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Introduction. Let D be a domain in C" and Aut(D) the group of
all biholomorphic transformations of D onto itself. Let p be a point of
0D, the boundary of D. Throughout this paper, we say that the condi-
tion (x) s fulfilled for (D, p) if

(#) there exist a compact set K in D, a sequence {k,} in K and a
sequence {p,} in Aut(D) such that lim ¢, (k) = p.

Moreover, a point p€dD is said to be a strictly pseudoconvex boundary
point of D if there exist an open neighborhood U of p and a C*smooth
strictly plurisubharmonic function p:U— R such that DNU={z¢e
Ulp(z) < 0} and do(z) = 0 for all zeoDN U.

In 1977, it was shown by Wong [14] that if D is a bounded strictly
pseudoconvexr domain in C* with C-smooth boundary and Aut(D) is non-
compact, then D is biholomorphically equivalent to the open unit ball B*
wn C™. It was later extended by Rosay to the following:

THEOREM R (Rosay [12]). Let D be a bounded domain in C™ with a
strictly pseudoconvexr boundary point p €0D. Assume that the condition
() ts fulfilled for (D, p). Then D ts biholomorphically equivalent to B".

Here it seems natural to ask what happens when the point p is a
weakly pseudoconvex boundary point of D. In a recent work of Greene
and Krantz [3] the weakly pseudoconvex domain

E(m) = {zem — 1+ Slal+ |zn|2m<o}, 0<meZ
in C* is studied exclusively in connection with this problem and the

following characterization of it is obtained as their main result:

THEOREM G-K (Greene and Krantz [3]). Let D be a bounded domain
wm C™ with C**-smooth boundary such that p = (1,0, .-+, 0)€oD. Assume
that there are neighborhoods U, V of p in C™ such that, up to a local
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biholomorphism, UNoD and VNoE(m) coincide. Assume further that the
condition (x) is fulfilled for (D, p). Then D s biholomorphically equiv-
alent to the domain E(m).

Their proof is very interesting, but contains a difficult and com-
plicated lemma [3; Lemma 4.3], which was shown by the uniform estimates
for the d-equation on D. A glance at the proof of Theorem G-K tells
us that the global C*"'-smoothness assumption on 9D cannot be avoided
with their technique. However, in view of Theorem R it would be nat-
urally expected that the same conclusion is also true if only D has a
C%-smooth boundary near the point p. The main purpose of this paper
is to clear up this matter. In fact, employing the same technique as in
our previous papers [6], [7] instead of using the d-equation on D, we can
avoid their hard part and obtain more general results without any smooth-
ness assumption on aD.

In order to state our results, we here introduce the following nota-

tion: For every integer k=1, ---, » and every real number a > 0, we
set

ok, a3 ) = =1 + Bl + (31 |al)
and
Bk, a) = 26 C*|o(k, o5 2) < 0}

So E(m) = E(n — 1, m); and if k =n or « =1, then E(k, ) is nothing
but the open unit ball B". Moreover, note that dE(k, ) is not smooth
in general. (Consider, for example, the domain E(1, 1/4) = {(z, #,) €
C?*|—1 + |z,* + |2,]"* < 0} in C%) In this notation, we can prove the
following:

THEOREM I. Let D be a bounded domain in C" satisfying the follow-
wng conditions:

(i) »p=@Q,0,---,0)e0D;

(ii) there is an open mneighborhood U of p such that DNU =
Ek, a)n U;

(iii) the condition (x) s fulfilled for (D, p).
Then D 1s biholomorphically equivalent to the domain Ek, «).

In the theorem of Greene and Krantz [3], we may assume without
loss of generality that there exists an open neighborhood U of p =
1,0, ---,0) such that DNU = E(m)N U (see the proof of [3, Theorem
1.1]). Moreover, any smoothness of 9D is not assumed in our theorem.
Therefore Theorem I is a natural generalization of Theorem G-K.
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Clearly the condition (ii) of Theorem I imposes crucial restrictions
on the boundary of D, and so we want to remove it. This cannot be
achieved in full generality at this moment. But, under some additional
condition on the convergence ¢, (k,) > p we can prove the following
theorem. (For the definition of R-lim, see Section 1.)

THEOREM II. Let D be a bounded domain in C* with p= (1,0, ---, 0) €
0D. Assume that there exist an open neighborhood U of p and a continu-
ous function p:U — R such that:

(1) DNU={zeUlp(z) < 0};

(ii) p@) = pk, a; 2) + R(z), z€ U with

R@) = oz — 11 + Slal + (3 1aF))

i a meighborhood of p; and assume further that:
(iii) There exist a compact set K in D, a sequence {k,} in K and a
sequence {p,} in Aut(D) such that

R-lim g)u(ku) =D,

Then D ts biholomorphically equivalent to the domain E(k, c).

Taking account of the case of strictly pseudoconvex boundary points,
it is reasonable that R(z) has the estimate as in (ii). Moreover, it should
be remarked that, in some sense, the assumption (iii) is not so strong.
Indeed, in the model case D = E(k, ) with a # 1, we have the following:
For any convergent sequence ¢,(k,) — p, there exists a sequence {$,} in
Aut(D) such that R-lim,.. ®,(k,) = p (see Example 2 in Section 1).

Next we assume that a complex manifold M can be exhausted by
biholomorphic images of a complex manifold D, that is, for any compact
subset K of M there exists a biholomorphic mapping fx from D into M
such that KCfx(D). Then, how can we describe M using the data of
D? In connection with this, Fridman [2] showed that if a complete
hyperbolic manifold M of complex dimension n in the sense of Kobayashi
[6] can be exhausted by bikolomorphic images of a bounded strictly
pseudoconvex domain D in C™ with C*-smooth boundary, them M is bi-
holomorphically equivalent either to D or to the open unit ball B*. The
following theorem tells us that the analogue is still valid for the weakly
pseudoconvex domain E(k, o) with arbitrary a > 0.

THEOREM III. Let M be a hyperbolic manifold of complex dimension
n in the sense of Kobayashi [5]. Assume that M can be exhausted by
biholomorphic images of the weakly pseudoconvex domain E(k, a). Then
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M 1is biholomorphically equivalent either to E(k, o) or to B".

Our proofs of the theorems above are based on the normal family
arguments developed in our previous papers [6], [7] and Pinéuk [10], [11].
Although there are some overlaps with those papers, we carry out the
proofs in detail for the sake of completeness and self-containedness.
After some preliminaries in Section 1, Theorems I, II and III will be
proven in Sections 2, 3 and 4, respectively. In the final Section 5, we
mention the analogues of Theorems I and II in the case where D is a
not necessarily bounded hyperbolic domain in C".

Thanks are due to Professor S.G. Krantz who sent his joint paper
[3] with R. E. Greene to the author. The author would also like to express
his thanks to Professor H. Fujimoto for his valuable advice.

1. Preliminaries. For later purpose, we shall recall some definitions
and study the structure of the model space E(k, @) with arbitrary a > 0.

Let M and N be complex manifolds and Hol(N, M) the family of all
holomorphic mappings from N into M. A sequence {f,} in Hol(N, M) is
said to be compactly divergent on N if, for any compact sets L, K in
N, M, respectively, there exists an integer v, such that f,(L)NK = @
for all vy = v,. After Wu [15], we shall define the tautness of complex
manifolds as follows:

DEFINITION 1. A complex manifold M is said to be taut if Hol(N, M)
is a normal family for any complex manifold N, i.e., any sequence in
Hol(N, M) contains a subsequence which is either uniformly convergent
on every compact subset of N or compactly divergent on N.

Let d,, dy be the Kobayashi pseudodistances of M, N, respectively
[6]. The following distance-decreasing property will play an important
role in the proofs of our theorems: Let f: N— M be a holomorphic
mappping. Then

(1.1) dy(f(p), Q) = dx(p, @) for all p,geN.

Consequently, every biholomorphic mapping f from N onto M is an
isometry with respect to dy and d,; and if N is a complex submanifold
of M, then d,(p, q¢) < dy(p, q) for all p, g N.

Throughout this paper we use the following notation: For a point
z2=1(2, *+, 2, of C* and a mapping f = (f,, ---, f,) from a set S into C",
we set

A= m), 2= B 2y 2= (2 0 )

"f=U o+, fu) and IuP::Z.Iu,-I2 for u=(u, -+, w)eC".
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Thus we can write the function o(k, a; 2) and the domain E(k, a) in the
form

ok, a;z) = =1+ |2'|* + |2"|*;
Ek, a) ={(z, 2")eC*xC**||2'|* + |2"|** < 1} .

Recall that a domain D in C" is called a Reinhardt domain if ((expy —16,)z,
-+, (exp1'—16,)2,) € D whenever (z, -+-,z,)€D and 6,cR, =1, ---, n.
Moreover, we say that it is complete if (z;, ---, 2.)eD, z = (2, *++, 2,) €C"
and |z < |zg), 5=1, ---, n, implies ze¢ D. We now assert that Ek, a) s
a bounded pseudoconvex complete Reinhardt domain in C* containing the
origin o. Hence, by a result of Pflug [9] it is complete hyperbolic in
the sense of Kobayashi [5]. Since E(k, @) is obviously a bounded complete
Reinhardt domain in C™ containing the origin, we have only to check
that the domain

B = {(®, ---, z,) € R*|(expx, ---, expx,) € E(k, )}
is geometrically convex in R" [8; p. 120]. To do so, let us take arbitrary
points = (x,, *++, 2,), ¥ = (Yy, ***, ¥,) of B and arbitrary numbers », 1> 0

such that » + ¢ = 1. Then, by using Holder’s inequality twice we obtain
the following:

12:11 exp[2(7\.90i + ﬂy@)] + (j;:_}'—l exp[2(7\’xj + ‘ij)]>a

k 2 k © n 2 n
< (gi exp 2wi> <i§ exp 2@/,.) + [( >, exp 2x,-> . (,-:z‘m exp 2y;

j=k+1

k n a™|2 k n a
< [Z exp 2z, + <_Z exp 2xj> ] -[Z exp 2y, + < > exp 2y,-> :|ll <1,
i=1 i=1 j

J=k+1 J=k+1

¢

which shows »x + gy e B. Thus B is convex, as desired.

Next, setting S = {(0, 2”") e C*x C**||2"| = 1}CoE(k, a), we would like
to show that 0FE(k, o) is real analytic and strictly pseudoconvex at every
point contained in an open neighborhood W of S. It is easy to see that
there is an open neighborhood W of S on which ok, a; 2) is real analytic
and do(k, a;z) # 0 for all ze W. Once dE(k, a) is shown to be strictly
pseudoconvex at every point (0, 2’")€ S, one can obtain a desired neigh-
borhood W by the continuity of the Levi form. On the other hand, by
direct calculation we obtain that

izl[azp(k, a; 2)/02:0% 1645

2

= ¢+ alz Pt + ala — DIFe| 3 A

for every ¢ = (¢, &")e C*xC* and every z€ W; and
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n

ook, a; @)foz)e; = 0} = {5 eC"

=1

leecr 3560

for every ¢ = (0, 2”) € S. Hence 0E(k, ) is actually strictly pseudoconvex
at every point of S, as desired.

We study the biholomorphic automorphism group Aut(E(k, a)) of
E(k, o). Denoting by M(r, s) the set of all »xs complex matrices for
positive integers r, s, we consider the closed Lie subgroup SU(k, 1) of
GL(k + 1, C) consisting of all matrices

1.2) v (A b‘) . AeMk, k), beMk, 1)
¢ d ce M1, k), deM(,1)
satisfying the relations
tAA —tc=E,, b —|d=—1, DA =dc and detv=1,

where E, is the unit matrix of degree k. For each v e SU(k, 1) represent-
ed as in (1.2) and each Ue U(n — k), the unitary group of degree n — k,
we define the transformation ¥'(v, U) by

Z (A2 + b)/(c2' + d)
2" U.zll/(czl + d)1/a

for (2, 2"")eC*xC~* (think of 2/, 2’ as column vectors). Then, using
the equality |cz’ + d|* — |42’ + b|* =1 — |2/|* for all 2’ € C¥%, one can check
that each ¥'(v, U) gives rise to a biholomorphic automorphism of E(k, ).
In fact, according to Sunada [13] the identity component Aut (E(k, o)) of
the Lie group Aut(E(k, a)) coincides with the group

Gk, ) ={¥(,U)|7eSUK, 1),Ue Un — k)}

provided that o # 1. More precisely, we here assert that Aut(Ek, o)) =
G(k, «) in our case. To verify this assertion, observe that the G(k, a)-
orbit passing through the origin o € E(k, a) is of lowest dimension in the
set of all G(k, a)-orbits, i.e., dim(G(k, a)-0) < dim(G(k, «)-2) for any point
ze Ek, a)\G(k, a)-0. Hence

g9:-Gk, a)-0 = Gk, a)-0 = {(z', 0) e C*x C"*||2'| < 1}

for each g € Aut(E(k, @)). This combined with a well-known theorem of
H. Cartan [8; p. 67] assures that every element g of Aut(E(k, a)) can be
expressed as g = q,+l, for some +, € Gk, a) and l,€ GL(n; C). In partic-
ular, [, can be written in the form

l(2,2")= (A2 + B2, Dz"), (2, 72")eC*xC"*,
where AeSU(k) = SL(k; C)n U(k), Be M(k, n — k) and De GL(n — k; C).

(1.3) v, U):
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Then the fact [, (0E(k, a)) = 0E(k, a) yields that
2Re(A7, BZ") + |B"'* + | D?"'** = |2"*, (¢, 2")coEk, o),

where (-, +) denotes the standard Hermitian inner product on C*. Con-
sequently, B=0, De U(n — k) and [(2/, 2") = (A%, DZ") for A e SU(k),
De U(n — k). Finally, noting that both groups SU(k) and U(n — k) are
naturally imbedded in G(k, a), we conclude that [,e€G(k, @) and so
Aut(E(k, a)) = G(k, ), as desired.

Next we consider an arbitrary sequence {p’}, in E(k, @) which con-
verges to the point p = (1,0, .-+, 0)€0E(k, @). Then there exists a se-
quence {y}, in Aut(E(k, o)) such that

(1.4) Pu(p) = (0, -++,0,%) with 0<% <1

for all y=1,2, ---. Indeed, since the product group SU(k)x U(n — k) is
naturally identified with a subgroup of Aut(E(k, «)), we may assume that

(1.5) = (2,0, ---,0,9) with 0=z, y, <1

for y=1,2, ---. Consider the one-parameter subgroup
cosh ¢ 0 sinh ¢

(1.6) yo)={ 0 B, 0 |, teR

sinh ¢ 0 cosht

of SU(k, 1) and set +, = ¥(v(t,), E,_,), t, = tanh™(—z,) for v=1,2, «--.
Then it is easily seen that each a/ry(p”) has the desired form as in (1.4).
Summarizing the above, we obtain the following:

LEMMA. The domain E(k, a) has the following properties:

(1) E(k, a) is complete hyperbolic in the sense of Kobayashi [5]. In
particular, it is a taut domain [4].

(2) The boundary oEk, o) of Ek, o) is real analytic and strictly
pseudoconvexr near the point q = (0, ---, 0, 1) e 0Bk, o).

(8) Aut(E(Ek, @) is a connected Lie group consisting of all biholo-
morphic transformations of Ek, o) as defined in (1.3).

(4) Let {p}>, be a sequence in E(k, o) which converges to the point
p=0(@1,0,---,0)c0Ek, o). Then there is a sequence {¥,}=, in Aut(Ek, a))
such that ,(p*) = (0, ---,0,¢) with 0=¢, <1 for all v=1,2, ---.

Finally we shall define the R-limit. Let us fix a domain D in C»
such that p = (1,0, ---, 0)€6D and the conditions (i), (ii) in Theorem II
are satisfied for D. Without loss of generality, we may assume that
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the neighborhood U of p is a small open Euclidean ball with center at p
satisfying the following inequalities:

2Re(z, — 1) + A|:|z1 — 12+ iz,;|Zi[2 + <j§+1l2jlz>“:|

< 0(2) < 2Re(s, — 1) + Bla, — 11 + Slalt + (3 lef)]

for every point ze€ U, where A and B are arbitrarily given constants
with 0 < A <1< B. Now, denoting by N the unit vector (1,0, ---, 0),
we consider the half line L(z) = {# + tN|t =0} in C*= R™ for each
point ze DN U. Then 2z has a unique farthest point {(2) in the set oDN
L) NU, so that each point 2e DN U can be written uniquely in the
form z = {(2) + M2)N, \(?) < 0. In particular, for a given sequence {p*}
in D converging to » we have

1.7 P’ =) + MP)N; (@)= &®), -+, L) eoDNU,
AP <0

for all sufficiently large v. Clearly {(p*) — p and A(p*) — 0 as v — oo,

DEFINITION 2. In the notation above, we say that {p'} converges
restrictedly to p, and write R-lim,_, p* = p, if the sequence {Re({,(p*) —
1)/\n(p*)} is a bounded sequence in R.

We shall present two examples of sequences {p’} in D which con-
verge restrictedly to p. We set, for an arbitrary ¢ > 0,

0@) = mzy + Saf + (3 o), 2eC7;
Cle) = {zcC"|Rez, =1 — &-[0(2)]"%} .

So, if @ = 1, the region C(¢) is nothing but a cone with vertex at p and
axis in the direction of —N. The following example tells us that if {p'}
converges to p non-tangentially in the usual sense, then it converges
restrictedly in our sense.

ExAMPLE 1. Assume that oD is C'-smooth near the point p and {p"}
converges to p through the region C(¢) for some ¢ > 0. Then we have
R-lim,_.. p* = p.

In fact, by our assumption, 9D is a C'-smooth real hypersurface near
p and the vector N is perpendicular to 0D at p with respect to the
Euclidean structure on C* = R*®. Thus we can write uniquely p* = {* +
AN with some {*€0D and »* < 0 for all sufficiently large v.

In order to check that the sequence {Re({? — 1)/»'} is bounded, we
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may assume (by passing to a subsequence if necessary) that Re({ — 1) = 0
for all y=1,2, ---. Since R({*) = o((Re(C¥ — 1))* + &(L*)) and
2Re( — 1) + Re(C — 1))+ 0() + RE) =p) =0
for all large v, it follows that lim,.. @({*)/Re({ — 1) = —2. On the other
hand, we know by assumption that
Re(pt — 1) = —e-[0(p)]" = —e-[0()]* < 0
for all sufficiently large v. Thus
N/Re(t — 1) = [Re(p; — 1) — Re(Y — 1)]/Re(ly — 1)
= |Re(p; — 1)/Re(l; — 1)[ — 1
= e [@E)]7/IRe(Cy — 1)) =1 — + oo,
Obviously this implies that R-lim,_. »* = p.
ExAMPLE 2. Let {k} be a sequence of points contained in a compact
subset of E(, a), a#1, and let lim, .o/ (k)=(@1,0, ---,0) for some

sequence {@,} in Aut(E(k, a)). Then there exists a new sequence {$,} in
Aut(E(, @)) such that R-lim,..o,(k,) = (1,0, ---, 0).

Indeed, changing ¢, into a suitable biholomorphic automorphism
@, = fop,, f, € SUK)x Un — k)c Aut(E(k, «)) if necessary, we may assume
as in (1.5) that

¢V(kl/) = (xlﬂ 0? e .! 07 yll) = Cy + NBN
With Oéxw yu<19 C":(C'l’, 09 Tty O; C;) eaE’(k’ a)! A< 0 and N= (17 0" ) 0)'
Here it can be seen that {* and A’ are uniquely determined by o¢,(k,).
Now, we claim that R-lim,_.o,(k)= (1,0, ---,0). To this end, note
that {k} lies in a compact subset of E(k, @) and recall the structure of
Aut(E(k, «)). Then one can choose an r, 0 < r < 1, in such a way that
o,(k)eD(r) for all vy =1, 2, ---, where we have set
D(r) ={(, 0, ---, 0, y) e R*|2* + (y/r)* =1, 0=z, y} .
Let us choose a unique point ¢ = {* + N, \' =< ¢ < 0, such that
(1.8) &+ )+ G/ry«=1 for each v.
Then, substituting (%) =1 — (£)* into (1.8) and rearranging the result,
we obtain
A=A+ =0-— A+ + )
for all y. Consequently
A=/ =0+&+ /I +&+p—QQ+8)re
—>r¥/(r*—1) as y— o,
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Since |(&r — 1)/Z] £ |(& — 1)/g#] for all v, we conclude that{ ({ — 1)/\'} is
a bounded sequence.

2. Proof of Theorem I. Passing to a subsequence if necessary, we
may assume that {k,} converges to some point k,€ K and {p,} converges
uniformly on compact subsets to a holomorphic mapping @: D — DcC~.
Let us define the holomorphic function ¥, on C* by

wp(z) = eXp(Zl - 1) y R = (zly ) zn) eC” y

where p = (1,0, : -+, 0)€0E(k, @)NdD. Then obviously ¥, is a holomor-
phic function for E(k, ®) N U = DN U peaking at p in the sense that

T (p)=1 and [¥,(2)|<1 for all zeDNU\{p}.

This combined with the maximum principle for the holomorphic funection
¥ ,op defined on an open neighborhood of k, yields at once that () = p
for all ze D. We can therefore assume that

limp,(k,)=p and p:=o/k)eDNU = Ek, a)nU

y—0o

for v=1,2,---. As in Greene and Krantz [3], we choose a sequence
{¥. ), in Aut(E(k, @)) such that

2.1) ¢:=4®)=( ---,0,¢) with 0=¢ <1

for all vy =1, 2, ---. The existence of such a sequence of autmorphisms

was already shown in Section 1. We have now two cases to consider.

Case 1. {¢'}>, has an accumulation point q in E(k, ). We shall
prove that D is biholomorphically equivalent to E(k, o) in this case. We
may assume without loss of generality that

lim¢* = qe Ek, ) .

y—00

Now let us fix a family of relatively compact subdomains D; of D such
that

(2.2) D=

J

(@]

D,o:--2D;,,DD;D--+-DD,5k,

it

1

and choose an integer j =1 arbitrarily. Since @,(2) — p uniformly on
D;, there exists an integer v(j) such that

p,(D)ycDNU = Ek, a)nU for all vy = v(j) .
So we can define biholomorphic mappings f*: D; — E(k, a) by setting
(2.3) f1(2) = ¥.(p(2), zeD; for vz=u(j).
Since E(k, @) is taut and f*(k,) — q € E(k, a), we can assume by taking a
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subsequence if necessary that {f*} converges uniformly on compact subsets
to a holomorphic mapping f(j): D; — E(k, «). By the usual diagonal argu-
ment, we may further assume that {f*} converges uniformly on D; to
the holomorphic mapping f(5) for all 7 =1,2, ---. Accordingly, we can
define a holomorphic mapping f: D — E(k, «) by f(z) = f(9)(z), z€ D, for
j=1,2 ---.

Setting E, = 4, (Ek, a)NU) = 4,(DNU) for vy =1, 2, ---, we consider
the biholomorphic mappings ¢*: E, — D defined by

g(2) = 9, (v;'(2)), z€kKE, for v=1,2 ...
Then it is clear that
(2.4) gyofy = idDj and f"og” = idf”(Dj)

for all vy =), 7=1,2, :---. Let E' be an arbitrary subdomain of
E(k, o) with compact closure. Then - '(E")C E(k, @) N U for all sufficiently
large y. Passing to a subsequence if necessary, we can therefore assume
that {¢*} converges uniformly on every compact subset of E(k, a) to a
holomorphic mapping g¢: E(k, @) — DcC*. Once g(Ek, a))cD is shown,
the equations (2.4) imply that gof = id, and fog = ids .; consequently,
f gives a biholomorphic mapping from D onto E(k, ). Thus we have
only to show that g(E(k, «))cD. To this end, take a subdomain E’ of
E(k, ) with compact closure such that f(D,), f*D)CE' for all v = v,
where D, is the domain appearing in (2.2) and v, is a large integer. Then,
for any point ze€ D, there is a sequence {z;}, in E’ such that g*(z) = z
for all ¢ and 2z, — 2z, for some point z,€E’. Hence z = lim,.. g"(z,) =
9(z,) € g(E(k, o)), and accordingly, D,Cg(E(k, a)). On the other hand, be-
ing the local uniform limit of regular holomorphic mappings {g*}, the
mapping ¢ is either regular on E(k, o) or the Jacobian determinant of g
vanishes identically on E(k, a). But, g(E(k, a)) contains a non-empty
open set in C*, as we have already seen above. Hence we conclude that
g: E(k, &) — C" is regular on E(k, ) and so g(E(k, o)) D by [1; Lemma
0] or [8; p. 79], completing the proof in Case 1.

Case 2. {¢*}, has no accumulation point in E(k, o). In this case
we show that both domains D and E(k, ) are biholomorphically equivalent
to the open unit ball B*. We may assume that

limg"=(, ---,0,1) =:q€oEk, a) .

y—00

Since ¢ is a strictly pseudoconvex boundary point of E(k, «) by the
lemma in Section 1, there exist a small open neighborhood W of ¢ and a
C?-strictly plurisubharmonic function p: W — R such that
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(2.6) Wc{(@, 2") e Ctx C**||2'| < 1/2} ;
(2.7 Ek, )N W = {ze W|p(z) <0} and dp(z) =0, ze W;
2.8) (00(9)/02,, -+, 00(q)/02,_,, 00(q)/02,) = (0, -+, 0,1) .

To simplify the notation, we set
a.;; = (1/2)-0°0(9)/0z.02; , bz = 0°0(q)/02.0Z;
for 1 <14, § < n and consider the coordinate changes as follows:
Hiu;=2; A1=2j=n—-1, ,=2,—1;

n
HZ:’Uf:u.'l' (lgjén—l)) vn:un—l—zaiiuiuj'
1,5=1

Clearly, H, is a globally defined change of coordinates and H, is a well-
defined change of coordinates in a sufficiently small neighborhood of
% =o0. In the new coordinates v = (v, ---, v,), we have by Taylor’s
formula

p(v) = 2Rew, + > bsv,; + o(|v]")
i,5=1

in a neighborhood of the origin,
q=0, +--,0) and ¢ =(0, --+,0,46,)
with o, = (¢, —1)[1 + a,.(t, — 1] forv =1, 2, --., where t, are the numbers
given by (2.1). Hence
(2.9) lyarg(éy, a./1o.)) = (0, —1).

In particular, we may assume that 0 < |6, <1 for all y =1, 2, .--. Since
(b;7)154,sn_1 1S @ positive definite Hermitian matrix of degree » — 1, it is
diagonalizable. Thus, after a suitable change of coordinates (v, -, v,_,)
in C*', we can obtain a new coordinate system w = (w,, **+, w,), W, = ¥,,
with respect to which o can be written in the form

(2.10) o(w) = 2Rew, + |'w* + A(w)

in a small neighborhood of the origin, where 'w = (w,, -+, w,_,) as in
Section 1 and

A(w) = 2 Re(g c,-wj'w,,) + o(Jwl?)

with some constants ¢, -+, ¢,€C. In particular, there are a continuous
function »(x) and a constant C > 0 such that

(2.11) r(x)—0 as x—0;
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(2.12) |[A(w)| = Clw||lw,| + r((w])|w* near w=o.

Let {D;}7., be the increasing family of relatively compact subdomains
of D defined in (2.2). Then, as in (2.3) we can define a family of biholo-
morphic mappings f* = ¥,°(®,p;) for v = v(4), j = 1, 2, - -+ which converges
uniformly on compact subsets to a holomorphic mapping f: D — E(k, a)cC"
with f(k,) = g€ dE(k, ). Taking now the plurisubharmonic function pof
defined on an open neighborhood of %, instead of the holomorphic function
¥,op in Case 1, we can see that f(z) = q for all zeD. Let us fix an
integer j = 1 arbitrarily. Then, since f*(z) — ¢ uniformly on D;, there
exists an integer y; such that

fD)CEk, a)yN' W for all v =y;.
We define mappings L,: C — C" and F"*: D; — C" by setting
(2.18) L(w) = (wV B, —w.fs,), w=(w, w)eC";
(2.14) F@) = L{f®) , z¢eD;
for all vy = y;, where 8, are the numbers appearing in (2.9). Then L, are
non-singular linear transformations of C" and F* are biholomorphic
mappings D; into C*. Moreover, it is easily seen by construction that

(2.15) F'tk,) =, ---,0, —1) and F*(D,))C W,
for all v = v;, where
2.16) W, = L(E(k, a)n W) = {we C*| L7 w) e W, poL;*(w) < 0}

for v=1,2, ---. Now we would like to show that some subsequence of
{F"} converges uniformly on every compact set in D to a holomorphic
mapping F: D — C". To see this, we set

" (w) = [o°L; (w))/lo.] and A*(w) = [A-Ly*(w)]/[d.|
for y=1,2, ---. It follows then from (2.10), (2.12) that
(2.17) o' (w) = 2 Re(—d,w./1d.]) + ["wl* + A" (w) ;
(2.18) |Aw)| = [CVIB,] + r(IL(w)P)] - lw]
in a neighborhood of the origin. Now, for the sake of simplicity we put
w* = F*(z) for each point zeD;.

Since L;*(w*) = f*(z) — q¢ = o uniformly on D, it follows from (2.11) and
(2.18) that |A*(w*)|/|lw*|*— 0 uniformly on D;. This combined with the
inequality p*(w*) < 0 for v = y; yields that

(2.19) |wsl* + 2 Re(d,ws/[8,]) > [w'* + A (w") = [w}/2 = 0
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for all y = v, and all ze D;, where v, is a large integer depending on D;.
Here we may assume by (2.9) that |1 + (5,/16,])] < 1/8 for v = v,. Thus
{F%},=,, forms a normal family, because F% for every vy =y, can now be
regarded as a holomorphic mapping from D, into the taut domain
C\{1/2,1}. Moreover F:({k,)N{—1} % @ for all v by (2.15). Hence we
may assume that {F7},., converges uniformly on compact subsets to a
holomorphic function on D,;. By (2.19) this means that {F"},.,, is uniform-
ly bounded on every compact subset of D;, and consequently some sub-
sequence of {F"},., converges uniformly on compact subsets to a holomor-
phic mapping from D; into C". Hence, passing again to a subsequence
if necessary, we may assume that {F"} itself converges uniformly on
every compact set in D to a holomorphic mapping F: D — C~.
Here we consider the following domain <#Z and the mapping C:

(2.20) B ={weC"|2Rew, + |w]> < 0};
(2.21) C: (w, w,)— 2 "w/(w, — 1), (w, + 1)/(w, — 1)) .

It is easily seen that there is an open neighborhood X of <# such that
C gives rise to a biholomorphic mapping from X into C* and C(<#) = B".
In particular, <# is a strictly pseudoconvex domain with real analytic
boundary. Now we wish to show that F(D)c.<#. For this let us fix a
point z€ D arbitrarily. Then, since w* = F*(z) — F(z) and L;'(w*) =
fY(z) > q =0 as y — o, we obtain from (2.9), (2.17) and (2.18) that

2Re F,(2) + 'FR)? = limp*(w*) =0,

which says that F(D)c<Z. But, thanks to the strict pseudoconvexity of
&, the image F(D) can meet the boundary 0<% only when F' is a constant
mapping from D into 08 Consequently, F(D)C<#, since by (2.15) F(D)
contains the point (0, :--, 0, —1) of <&

Next we prove that F: D — <#Z is, in fact, a biholomorphic mapping
from D onto &£ Observe first that L;A(W,) = Ek, a)N W for all y and
7 (E(k, a)N W) — {p} by the choice of W as in (2.6). Hence there is an
integer v, such that

V(LW )CEE, a)n U =DNU for all v =y,
and so we can define holomorphic mappings G*: W, — D by setting
G = @togpyto Lt for v=v,.

Clearly we have G*oF” = id,; and F”oG* = idsp, for all v = max(v(j), v.),
j=1,2 ---. On the other hand, for an arbitrarily given subdomain <z’
of <Z with compact closure in <Z one can choose an integer v(<#’) in
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such a way that <#’'c W, for all v = v(<#'), because p*(w) — 2Rew, +
'w[* < 0 uniformly on <z’ by (2.9), (2.17) and (2.18). Therefore, passing
to a subsequence if necessary, we may assume that {G*} converges uni-
formly on compact subsets to a holomorphic mapping G: <% — DcC™.
With exactly the same method as in Case 1 one can now check that
G(<#)C D and F defines a biholomorphic mapping from D onto the domain
P = B".

Finally, assuming the correctness of Theorem II, we shall complete
the proof by showing that D and E(k, ) are both biholomorphically
equivalent to B*. For this purpose, let us choose a sequence of positive
numbers z, in such a way that

2,71 and p :=(x,0,:---,00eDNU

for v=20,1,2, ---. Since D is now biholomorphically equivalent to B-,
there exists a sequence {o,}=, in Aut(D) such that o,(p°) = p* for v =
1,2, ---. In particular, we have R-lim,..o,(p") =(,0, ---,0). More-

over DNU = Ek, a)NU = {ze U|pk, a; 2) < 0} by assumption. As an
immediate consequence of Theorem II, D is biholomorphically equivalent

to E(k, ). q.e.d.

3. Proof of Theorem II. By the change of coordinates u, =2, — 1,
w;j=2; 2=J=mn), we have p = (0, ---,0) and o can be written in the
form

p(w) = 2Reu, + [w'[" + [w"[™ + R(u) , R(u) = o(ju'[" + |u"[*)

in a neighborhood of the origin 4 = 0. For any given constants A, B
with 0 < A <1 < B, we can therefore assume that

3.1)  2Rew, + A(W'[ + [u"[*) = o(u) = 2Rew, + B(lu'[" + [u"*)

on U by shrinking U if necessary. So the holomorphic function ¥, (u) =
exp u, on C" is peaking for DN U at p = 0. Hence, by the same reasoning
as in Case 1 of the proof of Theorem I we may assume without loss of
generality that

3.2) ®,(z) » p uniformly on compact subsets of D ;
3.3) Rlimo, k) =9 and p':=¢/k)eDNU, v=12 ---.

Therefore, writing
(8.4) p' =8 + NN with some &*eoDNU, <0

uniquely as in (1.7) and taking a subsequence if necessary, we obtain by
the assumption (iii) that
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limRe &¢/|\'| = d, for some finite number d,<0.

For the sake of simplicity, we set
r, = N2, s, =M™ for v=1,2 ---.
The proof is now divided into two cases as follows:
Case 1. d, = 0. In this case, it follows at once from (3.1) that
(8.5) (Re &i/\, Cifr,, Cifs., RE)/IND — (0, 0, 0, 0)
as y —oo for each 4, j with 1 <7<k < j=<mn. Let us choose a sequence
of relatively compact subdomains D; of D such that

D= GD,-D -+« DDy DD;> --- DD,DK,
J=1

where K is the compact subset of D as in the theorem, and fix an in-
teger 7 =1 arbitrarily. Since ¢,(u) — p uniformly on D;, there exists an
integer v(j) such that

(8.6) e (D)ycDNU for all v = v(j).
Now define mappings k,, L, and F* by
h(u) =@, —¢&, -, u,—¢), ueC;
L,(w) = (—w, /N, wy/r,, =+, Wi/T,, Wiesa/S,, *+, Wal8,), weC™;

F*(w) = Lyohyop,(w), weD;

for all vy = v(j). Then both %, and L, are biholomorphic transformations
of C", while F* are biholomorphic mapping from D; into C*. It is clear
that

3.7 Fk,)=(-1,0,---,0) and F* (D)W,

for all v = u(j), where

3.8) W, = {weC"|(L,ok,)(w) € U, po(L,oh,)™(w) < 0}

for v=1,2, --.. Now we claim that some subsequence of {F"} converges

uniformly on compact subsets to a holomorphic mapping- F: D — C*. For
this, we set

o (w) = po(L,oh,)(w) , R (w) = Reo(L,oh,) (w)
for vy=1,2, .-+ and

w = F"(u), uweD; for v=v({).
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Then, since (L,oh,) *(F*(D;)) = p,(D;)cDNU for v = v(j), we obtain by
(8.1), (8.7) and (8.8) that

0> o(w") = 2Re(—Nwi + &)
2 % 2 = 2 «
+ A=+ G+ S+ G+ (35 s+ )]
and so
k n 4
0> 2Re(wi -+ G/ + A 3wt + Gyl + (35 ws + s, |

for all v = v(j). Hence, if we define a domain W(k, o, A) in C" and
holomorphic mappings @*: D; — C", v = y(j), by setting

(3.9 W 4)= {weC*|2Rew, + A-[glwiF + (jzz:ﬂm,.lz)“] <o};

(3'10) o = (Ff + Re Cll‘/|)\'”|y F; + C;//rw Y F;; + Cl’;//rw
FI’;+1 + Cl,;+1/sw ct F: + C;/sy) ’

then every @* gives rise to a holomorphic mapping from D; into W(k, a, A).
On the other hand, it is easily seen that W(k, a, A) is biholomorphically
equivalent to the domain E(k, «) via the correspondence C,: (w,, -+, w,) —
(%, -+, 2,) given by

2= (wl + 1)/(7,01 - 1)
(38.11) Cuiz, = QA w/(w,— 1), 1=2, ---,k

z; = AV wif(w, — 1), j=k+1, .-, n.
Hence W(k, a, A) is taut by the lemma in Section 1 and {@'} forms a
normal family. Moreover, it follows from (3.5) and (8.7) that

o'(k,) = (=1 + Re &/, &i/ryy -+, Cifrss Chnafr <+ -, Cifs))
—-(—=1,0, -+, 00 e Wk, a, A) as v — oo,

that is, {¢*} is not compactly divergent on D;. Therefore we may assume
that {@*} converges uniformly on compact subsets to a holomorphic map-
ping @: D; — W(k, o, A). Here it is obvious from (3.5) and (3.10) that
lim,_,, F* = @ uniformly on compact subsets of D;. By the usual diagonal
argument, we may further assume that {F} itself converges uniformly
on every compact subset of D to a holomorphic mapping F: D — C".

We wish to prove that the image F(D) is contained in the domain
Wk, o) := W(k, a, 1) defined in (3.9) with A = 1. To this end, recall that
R) = o(ju']* + |u”|**). So there is a continuous function r(x) such that

(3.12) rx)y—0 as x—0;
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(8.13) [R(u)| < r(u'|* + |u"*)-[|u'|* + |»"[**] near the origin .

Since (L,oh,) *(w) — o uniformly on compact sets, these combined with
(8.5) yield that

IR (w)N| < r(x,)y,—0 as y—
uniformly on every compact subset of C*, where we have set
&, = [[(Lyoh,) W) [* + [[(Lyoh,)*(w)]" ™5
k
Y = I, + G/l + X lw, + Gl + " + @&)"[s,f* .
Now take a point weD arbitrarily and set again w* = F*(u). Then
w* — F(u) as vy — o« and it follows from (3.7), (3.8) that
(8.14) 0 > p*(w")/IN] = 2Re(wy + C/IND) + |rw! + &i/r P
k n a
+ S+ il + (35 oy + )+ R
i=2 F=k+1
for all sufficiently large v, and so letting v tend to infinity, we have

02 2Re Fw) + X IF@ + (3 IF,@) .

Clearly this means F(u) e W(k, ) and accordingly F(D)cC W(k, «).

Next step is to show that F(D)C W(k, a). Observe first that the
interior of the closure W(k, a) coincides with W(k, ) in our case. Hence
the problem reduces to showing that F: D — C" is an open mapping. We
define biholomorphic mappings G*: W,— D, v=1,2, ---, by

G'(w) = @ toh; oL (w), weW,,
where W, are the domains given by (8.8). Clearly we have
(38.15) G oF"p; = idy; and FoGpvpy = idppy

for all vy=u(y), 7=1,2 ---. Let W’ be an arbitrary subdomain of
W(k, a) with compact closure. Then we obtain by (3.5) and (3.14) that

2"‘. |’wa'|2>a <0

k
P —>2Re w, + 3wt +
=2 J=k+1
uniformly on W’. Thus there exists an integer yv(W’) such that
(3.16) Wcw, forall v=u(W').
Now, by the compactness of K we may assume that k, -k, K. Then
Fk,) = lim,., F*(k,) = (-1, 0, ---, 0) e W(k, a). Choose open neighborhoods
W', D’ of the points (—1,0, ---, 0), k, with compact closures in W(k, ),
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D, respectively, in such a way that F(D)C W’. There exists an integer
(D', W) so large that '

(3.17) F*(D"c W' for all v=yD,W).

Once it is shown that F: D — C" is injective on D’, F(D) contains the
non-empty open set F(D'), accordingly, we may conclude by the same
reasoning as in the proof of Theorem I that F(D)c W(k, «). Now assume
that F(u,) = F(u,) = w for some u, u,€D’. It follows then from (1.1)
and (8.15) ~ (8.17) that

dw (F*(uy), F*(4,)) = devwny(G*(F"(wy)), G*(F*(u)))
= devory(Uyy Uy) = dp(y, Uy)

for all v = max(x(W"), v(D', W’)), and so letting v —  we have u, = u,,
as desired.

Finally we assert that F: D — W(k, «) is a biholomorphic mapping
from D onto W(k, @). Indeed, thanks to the fact (3.16) we may assume
without loss of generality that {G*} converges uniformly on every compact
set in W(k, ) to a holomorphic mapping G: W(k, ) - DcC"*. Then,
repeating exactly the same argument as in the proof of Theorem I, we
can verify that G(W(k, a))cD and F defines a biholomorphic mapping
from D onto W(k, o). Since the domain W(k, «) is biholomorphiecally
equivalent to E(k, a) via the correspondence C, defined by (8.11), we have
completed the proof in the first case.

Case 2. d,# 0. The following proof will be presented in outline,
since the details of the steps can be filled in by consulting the corre-
sponding passages in Case 1.

Passing to a subsequence if necessary, we may assume by (3.1)
together with the estimate R(u) = o(|u'|* + |u”[**) that

(3.18) Re /N1, Cifr, Cifs, REVIND — (@, dyy dj, 0)

for each 4, j with1 <1 < k < j < n, where d,, d; are some finite complex
numbers. Let us define holomorphic mappings F* and @* in the same
manner as in Case 1. Then, repeating exactly the same arguments as
in Case 1, we can show that some subsequence of {9#*} converges uniform-
ly on compact subsets of D to a holomorphic mapping @: D — W(k, a, A),
where W(k, a, A) is the domain in C" defined by (3.9). Clearly this com-
bined with (8.10), (38.18) guarantees that some subsequence of {F"} also
converges uniformly on compact subsets to a holomorphic mapping F"
D — C*. In exactly the same way as in Case 1, it can be shown that F
defines a biholomorphic mapping from D onto the domain
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W'k, a) = {w € C*|2 Re(w, + d, + |d,/2)
k n a
+ S+ A+ (3w + d) <o},
=2 Jj=k+1

which is obviously biholomorphically equivalent to Wk, a) via a parallel
translation in C*. Therefore, we have shown that D is also biholomor-
phieally equivalent to E(k, a) in Case 2. q.e.d.

4. Proof of Theorem III. To begin with, we fix a family {M,},
of relatively compact subdomains of M such that

(4.1) M=UM> - >M,DM;> --- oM,5k,,
j=1

where k, is an arbitrarily fixed point of M. Since M can be exhausted

by biholomorphic images of E(k, @), there exists a sequence {4}>, of
biholomorphic mappings from E(k, a) into M such that

Mcy(Ek ), v=1,2 ---.
We set
P, =P (Ek, @) > Ek, @), v=1,2,---.

Without loss of generality, we may assume that {p,} converges uniformly
on every compact set in M to a holomorphiec mapping ¢: M — E(k, a)cC™.
Replacing +,, @, by suitable holomorphic mappings of the form +cg;",
o,0p, with some ¢, € Aut(E(k, a)), if necessary, we may further assume
that

Q= @»(ko) =, --+0,¢) with 0=5¢ <1

forallvy=12 ---. Again we have two cases to consider.

Case 1. {q'} has an accumulation point q in E(k, a). We claim that
M is biholomorphically equivalent to E(k, «). We may assume that ¢* — ¢
and {¢*} converges uniformly on compact subsets to a holomorphic mapping
@: M — E(k, a), since E(k, ) is taut and {p,(k,)} lies in a compact subset
of E(k, ). Here we assert that o: M — E(k, @) is injective. Indeed,
suppose that o(x,) = ¢(x,) = z for «, x,€ M. It follows then from (1.1)
that

g, (PEL), PLUE)) = Ay 00,00 (VPR V(P,(2,)))
= d"ﬁ‘,,(E(k,a))(xly %,) = dy(x, ;)

for all sufficiently large v. Consequently, we have x, = x,, because M is
hyperbolic and dz »(@.(%), P.(®,) = dr.0(?, 2) = 0 as v — . Therefore,
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identifying M with the bounded domain @(M)C E(k, ) and replacing the
system ({f*}, {¢"}, D, {D;}) by (.}, {v.}, M, {M;}) in Case 1 of the proof of
Theorem I, we can show that M is biholomorphically equivalent to
Ek, a).

Case 2. {¢"}, has no accumulation point in E(k, ). In this case,
we shall prove that M is biholomorphically equivalent to the open unit
ball B~. Without loss of generality, we may assume that:

(4.2) limg* = (0, ---,0,1) =:qeoEk, a) ;

y—00

4.3) @,(x) — q uniformly on compact subsets of M .
Hence there exists an integer y; such that
o, (M;)CcEk, a)N' W for all v =y;,

where M; is an arbitrary subdomain of M appearing in the sequence (4.1)
and W is the same neighborhood of ¢ as that defined in Case 2 of the
proof of Theorem I. Introducing a new coordinate system w = (w,, ---, w,)
in C* as in Case 2 of the proof of Theorem I, we define biholomorphic
mappings L,: C* — C" and F*: M; — C" for v = v; by

L(w) = (w6, —w,/8.), w=(w, w,)eC";
F"(x) = L(p,(x)), x€M;

as in (2.13) and (2.14). Then it can be shown that some subsequence of
{F"} converges uniformly on compact subsets to a holomorphic mapping
F: M — <Z, where <7 is the domain in C" defined in (2.20). Indeed, con-
sidering the biholomorphic mappings

G'(w) = ¥ (L7(w)) , weL(Ek a)NW) =W,

for y=1,2, ---, one can check that F' is a biholomorphic mapping from
M into <Z = B". In particular, M can be regarded as a bounded domain
in C*. Therefore, repeating the same argument as in Case 2 of the
proof of Theorem I, we conclude that M is biholomorphically equivalent
to the domain < = B". q.e.d.

5. Concluding remarks. Let D be a domain in C* and p a point of
D. Then we say that D s hyperbolically imbedded at p if, for any
neighborhood W of p in C, there exists a neighborhood V of p in C»
such that

VcW and d,(DN(€C*\W),DNV)>0.

Note that, if D is a bounded_domain in C*, then D is hyperbolically
imbedded at every point p of D.
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REMARK 1. In Theorems I and II, the boundedness assumption on
D can be replaced by the following weaker one: D is a not necessarily
bounded hyperbolic domain im C™ which is hyperbolically imbedded at
p=(@1,0,---,0)eaD.

Indeed, by the existence of a local peaking function for D at p, one
can extract in the same manner as in [7; Lemma 2] a subsequence of
{p,} CcAut(D) which converges uniformly on compact subsets of D to the
constant mapping C,(2) = p, z€D. Hence, the rests of the proofs of
Theorems I and II will go through without any change.

REMARK 2. By a simple modification of the proof of Theorem II,
one can see that the analogue of Theorem II is also valid for more general
domains

E =z -+, 2)eCnx - xClaf + Slaf <1},
i=2
where 0 = n,€Z, 0<a,eR for =2, --+,sand 1 < n,€Z.
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