke N.

The object of this paper is to prove a generalization of the Hardy-
Littlewood duality theorem and thereby, together with Rains’ results,
give a complete solution of the majorant problem in any locally compact
abelian group. Our method is essentially a simple modification of the
proof in our previous paper.

When the group G is not compact, f € L?(G) need not always have
an ordinary Fourier transform, so a few words must be said about the
definitions of UMP and LMP in L?(G). One can proceed in either of the
following ways as in [9]. Let

S(G) = L(G) N [LAG)]" .

One can define the UMP and LMP in L?(G) by taking the test functions
f, g only from S(G). The results of Rains mentioned previously have all
been proved under this definition. Alternatively, one can define the
concepts of majorants, UMP and LMP in the most general fashion, as
follows. S(G) is a Banach space under the norm

£ 1s = 1L 0 + P I -

The Banach space dual of S(G) is denoted by S*(G), which may be
regarded as a space of distributions. The Fourier transform on S*(G)
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is defined in the usual dual manner. If feS*(G), we define F e S*(G) by
Fowy =<fay, weS@).
For f, g€ S*(G), one then defines IF1< 3§ by
KFrwyl < <G uy, ueS@,uz=0.

Thus the concepts of the UMP and LMP are defined over all test functions
in L?(G). However, as shown in [9], for 1 < p < oo, the two definitions
of UMP are equivalent (and with the same constants). This follows from
a process of extension, since S(G) is dense in L?(G), 1 £ p < . Whether
the two kinds of definitions for LMP agree in general seems not to have
been investigated. Rains has also proved the Boas duality theorem, but
with different constants, when the LMP is taken in the distributional
sense.

Our problem is to prove the “only if” part of Theorem B and the
“if” part of Theorem C, in any locally compact abelian group. Now it
is trivial that L¥G) has the LMP, and the LMP for L'(G) can be established
directly, exactly as in [5]. By Rains’ analogue of Theorem A, L*(G) (1 <
p < 2) does not have the UMP. So LYG) (2 < ¢ £ ) does not have the
LMP, by the Boas duality theorem. Thus what concerns us is whether
L*(G) (1 < p < 2) has the LMP. Here functions have Fourier transforms
in LYG), by the Hausdorff-Young theorem, so that in our case the dis-
tributional definition of LMP is exactly the same as the definition set
forth in the beginning paragraph of this paper.

We wish to thank Dr. M. A. Rains for sending us a copy of his
thesis prior to its publication.

2. Generalization of the Hardy-Littlewood duality theorem. Our
main theorem is

THEOREM 1. Let G be a locally compact abelian group. If
L{(G) (2 < q < ) has the upper majorant property, then L?(G) (p~* +
gt = 1) has the lower majorant property, and with the same constant.

We first fix some Potations. Generic elements in G will be denoted
by «,y, -, those in G by &7, ---. LYG) has an approximate identity
{Uoa}nep With the following properties [6, (33-12)]:

(1) u€ LY(G) N C(@), uo = 0;

(ii) S u(@)dz = 1;

G A

(iii) @, €C(G), U, = 0;

(iv) lim #,(&) = 1 uniformly on compact sets.

Note we shall often use without mentioning the fact that u.(—x) =
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Ue(X), Bo( —E&) = Ue(€). Let {w,}.cp be an approximate identity for L‘(@)
with the same properties as above. Note that we can clearly arrange
so that the index sets are the same.

We shall need the following lemma, which can be obtained by direct
computation:

LemmA 1. [5, Lemma 2; 7, (15-10)]. Let E be any measure space.
For f,pec L?(E),1 < p < o, and real t,

(L7 + 91| = pRe| |F @ sgn F@ptw)da

t=

PROOF OF THEOREM 1. For feL?(G), 1 < p <2, usrf = @f ¢ LiG),
since #4,€C,(G) and f € L*(G). Thus
S A S ~
Wor| Ut [ | () € LNG) ,  (wor [uaxf])" (%) € C@G) .
Hence the set
~ S
S. = {a e L*(G) | a(g) = wa*|u.xf (), a.e.}

is not empty, because the inverse transform of w, x|, 7 | (¢) belongs to S,.
S, is closed in L?(G) by the Hausdorff-Young theorem, and is obviously
convex. Since a closed convex set in the uniformly convex Banach space
L?(@) has a unique element of minimum norm, we see that there exists
a unique ¢, €S, such that

1911, = inf {llall, | aeS.}.
Define
ho() = | ga(®) |7 sgn g.(@) ,
then
Thalls = [1ga 5 -

LEMMA 2. There is a positive Borel measure ya,ﬁeM(é) such that
up*ha = ﬂa,ﬁ'

Proor. For any ¢ L?(G) with ¢(£)=0, and for all t=0, g, +tscS,,
and so

19e + toll, = [9alls »
hence

[Lijg.+tslz]_ = 0.
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By Lemma 1, we have
Re Sha(w);b(x)dx =0,
and since §, = 0, ¢ = 0 entail g,(—x) = g.(x), 9(—x) = 4(x), we have in fact
[t@s@is = 0.
Replacing ¢ by wuz+¢, then
Sup*ha(x)qs(x)dx =>0.

Now (x) = uprhy(x) € C(G). We claim it is also positive Qeﬁnite, S0
that the conclusion of our lemxAna follows. For, fixing any & € G, consider
#(x) = Wy(x)é(x) € C,(@). Since ¢(n) = w,(é — ) = 0, we have

|@.@mw@e@ds = 0.
Hence for every ke C,/(G),
(| @rr@ikw)fa = Ddsdy = | o, @wadz| ke rawde
= |k rde | d@maemanzo.
But
lim { {2, b@)ow = D)dody = (k@G = Ddedy
= {{v@ - wi@E@dady ,
so that
¥ — wr@kwdedy = 0
for every ke C.(G), which is sufficient.

LEMMA 3. [lgall, = A, 1],

ProOF. As a matter of fact, for all ¢ = —1,

~ ~ I PN
G + U0a — Wer | UrS|) = Wor|uxf| ace.,

and since

Gu + wer [ F | € D@
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we have
e + t{02 — (War | Bef )M = |l gells
so that

d 5 FIVy e —
[Llg. + tlg. — ol @FIYYE] =0

P
t=0

From Lemma 1, we obtain
e @ga(@)dz = | hu()ou )| [(—o)de .

Note that h,e LYG) and @,|4, 7l eC(®), so
@) 0.7 [ (—0)de = lim {wssho @ o) |2 [(~2)de

= tim { |27 1©worm @z,
where the last equality follows from Parseval’s relation. Now set

Tunl(§) = War a(8) s8N F) .
Noting that z, ;e LY(G) N L™(G) L”(é), we have

~ P .
g]aaf](g)wa*#a.ﬁ(é)dé = gua*f(é)fa,ﬂ(g)ds = Sua*f(x)z-a,ﬂ(x)dw
S Nluexf o1 Zaslle = 1 111 Ealls -
We now apply the upper majorant property for LY(G) (with constant
A)) to the pair

~ /\
Tap and  wytlly,s .

Recall that z'a,ﬁeLz(@) also, so that the distributional definition of the
Fourier transform of %, ,e LYG) agrees with 7, ,”. Thus the definition of
T,s Shows that

/\ . 3 ~
Wax s 1S @ majorant of 7, ;

and so by hypothesis
”‘?mﬁ”q = Aq“waﬁmﬁ”q = Aq”ﬁmﬂ”q = Aq“uﬁ*hauq = Aq”hqu

= Adllgally” .

Combining the above steps, we have
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1611z = {ru(@)g.@de = lim {27 | @worps(@)de
S AN Taslle = Al S 11191137
which is what we need.
CONCLUSION OF THE PROOF. By Lemma 3,
9ells = Al Fll5 -

Hence there exists a subnet of {g,}, also denoted by {g.} for notational
simplicity, which converges weakly to some ge L?(G) and

Hgll, = ALf 1l -

Thus, it remains to show that
FGIEYGRER
For any he L"(@), h(¢) = 0 a.e., we have

b () = Sgaw)ﬁ(x)s(x)dx ,
which converges to

lo@h@s@ds = a+h(e) -
But, from the definition of g,,

I
Goxh(8) = hxwex |u s f|(8) a.e.
with the right side converging to hx| F |(¢). Hence
he | F1(©) < hx§(@) a.e.

Now replace b by w,. Since the corresponding nets converge in L"(@),
so do a sequence thereof, and passing to an appropriate subsequence, we
see that

FOI< 46 ae.

as asserted.
From Theorem 1 and Rains’ Theorem A as well as the Boas duality
part of Theorem B, we immediately have

THEOREM 2. For any locally compact abelian group G, L*(G) has
the lower majorant property if and only if »p =1 or p =2k/2k — 1),
keN.
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