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Abstract. Consider the higher-order neutral delay differential equation

dan L M N
(*) —,,(x(t)+ Z pix(t—1)— Z ’jx(t“l’j)>+ Z @x(t—u)=0,
dt i=1 j=1 k=1

where the coefficients and the delays are nonnegative constants with n>1 odd. Then a

necessary and sufficient condition for the oscillation of (*) is that the characteristic
equation

L

FQA):=A"+1" Y,

i=1

’ M N
pe =" Y rieT i+ Y g =0
j=1 k=1

has no real roots.

1. Introduction. Neutral delay differential equations are differential equations in
which the highest order derivative of the unknown function appears both with and
without delays. The problem of oscillations of neutral equations is of both theoretical
and practical interest. For example, the equations of this type appear in networks
containing lossless transmission (see [3], [10]). The oscillation theory of neutral equations
has been extensively developed during the past few years (see [4]-[10]).

In this paper, we consider the oscillation of higher-order neutral delay differential
equations

n L M N
(LY d—,,(x(t)'*' Z pix(t—1)— Z "jx(t—Pj)>+ Z gix(t—u,)=0,
dt i=1 j=1 k=1
where the coefficients and the delays are nonnegative constants with n>1 odd.

Let ¢ C([to—T, to], R), where T=max{t;, p;, : 1<i<L, 1<j<M, 1<k<N}.
By a solution of (1.1) with initial function ¢ at ¢,, we mean a function
xeC([to—T, ©), R) such that x(t)=¢(t) for 1,—T<t<t,, x(t)+Zf= Px(t—1)—
Zfi L 1x(t—p;) is n-times continuously differentiable, and x satisfies (1.1) for all z>¢,.
Using the method of steps, it follows that for every continuous function ¢, there is a
unique solution of (1.1) vaild for ¢>1,. For further questions on existence, uniqueness
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and continuous dependence, see Bellman and Cooke [1], Driver [2] and Hale [3].

As is customary, a solution is said to be oscillatory if it has arbitrarily large zeros
and nonoscillatory if it is eventually positive or eventually negative. The characteristic
equation of (1.1) is

. L M N
(1.2) FQ):=A"+I"Y pe ™ —" Y rie i+ Y qe =0,
i=1 j=1 k=1
Our aim is to give a necessary and sufficient condition for all solutions of (1.1) to

be oscillatory. We have:

THEOREM. Al solutions of (1.1) oscillate if and only if the characteristic equation
(1.2) has no real roots.

The proof of this theorem will be given in Section 3.

For the case n=1, the above result was proved recently by Grammatikopoulos,
Sficas and Stavroulakis [5] (see also [8], [9]). For n even, the above result can be proved
by similar arguments and is omitted.

2. Lemmas. In this section we establish some useful lemmas which will be used
in the proof of our main theorem.

In (1.1), without loss of generality we assume that 0<rt,<7,<' - <77, 0<
PL<pr< - -<py, T;#p; (i=1,2, -, L;j=1,2,--, M), and 0<u; <u, < -- <uy.
Let P=Y [ P, R=Y1 riand Q=3"_ g,

LeMMa 1. If x(t) is a solution of (1.1), then each one of the following functions

t—b
x(t— a), j x(wdu, x(t) (if x(t) is continuously differentiable)
t

is also a solution of (1.1), where a and b are real numbers.
The proof is trivial and is omitted.
LemMA 2. If (1.2) has no real roots, then we have

Q2.1 0>0 with t,<max{py, uy} .
The proof is trivial and is omitted.

LEMMA 3. Assume that there is a nonoscillatory solution of (1.1). Then there is a
nonoscillatory solution w(t) of (1.1) such that either

wi)e):= {w(t)e C([T*, ), R): (— Dw®(t)>0, lim w®(t)=0, k=0,1,2, - - -, n}

or
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w(t)e(ID): ={w(t)e C*([T*, o), R): w¥(£)>0, lim w®(f)=00,k=0,1,2, - - -, n} ,
t— o0

where T* > 1, is sufficiently large.

PROOF.  As the negative of a solution of (1.1) is also a solution of the same equation,
it suffices to consider that x(t) is an eventually positve solution of (1.1). Set

L M
2.2) z(t)=x(t)+ '; pix(t—t)— .;1 rx(t—p;),
and
L M

2.3) w(t)=z(t)+ ';1 piz(t—1)— ';1 rz(t—p;) .

By Lemma 1, z(t) and w(t) are solutions of (1.1). Then we have
2.4 ZM(t)= — i gx(t—u) <0,

k=1
N

2.5 wi(t)= — ’Z:I qiz(t —uy)

and so z"~1(¢) is eventually strictly decreasing. Also all the derivatives of z of order
less than or equal to n—1 are monotonic functions. From (2.4) it follows that either

(2.6) lim z*~ ()= — 0
t— oo
or
2.7 lim z"~ YY) =L*
t— oo
is finite.

If (2.6) holds, then

lim z®(t)= — o0 ; k=0,1,2,---,n—1,

t— o

which imply

lm w(t) = oo ,

t— o0

and so

limw®(t)=c0, w*¥(t)>0 eventually, k=0, 1,2, -, n.

t—= o



578 Z.-C. WANG

Obviously, z(t)e C*([to+ T, ), R) and w(t)e C*"([to+2T, ), R). That is, w(t)e

.
If (2.7) holds, then integrating (2.7) from ¢, to ¢, with ¢, sufficiently large, and

letting t— oo we find
o0
51

N
L*—Z""Yt)=~ Z qkj x(s —w)ds
k=1

which implies that xe L'[t,, 00). Thus, from (2.2), ze L*[¢,, ) and since z is mono-
tonic, it follows that

(2.3) lim z(t)=0,

oo
and so L=0. As the function z"~!)t) decreases to zero, it follows that

2.9) 2" N(1)>0.

Also (2.8) implies that consecutive derivatives of z must alternate sign and tends to zero
as t—o0. Thus, in view of (2.9) and the fact that n is odd, we have

(2.10) Z(t)>0.

Using the same arguments as to w(t) we have

(=D*w®@®)>0, limw®t)=0, k=0,1,2,---,n.
t— o0

Thus, w(t)e (I) and the proof is completed.

LEMMA 4. Assume that (2.1) holds, and that there is a nonoscillatory solution x(t)

of (1.1). Then
(1) if x(t)e (1), then there is a solution z(t) of (1.1) which belongs to Class (1), such

that
A*(2):={A>0; Z"()+ A"2(t) <O} # I ;

(i) if x(t)e(Il), then there is a solution z(t) of (1.1) which belongs to Class (II),
such that the set

A7(@):={A>0; —Z()+ ") <0} £ .

Proor. (i) Let x(t)e(I). Set
L M
(2.11) z(t)=x(t)+ 'Zl pix(t—1)— .21 rix(t—p;) .
i= Jj=
It is easy to see that z(t) e (I).
We consider the following two cases:
Case 1. uy>7,. As x(t) is positive and decreasing, it follows from (2.11) that
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L
2.12) 2(t)<x(t)+ Y, pax(t—1) < (1 + P)x(t —uy) .
i=1
On the other hand,
N
(2.13) Z"(t)= — kZ1 GiX(t— ) < — gnx(t —uy) .
Combining (2.12) and (2.13) we obtain z™(t)+(qy/(1+P)z(t)<0. Thus A=

(4./(1+P)'"e A7 (2).
Case 2. pp>1,>uy. From (2.11) we obtain

(2.14) (14 P)x(t —1)>2(t)
and, as z(t)>0, it follows that (1 + P)x(t —1.)>rpyXx(t — py), that is,
(2.15) x(t+ (P —70)) > (ra/ (1 + P)X(2) .

Let k be the first positive integer such that 7, —uy <k(p,,—7,). Then by (2.13) we
have

0> 2(t) + qyx(t — uy) = 2(t) + qux(t — T, + (1L — uy))
> 2(t)+ gnx(t — 1, + k(ppr—71))
22"(t) + qn(ry/(1+ P)*x(t — 1) (by (2.15))
> 2"(t) + (gurhe/(1+ P 1)z2(2) - (by (2.14))
Thus 4= (gyr%/(1+P);*)/"e A*(z). The proof of Part (i) is completed.
(i) Let x(t)e(II). Set
L M
2(t)= —x(t)— -; px(t—1)+ ';1 rx(t—p;) -

It is easy to see that z(t) e (II). As x(¢).and z(t) are positive and increasing, it follows that

(2.16) 2(t)< f rix(t—p;) <Rx(t—p;)
and

M
2.17) x() < Z rix(t—p;) <Rx(t—p,) .

Let k be the first positive integer such that u; <kp,. Then



580 Z.-C. WANG

N
0=—z"(0)+ ), gx(t—wu)
k=1

> —20t) + gy x(t —uy) > — 20 + g, x(t—kp,)
> =z +(q,/R )Xt —py)  (by (2.17)
> —z2"(t)+(q,/R")z(t) . (by (2.16))

Thus, 1=(q,/R¥)!"e A~(z), and so A~ (z)# &. The proof of the lemma is completed.

LEMMA 5. Assume that (2.1) holds, and that there is a nonoscillatory solution x(t)
of (1.1). Then

@A) if x(t)e (1) with A*(x)# &, then the set A*(x) has an upper bound which is
independent of x;

(i) if x(t)e (1) with A~ (x)# &, then the set A~(x) has an upper bound which is
independent of x.

ProOF. (i) Let x(f)e(I) with A*(x)# Q. Set

L M
20)=x(t)+ X, ot =)= X, rft=p))-
i=1 i=
It is easy to see that z(t) e (I), and so
(2.18) (= 1)*z®(¢) is positive and decreasing for k=0,1,2, - -, n.

We consider the following cases:

Case 1. py>1,. From (2.18) we have
M

L
(= DBO+ Y p(— DBt —1)— 2 r(= DO —p)>0,
i=1 j=
which implies
(= D! x®(0) > (rpy/(1 + PN = 1x®t — (o —70))
for k=0,1,2, -+, n. Let M*=ry/(1+ P), w=py—1,>0. Then
(2.19) (= D*x®@) > M*(—1)'x®t—w), k=0,1,2,---,n.

Now, we want to prove that A,= _ (1/w) In M*§ A™(x). Otherwise, AoeA*(x)
which means that

x"(t)+ Apx()<0.

Set
YO =x""V(t) = Aox™ D)+ - - - + A8 1x(2) .
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Then
WO)+ Aoy(t) =x(t) + A5x(1) <O,
and by (2.19) we have
(2.20) y)>M*y(t—w).
Let ¢(t)=e*'y(t). Then
B(e) =™ (3(t) + 2o)(1) <O
and so ¢(t) is non-increasing. Thus, ¢(t) < ¢(t —w) which implies
YO <e Yt —w)=M*p(t—w).
It contradicts (2.20). ,
Case 2. uy>t;. Fork=0,1,2,---,n,
(—Wﬂwﬂ—wwm+imFDW%—m—i%—WWWﬂw
i= j=
which implies
(2.21) (=D 2P0 <1+ P)(— 1) xB(t—1,).
On the other hand, for k=0,1,2, - - -, n,

(— 1P 1R = — 3 (= (=)
k=1

which implies
(2.22) (= D12 < — gn( = 1% 0t —uy) .

For u,>1,, there is a >0 such that uy>t, +nb. Integrating (2.22) from ¢ to 1+ b, we
obtain

(= 1)@ D g4 b)— 2 V() < — gub(— 1DFx (e —(uy—b)) .
Noting that (—1)"**¥~1z+k= 1)t 4 h)> 0, We have
(=122 D) < — gub(— DMt —(uy— b)),
and then after n steps we obtain
(= 1)F7129() < — gub"(— Dx MUt — (uy—nb)) ,
that is,
(2.23) (=D 2%(0) > gnb"(— 1)x®(t — (uy —nb)).
Combining (2.21) and (2.23), we obtain
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(14 P)(— 1)x®(t—1,) > gub"(— 1Ot — (uy—nb)) ,
that is,
(= Dex®(t) > M*(— 1) x®O(t—w*)

where M*=qyb"/(1+ P), w*=uy—1,—nb>0. Then, as in Case 1, we can show that
Ao=—(1/w*)In M* is an upper bound of A*(x).

(i) Let x(t)e (II) with A~ (x)# . Set
2.24) Z(t)= —x(t)— i px(t—1)+ i rix(t—p;) .

It is easy to see that z(t)e(II) and, for k=0, 1,2, - -, n, x®¥(¢) and z¥(t) are positive
and increasing. It follows that

M
(2.25) X0 < 3. rp¥ie—p) <RX(t—py)

for k=0,1,2, ---, n. We now want to show that A,=(1/p,) In R is an upper bound of
A~ (x). Otherwise, 1o€ A~ (x) which means that

(2.26) —X(f) + Anx(£) <O .
Set y(t)=x""D(t) + Aox®2(t)+ - - - + A3~ 1x(f). Then, from (2.25),
(2.27) WO <Ry(t—py),

and, from (2.26),
Y(t) = Ao)(t) = x"(t) — A5x(t) >0 .
Let ¢(t)=e~*'y(t). Then
d()=e" (1)~ A1) 20,
and so ¢(t) is non-decreasing. Thus, ¢(t)=> ¢(t — p,) which implies
Y&)= e y(t—py) =Ryt —p,) .
This contradicts (2.27) and the proof is completed.

3. Main result. Our main result is the following:

THEOREM. All solutions of (1.1) oscillate if and only if the characteristic equation
(1.2) has no real roots.

PROOF. Assume first that (1.2) has a real root A. Then, obviously, (1.1) has a
nonoscillatory solution x(t)=e".

Assume, conversely, that there is a nonoscillatory solution of (1.1). Then we want
to prove that (1.2) has a real root. Otherwise, assume that (1.2) has no real roots. Then,
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by Lemma 2, (2.1) holds. Thus, F(00)=F(—o0)=00, and o:=min; zF(4)>0. This
implies

L M N
(3.1) A" z pie—ln+ln Z rje—).pj_ Z qke_‘""s—a
i=1 ji=1 k=1
or
L M N
32 A Y pti—An Y et = Y getS —a
i=1 ji=1 k=1

By Lemmas 3 and 4, if (1.1) has a nonoscillatory solution, then (1.1) has a
nonoscillatory solution x(¢) which belongs to Class (I) with A*(x)# & or to Class (II)
with 47 (x)# .

We consider the following two cases:

Case 1. x(t)e(I) with A*(x)# . Let Ae A*(x). By Lemma 5(i) there is a 1,>0
such that 4, is an upper bound of A4 *(x) which is independent of x. Let T=max{p,,, uy},
and set

(3.3) y(t)= Ty x(t) : = x(t) + ig px(t—1;)— -i rix(t—p;) .
Obviously, y(¢) is a solution of (1.1) and y(t)e(I). Then

6.4 Y= = ¥ gott—u).

Set

G5 AO=Tai= )+ IO YA =),

It is easy to see that z(t) is also a solution of (1.1) with z(t)e(I), and so z(t) can be
expressed as

(3.6) z(t)zj dt1f dt, - - J‘ 2" Y(s)ds .
From (3.4) and (3.5), we have
N
20(0)+ 427 D(t)= =y =AY = Y qulx ™t —u) + Ax(t —u)) <O
k=1

for ¢ sufficiently large since A€ A7*(x). Let ¢(t)=e*z"~1)(t). Then
$(0)= (") + 22"~ (1) <0,

and so ¢(t) is decreasing. Set



584 Z.-C. WANG

L M
(3.7 w(t) = Taz(t): =2"" V(@) + Y. piz" e —7)— ) riZ"(t—p))
i=1 j=1
N t—ux M t—pj
+Y q,,f 2u)du+A" Y r; f z(u)du .
k=1 t—T i=1 t-T

By Lemma 1, w(z) is a solution of (1.1). Then

N M
W(t)= —k; q2(t—T)=A" Y rfe(t—T)—zt—p)),

=1

M

j=1

N
WO = — 3 gz* e —T)= 4" Y, rfe* Ve—T)—z*"De—p)), k=2, -
k=1

As z(t)e (1), it follows that w(t)e (I). Let

(3.8) p=a/(1+P+Q/i"+ R)eT .
We now show that
3.9 w®(t)+ (A" + ww(t) <0 .
Indeed,
w(t) + (A" + wyw(t)
== 3 g =TI 3, - T) 2 e p))
k=1 j=1
L M
+(A"+ u)<2"" Yo+ Y, p e —1)— Y rz" t—p))
i=1 j=1

N t—u M t=pj
+ Y g j Zu)du+" Y r; J z(u)du)
t j=1 t—T

k=1 -T

L M t=pj
="V 4" Y 2t —T)+ A" Y rj<—z‘”“1)(t—T)+l”J z(u)du)

i=1 j=1 -T

+Y qk< =2 =T)+ 4" ft_“kz(u)du> + <z"" Do+ S p V1)
k=1 ¢ :

-T i=1
M N t—u M t—pj
=Y " e—pp+ Y. qkf Zwdu+A" Y r; z(u)du).
i=1 k=1 t—T j=1 t—T

Noting that z"~1(t) = ¢(t)e " * with ¢(t) decreasing, we obtain from (3.6),
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an i qu‘t—u 2(u)du = Z qkl"J f dt1f di,- - f 2"~ D(p)dy
k=1 T t—T

< 2 b= f f dty - f iy < Y qule—T)e 0D — e iew).

Similarly,

M t—p
Y. ryde f < X rhli—Te P e ).
i=1 t—T ji=1

Then we have

w‘"’(z)+(A"+u)w(r)<e-*'¢(r—T)((A" 3, pti— i 2 et — Z % e‘"w")

+u(l+P+ Q/l"+R)e“><e"'¢(t— T)(—a+a) (by (3.2) and (3.8))

=0.

Thus, (3.9) holds which means that (A"+u)"e A*(w) .
Set

w(t)=Ux(t) 1= T5(T(T,x(1))) ,
and set xo=ux, x; = Ux,, and in general,
x=Ux;_,, k=1,2,---.

We observe tht x(f)e(I) with A*(x)#F, and that AeA*(x)=A4%(x,) implies
(A"+p)*me A*(w)=A"(x,) and after k steps we obtain
Ok meA*(x), k=1,2, -

which is a contradiction since 4, is a common bound for all 4" (x,).
Case 2. x(t)e(I) with A7 (x)# . Let Ae A7 (x). By Lemma 5 (ii), there is an
upper bound 4, of 47 (x) which is independent of x. Let b=min{z,, p;, u,}, and set

(3.10) YO=Tyx(O:= —x(O— 3. paxt—1)+ 3. ratt—py)
i=1 j=1
(3.11) 2t)=Toy(t):=y™PO) + Ay D)+ - + A" 1y(t) .

It is easy to see that y(t) and z(t) are solutions of (1.1), and that y(t) e (II), z(t)  (II).
From (3.10), (3.11),

2(t) — Az V()= () — Ay(t) = i @i(x"(t =) — A"x(t — ) >0
k=1
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since Ae A7 (x). Let ¢(t)=e~ 2"~ 1)(t). Then
d(t)=e~H(2"()— 22"~ V() 20,
and so ¢(t) is increasing. Set

(3.12) w(t)=Taz(t):= —z" " D(t)— i pz" V—1)+ f riz" (t—p;)
i=1 =1

j=

N t—b L t—b
+ Z qx J z(u)du + Z pil"J z(uw)du .
‘ i=1

— Uy t—t;

Then
N L
W(t)= k; giz(t—b) + A" _‘zgl pla(t—b)—z(t—1)) .

As z(t)e (II), it follows that
N L .
wh(t)= Y. gz* Ne—b)+ 2" Y piz* e —b)—2* "Dt —1))—> 0
K .

=1 i=1

as t—oo for k=1, 2, - - -, n. Obviously, w(t)— oo as t—00. Thus, w(t)e (II). Let

(3.13) u=a/(P+Q/A"+R).

We now show that

(3.14) — W)+ (A" + () <0 .
Indeed,

— WO(t) + (A" + pyw(t) = — A"Z V(1) + i /l"p,-( — 2= V(g — )4 A" J - z(u)du)
i=1 -1

-1

M N t—b
+ Z l”er("—l)(t—-pj)-f' Z qk(_z(n—l)(t_b)_}-,lnf z(u)du>
j=1 k=1 t—ug
L M
+p<—z("_”(t)— Z Piz(n_l)(t—'ci)'{" Z rjz(n—l)(t__pj)
i=1 j=1

-b

L t—b
z(u)du+.z a ,-J z(u)du).

N t
+ Z qu\
k=1 t—uy t—1;
For z(t)e (IT), there is a ¢* such that for 1>¢*
zZ®()>0, k=0,1,2,---,n.

Then it is possible to extend the definition of z¥(t) to r<t* such that for
k=0,1,2, ---,n, z®() is continuous and increasing on (— o0, w0) and z¥(t)—0 as
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t— —oo. Then z(t) can be expressed as

(3.15) 2(t)= f ‘ dt, f ! dtz-HJtn_zz‘"“”(s)ds.

— @

Noting that z*~ Y(t) = ¢(t)e* with @(t) increasing, we have by (3.15)

t—b t—b u t P
f )< ble—b) f i j d, j dtz---j eiods
t—ug t— UK — o0 — -0

= ¢(t_ b)(el(t—b) _ e““""’)/l" .

Similarly,
t—b

j 2(u)du < P(t —b)(e** D — 2t~y qm
t

Then
—w"(t) + (A" + ww(t)

L M N
<P(t— b)e’"(( —An= Y pAre g Y riffe =Y qe” ’1"") +uP+Q/A"+ R))
i=1 1 k=1

j=

<P(t—b)e*(—a+a)=0. (by (3.1) and (3.13))

It follows that (3.14) holds which means that (A" + )" e A~ (w).
Set w(t)=Ux(t): = T5(T,(T,x(t))), and let x,=x, x, =Ux,, and in general,

x=Ux_y, k=12 -

and, as in Case 1, we are led to a contradiction. This proves the theorem.
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