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Introduction. A compact submanifold M (without boundary) immersed
in a Riemannian manifold M is called minimal if the first variation of
its volume vanishes for every deformation of M in M. Clearly, if the
volume of M is a local minimum among all immersions, M is a minimal
submanifold of M. But the volume of a minimal submanifold is not always
a local minimum. Nowadays we know a large number of examples of
minimal submanifolds (e.g. totally geodesic submanifolds, complex sub-
manifolds of Kaehler manifolds and extremal orbits of compact transfor-
mation groups, ete.). It is an important problem to know whether a
given minimal submanifold has a local minimum volume or not.

We say that a compact minimal submanifold M in M is stable if the
second variation of its volume is nonnegative for every deformation of
M in M. Clearly, if M has a local minimum volume, then it is stable.
The class of stable minimal submanifolds is much smaller than the class
of general minimal submanifolds. The existence of a stable minimal sub-
manifold is closely related to the topological and Riemannian structures
of the ambient manifold. In fact, Simons [13] and Lawson-Simons [9]
proved the following remarkable theorems.

THEOREM A. No p-dimensional compact minimal submanifold im-
mersed in the Euclidean sphere S™ is stable for each p with1 < p < n — 1.

THEOREM B. Let M be a p-dimensional compact minimal submani-
Jold immersed in the complex projective space P*(C) with the Fubini-Study
metric. Then M is stable if and only if p = 2l for some integer | =1
and M is a complex submamnifold in the semse that each tangent space of
M s invariant under the complex structure of P™(C).

The purpose of this paper is to complete the classification of compact
stable minimal submanifolds in all compact rank one symmetric spaces
(the sphere S*, the real projective space P"(R), the complex projective
space P*(C), the quaternionic projective space P*(H) and the Cayley pro-
jective plane P*(Cay)). We will prove the following theorems.
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THEOREM C. Let M be a p-dimensional compact minimal submanifold
immersed in the real projective space P"(R) with the standard metric.
Then M 1s stable if and only if M is a real projective subspace P?(R)
of P*(R).

THEOREM D. Le M be a p-dimensional compact minimal submanifold
immersed in the quaternionic projective space P"(H) with the standard
metric. Then M 1is stable if and only if p = 4l for some integer | = 1
and M is a quaternionic projective subspace PYH) of P"(H).

THEOREM E. Let M be a p-dimensional compact minimal submanifold
1mmersed in the Cayley projective plane P*Cay) with the standard metric.
Then M is stable if and only if p = 8 and M is a Cayley projective line
P (Cay) = S® of P*Cay).

From these results we see that for a compact rank one symmetric
space M except P*(C), every compact stable minimal submanifold represents
a basis of the homology group (with coefficients in Z or Z, according as
M is simply connected or not), and vice versa. For compact symmetric
spaces of rank greater than one we cannot expect such a relationship
between stable minimal submanifolds and homology (cf. Chen, Leung and
Nagano [3]). Takeuchi [15] showed that there are many noncomplex
compact stable minimal submanifolds in compact Hermitian symmetric
spaces of rank greater than one.

Lawson and Simons [9] generalized Theorems A and B to currents on
S* and P*(C). We generalize Theorems D and E to currents on P"(H)
and P*(Cay) (cf. Theorem 3.3). [9] and [13] carried out the proof by
deforming a submanifold or a rectifiable current along conformal vector
fields or holomorphic vector fields taking the average of the second vari-
ations. We deform a submanifold or a rectifiable current on a compact
symmetric space along gradient vector fields of the first eigenfunctions
for the Laplacian, and use the standard immersion of the compact sym-
metric space into the first eigenspace in order to compute the average
of the second variations. Conformal vector fields of S, holomorphic vector
fields of P*(C) and infinitesimal projective transformations of each projec-
tive space are gradient vector fields of the first eigenfunctions for the
Laplacian. So our method is a generalization of that of Lawson and
Simons. We will get the nonexistence of stable currents of certain degree
on some compact rank two symmetric spaces (c¢f. Theorem 4.3).

In [9] the following was posed:

CONJECTURE. Let M be a compact simply connected Riemannian
manifold with the sectional curvature K satisfying 1/4 < K < 1. Then
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there exist no stable p-currents on M for 1 < p < dim(M) — 1.

If the conjecture is true, then by virtue of the fundamental theorems
on integral currents by Federer and Fleming (cf. [4], [8] or [9]), M is a
homology sphere.

In the last section we show the nonexistence of stable currents on
certain convex hypersurfaces of the Euclidean space as a partial answer
to this conjecture.

THEOREM F. Let M be an n-dimensional compact Riemannian mani-
Jfold isometrically immersed in an (n+1)-dimensional FEuclidean space E™**
and suppose that every principal curvature £, of M satisfies V' 6 <k, <1
(t=1, - --,m). If 6 satisfies 1/2 < =1, then there exist no stable p-
currents on M for each p with 1 < p <n — 1.

Mori [10] showed the above consequence under the assumption that
0 > n/(n + 1). Theorem D was proved independently by M. Takeuchi.

The author wishes to thank Professor K. Kenmotsu for his constant
encouragement. Thanks are also due to the referee for his careful reading
of the manuscript.

1. Second variational formulas.

1.1. Let «: (M, g) — (M, §) be a minimal isometric immersion of a
p-dimensional compact Riemannian manifold (M, g). We denote by
C=(y*T(M)) the space of all C=-vector fields along . For any V in
C=(y*T(M)) let {4} be a C=-one-parameter family of immersions of M
into M with «, = 4 and with the variation vector field (d/dt)y,(®)|;= =
V,(@eM). Weput 7°(t) = Vol(M, Fg). We denote by Q,(V) the second
derivative of 7°(t) at ¢t = 0. From the classical second variational formula
Q,(V) is described as follows (cf. Simons [13, p. 73]):

Q) = | (- — AV + B, Ve .
Here dv denotes the Riemannian measure of (M, g) and V¥ the normal

component of V.V, = VY + 4, VI (x S M). A* = Tr,(V*)*is the Laplacian
on the normal bundle N(M) of . A, R e C~(End N(M)) are defined by

(Am), vy = Tr,(4.4,) ,
Blw), vy = 3, (Rle, we, v

i=1
for u, ve N,(M), where A is the shape operator of «r, {e;} is an ortho-

normal Dbasis 0~f Tm~(M ) and R is the curvature tensor of (M, §). Put
S =—A— A+ R _Z is a self-adjoint strongly elliptic differential
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operator of order 2 on the space C*(N(M)) of all C~-sections of N(M),
called the Jacobi operator of . @Q,(V) defines a quadratic form on
C=(p*T(M)). A minimal immersion + is called stable if Q,(V) = 0 for all
V in C=(y*T(M)). In this case, M is said to be a stable minimal sub-
manifold of M. We put E;, = {V e C*(N(M)); £ (V) =\V}. i dim E;
is called the index of . dim E, is called the nullity of 4. A normal
vector field V in E, is called a Jacobi field of 4. We define a subspace
P of C*(N(M)) by

P = {X"; X is a Killing vector field on I}

and call dim P the Killing nullity of . It is known that PCE, (cf.
Simons [13]). A minimal immersion «+ is stable if and only if the index
of +r is zero.

1.2. In subsequent sections we need the description of the curva-
ture tensor for P*(C), P*(H) and P*Cay) (cf. Brown and Gray [2]). The
curvature tensor R of the Fubini-Study metric on P*(C) with constant
holomorphic sectional curvature ¢ is given by

1.1) R(X, Y)Z = (¢/){Y, Z>X — (X, ZYY + (JY, Z>IX
— (JX, Z5TY + €UX, JYYJZ)
for any X, Y, Ze T,(P*C)), where J is the complex structure of P"(C).

The curvature tensor R of the standard metric on P"(H) with the
maximum ¢ of the sectional curvatures is given by

1.2) R(X, Y)Z= (c/4){<Y, X — (X, Z2>Y
- Z" (Y, Z5T.X — {JX, 25T, Y) +2 g‘, (X, J,.Y>JLZ}

for any X, Y, Ze T, (P"(H)), where {J,, J,, J,} is a canonical local basis of
the quaternionic Kaehler structure (cf. Ishihara [6]) of P"(H).

A 4]-dimensional submanifold M immersed in a quaternionic Kaehler
manifold M is called a quaternionic submanifold if each tangent space
of M is invariant under J, (2 = 1, 2, 3).

Let # be a point in P*Cay). We can identify T,(P*Cay)) with
Cay @ Cay in a natural manner. Using the structure of the Cayley
algebra, the curvature tensor R of the standard metric on P*Cay) with
the maximum c¢ of the sectional curvatures is given by

(1.3) R, v), (z, w))(u, v)
= (¢/4)(—4{x, upz + 4{z, uyx + (uw)y* — (wy)w* + (xw — 2y)v,
x*(2v) — 2*(av) — A<y, VYW + 4w, V)Y — uF(@w — 2Y))
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for any (x, y), (2, w), (u, v) € T,(P*(Cay)) = Cay P Cay, where a* denotes
the conjugate of a as a Cayley number and {a, b)) = (¢*b + d*a)/2 for
a,beCay. Cay® {0} = {(x,0); xeCay} is an 8-dimensional Lie triple
system of the symmetric space P*(Cay). The complete totally geodesic
submanifold generated by Cay @ {0} is the Cayley projective line P*(Cay)
of P*(Cay). P'(Cay) is isometric to an 8-dimensional sphere S® with con-
stant sectional curvature ¢. If an 8-dimensional subspace of a tangent
space of P*Cay) is congruent to the Lie triple system Cay @ {0} by an
isometry of P*Cay), then we call it of Cayley type. An 8-dimensional
submanifold M immersed in P*(Cay) is called a Cayley submanifold if each
tangent space of M is of Cayley type.

1.8. Here we give examples of compact stable minimal submanifolds
in projective spaces.

PROPOSITION 1.1. Let M be a projective space and M a projective
subspace of M or a compact complex submanifold in M = P~(C). Then
the index, the nullity and the Killing nullity of M are given as in Table
1, where CCS means an l-dimensional compact complex submanifold.

TABLE 1.

M M index nullity Killing nullity

1) P™R) PYR) 0 I+Dmn—-0D C+Dn—-10

2 P~C) CCs 0 220+ 1Dn—10 220+ Dn -1
PYC) 0 20+ Dn —1) 20+ Dn -1
0
0

(® P"(H) PYH) 40+ n =1 40+ D —1D

16 16

4) P*Cay) P(Cay)

REMARK. (1) The results in the case of P"(C) are contained in
Simons [13] and Kimura [7]. The index and nullity for the other cases
can be computed by means of Hopf fibrations and the method of Chen,
Leung and Nagano [3]. The Killing nullity is determined in a way similar
to Simons [13, p. 87]. Here we omit the detail of the proof.

(2) It is interesting to study the nullity of minimal submanifolds.
Simons [13] asked when a Jacobi field on a minimal submanifold arises
from a one-parameter family of minimal submanifolds. By the above
result the nullity of the projective subspace of the projective space coin-
cides with the Killing nullity. Hence in this case any Jacobi field arises
from a one-parameter family of minimal submanifolds. It seems that the
nullity coincides with the Killing nullity for fairly many compact totally
geodesic submanifolds in compact symmetric spaces.
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1.4. Next we explain the variational formulas for rectifiable currents.
We use the same notation as in Lawson and Simons [9]. See also [8] or
[9] for detailed definitions. Let (M, g) be a compact n-dimensional Rie-
mannian manifold and V its Riemannian connection. We denote by g or
{, > the inner product of A” T,(M) induced by g. Let .Z,(M) be the
set of all rectifiable p-currents on M, where 0 < p <n. For a current
& e @, (M), & denotes the orientation of &% It is an S#?-measurable
field on M of simple p-vectors of unit length which represent tangent
planes of &, where S5#°? is the Hausdorff p-measure on M. TFor a vector
field V on M we define an endomorphism &7 of T,(M) by " (X) = V;V
for Xe T,(M). This endomorphism can be extended to A? T,(M) uniquely
as a derivation. At z in M, we define also an endomorphism V, .V of
T (M) by

6V,XV == 6;/61"11 - 6‘V‘V‘JEV
for Xe T, (M), where X is any extension of X to a local vector field.

This is independent of an extension X, and also the endomorphism V, .V
carries over to A? T,(M) uniquely as a derivation. Consider a current
& e Z,(M) and a vector field V on M. Let ¢, M — M, tc R, be the
flow generated by V. Then for each ¢ we have a rectifiable current
#,(”). Let M denote the mass of rectifiable currents which is defined
as the norm of a linear functional on C=(A?(M)) which has the supremum
topology. If & is an oriented C'-submanifold with finite volume, then
M(<”) is just the volume of &~ Then,

M) = | 19Zeldl 1,

where |¢t,.§_/i| = ((¢t*§)(§7,, Z D)2 and ||.&7|| is the total variation measure
associated to & defined by means of the p-dimensional Hausdorff measure
Z#? on M.

DEFINITION. A rectifiable p-current e R, (M) is called stable if,
for each vector fleld V on M, the following two conditions hold:
(d/dt)M(‘ﬁtuC/)[mo =0,
(d*/dE*) M($.S ) 1=0 2 O,

where ¢, is the flow generated by V.

The first and second variational formulas for the mass of rectifiable
currents were obtained by Lawson and Simons [9] as follows:

PROPOSITION 1.2. Let M be a compact Riemannian manifold and V
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a vector field on M_ with associated flow ¢,. Then for any rectifiable
p-current & € Z,(M),

(@A) Moo = | @J28)|60Fel -l | (k= 1,2)

where for a simple unit p-vector &€ AP(M)

(1.4) (d/dt)| pupé|1i=0 = {7(E), &),
(1.5) (B)At))| $u& | 1m0 = —{2T(E), £)* + (T 27(8), &) + |7 (8)F
+ (Vy:V, 8 .

REMARK. In the special case where V = grad f for some f e C=(M),
77 is symmetric and (1.5) is simplified as

(1.6)  (/de) gt lismo = =), * + 2/ 7@ + (Vi V, &) .

For future reference we shall write the right-hand side of (1.6) at

xe€ M in terms of tangent vectors at x. Let {e, ---, e,, n, - -+, .} be an
orthonormal basis of T,(M) and & = ¢,A\---Ae,. Then
A7) —ALTE), &+ 2T + (Vi V, &

P 2 y 4 y —_
= {3 (e ed} +2 33 (M) m) + B o Vied
where | 77(¢)| denotes the length of the p-vector .o77(g).

To a simple p-vector & e A? T,(M), x € M, we can associate a quadratic
form Q. on the space X(If) of all C=-vector fields on M as follows; for
V e ¥(M) with associated flow ¢, define Q.V) = (d*/dt)|¢ut im0 We
associate to each & e%,,(]lzf ) a quadratic form Q. on X(M) as follows;
for VeX%(M) with associated flow ¢, define

QAV) = (@/dt) M3 ) w0 = | Q2. Ml 1.

REMARK. If a p-dimensional compact oriented minimal submanifold
M of M is stable in the sense of 1.1., then M is stable as a current.
But in general the converse is not true.

1.5. We define a class of rectifiable currents on a quaternionic Kaehler
manifold M and P*Cay), respectively.

DEFINITION. A 4l-current .&¥ € <2,(M) is called a quaternionic current
if || .7 ||l-almost all tangent planes é of & are invariant under J, (7 =
1, 2, 3), where {J,, J,, J;} is the canonical local basis of the quaternionic
Kaehler structure of M. An 8-current .&¥ € &Z(P*Cay)) is called a Cayley
current if || &7 ||-almost all tangent planes of & are of Cayley type.
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Recently Tasaki [17] introduced a calibration by the fundamental
4l-form for the quaternionic Kaehler structure and obtained the following:

PROPOSITION 1.3. Any closed, canonically oriented quaternionic cur-
rent is a homologically mass minimizing current, in particular o stable
current.

2. Stable minimal submanifolds in P"(R). In this section we shall
prove the following:

THEOREM 2.1. If M is a p-dimensional compact stable minimal sub-
manifold in the real projective space P™(R), then M is a p-dimensional
real projective subspace P*(R) of P™(R).

We may suppose that the standard metric on P"(R) has constant
sectional curvature 1. Let S™ be the unit hypersphere in the (n + 1)-
dimensional Euclidean space E"*' with the standard inner product < , )
and z:S™ — P"(R) the natural isometric covering. We denote by ¢ the
antipodal involution of S™: g(x) = —x (xeS™). Let M be a p-dimensional
compact minimal submanifold immersed in P"(R) and we denote the
immersion by . Let M’ be a connected component of the total space
of the pull-back +~'S™ for the principal Z,-bundle z:S™— P*(R). We
have a commutative diagram:

Ml '!# 3S"CEH+1

|

M — P*(R) .

't M'— S™ is also an immersion, and so we may define a Riemannian
metric on M’ in such a way that ': M’ — S™ is an isometric immersion.
Then 7,: M’ — M is an isometric covering and +': M’ — S™ is also minimal.
We denote by A’, B’ and _#"' the shape operator, the second fundamental
form and the Jacobi operator for «', respectively. We denote by _# the
Jacobi operator for .

For any vector » in E"*', we define a C>function f, on S™ by
fo(@) = Lz, vy (xeS™. f, is the height function on S* in the direction
of v. Put V = gradf,eX(S™), where X(S") is the space of all C~-vector
fields on S*. V is a conformal vector field on S*. Since o,V)= —V,
V does not project to any vector field on P*(R). Now let u and v be
two arbitrary vectors of E"*' and put U = grad f, and V = grad f,. We
consider a vector field Z' = f,V = f,(grad f,) on S*. Since ¢,(Z") = Z',
Z' projects to a vector field on P"(R), that is, there is a vector field Z
on P*(R) such that =.Z; = Z,,, for x€S". We shall compute _#'(Z""),
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where Z'" is the component of Z’ normal to M.

LEMMA 2.2 (ef. Simons [13, p. 85]). If VT and V¥ are the components
of V tangential and normal to M’, respectively, then they satisfy

@1 ViV" = Apn(X) — f(0)X,
(2.2) ViVY = —B(X, V),

for any XeT,(M'), where V' and V'* are the Riemamnian connection
and normal connection of M', respectively.

LEMMA 2.3. If Z'" and Z'Y are the components of Z' tangential and
normal to M', respectively, then they satisfy

(2.3) ViZ'"" = Apw(X) + (X, VT — ful@)f,(@)X,
(2.4) V¥Z'" = —B'(X, Z") + (X, wV",
for any Xe T ,(M").

PROOF. Using (2.1) and (2.2), we have V42" = V4(£f.V7) = (XL)VT +
VAV = (X, upVT + Apn(X) — fuf. X, and V2 Z™ = VAV = (XFIVY +

FVHVY = (X, w)VY — B(X, Z'"). q.e.d.
LemmA 2.4. _F'(Z2'") = 2B'(U*, V7).
PrOOF. Choose an orthonormal frame field (e, - -, e,) around a point

x in M’ such that (V'e), =0 (1 =i < p). By (2.4) at z we have
AIJ_ZIN — 2 V:J‘V£J‘Z'N

Vil (—=B'(e, Z') + e, u)V'™)

- -
3 ||M'ﬁ
..

12—:‘( (V *B') (e, Z'T) - B’(eu V:iZ'T) + <V_;¢ei - <em €)%, u>VN

+ e, wyV V),
where V' is the Riemannian connection of S” and V'*B’ is defined by
(V¥B"\(Y, Z) = V¥(B'(Y, Z)) — B'(V%Y, Z) — B'(Y, V¥Z). By (2.2), (2.3)
and the minimality of +’, we have

AtZ'Y = g (—=(V¥B')e, Z'") — B'(e,, Apn(e;)) — e, uyB'(e, V")
+ fu@)fo(@)B' (e, €;) + {B'(e, e,), uyV" — pf(x)V"
— e, upB'(e;, V7))
= —A(Z'") — 2B (U, V") — pZ'" .

Since E'(Z™) = —pZ"™, we obtain _#'(Z'") = 2B'(U", V*). Here A’ and
R’ are defined for 4’ in the same way as in 1.1 of Section 1. q.e.d.
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In the above situation we shall prove Theorem 2.1.

ProOF OF THEOREM 2.1. We assume that M is stable. Let Z¥ be
the component of Z normal to M. Since 7 is a local isometry, we have
S (2" = F(ZY)and {_F (Z"), Z") oy = { L (Z'"), Z'") = 2(B'(U",
Vh, V¥f.,. We may regard (B'(U?, V%), V¥)f, as a function on M. Then
we have

@5)  QuZ) = SM (_F(ZY), ZVydw = 2 SM (B(UT, VT), V¥Sfad .

Fix the vector u and regard Q,(Z) as a quadratic form with respect to
ve E™*', We compute the trace of Q,(Z) on ve E™" with respect to the

inner product { , ». Let {v, ---, v,;,} be an orthonormal basis of E"*
with respect to ( , >. Then we have
(2.6) Tr, Qu(2) = 2| 5 B(U7, VD), Vifdo,

M i=1

where V,=gradf,, ¢i=1,---,n+1). We fix any xcM’'. Since the
integrand on the right-hand side of (2.6) is independent of the choice of
the orthonormal basis {v, :--, v,.,}, we may assume that », ---, v, and
Vpin * U, are tangent and normal vectors at xe€ M’, respectively, and
Vppr = 2. Since (VF), and (VY), are the T, (M’')- and N,(M')-components
of v, in E™", respectively, we have

SY(B(UT, VD), V=0 at a.

As x is any point of M’, the integrand of (2.6) vanishes identically on
M. Therefore we have Tr,Q,(Z) = 0. Since Q,(Z) is nonnegative by
the stability of M, we have Q,(Z) =0 for any uw,veE"". As _Z
has no negative eigenvalue by the stability of M, we get _Z(Z%) =
27, B'(U%, V) =0 for any u, ve E**. Hence B’ =0 on M'. Thus both
M' and M are totally geodesic. Therefore, either M is isometric to P?(R)
and +r is a totally geodesic imbedding, or M is isometric to S?(1) and
covers a projective subspace P?(R) of P"(R). We have only to show that
the latter never happens. In the latter case there is a lift ¢: M — S
such that = 7Tog. ¢ is a minimal isometric immersion of M into S".
By Theorem A the second variation of the volume of M is negative for
some V eC=(¢*T(S")). Then the second variation Q(z,V) for =,V €
C(y*T(P™(R))) is negative. This is a contradiction. q.e.d.

Combining (1) of Proposition 1.1 with Theorem 2.1, we obtain Theo-
rem C.

3. Stable minimal submanifolds in P*(H) and P*(Cay). The purpose



STABLE MINIMAL SUBMANIFOLDS 209

of this section is to show the following theorems:

THEOREM 3.1. If M s a p-dimensional compact stable minimal
submanifold immersed in the quaterniomic projective space P"(H), then
p = 4l for some integer | and M is an l-dimensional quaternionic pro-
jective subspace P'(H) of P"(H).

THEOREM 3.2. If M s a p-dimensional compact stable minimal
submanifold immersed in the Cayley projective plane P*(Cay), then p = 8
and M is a Cayley projective line P (Cay) of P*Cay).

Put F= R, C, H and Cay, and let P*(F) be the n-dimensional projec-
tive space over F with the standard metric of the maximum ¢ of the
sectional curvatures. Here n = 2 when F = Cay.

We shall give the unified proof of the following theorem.

THEOREM 3.3. Let M be a compact rank one symmetric space, that
is, M = 8™ or P"(F) and & € 2,(M) a stable p-current.

1) If M= 8", then p =0 or p = n (Lawson and Simons).

) If M = P*C), then p = 2l for some integer | and & is a com-
plex current (Lawson and Simons).

(38) If M = P"(H), then p = 4l for some integer | and & is a qua-
ternionic current.

(4) If M = P*Cay), then p =0, 16 or p =8 and .&¥ is a Cayley
current.

In particular, we obtain the following.

COROLLARY 3.4. Let M be a p-dimensional compact stable minimal
submanifold immersed in P™(F).

1) If F=C, then p =2l for some integer | and M is a complex
submanifold (Lawson and Simons).

(2) If F= H, the p = 4l for some integer |l and M is a quaternionic
submansifold.

8) If F = Cay, then p =8 and M is a Cayley submanifold.

First we derive the following trace formula for a submanifold in a
Euclidean space.

PROPOSITION 3.5. Let M be an m-dimensional Riemannian manifold
1sometrically tmmersed in the FEuclidean space E™ with the canonical
inner product { , > and denote by @ the immersion. Assume that the
image of M does mot lie in any hyperplane of E™. We define

7 = {grad f,c ¥(M);ve E},
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where f,(x) = (O(x), vd) @weM). Making use of the natural isomorphism
3.1) 7 = B,

we intzoduce an wnner product on 7. To any unit simple p-vector &€
N T (M), xe M, we associate a quadratic form Q. on 7 in the same
way as in 1.4. of Section 1. Then we have

y 4 P _ —_ —_
3.2) Tr Q. = Z.l k; (2|| B(e;, my) |I* — <{Blej, e;)B(ns, m4))) »
where B 1is the second fundamental form of @ and {e, -+, e, My * =+, Mg}

is an orthonmormal basis of T,(M) with & = e,A---Ae,.

PrROOF. Assume that Ve 7" corresponds to v € E™ under the isomor-
phism (8.1). Then at any xze M we have V, = v”, where ( )7 denotes
the orthogonal projection T (E™) — T,(M). By a simple computation it
follows that

3.3) (Vf)(X, ¥) = <(B(X, Y), v) ,
8.4 (V)X Y, Z)= —<(BX, Y), BZ V) + {(V*B)X, Y, Z), v)

for X, Y, Ze T, (M). Here V is the Riemannian connection of M and
V*B is the covariant derivative of B defined in the same way as in Sec-
tion 2. We define .7 and V, .V in the same way as in 1.4. of Section
1. Since (V¥)(X, Y)=<V;V,X) and (V/)(X, Y, Z) =<V, V, X), it
follows from (3.3) and (3.4) that

(3.5) (7(X), Y)) =<BX, Y), v),
(8.6) (VyxV,Y) = —<(B(Y,X), BV, V)) + {(V*B)(Y, X, V), v)
for X, Y, Ze T(M). Thus from (1.5), (1.6) and (1.7) we have

BD Q) = (3 Blew e, v)) +23 3 (Bley, ), 0

bd

Z <(€*B)(ey7 ej: V)’ ’U> .

j=1

— 3. (Blew e, BV, V) +

We now choose an orthonormal basis {e,, - -+, e,, y, =+, gy Ciy =y Crun}
for E™ and let {V, V,, ---, V,} be an orthonormal basis of 7" correspond-
ing to {e, ++*, €y My o, My &y o0, Cuy} via (3.1). Hence from (3.7) we
obtain

m

Tr Q. = >, Q(V)

=1
4

=23, (Ble;, m), Bles, m)y — 30 > (Blesy €5), By, my)y - a.e.d.

=1 k=1 =1 k=1
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Next we review quickly the definition of the standard minimal
immersions of compact irreducible symmetric spaces (ef. [14], [11]). Let
M = G/K be an n-dimensional compact irreducible symmetric space repre-
sented by a symmetric pair (G, K) and g, a G-invariant Riemmannian
metric on M induced by the Killing form of the Lie algebra of G. We
should note that the scalar curvature of (I, g,) is equal to »/2 (cf. [16]).
Let A be the Laplacian of (I, g,) acting on functions. For the k-th
eigenvalue ), of A, we choose an orthonormal basis {f,, «* -, fuw} of the
k-th eigenspace V, with respect to the L*inner product defined by g,.
We define a mapping @, of M into E™** by

D, Msx— C-(fy(x), +--, i) € Erto+1

where C = (Vol(M, g,)/(m(k) + 1))>. Then @, = ¢o¢, is the composite of
a G-equivariant minimal isometric immersion ¢, of (M, (\;/n)g,) into the
unit sphere S™*(1) and the inclusion map ¢ of S™* (1) into E™®+, ¢, is
called the k-th standard minimal immersion of M. @,(M) is not contained
in any hyperplane of E™**, We have V, = {f,; v€ E™**}, where f,(x) =
(D,(%), v) (xeM). ~

We consider the case of M = S™ or P*(F). Let ¢, be the first standard
minimal immersion of M. If M = S", then ¢, is the identity map of S~.
If M = P"(F), then ¢, is the generalized Veronese imbedding (cf. Sakamoto
[12]). Then @, = ¢o ¢, has the following properties.

PropoSITION 3.6.
(i) @, is an isotropic immersion, that is, there is a positive constant
N such that

(3.8) |B(X, X)|* =\* for any unit vector X on M,

where B denotes the second fundamental form of @,.

(i) Let c be the maximum of the sectional curvatures of the Riemann-
ian metric on M induced by @,. Then the values of ¢ and \* in each
case are given as in Table 2.

TABLE 2.
M dim M ¢ by
S n 1 1
P™(R) n n/2(n + 1) 2n/(n + 1)
P~(C) 2n 2n/(n + 1) 2n/(n + 1)
P™(H) 4n 2n/(n + 1) 2n/(n +1)
P%(Cay) 16 4/3 4/3
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(3.8) is equivalent to

8.9 (B, Y), BZ W)) + (B(Y, Z), BX, W)) + (B(Z, X), B(Y, W))
=N(X, Y){Z, W) + Y, Z)X, W) + {Z, X){Y, W))

for X, Y, Z, We T,(M). Applying the Gauss equation for @, to the second
and third terms on the left-hand side of (3.9), we obtain

(3.10) 3(B(X, Y), B(Z, W))
= (R(X, Z)W, Y) + BUX, W)Z, Y) + \XX, Y){Z, W)
+ AX, WHY, Z) + \NKX, Z)XW, Y)

for X, Y, Z, We T,(M), where R is the curvature tensor of M. We denote
by K the sectional curvature of M: K(XAY) = (R(X, Y)Y, X) for ortho-
normal vectors X, Y.

ProOF OF THEOREM 3.3. We apply Propositioxl 3.5 to the imbedding
@, of M. For any unit simple p-vector £¢ NA? T, (M), we choose an ortho-
normal basis {e, *--, €, Ny, +++, n} of T, (M) with £=¢A---ANe,. By
(3.10) we have
P b q —
> > >, K(e;Any) + par?,

k=

S 11 Bles, mlF = —3

1 k=1 J

(8.11) 3

J

[

= 3

q

3.12) 33> (Ble, €, Blny m)y =23, >, Kle;Amg) + par .

=1 k=1

=1 k=1

o,

Hence it follows from (3.11), (3.12) and (3.2) that
(3.13) Tr Q. = pa\Y/3 — (4/3) g 3% RlesAmy) .
If M = S*, then from (ii) of Proposition 3.6 we have
Tr Q. = pqg/3 — (4/3)pg = —pq .
Hence for any p-current & € .22,(S™) we have
Tr Qs = —pgM()

to obtain (1). Suppose M = P*(F) with F = C, H or Cay. From (ii) of
Proposition 3.6 we have ¢ = A’. By this together with the fact that the
sectional curvature K of P"(F) is 1/4-pinched, we obtain

(3.14) Tr @ = pge/3 — (43) 3, 3} Kle;An) S 0.
Hence for any p-current & € &Z,(P*(F')) we have

(3.15) Tr Q. = S Tr Qz d|| < ||
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= S (mc/s — (4/3) g kz;, K(ej/\nk))dllyll ,

where {e,, -, €, 1y, +++, n,} is an orthonormal basis of T,(P"(F)) with
?Z =eAN--+Ne, at || &|-almost all xe P"(F). Suppose now that & is
stable. Then by virtue of (3.14) we have TrQ, = 0. Again by (3.14)
we have Tr Qz, = 0 for || & ||l-almost all z € P*(F). Since K is 1/4-pinched,
we get K(e;An,) =c¢f4 for 1< j=<p and 1 =k = q. Hence any stable
p-current & € 2,(P"(F)) satisfies

(8.16) K(X/\C) = ¢/4

for any two unit vectors Xe 5’;, CGE/* at || & ||-almost all x € P"(F).
Here Sfl is the orthogonal complement of 9 in T,(P"(F)).

Case 1. Suppose F = C or H. Substituting (1.1) or (1.2) into the
left-hand side of (8.16), we obtain

JIX, 0 =0 or §,<JiX, ot =

for any Xe§)’; and CGS;ZL, at || .&“||-almost all x € P*(F). Hence, for
|| & ||-almost all x € P"(F), the tangent space 9_%, of & is invariant under
Jor J, (1=1,2,8). Therefore if F=C, then p is even and & is a
complex current. If F = H, then p is a multiple of 4 and & is a qua-
ternionic current.

Case 2. Suppose F = Cay. We fix any point x € P*(Cay) such that
% satisfies (8.16). We have to show that é; is of Cayley type. We
can identify T,(P*(Cay)) with Cay @ Cay as in 1.2 of Section 1. Let
{ey, *++, e, My +++, M} be an orthonormal basis of T,(P*Cay)) with 5_/; =
e,\+++Ne,. Transforming it by an isometry of P,(Cay), if necessary, we
may assume that e, = (1,0). Put n, = (¢,, d;,) (1 £k < q), where ¢, d; €
Cay. Note that {e;, n,) = <1, ¢,y = 0and ||c,||* + ||d.||* = 1. Substituting
(1.8) into the left-hand side of (3.16), we have

Kle,Am) = cllel® + ldell?/4) = (c/DBllec]l* + 1) = ¢/4 .

Hence we have ¢, =0. Thusn, =(0,d,) 1 =<k =< q), that is, {n,, -+, n,}C
{0} &P Cay. Put ¢, = (a;, b;) for 2 <1 < p, where a,, b,cCay. Note that
ey ey = |la]l* + [|1b:1]" = 1, <my, mi) = || d|I* = 1 and {e;, mpy = <b;, diy = 0,
Again using (1.3), we have
K(e,Amy) = (b P de[l® + Nlacl?/4) = e(llb " + [ a:l*/4)
= (c/DE||b;]]* + 1) = c/4

for 2 <1 < p. Hence we have b, =0. Thus ¢, = (a, 0) for 2 =17 < p,
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that is, {e, s e,} CCay@{0}. Hence we obtain p=8 and é:Cay@{O}.
Therefore &% is of Cayley type. Thus & is a Cayley current. q.e.d.

Applying the same method to a submanifold, with d||.&| replaced
by the Riemannian measure, we obtain Corollary 3.4.

Combining Corollary 3.4 with the following two propositions, we get
Theorems 3.1 and 3.2.

PRrOPOSITION 3.7 (Alekseevskii [1], Gray [5]). Any quaternionic sub-
manifold of a quaternionic Kaehler manifold is totally geodesic.

PROPOSITION 3.8. Any Cayley submanifold of the Cayley projective
plane P*(Cay) is totally geodesic.

PrROOF. Let M be a Cayley submanifold of P*Cay). We denote by

V and V the Riemannian connections of P*Cay) and M, respectively.
Since M is curvature invariant, that is, R(X, Y)Ze T, (M) for any
X, Y, ZeT,(M) and any x €M, and since P*(Cay) is locally symmetric,
the curvature tensor R of P*(Cay) and the second fundamental form B
of M satisfy the equation

3.17) B(W, R(X, Y)Z) = R(B(\W, X), Y)Z + R(X, BW, Y))Z
+ R(X, Y)B(W, Z)

for X, Y, Z WeT,(M). Indeed, for any local vector fields X, Y, Z, W
on M around x with (VX), = (VY), = (VZ), = 0, we have

B(W, R(X, Y)Z)

= {Vy(R(X, Y)Z)}*

= {(VyR)X, Y)Z + R(VyX, Y)Z + R(X, V4 Y)Z + R(X, Y)V,Z}¥

= {R(B(W, X), Y)Z + R(X, BW, Y))Z + R(X, Y)B(W, Z)}" .
By the curvature invariance of M we get (3.17).

Fix any point x € M. We identify T,(Cay) with Cay @ Cay as before.
We may assume that T,(M) = Cay {0}. Then by (1.3) we have
RX,Y)=cXAY) for X, Ye T, (M), where ¢ is the maximum of the
sectional curvatures of P?*Cay). Now we shall show that B(X, X) =
—B(Y,Y) for any two orthonormal vectors X, Ye T, (M). If we put
Z=Y, W= X in (3.17), then we have
(3.18) ¢B(X, X) = R(B(X, X), Y)Y+ R(X,BX, Y)Y
+ R(X, Y)B(X, Y).

Interchanging X and Y in (3.18), we have
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(3.19) ¢B(Y,Y)=RBY,Y), X)X + R(Y, B(Y, X)X
+ R(Y, X)B(Y, X) .

Adding (3.18) to (3.19), we have

(3.20) ¢(B(X, X)+ B(Y,Y)=R(BX, X), )Y+ RB(Y, Y), X)X
+ R(X, B(X, Y))Y + R(Y, BX, Y))X .

We put X = (x,0) and Y = (y, 0) for some %, ycCay. Then B(X, Y) =
0, B(x, v)), where @ is a symmetric R-bilinear mapping of Cay x Cay into
Cay. Then substituting (1.3) into (8.20) we get

B, x) + By, ) = (B, ) + By, ¥)/4 — {y* @B, ¥) + x* (B, ¥)}/4 .

Hence, if we define the associator of the Cayley algebra Cay by (a, b, ¢) =
a(be) — (ab)e (a, b, ¢ € Cay), we have

3.21)  3(B(x, x) + By, ¥)
= —@*+y* ¢+ vy B y) — 2, ¥Rk, Y .

Since (a*,a,b) =0 (a,beCay) and (X, Y) = {x, y) = 0, the right-hand
side of (3.21) vanishes. Thus we obtain B(X, X) = —B(Y, Y). Since
dim T,(M) = 3, this implies that B = 0. Hence M is totally geodesic. q.e.d.

Combining Theorems 3.1 and 3.2 with (8) and (4) of Proposition 1.1,
we get Theorems D and E.

4. Remarks on the nonexistence of stable currents. In this section
we show two theorems on the nonexistence of stable currents. Now we
assume that M is an n-dimensional compact Riemannian manifold isomet-
rically immersed in the (n 4+ 1)-dimensional Euclidean space E"*' with
the inner product { , >. Let R and A be the curvature tensor and the
shape operator of M, respectively.

Let 6 be a constant with 0<d < 1, and suppose that at each x of M
every principal curvature x, of M with respect to a suitable unit normal
vector field  satisfies 16 <k, <1,4=1, --+, n. The assumption implies
that M has the sectional curvature satisfying 6 < K, <1 for any tangent
2-plane ¢. The above assumption also implies that M is orientable. There-
fore we can choose a global field £ of unit normals on M which satisfies
the above condition, and then we can write A; = A. We use the same
notation as in Proposition 3.5. We show the following.

LEMMA 4.1. For any simple unit p-vector e A* T, (M), xe M, we
hawve

TrQ. = —pq26 — 1), where p+q=mn.
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P

Proor. By virtue of Proposition 3.5 we have
TrQ. =2,

3 3 (Ao, mt — 3 3% CAlley), e CAlng), mi) -

Applying the Gauss equation to the first term of the above equation,
we have

TrQ = —2 3} 3 (Rlew nom, ) + 31 3 (Aley), e (Alm), ms) -

i=1 k=1

By the assumption V6 =k =<1 (=1, .-, n), we get V'8 < (A(e;), ;)
(A(m), my =1 and & < (Ble;, m)m, e,y <1, for j=1,---,p and k=
1, ---, 9. Thus we have

TrQ, = —2pgd + pg = —pq(20 — 1) . q.e.d.

Combining Proposition 1.2 and Lemma 4.1 we get the following theo-
rem, from which Theorem F follows immediately,

THEOREM 4.2. Let M be an n-dimensional compact Riemafr_mian
manifold satisfying the conditions above. Then for any & € R,(M)

Tr Qs = —pq20 — 1)M(&”) ,
where ¢ = n — p.

Our next interesting problem is to classify stable minimal submani-
folds and stable currents in compact symmetric spaces of rank greater
than one. We here show a theorem on the nonexistence of stable cur-
rents on some compact rank two symmetric spaces.

THEOREM 4.3. Let M be an m-dimensional simply connected compact
rank two symmetric space of type A,, that is, one of the following sym-
metric spaces: SUB)/SOB) (m =5), SUB) (n = 8), SUB)/SpB) (n = 14)
and EJF, (n = 26). Let n = p + q where p and q are positive integers.
If p < n/3 or ¢ < /3, then there exist no rectifiable stable p-currents on M.

PrOOF. Let ¢,: M — S™" be the first standard minimal isometric
immersion of M into a unit sphere S™Y where m(l) + 1 denotes the
multiplicity of the first eigenvalue for the Laplacian of M. We denote
by ¢ the inclusion of S™" into E™“*!, Then it is not difficult to verify
that ¢o ¢, is an isotropic immersion. The square A\? of its isotropic constant
is equal to 3/2 and the maximum ¢ of the sectional curvatures of M is
equal to 3/2. Applying Proposition 3.5 to ¢o¢,, straightforward compu-
tations show that, for any unit simple p-vector &e A?T, (M),

Tr Q. < Min{—p(n — 3p)/2, —q(n — 3¢)/2} . q.e.d.
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