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QUADRATIC RELATIONS FOR CONFLUENT
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Abstract. We present a theory of intersection on the complex projective line for ho-
mology and cohomology groups defined by connections which are regular or not. We apply
this theory to confluent hypergeometric functions, and obtain, as an analogue of period rela-
tions, quadratic relations satisfied by confluent hypergeometric functions.

1. Introduction. The main objective of this paper is to provide a systematic method
of deriving new quadratic relations for confluent hypergeometric functions, especially, in sev-
eral variables. Classical examples of the quadratic relations are the inversion formula for the
gamma function

rar(l-a=-—-—
sin(wa)
and Lommel’s formula for Bessel functions
2sin(mwa)
rz

The essence of our method is to regard these quadratic relations as analogs of Riemann’s
period relations, which are quadratic relations for periods on a compact Riemann surface.
Periods are integrals of holomorphic 1-forms (1-cocycles) over closed paths (1-cycles) on the
Riemann surface. The naturality of the pairings of the cohomology and homology groups of
the Riemann surface yields period relations. The coefficients of the period relations can be
understood as intersection numbers of the cycles and the cocycles.

We regard integral representations of confluent hypergeometric functions as pairings of
cocycles of a certain cohomology group and cycles of a sort of homology group. We will
introduce the intersection pairing between the cohomology group and its dual, which naturally
induces the intersection pairing between the homology group and its dual. The naturality of
the pairings yields quadratic relations for confluent hypergeometric functions, as in the case
of Riemann’s period relations.

We note that the existence of the quadratic relations is an immediate consequence of the
commutativity of the dualizing functor and the integration functor, which yields the coho-
mology groups, for D-modules. However, the authors would like to emphasize that we are

Ja(@DJ—a+1(2) + Ja—1(D)J—a(2) =
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interested in deriving explicit formulas for hypergeometric functions, and that such a general
fact is not satisfactory for us.

Let us explain what the cohomology and homology groups are and where the diffi-
culty lies. Let w be a rational 1-form on the complex projective line P with the polar set
x = {x1,..., X} such that the residue at any simple pole is not an integer. Let £, and £L_,,
be the locally constant sheaves over X = P \ x of analytic functions u(¢) and u~!(¢) satisfying
V_,u(t) = 0and V,ou~'(t) =0, respectively, where V,, = d + wA and V_, = d — wA.
Note that such u(#) is expressed as ¢ exp( f ! w) (¢ € C). We consider the twisted cohomology
groups H HQ* (%), Viw) = Q1(x)/ V40 (20(x)), where K (x) denotes the vector space of ra-
tional k-forms admitting poles in x, and the twisted homology groups H; (X, L£1,). When the
1-form e admits only simple poles, the intersection pairing for H'(£2*(x), V1) and that for
the twisted homology groups H (X, L+,,) are studied. Following de Rham’s original work in
[3], Kita and Yoshida gave evaluation formulas for intersection numbers of homology in [11].
Subsequently, evaluation formulas for intersection numbers for cohomology were established
and some quadratic relations for Lauricella’s Fp’s were given in [1]. It is fundamental in
these papers that H Qe (x), V) is isomorphic to
ker(V, : E}(x) — E2(x))

VuE%(x)

where Ef (x) denotes the space of smooth k-forms on X with compact support, and that both
of HY(Q*(x), V_,) and H,(X, L,,) can be regarded as the dual space of HI(EC’(x), Vo).
For a rational 1-form « with higher order poles, the groups H'(E 2(x), Vo) and Hi(X, L)
are well-defined, but H'!(Q*(x), V,,) is not isomorphic to H l(E;(x), V,,) in general and
H|(X, L) is too small to form a fundamental system of solutions for a confluent hyperge-
ometric system of differential equations. In order to generalize results in [1] and [11], we
need to find suitable cohomology and homology groups to express confluent hypergeometric
functions.

To this end, we modify the isomorphic theorem for an integrable connection provided
by the first author in [13] by replacing the asymptotic parts by C* objects. The key role is
played by the isomorphism

lw : HY(2%(x), V) = H'(S*(x), Va),

HY(E2(x),V,) =

l

where $°(x) is the complex of the space of rapidly decreasing k-forms on X (see Sec-
tion 2). This isomorphism induces the intersection pairing between H Qe (x), V) and
H'(Q*(x), V_,) by

/ lw((p+) Ao .
X

In order to evaluate intersection numbers, we give an explicit form for the image ¢ € Q' (x)
under the isomorphism ¢,,.

We introduce a homology group H; (C¥(X), d,,) so that the pairings between an element
¢ of H'(Q*(x), V) and a basis of H; (CY(X), 0y) form a fundamental system of solutions
for a confluent hypergeometric system of differential equations (see Section 3). We show
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the perfectness of the pairing between H!(S*(x), V,,) and H 1(C2(X), dy). This together
with the perfect pairing between H!(Q*(x), V,,) and H!(Q*(x), V_,) shown in [7] induce
the perfect pairing between H;(C?(X), 9,,) and H;(C,*(X), d_). We present a formula to
evaluate intersection numbers between H; (CZ(X), 9,,) and H{(C, “(X), 3_,) by comparison
theorems given by Malgrange in [14]. We give an explicit intersection matrix I, for certain
elements of H;(C, .i“’(X ), 0+,) by this formula.

We have begun with the wedge product of globally defined differential forms to discuss
our method of deriving quadratic relations. An anonymous referee advised us that we should
start from the Poincaré-Verdier duality between the locally constant sheaves £, and £_,, on
the real blowing up space of P with the centers in x (see, e.g., [9, Chapter 3]), which induces
duality of cohomology groups. Although we agree that it is a modern and attractive approach,
we do not think that it will drastically simplify our discussions, because we need explicit
constructions of isomorphisms between cohomology groups and the Poincaré duality.

Different approaches to derive quadratic relations for confluent hypergeometric functions
are given by Sasaki and Yoshida in [21] and by Haraoka in [6].

2. Twisted de Rham cohomology groups. Letny,... ,n, be natural numbers sat-
isfying

and let xq, ... , x, be m distinct points on the complex projective line P. Put
o=#i|ni>1}, x={x,....xm}, X=P\x

and let

m
aj; a2 jsni—1 j:p;
W= E — 4 : 4.4 — + — dt
(1 —xi  (t—x;)? (rt—xp)m—l _xi)"i)

be a rational 1-form, where «;.x € C, a;.n, # Oforall i, a;;; ¢ Z in case n; = 1, and

m
Za[;l =0.
i=1

Throughout this paper, we assume this condition on the parameters ;. is satisfied. For the
1-form w on P, we denote by V,, = d + wA the connection with respect to w on X; note that
VooV, =0.
A smooth function f defined in a neighborhood U; of x; is said to be rapidly decreasing
at x; if f satisfies
1 orPta

lim — ——— f() =0

toxi |t — x;|" 0tPord
for any p,q,r € {0,1,2, ...}, where ¢ is a complex coordinate system around x;. Let S?(x)
be the vector space of smooth functions on P which rapidly decrease at x; for any i, and S¥ (x)
the vector space of smooth k-forms ¢ on P such that the coefficients in the expression of ¢ in
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terms of a complex coordinate system ¢ around x; rapidly decrease at x; for any i. We denote
the sheaf over P of such k-forms by S¥(x).

A smooth function f defined on U; \ {x;} is said to grow 7-polynomially at x; if there
exists r € N such that (t —x;)" f(¢) is smooth on U;. Let PO(x) be the vector space of smooth
functions f on X which grow ¢-polynomially at x; for any i, and P¥(x) the vector space
of smooth k-forms ¢ such that the coefficients in the expression of ¢ in terms of a complex
coordinate system ¢ around x; grow ¢-polynomially at x; for any i. We denote the sheaf over P
of such k-forms and that of such (p, g)-forms by P*(x) and P(P-9)(x), respectively. Note that
(X, PPy = P9 and that the stalk PP? of PP at x; is equal to £/ [1/(t — x;)],
where E,Eip ) is the stalk of the sheaf £(P9) of smooth (p, q)-forms over P at x;.

We define three complexes with differential V,,:

(Q°(x), V) : 2°(x) ~% Q' (x) =% 0 —> 0,
(5°(x), V) : $%0x) ~ §'(x) 2% §2(x) ~% 0,
(P*(x), V) : PO(x) ~% Pl(x) ~% P2(x) =% 0,

where Q% (x) is the vector space of rational k-forms on P admitting poles at x. The k-th
cohomology groups HK(Q*(x), V,,), H*(5*(x), V,,) and H¥(P*(x), V,,) of the above com-
plexes are called rational, rapidly decreasing and ¢-polynomially growing twisted de Rham
cohomology groups with respect to V,,, respectively. The inclusions

(Q°(x), Vo) C(P*(x), Vo), (S°(x), V) C (P*(x), V)
of complexes induce the following isomorphisms among twisted de Rham cohomology groups.
THEOREM 2.1 (cf. [12, Theorem 2], [13, Proposition 3.1], [14, p. 82ii]). We have
HY(Q*(x), V) =~ H*(P*(x), V) =~ H¥(S*(x), Vo) .
Fork # 1, HX(Q*(x), V), HX(P*(x), V) and H*(S*(x), V,,) vanish.

It is shown in [10] that the dimension of H!(Q°*(x), V,,) is n — 2, which is equal to the
rank of the associated confluent hypergeometric system of differential equations. See also
[20].

REMARK 2.1. Let E¥(x) be the space of smooth k-forms on X, and EX(x) the space
of smooth k-forms with compact support on X. When the 1-form w admits only simple poles
with non-integral residue, we have the isomorphisms (cf. [2, Corollary 6.3])

H'(Q°(x), V) =~ H'(E*(x), V) =~ H'(E2 (x), Vo) ,

which were fundamental for the study of intersection numbers in [11]. On the other hand, we
have
H'(E*(x), Vo) £ H'(Q*(x), Vo),  H'(E2(x), Vo) # H'(2°(x), V)

for a rational w with higher order poles. This is the reason why we introduce rapidly decreas-
ing and k-polynomially growing twisted de Rham cohomology groups.
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The first author proved an isomorphism theorem in [13], which yields essentially the

following isomorphism
HY(Q(x), Vo) = H'($*(x), Vo),

for a rational 1-form w with non-integral residues at simple poles. In order to derive explicit
formulas for intersection numbers, we will give an elementary proof of Theorem 2.1 in the
rest of this section.

We start with proving the following lemma on the 3 equation. Let £27(x) be the sheaf of
meromorphic p-forms over P admitting poles on x.

LEMMA 2.2. (1) The sequence of sheaves

0 — 27(x) -5 PPOx) L PP (x) — 0

is exact for p =0, 1.
(2) The sequence

0 — I'(P, 27(x)) —> I'(P, PO (x)) L F'(P, PPV (x)) —> 0

is exact for p =0, 1.

PROOE. It is well-known that 9 is surjective on the germ of smooth (p, 1)-forms (see,
e.g., [5, p. 25]). Let U > x; be an open set and suppose that we are given g € PPV (U).
By definition, there exists a number r such that (+ — x;)" g is a smooth function. From the
surjectivity for smooth (p, 1)-forms, there exists a smooth (p, 0)-form f such that 9 f =
(t — x;)"g. Since (+ — x;) commutes with 3, we have d(f/(t — x;)") = g. Hence, 9 is
surjective. It is clear that the kernel of 8 : P9 — PP 5 the germ of meromorphic
functions with poles at x.

The second statement follows from the well-known vanishing of H I, 2r (x)) (see,
e.g., [4, p. 141, 17.17]) and a long exact sequence. g.ed.

Proof of

H*(2°(x), Vo) = HY(P*(x), Vo) .

Let us consider the double complex

0— 200x) — POOG) 2L PODR) 0

lvw Jri) +w la +w

0— 2'(x) 4, PO (x) LN PID(x) — 0,

where each row is exact and V, = d + @ = 9 + d + w. Since H*(P, QP (x)) vanishes for
k > 1, we obtain the following double complex

0 — I'(P, 2°(x)) _4, re POy i, re,POYx) —0

lvw la+w l8+w

0 — I'(P, 2'(x)) —d, ', P10 x)) 9 re,POYx) — 0.
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By a standard argument in homological algebra, H i(I'(P, 2°(x)), V,,) is equal to the coho-
mology of the associated single complex of the double complex

0 — (P, POO(x)) 9, re,PONx) —0

l8+w la+w

0— '@, POy — s 1@, PO (x)) — 0.
g.e.d.

We next consider the ring C, [[z, 7]] of formal power series around x;. Put

Fo=Cyllt, 1), FlL=FdteFldi, F.=F.dtndi,
F= cxi[[r,t‘n[

It is known that the sequence

|. 2 =Aaerd. 7=Rund.

t—Xx;

0— Sfi(x) — E)lc"_ — ffl_ —0
is exact, where £ )’r‘i is the stalk at x; of the sheaf £¥ of smooth k-forms over P.

LEMMA 2.3. The k-th cohomology group H* (]:-;1 Vw) of the complex
~ -0 Vo =1 Vo =23 Y
(Fp Vo) 1 F) =5 FL =5 F2 =50
vanishes fork =0, 1, 2.
PROOF. Suppose that there exists a non-zero f € .7}2 such that V, f = 0. Since
] f =0, f consists of terms ¢, (t — x;)”. Let N be the minimum number such that cy # 0.
The leading term of (3 + wA) f is
(8(ni, DN + ain)en (¢ — x)N d,
which does not vanish by our assumption on the parameters «;.,, and ¢;.;. This contradicts
Vo f = 0, which implies H(F} (x), V,,) = 0.
Suppose that f = fidt + fodt € .73;,. satisfies V,, f = 0. Since f, does not contain
terms (f — x;)"* (u € N), there exists F € ]:'2 such that 3 F = fd7. The element

f = VoF = fidt — (8 + wA)F + fdi — 3F =: gdt € F2dt,
satisfies
d(gdt) = Vygdt = Vy(f —VuF) =Vuf —VyoV,F =0,
which implies that g consists of terms ¢, (t — x;)”. Express w as an element of ]j'gdt, put

o0
G=) b(t—x)" (NeZ)
v=N
and write down the equation V,G = gdt. We can easily find that there exist a unique G
such that V,G = gdt by our assumption on the parameters «;.,; and «;.;. Hence we have
Vo(F + G) = f, which implies H'! (¢ (x), V) = 0.



CONFLUENT HYPERGEOMETRIC FUNCTIONS 495

For any f € .7:'31,, we have already seen that there exists Fdt € ﬁgdt such that § Fdt =
V,Fdt = f, which implies H(F? (x), V) = 0. ged.
Proof of
H*(S*(x), Vi) = H*(P*(x), Vo) .
Since the sequence
0— St (x) — PL(x) — Ff — 0
is exact and S*(x) is a fine sheaf, we have the following exact sequence of complexes
m
(1) 0 —> ($°(x), Vo) —> (P*(x), Vo) — ED(Fy, Vi) — 0.
i=1

The previous lemma shows that the k-th cohomology groups of the complexes (S°(x), V,,)
and (P*(x), V) are isomorphic. g.ed.

Let us now explicitly construct a cocycle in H'(5°(x), V,,) corresponding to ¢ of
H'(Q*(x), V,,) under the isomorphism

lw: HY(Q*(x), V) = H'(S*(x), V).

By Lemma 2.3, for each x;, there exists

N 00
@) Gi=Gl+Gl= ) clt—x)"+ Y olt—x) eFo
v=—N U=N+1

such that
VoGi =9 € Q. (x) C F, .
where N is a sufficiently large integer. The exact sequence
0—82(x) — & — F —0

implies that there exists a smooth function F; around x; such that the formal Taylor series of
F; at x; is equal to Gl.z. We have

3) fi=Gl+FePl(x), ¢—VuofieSL(x).
Though each f; is defined only in a small neighborhood U; of x;, we can regard &; - f; to be
defined on X, where h; is a smooth function on P such that

hi@t) =1, teV,

0<hi®)=<1l, telU\V,

hit) =0, t¢U,
for x; € V; C U;. The element
m

“) w(@=¢—) Vohi-fi)=¢— Z(hi - Vo(fi) + fi - dhi)
i=1

i=1

belongs to ker(V,, : S'(x) — $%(x)) and is cohomologous to ¢ in H'(P*(x), V,,).
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We close this section with the following proposition which is necessary to define inter-
section numbers later.

PROPOSITION 2.4. The k-th cohomology group H*(S*(x), d) of the complex
(8°(x) d) : $°0x) -5 §1 () -5 $2(x) -5 0
is isomorphic to the k-th de Rham cohomology group H g g (P, C) of P. In particular, we have
H*(S*(x),d) ~ C;
the isomorphism is given by
Sz(x)afpr—)fweC.
PROOF. It is known that the sequence ’
Fd):0— 7Ll L L
is exact. The exact sequence
00— S)'f,_(x) —_— Sfi — ]-'fi — 0

yields the following exact sequence of complexes

0— ($°(x),d) — (E*,d) — P(Fy.d) — 0,

i=1
where (E*®, d) is the de Rham complex on P. Then HK(S*(x),d) is isomorphic to H,k)R P,0).
Note that the isomorphism from H 2(8%(x), d) to HLZ, r(P, C) is given by the natural inclusion
and the map from le)R(P, C)toCisby ¢ — fP ©. q.ed.

3. Twisted homology groups. Let £, be the locally constant sheaf over X of ana-
lytic functions which belong to the kernel of the connection V_,,. Since a solution of the
differential equation V_,, f(t) = O can be locally expressed as c exp( f; w) (c € C) around
any point s in X, £,, is determined by the multi-valued function

m ) ;. I v
u(t) = I—[(f _‘xi)a'.:l exp (—( %2 ;3 e — %i;n; )

L t—x)  20—x)? (= Dt —xp)ni]

on X. Let C;’(X) be the vector space of finite sums of formal products p; ® u,, (), where p;
is a smooth k-chain in P\ {x; | n; = 1} and u, (¢) is a branch of u(¢) on p; N X such that u, (¢)
can be continuously extended to 0 at every point of p; N x if the set p; N x is not empty. We
define a boundary operator 9, on C(X) as 9, : p @ u,(t) = 3p ® u,(t)|s,, where 9 is the
ordinary boundary operator and u ,(t)|5, is the restriction of u, () on dp. Since 8, o 3, = 0,
we have the complex with boundary operator d,,

(C2(X), 8y) : C2(X) 225 C2(x) 25 CO(X) —> 0.
The k-th homology group of this complex is denoted by Hy (C&(X), ).
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We define a pairing between Sk(x) and C{(X) by

w1 =Y b [ univr,

Pv

where

ek, y=) bupy @u, (1) € CP(X).
v

Since we have (¢ + Vo f, ¥ + 8,9) = (¢, y) for ¢ € ker(V,, : Sk(x) — S¥*1(x)), f €
Sk=1(x), y € ker(d, : CP(X) — C¢_ (X)) and g € Cip1(X) by the Stokes theorem, this
pairing descends to the pairing of H*(S*(x), V,,) and Hy (CL(X), 0w)-

Let us now introduce some elements of C;’(X). Fix x and «, take xo € X and c € C\ {0},

and define ug = uo(t) and u(;' = ua'(t) around xg as

t t
up(t) = cexp (/ a)) , ual(t) =c! exp (/ —a)) ;
X0 X0

note that the product of them is identically 1 around xg. For x; such that n; > 2, there are
n; — 1 sectors Si’f'], e, S:n-—l and n; — 1 sectors S, ..., SiTn,-—l in a small neighborhood
U; of x; such that

lim  wuo(t) =0, lim  uy'() =0,
t—x; teSt, t—x;i teS,

respectively, where ug is the analytic continuation of ug defined around x( along a path from
X0 to a point near x;. We arrange them as in Figure 1. Note that Si“'.' Preees Sﬁn,_l are arranged
clockwise and that Siyseen S, ) are arranged counterclockwise (cf. Theorem 4.4).

Let pifk(t) be a path from x; to ¢ in the sector Si'k. We assign a branch of quk(’)(S) on

FIGURE 1. Sectors.
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(/<)

along the path from ¢ to s € p;.x(t) in the path —p;.,(¢). The formal product

,oifk () by the integral

(5) Vi) = P (0) @t ) (5)
is an element of C{"(X) such that

B0 (O () @yt (1) =1 @ Up (1) —xi ®O=18® 1.
Similarly, we have an element

®) il = PO BUL () € €70

such that

d-wlpi O ®u ) =1 @uyl () —x @0=181.

For x; such that n; =1, let pi’.L , be aloop turning around x; counterclockwise and terminating
at ¢, and let Pl =Py We assign a branch of upzrl (,)(s) on p; (¢) and that of uﬂfl (,)(s) on

o[ ). ([~

along the path from the ending point ¢ to s € ,oki () in the path — pfl (1), respectively. We can
regard

@ RZIOES

p;. (1) by the integrals

ci
-1

Ci

®) v = ——
Ci

+
:0,';[ & Mpl_‘!'](,) € Ciu(X) ,
— 1p:1 ® up:_:l(t) € Crw(X) )
by dividing ,(),.’;Ll into two simply connected paths, where ¢; = exp(2wr+/—1e;.1). Note that
Ci
Ci — 1
Ci
Ci — 1

(v (1) =

t®1-10cH=re1,

d—w(y, (1) = t®l-t®cH=101.

Any y,.:;tk () can be extended along a path to a general point ¢ € X so that 8¢w(yi;ik 1) =
t ® 1. Since
20 (V5 (1) — i (1) =0,
Virw = Vie® — v} () belongs to Hy (CE2(X), d10).

LEMMA 3.1. Ifp € H'(S°(x), Vy) satisfies (¢, y) = 0forall y € H(CY(X), 3,),
then ¢ = 0in H'(S*(x), V,).
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PROOF. Fori such that n; > 1, we define a function f;.; on S,.‘.F & as

fisk(®) = (g, y,-frk(t))=f ew(f w>¢(s).
it (1) t

Since s is nearer to x; than to 7 in S;,, exp(/;’ w) is bounded as t — x; in S;',, which implies
that f;.;(¢) is well-defined and rapidly decreases at x; in S,-'f' - Since

s F) s
sratr = ([ o)+ ([ & (o ([ o))
! pi:k(t) !

=¢ — fikw,
we have V,, fi.x = ¢. By a suitable choice of a path, we see that as t — x; in the neighboring
sectors S;l_l and S;l of Si.k, exp(fts w) is bounded on S,.Jfk U Sl.‘;l_1 U Sl.—;,, which implies that
fi:k can be extended to Sl_ ;— and Si_;l and that f;.x(¢) rapidly decreases at x; in S;’k U S:_ -1 Y
S;.;- Indeed, fix a sufficiently small real positive number r and assume that ¢ € S, | and

)

[t —xi| <r.Taketo € S;., and t; € S;,Lk so that
arg(to — x;) = arg(t —x;), lto—xil=r, |h—xi|l=r.

Regard p:k as a path connecting the segment [x;, ¢1], the arc from #; to #y and the segment
[to, t]. When s is not on the segment [x;, #p], we can estimate exp( f,s w) by exp( f,s w) =
exp( f:" w) exp( ftz w) and show the boundedness. When s is on the segment [x;, to), it is easy
to estimate exp( frs ) and show the boundedness.

For i such that n; = 1, we define f;.; on U; as

Ji;1(1) = (o, V,’T]) =

Ci §
/ exp (/ w) o(s).
ci—1 Pi:1 t

By estimating the integral, we can easily show that f;.| rapidly decreases at x;. Note that f;.|
is single-valued on U; and that V,, f;.; = ¢.
Each f;.k(¢) can be extended to X. By assumption, all

Jik(@®) = [ () = (@, Vij:kt)
vanish, which means that the functions f;.(¢) determine f € $°(x) satisfying V,, f = ¢.
q.e.d.
THEOREM 3.2. The pairing between H'(S*(x), V,,) and H, (C2(X), 0y) is perfect.
PROOF. Put A = |, ; S,.T ; and consider the homology group H,(X, A; Ly). It is
easy to prove by the Mayer-Vietris exact sequence that the dimension of this homology

group is equal to n — 2. Since three exists a surjective linear map from H,(X, A; £,) to
H(CY(X), 0,), we have

n' = dim¢ H (C¥(X), 8,) < dim¢c H{(X, A; L,) =n — 2.
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Lemma 3.1 asserts that ¢ = 0, provided the map H|(C¥(X),d,) > ¥ — (p,¥) € C
defined by a vector ¢ in the (n —2)-dimensional vector space H 1(§*(x), V) is the zero map.
Therefore, n’ > n — 2 and hence n’ = n — 2, which implies that the pairing is perfect. q.e.d.

4. Intersection pairings. There is the natural pairing between Sk(x) and P?>~*(x) by
) /qmw, peSx), vePkx);
X

the integral converges since ¢ A ¥ € S%(x). Since we have
(Vo) An=d(p Am) + (=D g A (Vo)

for ¢ € Sk(x), n e P'=k(x), this pairing descends to a pairing (, ) between HY(8*(x), V,,)
and H!(P*(x), V_,), which is called the intersection pairing. By the isomorphisms in The-
orem 2.1, this intersection pairing naturally induces a pairing between H'(Q°(x), V4,,) and
H' (Q*(x), V_o).

THEOREM 4.1 ([17]). The intersection number of ¢ € HI(Q'(x), V) and ¢ €
HY(Q*(x), V_y) is given by

(@, ¥) = 21V/=T D Resi—q (G 1),

i=1

1 . . . .
where G; is a sufficiently large finite part of the formal Laurent series solution G for the
equation V,G = ¢ at x; in (2).

PROOF. The explicit form of the image ¢ under the isomorphism ¢, : H Lo (x), v,)
— H(S8*(x), V,,) (see (3), (4)) yields

0. ) =/X (w— > i - Vulfi) + £ ~dh,->) AV

i=1

Note that
m
(w - (i -%(ﬁ))) A € S2)
i=1
and that its support is | J{_, U;. For any ¢ > 0, we have

<é€,

’/U_(qo = (hi - Vo)) A

if we take a sufficiently small U;.
Since the support of dh; is U; \ V;, we have

[ siedninv == Gl F)-amny
X Ui\Vi

=—[ d(h,--<G}-w))—f dhi A (F; - ).
Ui\V; i

Ui\Vi
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The Stokes theorem and the residue theorem together with the property

b — 0 on dU;,
! 1 ondV;,

imply

_f d(hi-(G,!'l/f))=—f hi-(G}~1/f)+/ hi (G-
Ui\V; au; v,

= f Gl - =2nv=1Res;—y, (G - ¥).
A
On the other hand, since

dhi - (Fi -¥)) =dhi A (Fi - ¥) + hid(F; - ) ,

we have

—/ dhi/\(Fi"//)='—/ d(hi'(l'"i-lll))+/ hid(F; - )
Ui\V; Ui\Vi i\Vi

Ui\Vi

=_f hi-(Fi-Iﬁ)+/ hid(Fi - )
AU \dV; i\Vi

Ui\V;

=f Fi-w+f hid(F; ).
v, Ui\Vi

Since F; - is smooth on U; for a sufficiently large N, for any ¢ > 0 we can take a sufficiently

small U; such that
/ Fi -y / hid(F; - )
Vi Ui\V;

The intersection numbers for suitable bases of H!(2°(x), V.,,) are evaluated in [17]. It
is shown in [7] that the determinant of the intersection matrix of H!(Q°*(x), Vo) is

ey [ —.

i=o+1 @il

<eg, <E€.

q.e.d.

which implies that the intersection form between the twisted cohomology groups is perfect.

In order to define the intersection pairing between H (C2(X), 0) and Hi (C, ?(X), 0—w)
by the duality in Theorem 3.2, we introduce spaces of temperate currents as follows. By a
semi-norm similar to that for Schwartz’s space of rapidly decreasing functions, the space
S¥(x) becomes a Fréchet space. The space Sk (x) of continuous C-linear functionals on
Sk(x) is called the space of temperate currents of degree 2 — k. Taking the dual complex of
(S*(x), Vy), we have a complex with differential V_,:

(30, Vou) : $000) —=2 §1(x) —2 §2(x) —> 0.

Since

/X V(&) A = (=D fx EAV_o,(n), (Vo). y) = (& 3u(»))
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foré € SK(x),n e Pl *(x)and y € C1(X), we have natural inclusions of complexes

(P*(x), V_0) C (§°(x), Vo), (CE(X),30) C ($°(x), V—0),
which induce the maps
(10) ut H'(P*(x), V_p) = H'($*(x), V_0),
(11) 120 Hi(C2(X), 8) = H'(8*(x), V_o).

respectively, where H 1(8°(x), V_y) is the first cohomology group of the complex
($*(x), V_o).

THEOREM 4.2. The maps 1| and 1y are isomorphisms.
PROOF. It was proved in [14, p. 81, i)] that

H'(8*(x), V_y) ~ HY(Q*(x), V_y,) .

Therefore, the map ¢ is an isomorphism by virtue of Theorem 2.1.

The injectivity of ¢, follows from the perfectness (Theorem 3.2) of the pairing between
the homology and cohomology groups. Since the dimensions of both sides agree, the map ¢,
is an isomorphism. q.e.d.

By Theorems 2.1 and 4.2, we get the isomorphisms
12) JT D HI(CT2(X), 0-p) > H'(S°(x), Vo),
(13) 77 Hi(C2(X), 8,) = HY(P*(x), V_y).
The intersection number of y* € H;(C#(X), d,,) and ¥~ € H (C7“(X), ) is defined by

rhy =0 N ) = /)(J_(V+) AR,
THEOREM 4.3. Let
vt =3 ool ®u,r(t) € Hi(CL(X), 3u) .

YT =) bup, ® u;‘rl (1) € HI(CI?(X), 0_0) .
w

If the set Uv, u(pj N p,) is finite and ot and p,, intersect transversally at each point of
o N p; N X, then the intersection number (y+, y ™) is equal to
v i

Gy =30 D bubulug Ol I Ohi=o L (0] £,

WV veptnpg NX

where I,(p;", p,.) is the topological intersection number of ot and py atv € X.

PROOF. Let 4 be a delta r-current which has support on A. Then, we have

Fpe =) bb,suye, F,-= Zbuép;up;.
v M
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Let reg be the regularization
reg : H'($°(x), V_p) —> H'(S*(x), V_o).

Then the intersection number (y*, y ™) is equal to

/;( reg(Fy+) Areg(F,-).

Hence we are going to evaluate this integral.

If we regard the operator V,, as an operator on the 2r-dimensional real manifold X
(r = 1), it is holonomic at degree r — 1 and hypo-elliptic (resp. hypo-analytic [8, Theorem
4.3.3]) on X. Indeed, for any current F of degree r and G of degree r — 1, if V4,G = F and
F is smooth (resp. real analytic) at a point p, then G is also smooth (resp. real analytic) at p.
Moreover, the singularity spectrum of G is contained in that of F. Hence, when reg(F,+) =
Fy,+ + V_4,G,+ and reg(F,-) = F,- + V,G, -, the wedge product of G+ and G- is
well-defined. We note that ¢[1] = (¢, 1) does not always exist for a temperate 2-current,
because 1 is not a rapidly decreasing O-form. Therefore, to evaluate f x reg(Fy+) A reg(F),-)
through evaluation of integrals of currents, we need a more precise description of G ,=+.

By using the Heaviside function, we can express a solution G+ of reg(F,+) = F,+ +
V_wa+ as

(14) Gyt = uy+vy+, uy+ €S°x), uy+ € S°x).

Consider now the wedge product of reg(F,+) = F,+ + V_,G,+ and reg(F,-) = F,- +
VG, -. Then we have

reg(F,+) Areg(Fy-) = Fy+ AFy-+F+ AVyGy - +V_,Gy+ AF,-+V_,G,+ AV,G - .
It follows from (14) that all terms on the right hand side can be expressed as

(a rapidly decreasing smooth O-form) A (a temperate 2-current) .

Hence, the integrals of the 2-currents exist. Therefore, by the Stokes theorem (cf. Kita-
Yoshida [11, 1.5]), we have

/ reg(Fy+) nreg(F,-) = / Fy+ A Fy— +/ F,+ AV,Gy -
X X X
+/ V-wa+ A FV_ +f V_wa+ A Vwa—
X X

=/Fy+AFV—,
X

which is equal to

> D bebulug Ohimlu 2 Ol=olu(o p)

KV vepd npg NX
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We introduce the following explicit cycles for twisted homology groups. Assume that
the base point xg is in the upper half space H,

Xi €R, x1<x2<---<2xp
and that the interior of the closure of S,+ Y S,_ ; in X contains the set
L; ={t € Ui |Re(t — x;) > 0,Im(t — x;) = 0}
for i such that n; > 1. We define 7 (xo) by the continuation of v, () in (5), (6), (7) along
a path from ¢ € Sii;k passing through U; \ L; to a point in HN S;“l and going to xg in H.
For i such that n; > 1, we define )71.7Ll (xo) by the continuation of y,.‘,*l (t) along a path from
t e Slfk turning around x; counterclockwise in U; and going to xo in HU S,+ |- and )71.:_1 (xp) by
the continuation of y;| (r) along a path from ¢ € S|, traversing L; to a point in HN SIT , and
going to xo in H. The topological path pii:k (xg) of y:‘k (xp) is as given in Figure 2. We define

n—1 ny—1 ny—1
+ + + + + +
Yoo Yim—r Yar o Yan—10 o0 Ym0 Yming—1
m—1
+ + +
yl;nl ’ y2;n2’ ter ym—l:nm_l
as + +
y,‘;](XO)—Vi;l(-xO)’ l1<i<o, k=1,
+ + + :
Vik = yi;l(xO)_yi;k(xO)’ 1<i<o,2<k=<n -1,
+ + ;
V,~+];1(x0)—)’,~;1(x0), l<i<m-1, k=n;.
Xo
5ok
R
pa;k(xO)\
Lo
pa:l(xo) _ - ﬁjl(xo) -
S;l ,00:1(4\’0) So:l ‘ P:+1;|(x0) pa+2;](x0)

IO

FIGURE 2. Paths.
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THEOREM 4.4. The intersection matrix Iy = (yf.’k, )/;,) is

El Dl
&y D,
EO DG'
'Dy 'Dy -+ 'Dy G
whose entries are given as follows: the (n; — 1, n; — 1)-matrix E; is
cit—1 0 0 --- 0 O
0 11 -+ 1 1
0 11 -~ 10
0 1 1 0 0
0 1 00

the (n; — 1, m — 1)-matrix D; is

0 -1 1 0
0 0 0 0
0 0 O 0

-1 1

G =
Co+l1 —Co+1
- _Gotl _“Cotl
1 —co1 1 —co41
-1 l — cot1Co+2 —Cg42

l—co41 (I —cor)(A —co42) 1—coq2

where c; = exp(2m~/—la;;1) ando =#{j|n; > 1}.

PROOF. By applying Theorem 4.3, we have the desired intersection matrix.

It is shown in [7] that the (1, 1)-minor of I}, is

1

1 di

i=o

505

q.ed.
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which implies that {ViJ;rk}i:k and {Vi;_k}i:k form bases of H;(C&(X), 8,) and H1(C, “(X), 0-w),
respectively.

5. Twisted period relations. Let {¢} and {yF} be bases of H'(Q*(x), V) and

H, (Cf“" (X), 0+w), respectively. We define four (n — 2, n — 2)-matrices as
nt= (w,f, )’\j—)u,v , II™ = <‘P;a )’U_)u,v , I = (40:, (Pp—>,u‘v , = (V,f, yu—)u.v .

The naturality of the pairings between the twisted cohomology group and the twisted homol-
ogy group implies the following (cf. [1, Theorem 2]).

THEOREM 5.1. We have twisted period relations with respect to tw:

oty T = L, ie, LT =1

Since I, and I, can be computed explicitly, the above identities yield quadratic relations

among confluent hypergeometric functions.

5.1.  The gamma function I"(«). The gamma function is defined by
o —t dt
I'(a) = e t"—
0 t
for Re(a) > 0. Let us derive the inversion formula for the gamma function as a twisted period
relation by using Theorems 4.1 and 4.3.
We put

ut) =e't*, w:—a’z‘+a%E (x#0), (n,n)=@2, 1), (x1,x2)=1(00,0).

Since ny + ny = 3, HY(Q*(X), V) and H,; (C¥(X), 0p) are 1-dimensional. We define a
branch ug(¢) of u(t) around t = 1 as

1 t
uo(t)=—exp</ w);
e 1
t
ual(t)——-eexp<f —w)
1

around ¢t = 1. By Cauchy’s integral formula, we have

1 dt
r - —rpe 7
(a) 1— e—27r\/-—la /;e t

for o ¢ Z, where C is described in Figure 3 and the argument of ¢ in C belongs to [—27, O].
We regard the integral as the pairing of

et =dt/t € H/(Q"(x), Vi)

note that

and

1
+_ .+ ”
VT i C @ U0 € Hi(CJ(X), 8) -

Put ¢~ =dt/t € H'(Q'(x), V_,) and define a twisted cycle g~ by y~ =C'®
ual(t) € H|(C;?(X), 0_,), where C’ is as described in Figure 3 and the argument of ¢
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arg(t) =m c’ vy C arg(t) = —2rm

arg(t) = —m %) arg(t) =0

FIGURE 3. Cycles.

belongs to [—, w]. Apply the change of coordinate t = e” V=T to the integral (p~, y7) =
Jc €'t7*dt/t. Then we have

ds
i —s —any/—1 _—a %
(™ v™) /Ce e s

=e—dﬂx/—_l(l _e—2JT\/——_l(—a))1-v(__a)

= =24/ —1sin(ra)(—a).
We evaluate (¢, ¢ ) by Theorem 4.1. We need to solve
dt

dt

around t = x; = oo and ¢t = xp = 0. The formal solutions G| and G, around ¢t = 0o and
t = 0 are expressed as

Gi=-s—(@@—-Ds’—(@—D(@—-2)s>—--.,
A 1 1
o ala+1) ala+ D(x +2)
respectively, where s = 1/t is a local coordinate around co. Theorem 4.1 implies that

—d dt 1 2+/—1
(o1, ¢7) =2n/—1 <Ress:()G]Ts + Res,zoGzT) =2n+—1 (O—i— ;) = na .

Gy = +-

Next, we evaluate (y+, y~) from Theorem 4.3. We have C N C’ = {vy, v»} (see Figure 3).
The topological intersection number of C and C’ at v; is —1 and that at vy is 1. Note that

Uy (li=y, = €771 ug@ug (Oli=sy = 1.
Then the intersection number (y+, y ™) is

1
1 — e—ZnJ—_la

The twisted period relation for ¢ and y¥ is

(_e—2nJ—_la + 1) — 1 .

1
W yHle ,y7) = 2m/-1—,

I(@){=2v—=T1sin(ma) ()} = znﬁé ,
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which is nothing but the inversion formula for the gamma function:

ro)yr{—oua)=

sin(rer)

5.2. The integral [T e~*/2dr. Letw = —tdt and ny = n = 3, x; = co. The
spaces H'(Q*(x), V4,) and H(CE®(X), d+,) are 1-dimensional. Let p* = dt and

y* = [~00,00]®e 2,y = [~V Too,V—Too] @' /2.

The intersection number (dt, dt) is 2 +/—1 as given in Theorem 4.1 and [17], and Theorem
4.3 implies (y*, y ™) = 1. Since

+ oo —t2/2 -
(dt,y™) = e dt, (dt,y")=
—00

—/=Too

++/—1loo 2 +00 )
e dt = \/—1/ e %ar,
—00

we have the twisted period relation

00 2 2 oo 2
(/ et/ dt) 1. <~/—1f et /zdt> =27v/—1,
—00 —o0

which yields the identity [*°° e=1*/2dt = /271.

5.3. The Bessel function (n = 4). The Bessel function is defined by the power series

a2 (=D Z\ 2k
J == - L (= ,
a(2) (2) k;) KT@+k+1) (2)
where z € {z € C|Re(z) > 0}, the argument of z/2 is in (—n/2,7/2), and a € C. It is
known that J,(z) satisfies the Bessel differential equation

d2w+1dw+ 1 a? —0
dz? ' z dz 2 )7

and that J,(z) admits the integral representation

1 z 1 _gdt
.LAZ)-—ﬁf/CXp(E(t—-?))t —t—,

where C’ is as in Figure 3 and the argument of ¢ on C’ is in [—7, 7]. By putting

1 1 1

(n1,n2) =(2,2), (x1,x2) =(00,0),
we regard J,(z) as the pairing (¢, y,"), where
of = —— 2
: 2ma/—1 ¢t
v =C' ®u(t) € H(CL(X), dw) .

e H'(Q*(x), Vo),
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Take
dt
+ 1 °
= e H'(R2*°(x), V,),
oL e, v
= - X), V- )
1 2m/—1 t @
S LY @), Vo)
= - X), V— )
b= /an ¢

Yy =Cou () € H(C;*(X), d-0),
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where C is as in Figure 3 and the argument of ¢ on C is in [—27, 0]. By results in Theorem

4.1 and [17], the intersection matrix ((pi+ , goj“),- j 1s

1 0 2/z
2r/—1 <—2/z 0 ) )
We have
1, (C',C)=1, [, C)=-1,

uDu" (v) = exp(=2nv/—1a), u)u" () =1.

Thus the intersection number of V|+ and y, is exp(—27w+/—1a) — 1. The twisted period

relation
moI ot ="
implies that
an/_—_l_(i) Uo7,y N (S A2 7
5) (e vi)ler ) (1 0><(¢2+’y1+))
= exp(—27+v/—1a) — 1.

Note that (5, y,") = Ja—1(z). Since

(522 eeni o
c 2 t t c
|

dt
t— —>> t— = exp(—nv—la)/ exp(
t t c’
by the change of variable t = exp(—m+/—1)s, we have

(@7, vy ) = exp(—v/=1a)J_4(2),
(o v ) = —CXP(—ﬂx/-_ld)J—aH(Z) .

Hence we have a quadratic identity among the Bessel functions

(S_l»saii,

s s
1 —

(s — —)) s%e” "ld—;,
s s

SRS S ¥

-
Ja(2)J-a+1(2) + Ja-1(2)J-a(2) = % ’

which is called Lommel’s formula. Fora = 1/2, this formula is equivalent to sin x+cos? x =

1.
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5.4. A confluent hypergeometric function of two variables (n = 5). The function
@, (b1, by, c; 71, z2) defined by the power series

(b k) (b2s ko) s
bt (ki + )k k! 71 72

which converges in C2, is one of the confluent hypergeometric functions derived from Ap-
pell’s hypergeometric function F(a, by, b2, ¢; 21, 22). Here (b; k) stands for b(b + 1)(b +
2)--- (b + k — 1). This function admits the integral representation
1

I'(l—c)(1 —exp(2m+/—1c))
where C is a path from +o0 turning along a large circle containing z;, z2 and 0 counterclock-
wise and going to +00, and the arguments of ¢, (f — z;) and (¢ — z2) is near 0 around the end
point of C (see Figure 3). Put

f tb|+b2—0(t _ z])—bl (t _ Zz)—bze—tdt ,
C

o =dlogt" 27 (1 — 2)) 701 (1 — z) P2 7)

b by — b
___(1+2 c b b —l)dt,
t t—z1 t—22
(n1,n2,n3,n4) =(2,1,1,1),  (x1,x2,x3,x4) = (00,0, 21, 22),
dt dt
=dt, += += )
1 2 t— 2z i t—2
__dt __at dt  —zidt __dt dt  —zdt
=T T T T Ty BT T T -
We have
1 0 0 1 1 0 0
Ieh=2n/—-1[{0 —=1/by 0 , I = 0 —=b; O
0 0 —1/b S omv=1\og o —p

Let yl+ be the element of H|(C?(X), 3,,) defined by

1
I'(l —c)(1 —exp(2m+/—1c))
where the arguments of ¢, (f — z1) and (¢t — z2) is near 0 around the end point of C. Let y,”
be the element of H,(C,“(X), 0—,) defined by
1
I'(c)(1 — exp(—27m+/—1c¢))

where C’ is a path from —oo turning along a large circle containing z1, z» and O counterclock-
wise and going to —o0o, and the arguments of ¢, (+ — z;) and (¢ — z2) is near 7 around the end
point of C’ (see Figure 3).

C® tb1+b2—C(t _ Zl)_bl (t — Zz)——bze—t ,

C @1 — 1)1t — )¢,
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It is easy to see that
(@, vy = ®a(b1, ba c5 21, 22)

1

(@) ===+ by e+ 121,20),
1

wf.nh = _;¢2(b1,b2 +1,c+1:21,22).

By putting t = exp(;r+/—1)s, we have
! dt
for.v)= e R N i = Zz)bzetT ,

T I(0)(1 — exp(=271+/—1¢)) Jor
1

T T — exp(—27/=10))
= exp(mv/—1c)Py(=by, —by, —c + 1; —z1, —22) .

d
f (=5) 0170 H (=5 — )P (=5 — zz)bze_s—sﬁ
C

Similarly, we have

—r/—1
o5, vy = — O nv/~1¢)

DPy(=b1 + 1, =by, —c +2; —z1, —22) ,

(c—=1)
- 2 exp(—m+/—1c
(3.7 )=— 2 exp( )<P2(——b1 +1,=by, —c+2; ~z1, —22) .
(c—=1
Since the intersection number of y,+ and y; is
1 1
1 —expr+/—1c
I'd-c(1 —explra/—1c)) I'(c)(1 — exp(—27r«/—1c))( p )
sin(mc) _ exp(m+/—1c)

- (1 —exp(=2m/—1c))  2m/—1

the twisted period relation yields that

Dy(by, by, c; 21, 22) P2 (=by, —=b2, —c + 1; =21, —22) — 1
—1
= P 1)(bm‘l’z(bl +1,by,c+1;21,22)P2(=b1 + 1, —=by, —c + 2; —2z1, —22)

+ b2z22P2(by, b2 + 1, ¢ + 15 21, 22) P2 (=by, b2 + 1, —c + 2; —21, —22)) .

5.5. A generalization of @; (n general). The function @,(b, ¢; z) = ®»(by, ..., b,, c;
21, ..., 2r) defined by the power series
X (b1; k1) -+ (brs kr) ki ke

- Z ’
o (C;k1+~~+kr)k1!---k,! 1 r

which converges in C”, is one of the confluent hypergeometric functions derived from Lauri-
cella’s hypergeometric function Fp(a, b1, ... , b, c; 21, ..., 2). By following the previous
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argument, we have

®Dy(b, c; 2)P2(—b, —c+1; —2z) — 1

-1

)
= — b (b s 1:2)P2(—=b +e,, — 2;-z)),
=1 ,; paurdF e e MNP G me 2

where e, is the u-th unit vector.
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