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1. Introduction. Edrei and Fuchs [1] proved several interesting
results about the relations between the order and deficiencies of mero-
morphic functions of one complex variable. In particular, they showed
that a meromorphic function with two deficient values is of positive
lower order and that an entire function of finite order with maximal
deficiency sum 2 is of positive integral order and of regular growth.
Generalizations of these results were given by Toda [6], Noguchi [5] and
the present author [4] for meromorphic mappings into a complex pro-
jective space PMC.

In this note, we generalize results of Edrei and Fuchs concerning
the relations between deficiencies and the lower order to the case of
holomorphic mappings of the ^-dimensional complex Euclidean space Cn

into a compact complex manifold M with a positive line bundle.

2. Notation and Terminology. Let z = (zlf , zn) be the natural
coordinate system in C\ We put \\z\\2 = Σ?=i%» B(χ) = {ze Cn\ \\z\\ < r},
dB{r) = {ze Cn\ \\z\\ = r], dc = (τ/^ϊ/4τr)(9 - 5 ) , ψ = ddc\og \\z\\\ ψk =

ψA —- Λψ (ft-times) and σ = dclog \\z\\2 A ψn-i-

For a divisor D{ $ 0) in Cn, we write

n(r, D) = ( ψ w and N{r, D) = Γn({, D)(dt/t) .
Jsuppi?n5(ί) JO

Let M be an m-dimensional compact complex manifold with a posi-
tive line bundle, hence a smooth protective algebraic variety by a
famous embedding theorem of Kodaira. Let L be a positive line bundle
over M and {Ua} be an open covering of M such that the restriction
L\U(x is trivial. Then L is determined by the 1-cocycle {faβ} which are
non-zero holomorphic functions on Ua Π Uβ and satisfies faβ = far-frβ on
UanUβn Ur. A holomorphic section φ = {φa}eH°(M, έ?(L)) of L-+M is
given by holomorphic functions φa on Ua which satisfy the relation
Φa — faβφβ on Uaf] Uβ. A metric h in L is given by positive C°° functions
ha in Ua such that ha = \faβ\

2hβ on UaΠ Uβ. Thus, if φ = {φa} is a section
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of L—>M, then the function \φ\2 = \φa\
2/ha is well defined on M and is

called the norm of <j>. We put ω = ωL = cίcίclog ha, which represents the
Chern class cx(L) of L, and call it the curvature form of the metric h.

Let / be a holomorphic mapping of Cn into M. We define

Γ(r, /) = Γz(r, /) = [ (dt/t) \ f*ω A
JO Jβ(ί)

and call it the characteristic function of /, where f*co denotes the pull
back of the form ω by /. We note that T(r, /) is independent of the
choice of the metric h in L up to an O(l)-term (see [2], p. 182).

Let \L\ denote the complete linear system of effective divisors on
M given by the zeros of a holomorphic section of L-+M.

Let D 6 ILI be an effective divisor given by the zeros of a holo-
morphic section φ e H\M, ^(L)) with | φ | <: 1 on ilί. Assume that
φ(f(z)) m 0 and let

m(r, D) = \ (log(l/\φ\\f(z))))σ (^

Using Nevanlinna's first main theorem, Griffiths and King proved
the following (see [2], p. 174 for the case of meromorphic functions and
p. 184 for the case of divisors).

THEOREM A. Let g be a holomorphic mapping of Cn into M and
let D e IL \ be an effective divisor given by φe H°(M, έ?(L)) such that the
divisor (φ) of φ is equal to D, \ φ \ <* 1 and φ(f(z)) Ξ£ 0. Then

(1) N(r, f*ΰ) + m{r, D) = T(r, f) + 0(1) ,

where 0(1) depends on D but not on r.
In the case where f*D passes through the origin, the definition of

N(r, f*D) must be modified by means of the Lelong numbers and, fur-
thermore, the 0(1) term must be replaced by the term of O(logr). (Cf.
Griffiths and King [2].)

For a divisor D e\L\ on M, we define the deficiency of D by

δφ, /) = 1 - lim sup N(r, /*5)/Γ(r, /) .

We define the order λ and the lower order μ of f as follows: X —
lim s u p ^ (log T{r, /))/log r and μ = lim inf ̂  (log T{r, /))/log r.

3. Let f:Cn^Mbe a holomorphic mapping of finite order λ and
f(Cn) is not contained in any divisor belonging to \L\. Let Du , Dm+ι e
ILI be divisors on M such that D = D1 + + Dm+1 e \ Lm+ί | has normal
crossings and let φ* — {φi} e H\M, έ?(L)) be holomorphic sections such
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that the divisor (φj) of φj is equal to D3 and |0y |5*l on M for j = l9 •••,
m + 1. Set Dj = f*φj). Then the system f̂ 1, , φm+1) has no common
zeros, since D has normal crossings. Thus the function h = {&α} Ξ ΣT^I 1

|^α | 2 is a positive C°° function on M satisfying ha = \faβ\2hβ on Ua Π Ϊ7 .̂
Hence we may take Λ as a metric on L. Note that, if rf and ̂ 2 are
two holomorphic sections of L-+M, then its ratio γ/η2 is a global mero-
morphic function on M. Since 5 has normal crossings, there is an ί
(say i = 1) such that /*(A) does not contain the origin. By Theorem
A for the case of divisors, we have

Γ(r, /) - N(r, ΓΦd) + m(r, A) + 0(1)

= JV(r, A) + f (log(λβ(/(«))/|Λr(/(«)))M«) + 0(1)
JdB(r)

= N(r, A) + \ dog (Σ11 Φt(f(z)M(f(z)) \*))σ(z) + 0(1) ,

or

( 2 ) Γ(r, /) = ΛΓ(r, A) + ( (max log | φL{f)lφ\(f) \2)σ + 0(1) .
JdB(r) l^j£m+l

Note that Γ(r, /) ^ w(r/2, A)-log 2. Hence n(r, DJ has the order
not exceeding the order λ(<oo) of /. Hence there exists an integer q

with I t~q~ιdn(t9 A) < °°, and an entire function JF\Z) with the divisor

(F) = A ( ί 0) a n ( i of order at most max(g, ord.A) by Lelong [3].
Now, let Ύp(z, z0) be an automorphism of B(p) such that yp(z, z0) = 0

for zoeB(p). We write ψP(z,z0) = ψoyp(zfz0) and σP(z,z0) = σoyp(z,z0).
I f *o = ( r , O , •• , O ) , ζ = (ζ 1 > .- , ζ j a n d i f

then we have

, z) <( 3) σ(ζ) σ,(ζ, z) σ(Q
' J (1 + (r//9))« " ^ ' " (1 - (rip))*

for ζedB(p). Hence we see that σp(ζ, z) = (1 + QMζ), where

Q ^ {(τ, + 1) - (r, - l) }/(r, - 1) for τp = p/r > 1 .

4. We now prove the following theorem which yields a relation
between the lower order and the deficiencies.

THEOREM 1. Let f:Cn-+M be a holomorphic mapping of finite
order X such that the image f(Cn) is not contained in any divisor in
\L\ and let Dlf , Dm+1 e \L\ be divisors on Msuch that D = A + +Dm+ι
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has normal crossings. If τ > τ0, then

(4 ) Γ(r, /) ̂  (5n/2τ)T(τr, f) + max N(τr, / * 5 , ) + O(log r) (r

where τoeR is the maximal real number of τ0 such that

{(r0 + 1)^ - (To - 1 ) }(T 0 - 1 ) " * = 5

PROOF. Since φ'/φ1 is a meromorphic function on M and since -F7 is
an entire function on Cn with (F) = Dlf we see that (Φj(f(z))/φ\f(z)))-F(z)
is an entire function without poles on Cn. Hence the function
log(|^'(/)/^(/)| |JFΊ) is a subharmonic function on Cn. Thus, for | | s | | =
r < R, (2) implies

log I {Φj(f(z))/φ\f(z))}F(z) |2 ̂  ( (log I W{f{Q)lΦ\f{Q)}F{Q |>(ζ, z)
JdB(R)

= \ dog I ΦKfiQWifiQ) \7)σ{ζ, z) + ( (log I F(Q |>(ζ, 2)
JdB(R) JdB{R)

+ (5»/2r)t (Ilog IφKf(ζ))lΦ\f{Q) IIMζ) + ( (log | F(ζ) \>)σ{ζ, z)
}dB(R) JdB(R)

= N(R, Dj) - N(R, A) + (5n/2τ)\ (| log | ̂ (
JdB(R)

+ ( (log I F(ζ) |2)σ(ζ, 2) + O(log R) (i = 1, , TO + 1) ,

hence

( 5 ) max log | {φKf{z))lφ\f{z))}F{z) |2

^ max N(R, D,) - N(R, A) + (5n/2r)ί ( max
l^i^m + 1 JdBiR) lύj^m+1

+ \
Jd
\
JdB(R)

by (1) for the case of meromorphic functions. Since max^^m + 11 φj(f)/
φ\f)\ ^ 1, we see m a X l ^ w + 1 |log| Φ3{f)lΦ\f)\ I = max^^m + 1log \Φj{f)lΦ\f)\
and we have

ί ( max I log | φKf(QW(f(Q) \2\Mζ)

= \ (max log iφKΆOVφKfiOYMζ) ^ T(R, f) + 0(1) .
JdBiR) l ^y^m+1

Therefore, integrating both sides of (5) on dB(r), we obtain
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ί ( max log\{φί(f(z)W(f(z))}F(z)\2)σ(z) £ max N(B, AO - N(R, A)
Jdΰ(r) l^i^m + 1 l^i^ + 1

+ (5n/2τ)T(R, f) + N(R, A) + O(\ogR) ,

since

( j ί (log I F(ζ) \ησ(ζ, 2)1 σ{z) = \ (log | F(ζ) |>(ζ)

Thus we have

Γ(r, /) = f ( max log \φ*(J(z)W(J(z))\*M*) + ΛΓ(r, A) + 0(1)

J3£(r) l^i^m+1

= ^Jmaxlog \{Φ'Xf(z)W(f(z))}F(z)\*)σ(z) + 0(1)

= max N(R, D3) + (5n/2τ)T(R, f) + O(log R) (Λ —oo) .
This completes the proof of Theorem 1 with R = τr.

COROLLARY 1. Under the same assumption as in Theorem 1, if f
is transcendental and is of lower order μ and if 7 = max^^m + 1 (1 —
δφj9 /)} < 1, then

log ( l / 7 ( 2 - τ ) ) f Q r y φ 0

l o g τ

μ ^ 1 for 7 = 0 ,

where τ = max (τ0, 5n/y(l — 7)).

PROOF. Using a method similar to that of Edrei and Fuchs [1], we
deduce these inequalities from (4).

COROLLARY 2. Under the same assumption as in Theorem 1, if f
is transcendental and if there are m + 1 divisors D3e \L\ (j = 1, ,
m + 1) on M such that D = D^ \-Dm+1 e \Lm+1\ has normal crossings
and d(Dj, f) > 0 for j = 1, , m + 1, then the lower order μ of f is
positive.

We next give an estimate for K(f) = lim sup,^ ΣΓA1 JV(r, Dj)/T(rff).
A similar estimate for the case of meromorphic mappings into PNC was
given by Noguchi [5].

THEOREM 2. Let f: Cn~^M be a holomorphic mapping of finite order
X which is not a positive integer. Assume that the image f(Cn) is not
contained in any divisor belonging to \L\. Then, for any m + 1 divisors
Djβ \L\, j — 1, , m + 1 on M such that D = Dx-\ \~Dm+ί has normal
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crossings and f*D3 ί 0 (j = 1, , m + 1), we have

K(f) = lim sup ΣMr, f*Dά)IT(χ, f) ^ k(\) ,
r->oo j=i

where k(X) is a positive constant depending only on λ and is not less
than {2Γ4(3/4)|sin7Γλj}/{τr2λ + Γ4(3/4)|sinττλ|}. In particular, if 0 ^ λ < 1,
then fc(λ) satisfies k(X) ̂  1 — λ, where Γ( ) denotes the gamma-function.

PROOF. Since f*Dί ΞΞ A ί 0, there is Lelong's canonical function F
with (F) = A and of order at most max(#, ord.AX where q is the least

t q ιdn(t, A) < °° Thus, by (2) we have

T(r, f) = N(r, A) + ( (logΣ \Φj(f(z))/φ\f(z))ήσ(z) + 0(1)
JdB(r)\ i=l /

= t (max log I {φ'\f(z))/φί(f(z))}F(z) \*)σ(z) + 0(1)
JdB(r) l^i^w+1

or

T(r, f) £ Σ!\ dog+ I {φj{f{z))lφ\f{z))}F{z) \*)σ(z) + 0(1) .
3=1 J3BM

Now we can write {φj(f(z))/φ\f(z))}F(z) = G^-ex^P^z)), where G3 is
the canonical function associated with the divisor f*Ds = D3 and P3 is
a polynomial of degree not greater than the order of {φj{f)IΦ\f)W. We
also see that

T(r, f) 5: ί (log+ W{f(z)W(f(z))f)a{z) - 0(1),
JdB(r)

hence

ί (log+ |exp(P^))|>(^
JOBίr)

^ \ (log+ I G^expiPjiz)) \>)a(z) + ί (log+ | G/ejrXa)

= ί dog+ I {φKf(z)W(f(z))W(z) |2)σ(2) + ( (log+ I G,{z) Πσ(z)
JdB(r) JdB(r)

£ \ (log+ W{fW<J)\*)σ{z) + \ (log+ \F\ησ(z)
JdB(r) JdB(r)

+ \ (log+ \Gona{z) ^ T(r, f) + Γt(r, F) + Z(r, Gs) + 0(1) .

Here TΊ(r, ί7) and T^r, G3 ) are characteristic functions of F and Gif re-
spectively. Hence the order of exp(P^) is not greater than the order λ
of /, since F and G3 are of order at most λ. Thus
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T(r, f)£ΣΪ\ dog+ IG, \*Mz) + 0{τ") ,

where q is t h e largest integer not greater than [λ] ( < λ ) . Therefore,
put t ing n(t) = ΣΓ^i1 w(£> A ) a n d using a method similar to t h a t of
Noguchi [5], we have the conclusion of Theorem 2.

COROLLARY 3. Let f:Cn^Mbe a holomorphic mapping such that
the image f(Cn) is not contained in a divisor in \L\. If there are m + 1
divisors Dά e\L\ (j = 1, , m + 1) on M such that D = D^ \-Dm+1

has normal crossings and δ(Djf f) = l for j = 1, , m + 1, then f is
of positive integral order or of infinite order.
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